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1. Introduction and summary

In this paper, we are concerned with the trapezoidal formula for the infinite integral, expressed as

/ feydx~h Y f(kh),

k=—o00

where h is a mesh size. This approximation formula is fairly accurate if the integrand f(x) is analytic, which has been
known since several decades ago [1,2]. For example, the approximation

o0

o0
/ eXdx~h Z o (kn?
- k=—00

gives the correct answer in double-precision with h = 1/2, and the approximation
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gives the correct answer in double-precision with h = 1/3. In general, however, the infinite sum on the right-hand side
cannot be calculated, and thus, the sum has to be truncated at some M and N as

oS N
f f)dx~h Y f(kh).
- k=—M

In the case where f(x) = e"‘z, this approximation requires h = 1/2 and M = N = 12 to obtain the correct answer
in double-precision. On the other hand, in the case where f(x) = 1/(4 + x?), this approximation requires h = 1/3 and
M = N = 10'® to obtain the correct answer in double-precision. This is because f(x) = e isa rapidly decreasing
function, i.e., f decays exponentially as x — 400, whereas f(x) = 1/(4 + x?) is not.

In the case where the integrand f(x) is not a rapidly decreasing function, a useful solution is the application of
an appropriate conformal map before applying the (truncated) trapezoidal formula. When f(x) decays algebraically as
x — oo like f(x) = 1/(4 + x?), by applying a conformal map x = sinht, a new integral is obtained:

/Oof(x)dx = /Oof(sinh t)coshtdt,

where the transformed integrand f(sinh t) cosht decays exponentially as t — Fo00. Therefore, the (truncated) trapezoidal
formula should yield an accurate result when applied to the new integral. Appropriate conformal maps for certain typical
cases have been usefully summarized by Stenger [3,4].

One of the cases listed in the summary is rather convoluted: the integrand f(x) decays exponentially as x — oo, but
decays algebraically as x — —oo, like f(x) = 1/{(4 + x*)(1 + €*)}. We refer to such a function as a unilateral rapidly
decreasing function. In such a case, Stenger [4] proposed the employment of a conformal map

x = ¥(t) = sinh(log(arcsinh(e"))),

and applied the trapezoidal formula as

| _seax= [ seuem o~ Zf (k) (kh). (1)

Furthermore, by appropriately setting h, M, and N depending on a given positive integer n, he theoretically analyzed the

error as O(e~v274'n) \where 1 indicates the decay rate of the transformed integrand, and d indicates the width of the
domain in which the transformed integrand is analytic (described in detail further on). Okayama and Hanada [5] slightly
modified the conformal map as follows:

x = ¥(t) = 2 sinh(log(arcsinh(e!))),

and derived a new approximation formula:

/f dx_/ f(y dt~hZf (kh))¥'(kh). 2)

Furthermore, they theoretically showed that the error of the modified formula, say E,, is bounded by
|Ey| < Cemvemdnn, (3)

where ¢ > w/, and C is explicitly given in a computable form. This inequality not only shows that the modified formula (2)
can attain faster convergence than (1), but it also indicates that the error can be rigorously estimated by the right-hand
side. This is useful for verified numerical integration. _

The present work improves upon their results. Rather than the conformal map x = v(t) or x = ¥(t), we propose a
new conformal map

x = ¢(t) = 2 sinh(log(log(1 + e*))).

The principle of this conformal map is derived from the fact that the convergence rate is improved by replacing arcsinh(e!)
with log(1 + e') in some fields [6-8]. Consequently, the following approximation formula is derived:

/f dx—/ f(e dt~h2f (kh))$'(kh). (4)

Furthermore, as the main contribution of this work, we provide two (general and special) theoretical error bounds in the
same form as (3), where u does not change, but a larger d can be taken as compared to that in the previous studies. This
indicates that the improved formula (4) can attain faster convergence than (1) and (2).

The remainder of this paper is organized as follows. First, existing and new theorems are summarized in Section 2.
Then, numerical examples are provided in Section 3. Finally, proofs of the new theorems are given in Sections 4 and 5.
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2. Summary of existing and new results

Sections 2.1 and 2.2 describe the existing results, and Sections 2.3 and 2.4 describe the new results. First, the relevant
notations are introduced. Let %, be a strip domain defined by 23 = {¢ € C : |Im¢| < d} for d > 0. Furthermore, let
={§e@d:Re§<0}and_@d ={¢ €%;:Re¢ >0}

2.1. Error analysis of Stenger’s formula

An error analysis for Stenger’s formula (1) can be expressed as the following theorem, which is a restatement of an
existing theorem [4, Theorem 1.5.16].

Theorem 2.1 (Okayama-Hanada [5, Theorem 2.1]). Assume that f is analytic in y(2,) with 0 < d < 7 /2, and that there
exist positive constants K, «, and 8 such that

F@) < Kle ™ (5)
holds for all z € ¥(2;), and

1
If(2)l < KlleH (6)

holds for all z € (2, ). Let © = min{a, B}, let M and N be defined as

{M =n, N=Tlan/pl (f p=a),
N=n, M=[gn/al (if p=4),
and let h be defined as

2
he [274 (8)
un

Then, there exists a constant C independent of n, such that

[e’s] N
/ Fdx—h " F (k) (k)| < Ce V2T,
- k=—M

2.2. Error bound for the formula by Okayama and Hanada

Okayama and Hanada [5] proposed the replacement of ¢ with ¥ in Stenger’s formula (1). They also provided the
following theoretical error bound for the modified formula (2).

Theorem 2.2 (Okayama-Hanada [5, Theorem 2.2]). Assume that f is analytic in ¥/(2,) with 0 < d < /2, and that there
exist positive constants K, «, and 8 such that

F@)I < Kle )’ (9)
holds for all z € ¥(7;), and
1
If2)l = KW (10)

holds for all z € &(@d‘ ). Let © = min{«, B}, let M and N be defined as (7), and let h be defined as (8). Then, it holds that

/f dx—hZf (kh))J/’ (kh)

where C; and C, are constants defined as

B
_ 1z Yd 1 ¢+ V2er
6= a arctan(yg) {5 (1 + sin? 1)} * B icos(d/Z) '

S N L AU Y R e\’
‘a2 sin® 1 B 2)

where y4 = 1/cos(d) and o = 1/arcsinh(1).

2G4
—2xdun
< K< v + C > e ,
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In Theorem 2.2, the condition (5) is modified to (9), and the condition (6) is modified to (10). The former constitutes
the most significant difference, because g in Theorem 2.2 can be two times greater than that in Theorem 2.1, while «
remains unchanged. Owing to the difference, x in Theorem 2.2 may be greater than that in Theorem 2.1, which affects
the convergence rate O(e—v27d1n),

Another difference between Theorems 2.1 and 2.2 lies in the constants on the right-hand side of the inequalities. All
the constants in Theorem 2.2 are explicitly revealed, and the right-hand side can be computed to provide an error bound.
This paper provides two error bounds for the improved formula (4) in the same manner as Theorem 2.2.

2.3. General error bound for the proposed formula
As a general case, we present the following error bound for the improved formula (4). The proof is given in Section 4.
Theorem 2.3. Assume that f is analytic in ¢(2,;) with 0 < d < m, and that there exist positive constants K, «, and B such

that (9) holds for all z € q&(.@;), and (6) holds for all z € (2, ). Let u = min{a, B}, let M and N be defined as (7), and let h
be defined as (8). Then, it holds that

00 N
/ f(x)dx —h Z f(p(kh)p'(kh)

k=—M

2C; o
< J2mxdun
_K<7]_e_m+c4>e ,

where C3 and C4 are constants defined as

(1 1 ecy 1 4 {log(2 + cq))? s T+ A2, 8
C3_<ot+1+oz>{(1—10g2)(6—1)} fog2 +copp (T (es)” ()
— e/ 1422 1\B
C4_a(1—log2)““ T8 () (12)

where ¢y = 1/cos(d/2) and A = 1/log 2.

The crucial difference between Theorems 2.2 and 2.3 is the upper bound of d; d < 7 /2 in Theorem 2.2, whereas d < =
in Theorem 2.3. This implies that in the new approximation (4), d may be greater than d in the previous approximation (2).
In this case, the convergence rate O(e~v%7%") js improved (note that x is not changed between the two theorems).

This difference in the range of d originates from the conformal maps v and ¢. By observing the derivatives of the
functions

70 = 1 + arcsinh?(e?) 50) = 1+ {log(1 + e%)}?
1+ e Zarcsinh?(ef)’ ~ (1+e %) {log(1 + ef)}2’
we see that 1/7’({) is not analytic at ¢ = =i(/2), and ¢'(¢) is not analytic at ¢ = =+im. Accordingly, f(z/?(;))x/?’(g) is

analytic at most 2, ,, and f(¢(£))¢'(¢) is analytic at most 2. Therefore, the range of d is 0 < d < 7/2 in Theorem 2.2
and 0 < d < 7 in Theorem 2.3.

2.4. Special error bound for the proposed formula

As a special case, restricting the range of d to 0 < d < (1 + m)/2, we present the following error bound for the
improved formula (4). The proof is given in Section 5.

Theorem 2.4. Assume that f is analytic in ¢(2,) with 0 < d < (14 7)/2, and that there exist positive constants K, «, and
B such that (9) holds for all z € (2 ), and

1
fz) <K———
|4+ 22|"/?|z)

holds for all z € ¢(2, ). Let u = min{«, B}, let M and N be defined as (7), and let h be defined as (8). Then, it holds that

(13)

0 N
/ f@)dx—h Y F(kh))g'(kh)

k=—M
where Cs and Cg are constants defined as

2G5 —27dun
=K (Hiﬂ * Cﬁ) e

o 1 ecq a 1+Cd (1+A2)Cd . P
“=y {(1 —log2)(e — 1)} log(2 + cq) B (e"ca)” (14)
2
Com i+ (@) (15)

o(1—log2) B
where ¢ = 1/cos(d/2) and A = 1/log2.



T. Okayama, T. Nomura and S. Tsuruta

Journal of Computational and Applied Mathematics 389 (2021) 113354

Table 1
Parameters for the integral (16).
o B d K
Theorem 2.1 1 1/2 3/2
Theorem 2.2 1 1 3/2 1
Theorem 2.3 1 1 3 78
Theorem 2.4 1 1 2 6/5
Table 2
Parameters for the integral (17).
o4 B d K
Theorem 2.1 1 1/2 3/2
Theorem 2.2 1 1 3/2 16/9
Theorem 2.3 1 1 2 215
Theorem 2.4 1 1 2 39
Table 3
Parameters for the integral (18).
o B d K
Theorem 2.1 1 /4 3/2
Theorem 2.2 1 /2 3/2 12
Theorem 2.3 1 /2 3/2 9
Theorem 2.4 1 /2 3/2 9/2

In this theorem, the upper bound of d is (1+ 7)/2, which is smaller than that in Theorem 2.3 (7). This is because the
condition (6) is changed to (13), where 4 + {¢(¢)}? (put z = ¢(¢)) has zero points at ¢ = log(2sin(1/2)) & i(1 + 7)/2.
However, the constants Cs and Cg are considerably smaller than C; and C4, respectively (comparing the first term).
Therefore, Theorem 2.4 is useful for attaining a sharp error bound rather than a large upper bound of d. It must be noted
here that (14 7 )/2 is still greater than /2 in Theorems 2.1 and 2.2.

3. Numerical examples

This section presents the numerical results obtained in this study. All the programs were written in C language with
double-precision floating-point arithmetic. The following three integrals are considered:

o ’ pY X\2
/ exp (=% - 1+(7) dx = 3 — 4eEy(1), (16)
V14 x/224+1—(x/2) 2 2
/OO L X 1+(X)2 dx = Ci(1)sin 1 — si(1) cos 1 (17)
— eX _ = - X = (1 sSin 1 —Ssi CoS 1,
oo 4+ X2 P72 2
/ Tl X 1 4x = 1.136877446810281077257 (18)
— x = 1. cee,
oo 2 /a1 x2) 1+ elm/2x

where E;(x) is the exponential integral defined by E;(x) = f1 ‘”‘/t)dt, Ci(x) is the cosine integral defined by Ci(x) =
- fx cos t/t)dt, and si(x) is the sine integral defined by si(x - f sint/t)dt. The third integral (18) is taken from the
previous study [5].

The integrand in (16) satisfies the assumptions of Theorems 2.1, 2.2, 2.3, and 2.4 with the parameters shown in Table 1.
In Theorem 2.1, K is not investigated since K is not used for computation. In Theorems 2.1 and 2.2, d is taken as d = 3/2
since d < 7 /2. In Theorem 2.3, d is taken as d = 3 since d < . In Theorem 2.4, d is taken as d = 2 since d < (1 + m)/2.
The results are shown in Fig. 1. As seen in the graph, the proposed formula with d = 3 shows the fastest convergence as
compared to the others. However, the corresponding error bound by Theorem 2.3 is relatively large, because the constant
Cs in (11) is large. In contrast, Theorem 2.4 produces a sharp error for the proposed formula with d = 2, although the
convergence rate is slightly worse than that from Theorem 2.3.

The integrand in (17) satisfies the assumptions of Theorems 2.1, 2.2, 2.3, and 2.4 with the parameters shown in Table 2.
In this case, d must satisfy d < (14-)/2 in Theorem 2.3, due to the singular points of 1/(4+4x?). The results are shown in
Fig. 2. As seen in the graph, the proposed formula with d = 2 shows the fastest convergence as compared to the others.
Note that in this example, Theorems 2.3 and 2.4 have the same d values, and thus, their approximation formulas are
exactly the same. As for the error bound, Theorem 2.4 produces a sharper error than Theorem 2.3 in this case as well.

The integrand in (18) satisfies the assumptions of Theorems 2.1, 2.2, 2.3, and 2.4 with the parameters shown in Table 3.
In this case, d must satisfy d < 7 /2 in both Theorems 2.3 and 2.4, due to the singular points of 1/(1+ e\™/2*), The results
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Fig. 1. Numerical results for (16).
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Fig. 3. Numerical results for (18).

are shown in Fig. 3. As seen in the graph, all formulas show a similar convergence rate, mainly because all formulas use
the same value of d. Approximation formulas of Theorems 2.3 and 2.4 are exactly the same, but Theorem 2.4 produces a
sharper error than Theorem 2.3 in this case as well.
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4. Proofs for Theorem 2.3

This section presents the proof of Theorem 2.3. It is organized as follows. In Section 4.1, the task is decomposed into two
lemmas: Lemmas 4.2 and 4.3. To prove these lemmas, useful inequalities are presented in Sections 4.2, 4.3, 4.4, and 4.5.
Following this, Lemma 4.2 is proved in Section 4.6, and Lemma 4.3 is proved in Section 4.7.

4.1. Sketch of the proof

Let F(t) = f(¢(t))¢'(t). The main strategy in the proof of Theorem 2.3 is to split the error into two terms as follows:

/ dt—hZ F(kh)

k=—M

/ t)dt —h Z F(kh)
- k=—00

The first and second terms are called the discretization error and truncation error, respectively. The following function
space is important for bounding the discretization error.

N
‘ / F)dx —h Y f(p(kh))p'(kh)| =
k=—M

-M-1

Z F(kh) + h Z F(kh)| . (19)

k=—o00 k=N+1

<

Definition 4.1. Let 2,(¢) be a rectangular domain defined for 0 < € < 1 by
PD4(e) ={¢ € C:|Re¢| < 1/e, |Im¢| < d(1 — €)}.
Then, H!(24) denotes the family of all functions F that are analytic in 24 such that the norm N;(F, d) is finite, where
Mi(F, d) = lim [F(¢)lIdg].
e—>0 3D4(€)

For functions belonging to this function space, the discretization error is estimated as follows.

Theorem 4.1 (Stenger [3, Theorem 3.2.1]). Let F € H'(%,). Then,

/ ” F(x)dx — h Z F(kh)
- k=—00

In this paper, we show the following lemma, which completes estimation of the discretization error. The proof is given
in Section 4.6.

Mi(F, d) e—2md/h
— 1 — e—2nd/h :

Lemma 4.2. Let the assumptions made in Theorem 2.3 be fulfilled. Then, the function F(¢) = f(¢(¢))¢’(¢) belongs to H'(2y),
and N1(F, d) is bounded as

Mi(F, d) < 2KG,
where C3 is a constant defined as (11).
In addition, we bound the truncation error as follows. The proof is given in Section 4.7.

Lemma 4.3. Let the assumptions made in Theorem 2.3 be fulfilled. Then, setting F(¢) = f(¢(¢))¢’(¢), we have
—M-1

Z (kh) + h Z

k=— =N+1

< KCye~ M,

where C4 is a constant deﬁned as (12).

Setting h as (8), the above estimates (Theorem 4.1, Lemmas 4.2, and 4.3) yield the desired result as

o0 N 2KC
/ Fodx—h Y7 fG(k) (k)| < = e M 4 KCye
- k=—M —¢
_ 2C3 —/2xdun
=K (m + C4> e
2G —2ndun
<K <1_e—7m + C4> e :

This completes the proof of Theorem 2.3.
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4.2. Useful inequalities on R

We prepare two lemmas here.

Lemma 4.4 (Okayama et al. [8, Lemma 4.7]). We have

log(1 + €¥) 1+e*
1+ log(1 + e¥) e

<1 (xeR).

Lemma 4.5. We have

t
arccos (2) >/2—-t (0<t=<2).

Proof. Integrating both sides of the obvious inequality

2—2cosw >0 (w>0),

we have

f 2(1 —cosw)dw =2v —2sinv >0 (v > 0).
0

Journal of Computational and Applied Mathematics 389 (2021) 113354

(21)

In the same manner, integrating both sides of the above inequality, we have

u
/ 2(v —sinv)dv =u?>+2cosu—2>0 (u>0).
0

Here, putting u = arccos(t/2), we rewrite the inequality as

t
arccos® (5> >2—-t (0<t<2),

which is equivalent to the desired inequality (21).

4.3. Useful inequalities on 7}

We prepare three lemmas here. Note that 2 denotes the closure of 2.

Lemma 4.6. It holds for all ¢ € 7 that

1 1
< .
log(1+¢€%)| ~ log2

(22)

Proof. Let { = x + iy where x and y are real numbers with x > 0 and |y| < &. By the definition of logz, it holds that

2 2

1 1

1

log(1 + €¢%) log |1+ €| +iarg(1+e?)

{10g|1+ex+iy|}2+{arg(l+ex+iy)}2'

Since |1+ e¥™¥| and |arg(1 + e**V)| monotonically increase with respect to x, we have

1
<

1

{log |1+ e+ }* + {arg(1 + e+)}* ~ {log |1+ ™ |}* + {arg(1 + eo+¥)}

Furthermore, using

R

log|1+e”| = log\/(l + cosy)? +sin’y = log /4c052( ) = log <2C05%),

1+ cosy

i sin
arg(1+ e¥) = arctan <7y> = arctan (tan %) = %,

and putting t = 2 cos(y/2), we have
1

N

1

{log |1+ ev[)® + {arg(1 + e} llog2cos(y/2)2 + (/2 (logt)? + arccos(t/2)’
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From 0 <t < 2 and (21), we have
1 1

(log t)* + arccos(t/2) = (logt? + (V2 -t q(t),

where

qt) =

1
(logt2 +2—t"
Since logt <t — 1, it holds that
t —2logt - t—2(t—1) . 2—t

- t{logt)2 +2—1)2 ~ t{(logt)2 +2 —t}2  t{(logt)?> +2 — t}? 20

Therefore, q(t) monotonically increases, from which we have q(t) < q(2) = 1/(log 2)%. This completes the proof.

q'(t)

Lemma 4.7. It holds for all ¢ € 7 that

‘el/log(H»e:) < e1/log2' (23)

Proof. Using (22), we have

‘el/log(wef) < e|1/1og(1+e5)| < el/log2

This completes the proof.

Lemma 4.8. It holds for all ¢ € 7 that

1+ {log(1 5y 1
+(log1+e) | ' o4
{log(1 + e?)}? (log2)?
Proof. Using (22), we have
1+ {log(1 + €%)}? 1 1 1
M:1+751+751+7_
{log(1 + e?)}? {log(1 + e?)}? {log(1 + %)} (log2)*
This completes the proof.
4.4. Useful inequality on 2,
We prepare the following lemma here.
Lemma 4.9. It holds for all ¢ € 7 that
1 1
< ) (25)
|—1+log(1+¢€f)] — 1—1log2
Proof. By the definition of log z, it holds that
1 _ 1 - 1
|—1+log(1+e¢)|  |—1+log|1+ e¢|+iarg(1+ef)| ~ |—1+ log|1+ef|+0|

Let { = x + iy where x and y are real numbers with x < 0 and |y| < &. Then, we have
[T+ef|<1+ef| =1+ =1+ <1+e <e,
from which we have log |1+ e¢| < 1. Therefore, it holds that
1 3 1
|—1+1log|1+ef|| 1—log|l+efl’
which is further bounded as
1 - 1 B 1 - 1 1
1—log|1+e| ~— 1—log(1+ef])  1—log(1+eX) ~ 1—log(1+e%) 1—log2’

This completes the proof.
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4.5. Useful inequalities on %4
We prepare four lemmas here.

Lemma 4.10 (Okayama et al. [8, Lemma 4.6]). It holds for all ¢ € 2, that
log(1 4 =l 4
og(1+ ef) e +e <1 (26)
1+ log(1+ e?) et

where | = log(e/(e — 1)).

Lemma 4.11 (Okayama et al. [9, Lemma 4.21]). For all x e R and y € (—x, &), putting { = x + iy, we have

LI ! , (27)
T+ et = (11 e cos/2)
1 1 o8)

|14+ e~¢| = (14 e *)cos(y/2)

Lemma 4.12 (Three lines lemma, cf. [10, p. 133]). Let g be analytic and bounded in 24 and continuous on 2. Let Mg(y) =
SUPyer 1€(Xx + iy)|. Then, we have

(Mg < Mp(=d)}* Y {Mg(d)P! (—d <y < d).

Lemma 4.13. Let d be a constant satisfying 0 < d < m. For all { € 94 and x € R, we have
1+ {log(1+e)? | _ 1+ {log(2+ca))®
(1+e¢)2{log(1+e)}2 [~ {log(2 + ca)}?
1+ {log(1 + e*)}? 3
1+ e—i)ziog(l +)LX)}2 el
where ¢; = 1/cos(d/2).

(14 ca)’ (29)

) (30)

Proof. First, consider (30), which is proved by showing

1+ t?
IJ(t)Zti2

for all t > O (put t = log(1 + e*)). The derivative of p(t) is expressed as

2t =1t —t3—t—-1)
t3e2[

(1—e )P < e1/n3

pt)=—

Let k be a value that satisfies p'(x) = 0 and log(108) < x < log(109), i.e., p(t) has its maximum at t = «. Using
e = k3 +« + 1, we have

1447 ((K3+K+1)—]>2_ (1+«2)
- 2 ek '

p(x)

K eZK

Since the function g(x) = (1 + x?)3/e* monotonically decreases for x > (3 + ﬁ)/z, q(log(109)) < q(k) < q(log(108))
holds (note that log(108) > (3 + \/5)/2). Thus, it holds that
1 < q(log(109)) < p(k) = q(k) < q(log(108)) < e!/™".
Next, we show (29). Let
1+ {log(1 + e%)}?
gig)= — >
(1+e~4)*{log(1 + e%)}

Since the function g(¢) is analytic and bounded in 2, and continuous on Z;, by Lemma 4.12, we obtain (29) if we show
the following two inequalities:
1+ {log(2 + ca))?

1+ {log(2 + ca))? 2 >
My(d) < ——————— (1 +cq)*, Mg(—d) < ———— (1 +cq)",
(D= Toga v T MED= 0o (Y
where Mg(y) = supyep |8(x + iy)|. We show only the first one, because the second one is also shown in the same way.
Putting & = log(1 + e*t'%), g(x + id) = p(&) holds, and thus, in what follows we prove
1+ {log(2 + ca))?

2
p(§)l < m(l +ca)”. (31)

10
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We consider the following two cases: (a) |£] < log(2 + ¢4) and (b) || > log(2 + c4). In case (a), we have

2 2 2
|1+ [ () [ EFTTN 1 EP (O EN THIER e 2
P = |~ (—Z = ) s(1+|5|)<k§j o) = e (X)) =

k=1 n=1

Here, if we put g(x) = (1 + x?)(e* — 1)2/x%, then we have ¢'(x) = 2(e* — 1)r(x)/x3, where r(x) = 1 + e*(x> + x — 1). Since
r'(x) = xe*{(x + 1)> + x} > 0 for x > 0, r(x) monotonically increases for x > 0. Therefore, r(x) > r(0) = 0 holds, from
which we have g'(x) > 0 for x > 0, i.e., g(x) monotonically increases for x > 0. Thus, from |&| < log(2 + ¢4), we have (31)
as

1+ {log(2 + ca)l® | jogavey) 1y 1+ {log(2 +ca))?
[p(&)l < q(l&]) < g2 P e 1) = “log2 + )
In case (b), from (27), it holds that
Re(&) = Re(log(1 + e¥74)) = log |1 + 79| > log[(1 + €*) cos(d/2)] > log(cos(d/2)). (32)
Using this, we have
1+ & s 14 &) _reeyy2 _ 1+ IEP s 14 [EP
= 1+e < =—
1£)? |£]? ( ) &2 HE

Furthermore, since (1 + x?)/x*> decreases monotonically for x > 0, we have (31). This completes the proof.

(14 cg)*.

Ip(&)l < (1+1e78)) (1 + e loslecostd/2)y (14 ca)

4.6. Estimation of the discretization error (proof of Lemma 4.2 )
Lemma 4.2 is shown as follows.

Proof. Let F(¢) = f(¢(2))¢'(¢). Since f is analytic in ¢(%q), f(¢(+)) is analytic in 24. In addition, since ¢’ is analytic in Z,,
F is analytic in 2, (note that d < ). Therefore, the remaining task is to show Ni(F, d) < 2KCs. From (9), by using (23)
and (24), it holds for all ¢ € 7 that

IF(2)] < Kle 9P |¢/(2)]
B 1
1+ e

P11+ {log(1 + €%))2|
11+ e~¢[|log(1 + e¢)?

—K ‘61/1og(1+ef)

1 1 1
< K (e'/1082)f 1+— b 33
=K e rer | Gog2r G3)

Furthermore, from (10), by using (25), (26), and (29), it holds for all ¢ € 2, that

1
IF($) < K—— |9/(¢)
[6(¢)] +1| |
‘ log(1+¢) [ |1+e”" 11+ {log(1+ e?)}?|
1+ log(1+e?) |—1+ log(1 + e)[*™" |1+ e~¢|?|log(1 + %)}
1 1+ le~¢| 1+ {log(2 2
<K e L s (34

[1+4 e=¢—1*"1 (1 —log2)*+!  {log(2 + c4)}?
where ¢; = 1/cos(d/2) and | = log(e/(e — 1)). By definition, N;(F, d) is expressed as

M(F, d)
1/€ d(1—e) 1/e d(1—e)
= lim {/ |F(x — id)|dx —i—/ |[F(1/€ + iy)|dy —i—/ |F(x + id)|dx~|—f |F(—1/¢ + iy)|dy} . (35)
=0 L J-1/e —d(1—e) Yy —d(1—e)

Using (27), (28), and (33), we can bound the second term as

d(1—e€) log2\ 1 d(1—e€) 1
[F(1/e +iy)ldy < K (e'/'*® <1+ )/ , —dy
/;d(17€) ( ) (10g2)2 —d(1—¢) |1 + e]/e+1y|ﬂ|1 +e—(1/e+1y)|

B
< K (el/logZ) (1 + m) /d(l—e) 1

(T+eV (1 +e 1) J g cosP(y/2)cos(y/2)

dy,

from which we have
d(1—€)
lim |[F(1/e +iy)|dy = 0.
e—0 —d(1—¢)
11
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In the same manner, with regard to the fourth term of (35), using (27), (2

d(1—e)
lim IF(—

1/€ +iy)/dy = 0.
e—0 —d(1—e)

Therefore, N1(F, d) is expressed as

Ni(F d) = /m

[

|[F(x — id)|dx + /00 |F(x +

—00

|F(x — id)|dx + /‘00 |F(x — id)|dx + /
0 —

With regard to the first term, using (27), (28), and (34

Journal of Computational and Applied Mathematics 389 (2021) 113354

id)|dx
0

o0

), we have

0 K 1+ {log(2 + c4)?
—id)|d 1
/,oo' (Il = T og2r 1 (log2 1 U
K 1+ {log(2 + ¢4

<
~ (1 —log2)+1

Kcgt!

{log(2 + cq)}
1+ {log(2 + c4)}?

- (1 —log2)x+1

The integral is further bounded as

{log(2 + cq)}

0

Cd)zf
2 0

2)} (1+Ca)2/ (

14+ |e—x+id|

[1 4 e—x-hid)*t1

1+ |e—x+id|

8), and (34), we have

|F(x + id)|dx + / |F(x + id)|dx.
0

dx

1+e™

)} (1+C)2/0 7(1
2 d oo (‘l_l_ef)(7l)ﬂl+1

0 14+eX elat+1)x QX q
(] + e—x— l)a+1 ex +e— ot+1 (ex + efl)a+1 X
ela+1x QX
dx
(0 4 e~l)et1 (0 + e Netl

=(e_1> (ehiv2)

In the same manner, the third term is bounded as

0 Kee*' 14 {log(2 + ca))? e \“'/ 1
/ IF(x + id)|dx < d tog2 +ca)l” ;| .y
oo (1 —log2)*t1  {log(2 + c4)}? e—1 a+1
With regard to the second term, using (27), (28), and (33), we have
o 1 o0 1
/ [F(x — id)|dx < KeP/°82 11 + > / — —dx
0 (log2)* | Jo |14 exid|P|1 4 e-x+id|
- (log2)2) Jo (1+eX)A(1+e*)cosPt1(d/2)
1 [e'e} e—/Sx
= KeP/°e2 11 A f ————dx
Tlog27 [y (Trerp
00 —pBx
< KeP/loe2 11 4 ! cf“/ &
(log2)> o (14+0)*1
B+1
— KePlos2 |1 4 1 S
(log2y) B
In the same manner, the fourth term is bounded as
00 | 1 C5+1
[F(x + id)|dx < KeP/l082 11 4 -
/o (log2y) B

Thus, we have N;(F, d) < 2KCs.

4.7. Estimation of the truncation error (proof of Lemma 4.3 )

Lemma 4.3 is shown as follows.

12

1+ e—x—l)oz+1 COS“‘H(d/Z)

)
+-).
o
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Proof. Let F(t) = f(¢(t))@'(t). From (9), by using (23) and (24), it holds for all t > 0 that
IF()] < K (e7*O)" ¢'(t)

:1<(e1/1°g<1+e‘>)“ et V' 1+ {log(1+e")?
T+et) (1+e*)log(1+ e}

O (G T — b ——
- (14 0)B+1 + (log 2)?

Using this estimate, we have

o0 [ee)
h > F(kh)| <h Y |F(kh)]
k=N+1 k=N+1
1 o0
<K B/log2 1 h —Bkh
= Xe + (log 2)? Z €
k=N+1
B/ 1 -
< KeP/los2 11 4 / e PXdx
(log2? | Jun
—BNh
= KeP/log2 L
(log2y B
Next, from (6), using (20), (25), and (30), it holds for all t < 0 that
1
IF(t)] < K————=¢'(t)
()T .
ot 1+e¢f 1+ {log(1 + e")}?

_K‘ log(1+ e')
~ [T+ 1log(1+et) et|—1+ log(1 + et)[**" (1 + e~t)2{log(1 + e!)}?

t a+1 t
<K 1re oy
- 1+et ef(1 —log2)x+1
ot 1

e

K el/ﬂ?’
~  (140) (1 —log2)xt1
Using this estimate, we have
—M-1 —M-1
h Y Fkh)| <h > [F(kh)]
k=—00 k=—00
RV -M—1

K h akh
=" (1= log2)+ k;we

el/rr3 —Mh
ax
=K Togay /,oo e
el/n3 e—aMh

K
(1—log2)tl «

Thus, using (7), we have

—M—1 I 3
Kel/m KeB/log2 1
3 R en 3 rn] < KO KO e
k;oo I(:NZH a(l —log2)*t+1 B (log2)?
- Kel/n3 . K eB/log2 1 o
~ a(1—log2)*t! B (log 2)? ’

which is the desired estimate.
5. Proofs for Theorem 2.4

This section presents the proof of Theorem 2.4. It is organized as follows. In Section 5.1, the task is decomposed into
two lemmas: Lemmas 5.1 and 5.2. To prove these lemmas, a useful inequality is presented in Section 5.2. Then, Lemma 5.1
is proved in Section 5.3, and Lemma 5.2 is proved in Section 5.4.

13
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5.1. Sketch of the proof

The main strategy in the proof of Theorem 2.4 is identical to that of Theorem 2.3, that is, splitting the error into the
discretization error and the truncation error as (19). For the discretization error, we show the following lemma. The proof
is given in Section 5.3.

Lemma 5.1. Let the assumptions made in Theorem 2.4 be fulfilled. Then, the function F(¢) = f(¢(¢))¢’(¢) belongs to H'(2y),
and N1(F, d) is bounded as

Mi(F, d) < 2KGs,
where Cs is a constant defined as (14).

In addition, we bound the truncation error as follows. The proof is given in Section 5.4.

Lemma 5.2. Let the assumptions made in Theorem 2.4 be fulfilled. Then, setting F(¢) = f(¢(£))¢’(¢), we have
—M-1

h Z F(kh) + h Z

=N+1
where CG is a constant deﬁned as (15).

< KCge M

Setting h as (8), the above estimates (Theorem 4.1, Lemmas 5.1, and 5.2) yield the desired result as

2KCs

7271d/h —pnh
27'rd/h + KCge

f f(x)dx — h Zf B(kh))¢'(kh)| <

_ 2G5 —27dun
=K (71 . Twdin + C6> e

2C5 —/2ndun

This completes the proof of Theorem 2.4.
5.2. Useful inequality on 24
We prepare the following lemma here.

Lemma 5.3. Let d be a constant satisfying 0 < d < m. For all ¢ € 24 and x € R, we have
1 - 1+c¢q4
(14+e%)log(1+e)| ~ log2 +cq)’
1
(14+eX)log(1+ e¥)
where ¢y = 1/cos(d/2).

(36)

<1, (37)

Proof. First, consider (37), which is proved by showing

1—et

t
for all t > O (put t = log(1 + e¥)). Differentiating p(x), we have
. e —(1+1)
p'(t)= —T <0
since e* > 1+ t holds. Therefore, p(t) decreases monotonically, and thus, it holds that p(t) < lim,_.q p(t) = 1.

Next, we show (36). Let g(¢) = 1/{(1 + e~%)log(1 + e*)}. Since the function g(¢) is analytic and bounded in 2, and
continuous on %, by Lemma 4.12, we obtain (36) if we show the following two inequalities:
1+c¢ 1+c¢
Myld) < — 0 My(—d) = —
log(2 + c4) log(2 + c4)
where Mg(y) = Supyeg |g(x + iy)|. We show only the first one, because the second one is also shown in the same way.
Putting & = log(1 + e*t19), g(x + id) = p(£) holds, and thus, in what follows we prove
14+c¢y
PG < ———
log(2 + ca)’

p(t) = <1

)

(38)

14
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We consider the following two cases: (a) |£] < log(2 + ¢4) and (b) || > log(2 + c4). In case (a), we have

oo

(—§)!
2

k=1

ETT et
ar=1 T

k=1

Ip(&)l =

Here, if we put g(x) = (e — 1)/x, then we have ¢'(x) = r(x)/x?, where r(x) = 1+ (x — 1)e*. Since r'(x) = xe* > 0 for
x > 0, r(x) monotonically increases for x > 0. Therefore, r(x) > r(0) = 0 holds, from which we have ¢q'(x) > 0 for x > 0,
i.e,, g(x) monotonically increases for x > 0. Thus, from |£| < log(2 + c4), we have (38) as

elog(2+cd) -1 B 1 + C4
log(2 +¢c4) ~ log(2 + cq)’
In case (b), using (32), we have
1 + |e—§| 1 +e” Re& 1 + e—log(cos(d/z)) 1 + ¢4
= < =
€1 €] - €1 €]

Furthermore, since 1/x decreases monotonically for x > 0, we have (38). This completes the proof.

Ip(&)l = q(I§]) <

Ip(§)l <

5.3. Estimation of the discretization error (proof of Lemma 5.1 )
Lemma 5.1 is essentially shown by the following lemma, which holds for 0 < § < 7 (notonly 0 < d < (14 7)/2).

Lemma 5.4. Assume that F is analytic in 25 with 0 < § < m, and that there exist positive constants K., K_, o, and B such
that

el/log(1-+ef) A
F Ky |——— 39
L (39)
holds for all ¢ € 7, and
log(1+ %) ¢
F(0) < K_ 40
I = {1+ log(1+ ef)}{—1+ log(1+ e?)} (40)
holds for all { € 25 . Then, F belongs to H'(2;), and N;(F, 8) is bounded as
2K ecs 2Ky s \B
Fo)<=—{ 2 2 (e/los , 41
M=, {(1—log2)(e—1)} top @) “o

where cs = 1/cos(§/2).

Proof. Since F is analytic on Z;, the remaining task is to show (41). From (39), by using (23), it holds for all ¢ € 9; that

[F(¢)l =K ‘ 1og+e5) [P |1 ’
< e J—
Ol = K4 e
<k, (ees?)’ 1 (42)
- 11+et)f
Furthermore, from (40), by using (25) and (26), it holds for all { € 2, that
log(1+e€f) |* 1
[F($)l < K- ‘ " @
+log(1+e%)| |—1+ log(1+ e¥)
1 1
<K (43)

T T 1 +e " (1 —log2)’
where | = log(e/(e — 1)). As described earlier, N(F, d) is expressed as (35). Using (27) and (42), we have

§(1—€) P §(1—e) 1
/ IF(1/€ +iy)ldy < K, (e'/'°8?) f

————dy
s(1—¢) s(1—e) |1+ e‘/f+1y|ﬂ

K. (el/logz)ﬂ 5(1—€) 1
< vy |

dy.
(1+eley i

s(1—¢) COSP(y/2
from which we have
s(1—€)
lim |[F(1/e + iy)|dy = 0.
e—0 —8(1—e¢)

15
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In the same manner, using (28) and (43), we have

8(1—e)
lim |F(—1/€ +1iy)|dy = 0.
€=0J_5(1—¢)

Therefore, N1(F, §) is expressed as

Ni(F, 8) = /Oc IF(x — i8)|dx + foo F(x + i6)|dx

oo —00

0 0o 0 9]
=/ |F(x—ia)|c1x+/ |F(x—i8)|dx+/ |F(x+i5)|dx+/ IF(x + i8)|dx.
— 0 — 0

oo o0

With regard to the first term, using (28) and (43), we have

0 K_ 0 1
f |[F(x —i8)|dx < / —dx
oo (1—log2)* J_o [1+e*7H3)
K_ /0 1
= dx
(1—1log2)* J_, (1+e*1)cos*(§/2)

K_c? 0 1
= S / dx
(1—log2) J_o (14exl)

The integral is further bounded as

0 0
‘1 eO(X
/ (]+ —x—ladx:/ X —lozdx
—o0 e ) —o (e¥+e)
0 e(xx
= / fmdx
—0 (0+e7)
_ e \"1
“\e-1) a
In the same manner, the third term is bounded as

0 o o
K_
/ IF(x +i8)]dx < ) S
oo a(l —log2)* \e—1

With regard to the second term, using (27) and (42), we have

o0 o0 1
f |F(x —i8)|dx < 1<+ef‘/l°g2/ ——————dx
0 0 |14 e

< K+e’3/l°g2f ! dx
0 (1 + e")ﬂ cosﬂ((S/Z)

= K ef/e2c) dx
0 1+e—x

(o]
<K, eBllog2 . ﬂ/
o (1+0)

K e/fi/logz 8
B

In the same manner, the fourth term is bounded as
00 Cﬂ
/ [F(x +i8)|dx < 1<+e/3/1°g2?f.
0

Thus, we obtain (41).

Using this lemma, Lemma 5.1 is shown as follows.

Proof. Let F(¢) = f(¢(¢))@'(¢). Since f is analytic in ¢(2y), f(¢(+)) is analytic in 2,. In addition, since ¢’ is analytic in 2,
F is analytic in 2, (note that d < ). Therefore, the remaining task is to show N1(F, d) < 2KGs. Using (28), we have

1 1 1

14+ e~ ¢| = (1 +e—RE¢)cos((lm§)/2) (1+0)cos(d/2)
16
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for all ¢ € 24. Therefore, from (9), by using (24), it holds for all ¢ € Ojd* that
IF(@)| < Kle O 1¢/(2)]

B 1

1+¢€f

P11 4 {log(1 + €4)}2|
11+ e~¢||log(1 + e?)|?

1
‘ {1 * {log2y }

where ¢q = 1/cos(d/2). Furthermore, from (13), by using (36), it holds for all ¢ € 2, that

—K ’el/log(1+ec)

e1/1og(1+ef) A
<K

14 e

1
[F(¢)l <K #'(¢)
|4+{¢(z;)}2|”2|¢(:)|“| |
’ log(1 + €%) 1 1
1+ log(1+ef)| |—1+log(1+ef)|* |(1+ e~¢)log(1+ ef)]
log(1 + €f) Y 14c

K .
- ‘{l+10g(1+e5)}{—1+log(1+ef)} log(2 + ¢4)
Thus, the assumptions of Lemma 5.4 are fulfilled with § = d and

log 2)?
1+cq
log(2 + c4)’
from which we have N(F, d) < 2KCs.

1
K+:I(cd{l+( }

5.4. Estimation of the truncation error (proof of Lemma 5.2 )

Lemma 5.2 is essentially shown by the following lemma.

Lemma 5.5. Assume that there exist positive constants K, K_, «, and 8 such that

e1/log(1+e") p
Fx) <K, |—— 44
FOOl < Ks | (44)
holds for all x > 0, and
log(1 + &%) *
F(x _ 45
IFCOl = ‘{1+log(1+e")}{—1+log(1+e")} (45)
holds for all x < 0. Let © = min{«, B8}, and let M and N be defined as (7). Then, we have
—-M-1
Ky 1/10g2\8 | o—pnn
h |E(kh)| + h |[F(kh)| < {7 + = (el/los e M (46)
Z Z (1—log2) B ( )

k=N+1

Proof. From (44), by using (23), it holds for all x > 0 that

— B
< 1/log(1+€¥) B e < B/log2
[F(x)| <K, (e Trex) = Kye
P

(140)°
Using this estimate, we have

& o [ e—ﬁNh
h > IF(kh)| < K eP/1%82h 3~ e 7Pt < K eP/loe? / e Pdx = K ef /182
k=N-+1 k=N-+1 Nh p
Next, from (45), using (20) and (25), it holds for all x < O that
log(1 + €¥)
1+ log(1 + e¥)
Using this estimate, we have

IF(x)| < K_

* 1 e¥ \* e 1
<K_ <K_ )
|[—1+ log(1 + eX)|* <l+e"> (1 —1log2) (140)*(1—1log2)

—M-1 -M-1 h K —Mh K efcch
h F(kh)| < ———h akh o B iy =
Z IFCk)] < 7 logz) k;ooe = (1= log2) f,w C T A 020«

17
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Thus, using (7), we have (46).

Using this lemma, Lemma 5.2 is shown as follows.

Proof. Let F(x) = f(¢(x))¢’(x). From (9), by using (24), it holds for all x > 0 that

IF()I < Kle~®)" |¢/(x)]
B ‘ 1 P 1 14 {log(1+e¥}
1+e¥| 1+e* {log(1+ ex))?
ol1/log(1+¢¥) B 1 1
KT | 130 {H (1og2)2}'
Next, from (13), using (37), it holds for all x < O that

—K ‘el/log(1+e")

1
[F(x)| <K ¢'(x)
1T+ (o) (x)|”
‘ log(1+¢*) |* 1 . 1
1+log(14+e¥)| |—141log(1+eX)|* (1+4e*)log(1+ e¥)
< 1<‘ log(1 4+ €¥) “

{1+ log(1+ e*)}{—1+ log(1 + e¥)}
Thus, the assumptions of Lemma 5.5 are fulfilled with

1
K.=K|1 — ),
- (+(10g2)z)
K_ =K,

which completes the proof.
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