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Abstract

The CBP algorithm in computerized tomography (CT) is a discrete realization of a well-known tool from
approximation theory; namely, the approximation of a function f in R” by its convolution with a (bandlimited)
peaked kernel. The steps in a computer implementation (e.g., in medical CT scanners) of the algorithm evaluate an
n-dimensional convolution by (a) interpolation of projection data (line integrals in a two-dimensional case), (b) a
one-dimensional discrete convolution, and (c) interpolation of the convolved data, required in (d) a discrete
backprojection (integration over a unit sphere). The total error in the algorithm is due to the discretization
steps (a)-(d) and (e) the truncation error in the basic convolution approximation. In this work we augment the
known error estimates for steps (b) and (d) with those for (a), (¢) and (e) to arrive at a total error profile of the
algorithm, which may be summarized as follows. In a discrete b-bandlimited CBP reconstruction f¢ of f, under
appropriate conditions in (a)-(e), the total error f — ff is essentially of the order of &(f, b) =
Supeesn-1f|”'>b,0,n_] | fle®)|do, b >,
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Presently, the discrete convolution backprojection (CBP) algorithm is regarded as the most
important, accurate, reliable and fast reconstruction method in computerized tomography (CT),
especially in the medical field. Its utility ranges from electron microscopy, NMR, PET, X-ray
CT, nondestructive testing, multiphase flow measurements, radar applications and so on up to
the X-ray structure of supernova remnants.

Many theoretical aspects of this algorithm are well understood. These include the physical
and mathematical principles in its derivation, certain error bounds and the various interrela-
tions in the parameters of discretization and the angular resolution achieved, etc.

The present work achieves a total error analysis (hitherto lacking) for the discrete CBP
algorithm by utilizing a mixed-norm set-up of practical interest. It, in particular, tries to resolve
certain ambiguities in the interrelations between the orders of interpolation operations, the
tie-up of the cut-off frequency with the sampling distance, the smoothness of the object of
reconstruction, the role of the filter used and the accuracy desired in a reconstruction.
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1. The discrete convolution backprojection algorithm

For background material on CT, and various aspects of the CBP algorithm in particular, we
refer to the comprehensive works [4,5,9] and the references therein.

Recollecting from [9, pp. 102-111], the CBP algorithm is a discrete implementation of the
continuous convolution backprojection approximation

W, * f=R*(w, * Rf),

where W, approximates the Dirac & distribution in R”. Starting with a suitable radially
symmetric function @, and taking W,(¢) = (2w)~"/2®(| £| /b), one has

h N
Wb=R#Wb, Wb(0)=%(2’ﬂ)1/2 |0‘|n‘1¢(—b—).

The function w, is known as the convolving function, & as the window function, W, as the
kernel function and b as the cut-off frequency of the convolution backprojection algorithm.

For an application of the convolution backprojection algorithm, the Radon transform g = Rf
is required at (9;,s), j=1,...,p, = —q,...,q, where ;€ S"~1 the unit sphere in the
n-dimensional Euclidean space R” and s, = hl, h = 1/q. The convolution w, * g is replaced by
the discrete convolution

q
wy x" g(Bj, s)=h Y wy(s —s5)8(6;, 5,),

I=—q

and the continuous backprojection R* by a discrete backprojection

D
Riv(x)= ) a,v(6;, x-6,).

j=1

With g = Rf, for various values of 6, the discrete convolution

q
w, *"g(0,s)=h )> wy(s —5,)8(0, ;)
I=—q
is evaluated for s =s5,=hj, h=1/q, j= —q,...,q. Writing w(s) for w(s), we have w,(s) =
b"w(bs) and so with the tie-up bh = 3w, 9 € (0, 1], say, and using the symmetry of w, we need
just the values w(jdw), j=0,..., g, in order to evaluate the discrete convolutions

q
wy, x" g(0,s,)=b"h Y, w(bh(k—1))g(8,s,), k=—gq,...,q.
I=—q
Using these, w, * " g(@, s) for a required s is obtained by a suitable local interpolation
L(w, =" X8, 9.

In PET and also in CT scans using fan-beam type of geometries, the projection data g(8, s)
is not equispaced in s. The simplest way to deal with such situations is to compute the parallel
equispaced data for a standard application of the CBP algorithm by “rebinning” the data [5,
pp. 172-174] through a suitable interpolation J,&, m denoting the largest spacing between the
sampled data points s. Choosing a convenient h of the order of n, we substitute the
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interpolated values J, g(0, s,) for g(6, s,) in the above. In our treatment in the sequel,
interpolation in € is not considered. Thus, for the applicability of our results, in a divergent
mode of data collection the detector spacings are assumed to be adjusted so that the rebinning
does not require an interpolation in 6.

The final discrete convolution backprojection algorithm thus becomes

f~f =R;"Ihwb x J,Rf.

Bounds for the discretization errors e; = R¥*(w, " g —w, % g) and e, =(R} — R*)}w, * g)
(see [6], [9, pp. 104—106)), which we make use of in later sections, are as follows. Let 0 < @ < 1
and @(¢) =0 for | £ ] > 1. If the backprojection quadrature satisfies

P
4[5,.710(0) do = .Zlapju(ej)’ veEH,,, (1)
ji=

where the a,’s are positive and where H,, denotes the space of even spherical harmonics of
degree 2m, and if

=

b<dm, b<;, 0<9<1, (2)

then for f € C5(£2"), the space of infinitely differentiable functions with support in the unit ball
" of R”,

le,|< Y2w) " %ek(f, b) (3)
and
les | < f Il reamm (B, m), (4)
where
e5(f,b)=Is""'sup [ ol "I f(e8)ldo,
ges— 1 lal=b

and 7 admits an estimate of the form
0<n(9, b) <c(¥) e %, (5)

for b > B(%), with A(9), ¢(8¥) and B(¥9) being certain positive constants. Using density
arguments, it follows that, so long as they make sense, the bounds for e, and e, remain valid
for functions not necessarily in Cj(£2"). Functions f for which &{(f, b) is sufficiently small are
called essentially b-bandlimited functions. The quantity e(f, b) =e¢(f, b)/|S" ' | will play an
important role in the sequel.

The filtering effect of interpolation, independently of the other discretization errors, has also
been studied. Thus, for the B-spline interpolation [9, pp. 60, 107, 108]

Ig(s) = 2118(51)31/;,(5 —5,),

of order k, if b <w/h,
R#Ih(wb * g)=G, xW, * f+es,
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where

éh(§)=(2w)'”/2x{(SinC(%hlfl))", |£l<m/h,
0

, otherwise,

N v
63(§)=0, |§|<—,
h
k—1

H€3||L2(m)<(;) B ll Fll pgeamyy @ < 2(n— 1),

where for functions f with supp(f) c 2", the Sobolev space H{(£2") norm is given by

1 Waseam = [ (1+1€1%)71/(6)17 dé.

For n =2, certain bounds on the inherent error f— W, = f, using the radial averages
f(x)=Q/]8")[s.f(x +r6) d8 of functions in R?, have been given in [8]. (For a follow-up and
details of this approach, see [7,12,13].)

2. The Oh-oh-Lemma

Let ¢ be a positive number, K a nondecreasing positive function and & a positive function on
(0, c]. Also, let ¢ and ¢ be positive functions on (0, c], such that for all 4 € (0, 1], there hold

B(h)e(r) _

alh)= s Ry (©)
B o) _
uh) = e o) < @
w(h) =sup{u(t): t€[h, 1]} <o (8)
and
lima (1) = 0. ©)

With 8, K, ¢ and ¢ as above, in the following we prove a basic lemma of crucial interest in
our subsequent error analysis of the discrete CBP algorithm. Envisaging its utility elsewhere in
approximation theory and numerical analysis, it is stated in a little more generality than we
actually require right now. Let Z, denote the set of nonnegative integers.

Oh-oh-Lemma. Let t, € (0, cl, n€ Z ., be such that

tn+1

0<ac< <B<l,

n
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where a and B are independent of n. If (6)—(9) hold and for some constant M,
o(t))

o(tn) |

forallneZ, andn<j€Z_, then, ast — 0,

O(e(1)), if 8(t) =O(e(t)),

o(e(t)), if 8(t) =o(e(1)).

K(1;) <M{3(tn) +K(1,)

K(t)={

Proof. Letting A = lim sup, _, ,8(¢) /¢(¢), for both the cases 8(t) = O(¢(¢)) and 5(¢) = ole(2)),
A < ®. Let B be any number such that 4 < B. Using lim, _, ,q(¢) = 0, we can find an a € (0, c]
such that

1
q(t)<m, t€(0, a].

Since, 0 < B <1, for some me Z,, B™ <a. Let us define hy=¢, and h,=t,, neZ,.
Then, writing e(¢t) =K(t) /¢(t),forne 7,

8(h,-1) [ h, +e(hn-1)CI(hh" ))

e(h,) <M u
( ) ‘P(hn—l) hn-l n—1

8(ho-t) h,
QM(mw(a )+e(hn_1)q(ﬁ) .

Now we can choose N large enough so that &(h,)/¢(h,) <B, n>N. Then, putting
C=MBw(a™), for n >N +1,

e(hn) <C+%e(hn—l)’
sothatfor k+1€7,,

2k

Let h €(0, h,] be arbitrary. We choose k such that k+1€ Z, and hy,, .  <h <hy ;-
Then, since K is nondecreasing,

e(hein) <2C(1 — i) E(;TN).

hN+k+1

K(h)gK(hN+k)<e(hN+k)u( o(h)

<e(hy i )w(a™)e(h).

e(h)< e(hN+k)w(

hN+k hN+k

Hence,

e(h) <w(a™)e(hy i) < w(a"’)(2C 4 ) )

2k
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[ 2LV W]

1 In(hy,,/h)
m In(l/a) °

lim sup,, _, je(h) < 2Cw(a™) =2 M(w(a™))?B.
As B is arbitrary such that B > A4, it follows that

=

0 < lim supe(h) < 2M(w(a™))’ A,
h—0

from which, noting that 4 = 0 in the 8(¢) = o(¢(¢)) case, both the assertions follow, completing
the proof. O

The Oh-oh-Lemma extends an idea of [3] formalized in [2] (““Oh”-part with 6(¢) =¢* =
(), (1) =t™, m > a > 0) and in [1] ($(¢) = t™); (see also [11, pp. 91, 92]). The main point of
the lemma is the ease with which one is able to get certain degree of approximation results of
very general orders (¢p(¢1) = e~/ t™ log t,t™ /log t; o(t) =1t*,t* log t, t%/(log t)*>, m > a > 0,
any kth order modulus of smoothness w,(¢), kK <m, (for definition and many examples, see
[14]) of any function in L =%, ©), 1 <g <, being some examples of compatible pairs of ¢
and ¢). In the present context of computerized tomography, it allows a study of window
functions much more general than those satisfying a regularity condition of the type 1 — @(&) =
A =& as € 0.

3. The tomographic spaces CT,, CT,,, CT, and CT,

Let CT, = CT,(£2") denote the linear space of real-valued functions f € Cy(2") (f defined
and continuous in R”, with support in ") which are essentially bandlimited in the sense that

e(f,b)= sup [ lo|" | f(c0)Ido—0, asb—w,

gesr171alzb

With the norm

Ifllo= sw [lo1""|f(c0)ldo,

ges™!

CT, is a complete space of which C3(£2”) is a dense subset. Since for f & CT,, the function
ho)=[1o1"" ' f(e8)|do, §eS",
R

is continuous on S" !, the “sup” in the above is actually a “max”.

A motivation for introducing the tomographic space CT, is the e,-error estimate for
essentially bandlimited functions. We note that CT, is continuously imbedded in Cy(2") and
that its norm comes quite close to the sup-norm; (for f radially symmetric and with f
nonnegative, the two norms in fact differ only by a factor of (2w)"/2).
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For a nonnegative measurable weight function w (> 1) on R*= (0, »), let the space CT,,
(C CT,) consist of functions f for which

I fll,= sup /|a|" Yw(lo )| f(e8)| do < .

pest!

Assuming the order function ¢ of the previous section to be defined on the whole of R™, for
feCT, and t € R*, we define Peetre’s K-functional K s(t; f) with the function parameter ¢
by

Ko(t: f)= inf (I f=glo+o()lg]l.),

The w and ¢ in the above are assumed to be tied by

w(t)=[¢(%)]_l, t>0. (10)

Functions f& CT, for which K (¢; f) = O(e(¢)), t - 0, constitute the intermediate space
(CT,, CT,, ),» which for suitable ¢ and ¢ will characterize functions which may be recon-
structed to w1thin O(¢(1/b)) by a discrete convolution backprojection algorithm with appropri-
ate b-bandlimited filter functions. We also define (CT,, CT,, )0 to be the space of functions f
for which K ,(¢; f) = o(¢(¢)), t = 0. The spaces CT(P and CT0 simply are abbreviations for the
intermediate spaces (CT,, CT,), and (CT,, CT,, ) respectwely

4. The order functions and the filter

Let, in addition, the order function ¢ satisfy

)

v(h) = fl:g () <o, he(0,1], (11)

J= sup v(h)<oo. (12)
he(0, 1]

The function ¢ is also assumed to be related with the filter function @ by the requirement
that for £ € R”,

11— d(&)l<Aap(1€]), 1£1<1, (13)

where for h € (0, 1], we define y(h) = inf, _ $(1)/$(t/h), and A is a constant. Moreover, for
some constant B, @ is assumed to satisfy

|b(£)I<B, 0<l|€l<], (14)
and
|d(£)l=0, [£]>1. (15)

The e, and e, estimates (3), (4) remain valid (to within a multiplication by the constant B) for
the ¢’s satisfying (14), (15).
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While studying errors due to interpolation of projection and convolved data, respectively, we
assume the following additional conditions on the function u associated with the order function

@:

lin(l)t’_”“u(t) =0, (16)
t—
lir%t”’u(t) =0, (17)
t—

where [ is the order of interpolation for the nonequispaced projection data g(0, s), m is the
order of interpolation of the convolved data w, = " g and n is the dimension of the problem
space R”. Note that for any minimal choice / =m + n — 1. Some practical examples of [, m, ¢,
u, ¢, v, ¢ and @ appear in Section 10.

We note here that lim, _, ,¢™u(¢) = 0, for instance, implies that (th)™ < h"u(h)e(th) /¢(t) =
o(p(th)), as h — 0, for any fixed ¢ € (0, c]. It follows that (&, b) < c(8) e *P* =0o(1/b™) =
ole(1/b)), b —> =, i.e., n(¥, b) approaches zero much faster as compared to ¢(1/b).

In this study the order of approximation under consideration is ¢(1/b), as the bandwidth
b — «. In the sequel the conditions on the functions ®, ¢, ¢ etc., imposed till now, will be
assumed to be satisfied. For a @ such that 1 — ®&(o) = O(o™), o — 0%, the choice ¢(t) =t is
appropriate for orders ¢(¢) of approximation such as %, t*log(log(1/1)), t*/log(1/t), a <m,
any moduli of smoothness w,(¢), k <m, etc. In practice the case m = 2 is quite common (see
Section 10).

5. The intrinsic error in CBP

The intrinsic error f — W, * f, arising due to the bandlimiting aspect of CBP, is independent
of variations or refinements in the discretizations and sampling schemes.
Writing fg = W, * f=R*(w, * Rf), for the continuous convolution backprojection, we have

fe(g) = f(£)d(£/b). Since

-1 p f’_& (o o
15 1= sup 1ol w(lo)|#( |li o100,

using (c0)=0, |o|>1, and w(lo|) <Jw(b), |o|<b, and |d(¢)|<B, 0<|&|<1, for
f € CT, we have

0 FE M w<BIW(B) £ llo < oo, (18)
which, in particular, implies that f¢ < CT,. Similarly, for f€ CT,, ff € CT, and ||l f; [, <

B f .. It is also clear that || f£ o < Bl f Il o. Next, since, ¢(|o | /b) <(1/$(1/| o [Nd(1/b),
lo| < b, and w(| o |)/w(b) =1/J, if |o | = b, for all b sufficiently large, we have

lo |

If=fllo< sup {Afl |<b|0|"-1¢f(_)|f(00)|dcr

gecs ! b

+(2w)‘"/2flal>b|o|"‘1|f‘(ae)|da},

< max{4, (211')—"/2]>¢(%) I f ||W=D¢(%) IF1l,, say.



RK.S. Rathore /Journal of Computational and Applied Mathematics 54 (1994) 79-97 87
For any g € CT,,
c
I f=fsllo<lif—gllo+llg—gsllo+(g—F)ullo

1
<(1+B)uf—guo+0¢(3)uguw

1
< max{1 + B, D}(Hf—g”o'*‘(ﬁ(z)“gnw)-

Taking the infimum over CT,, with E = max{1 + B, D}, we get
1
17 fs o< Ky 53 1, (19)

so that || f—f¢ Ilo = O(e(1/b)), if f€CT,, and ||l f—f5 llo=ole(1/b)), if f€ CT,).
Conversely, if || f—f5 lo=0(8(1/b)), b = », we have || f—f; | <A8(1/b), for some A
and for all b sufficiently large (b > b,, say). Then, since f,; € CT,,

Kd,(t;f)=ggg:fTw{llf—glloﬂb(t)llgllw}

< inf {Ilf=f5 o+ ()l f5 g5l +1g51lw)}

g<CT,,

1
<A8(3) +¢(t)g;anT {Biwb)li f—gll.+Bllgll)

eul 1] i3]

where M = max{A, B, BJ}. Since this inequality is valid for all b sufficiently large and for all ¢,
by the Oh-oh-Lemma we conclude that K (z; f) = O(e(#)) or o(e(t)), t — 0, according as
8(1) = O(e(1)) or o(e(t)) as t — 0. Thus we have proved the following theorem.

Theorem 1 (Intrinsic error). If @, ¢ and w satisfy the conditions (6)-(15), and f € CT,, then

1

17=5i 1a=0[e| ]}, == irrect,. (20)
1

I F— s no=o(¢(g)), b, iff f€ CT?. (21)

It may be noted that the Oh-oh-Lemma actually asserts that the O(o(1/b)) (or, o(¢(1/b)))
convergence even along a sequence {b,}, satisfying the sparsity condition 0 <a <b,/b,,, <B <
1, implies that f< CT, (respectively, CT;’). In particular, the “oh”-part implies that the order
of error in the “Oh”-part cannot be improved for the class CT,, as a whole.
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6. An application of the Ramachandran—Lakshminarayanan filter

The ideal low-pass filter @ = @, given by

1, léi<1,

(p0(§)= 0, |§|>l,

corresponds to the Ramachandran-Lakshminarayanan filter in R2. In R” it corresponds to the
kernel W, = W given by [9, pp. 102, 110]

wInsa(blx1)

In this case, the two inequalities |1 — ®(£) | <AY(|£]), |£1< 1, and | D€)< B, 0<|£]<1,
are valid with B =1 and for any choice of ¢y, whatsoever. Denoting the continuous reconstruc-
tion by the Ramachandran—Lakshinarayanan filter by f,, since there holds

Wy (x)=(2m)""b

If=fllo= sup [ 1o|""'| f(ob)|do=e(f, b),

oes —17lal=b

from the Intrinsic Error Theorem we immediately get the following theorem.

Theorem 2 (Characterization of intermediate CT spaces). Let @, ¢ and w satisfy (6)—(15) and
let f € CT,. Then,

1

rect, g e(s.6)=0le[;]. b= @)
1

fECTq?, iff e(f, b)=0(¢(3)), b— o, (23)

At this stage we also note that from (18) we have K (t; f) <l f—=f, [lo + $(IW(BIT || f llo.
Let £ > 0 be given. Since f & CT,, fixing b sufficiently large, the first term on the right can be
made less than je. Having done so, since ¢(t) = 0, ¢t — 0, there exists a 6 > 0, such that the
second term too is less than 3¢, for 0 <t < 8. Thus K #{t; f) =0, as t > 0. Hence the Intrinsic
Error Theorem, the characterization of the intermediate CT spaces and (19) together imply the
following corollary.

Corollary 3 (Intrinsic error). If ®, ¢ and w satisfy (6)—(15), and f & CT,, then, as b — x,
Il f—f£ llo = 0. Moreover,

i7=s510=0(o(5 )| etr 01 =0[e[5 )] b=, (24

If = s ||o=o(¢(%)), iff e(f. b)=o(¢(%)), b . (25)



R.K.S. Rathore /Journal of Computational and Applied Mathematics 54 (1994) 79-97 89

In particular, the CT, norm being stronger than the sup-norm in R”", the convergence
fi(x) - f(x), for f€CT,, as well as the convergence rate f<(x)—f(x)= O(e(1/b)), for
fe€CT,, and f5(x)— f(x)=ole(1/b)), for f& CT., remain valid uniformly in x € 2" (R").

7. Weighted Radon spaces %

Motivated by the spaces CT, and CT,, consider functions g(8, s) defined on the unit
cylinder Z = S"~ ! X R, for which

lglo= sup [o(lo])I&(6, 0)ldo <=,
gesm!

where o is a nonnegative weight function on R™ and £(6, o) denotes the one-dimensional
Fourier transform of g(8, s), regarded as a function of s with @ fixed. Such functions (with the

usual identification of functions equal a.e.) with norm ||-||, constitute our weighted radon
space %,. (It may be noted that the present analysis, without forging any new tool, extends to a
more general situation of || g, = supyc g l0(-)§(8, -) I, where |||l is a monotone norm,

ie., satisfying | y <l z Il if | y(o) <] 2z(0)], s €R')
If w, and w, (> w,) are two weight functions, for F €%, we define the Peetre’s K-func-
tional by

K (t; F)= inf {[F=gll,,+tllgl.}
(t: F)= inf {IIF—gll,, J

For b >0, let F® be defined through F*(0, o) = F(9, o), if |o|<b, and zero, otherwise.
Then F® €%, if F €%, and moreover, || F |, <[ Fll,, F €2, for all , whatsoever. Let for
some constant J,, the quotient function @ = w,/w, satisfy

a(lal)
@(b)
Then,

<J,, lol<b.

1Fo N, <Ja(B) I Fl.,.
Further, if for some constant J_,
(b
_—S—)_ <J1—’ I(TI)b,
o(lol)
then

IF=F*llo,= sup [ wo(lo)|E(6, o)ldo

OESnfl |(T|>b

= sup [ (é(lo])) w(lo)|F(6, o) do< — Il F |,

gesn-17lal>b ~(b)
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Note that the J, and J, inequalities hold for all b if
w(th)

Jo= sup sup ©, (26)
he(0,1] t>0 w( )
which we assume in the sequel.
Let a nonnegative function v on (0, c] have the following properties analogous to those of ¢

defined earlier:

ahy= sup ~ o 27)
te(Opc] V(th) ”

WUﬁ—tngdﬂ<w, (28)

3 o(1/t)v(r)

W= 50 a0 amy < )

lim (1) = 0. (30)

Let £,=(%,, %, ) be the intermediate space of g €%, for which K (1/&(1/t); g) =
O(v(1t)), t — 0, and %0—(9? Z,,), of those with K (l/w(l/t) g)=0(@(r)), t - 0. Let

e(g; b) = supf wo(lo)£(6, o)l do.

065"‘1 '0">b

Then, for g S

e(F;b)<e(F—g;b)+e(g—g% b)+e((g§—F); b) <2 IF~glluy+ —=l gl

~(b)
< max{2, Jr}[llF—g | o, + a.)—(lb—)”g lo, |5
so that
e(F; b)<EK, ( (b) )

Also, since

1
K,|=——;F|< inf {[|[F-F°,,+
w(l/t) gEX,, °

< inf {e(F;b)+ ——
gg%{e( ) RV

ax{1, Jl}[e(F; b) + :( ) ( ~1 ;F)],
o(1/t) “\ o(b)

applying the Oh-oh-Lemma to the function K (1/@&(1/¢); F) and orders @(1/¢) and v»(¢), we
get the following analogue of the characterization of the intermediate CT spaces.

1 b
(T)(l/t)(“(F_g) nwl+ugbnwl)}

S () I~ gnmo+ugn,,,l)}
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Theorem 4 (Characterization of intermediate Radon spaces). If w,, w, and v satisfy (26)-(30),

- {Fegz%; e(F; b) =o(u(%)), b—»w},
frenen-spfi) -

This characterization, for appropriate choices of w, and w,, will be used in the next two
sections dealing with the discretization errors due to an interpolation of the projection and the
convolved data.

8. Error in the interpolation of convolved data

Suppose I, is any interpolation of order m, for the equispaced convolved data
(w, =" gXe0, s,), k= —q,...,q, satisfying

”IhG“C QI”G”C) GEC[—la ]-]5 (31)
“IhG_G”C\CIhm”G(m)“C, GEC"’[—], 1]a (32)
where |||l ¢ denotes the sup-norm on the interval [—1, 1], C™[—1, 1] is the space of m-times

continuously differentiable functions on [—1, 1] and where @, and C, are independent of A.
An appropriate example of such an I, is the m-point central difference interpolation. For the
standard two-point linear interpolation used in most CBP applications we have m = 2.

Using [9, p.58]

(wy " £)" (6. 0) = (2m) "iy(0) T 80, 0 - =),

leZ h

and with D denoting the partial differentiation 3/ds, since |d(£)|<B, 0<|€l< 1, and
w,(o) =0 for |o [> b, we have

o o— 2™y,

| D™ (w, %" g)(6, )| < fl(rl |wb(a)|l§Z (0,0' p ) d
1/2— n o m+n—1 0__2_11-_[ o
<)) o177 L |46, 0 - 5 ao

Putting
(Ew, = "g)(8, s) = (Lw, * " g—w, x "g)(0, s),
and, using b <w/h,
lEw, *"gll= sup IEw, «"g(8,)lc< sup C,h™||D™w, " g(8, )¢

gesn! gesnt

< C;h™ sup /|a| » %" 8)7(8, o)l do

gesr!

< (2w)"?""(iB) sup c,hm[|a|'"+" '18(6, o)l do.

oesn1
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From this, with w,(¢)) = max{|o|”*" "', 1}, there follows

I Egw, =" gll< (2w) > "(3B)C,h" I g |l u,.
With wy(o) =max{|o """, 1}, @(c) = max{|o |”, 1} and we have

IEgw, =" gll<Q;llw, *" gllc <@ (2m) > "(2B) 1l g Il -
It follows that for a general g,

| By " gll< int {I1E,(w, +" (8= ) I +11 Ey(w, =" G}
<max{Q,, C,}(2w)"* "(:B) inf {(lg=Gllo,+h™1IGI )

= max{Q,, C,}(21T)1/2_"(%B)Kw(h’"; g).
Next,

sup wo(lo1)1£(0, o)l do
065”‘1 |0’|>b

_ (2“_)("—1)/2 I f—fb I,
< inf @m)" VU =F) = (f=F) o+ F=F"ll,)

FeCT,
) | F w}

)HFHW}

< inf (2w VA f-
<FénCTw( ) Nf=Fllo+Jo¢

S| = S

< . f 2 (n—1/2 —F +
<Fgé?Tw( ) JNf lo+ ¢

1
< (2Tr)("'“/211<4,(3; f).

Hence, if fe CT(p,

1
sup wo(lal)]g(8, o-)|d0'=0(<p(—)), b — oo,
GES"_l IO’\>b b

Using lim, _, o¢™u(t) = 0, this and the theorem on the characterization of intermediate Radon
spaces imply that K _(¢™; g) = O(¢(1)), t — 0. Hence, from the K -estimate of E, in the above,
there follows || I(w, * g) —w, = gl = O(g(h)), so that finally we have e, =| R¥(I,(w, +" g) —
w, =" g)|= O(¢(1/b)), showing that the net contribution of the error due to the interpolation
of the convolved data is of the order of ¢(1/b).

Similarly, e, = o(e(1/b)), for f &€ CT?, and e, = o(1), for f &€ CT, and m > 0 (for the details
of the reasoning, see the next section), as b — «. Thus we have proved the following theorem.
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Theorem 5 (Error in the interpolation of convolved data). If the assumptions (1), (2), (6)-(15),
(17) and (31), (32) hold,

O(e(1/b)), iffeCT,,
‘(Rf(lh(wb xMg) —wy x hg))(x)‘ = {o(e(1/b)), iffeCT), (33)
0(1)7 lffECTO,

uniformly in x € (2",

9. Error in the interpolation of projection data

Let the minimum spacing 4, and the maximum spacing h,, between consecutive local
interpolation data points satisty 8 < h_,/h,,, where B is a certain constant. With the largest of
the data spacings denoted by n (assumed to be of the order of k4, i.e., n/h < C for some
constant C), let the projection data interpolation operator J, be of order /:

1,ellc<Qlgll., gecC[-1,1], (34)
17,e—gllc<Cm'lig'llc, geC[-1,1], (35)

Q, and C, being certain constants independent of 7. Note, for example, that the Lagrange
interpolation

!
J,8(8, )= kgllk(S)g(B, 2,

L= 1 S22 k1

i+=1 (z¢ _Zj) ’

based on appropriate local nodes z,, z,,..., z;, provides an /th-order interpolation.
We take g(6, s) as the projection data for f. Putting

(E,8)(0,s)=(J,g—g)(0,s) and [E,gll= sup | E, g(0,")llc,
oesn«l

we have

IE,gll<@m) " *Cn' sup [lol'£(8, o)l do,
gesn 7R

from which, if we take w (o) = max{|o | ! 1), there follows
IE gl<2m)™ " ?Cintllgll,
Also, with w,(o) =1, for some constant H, (depending on 8),

|| E,,g ” <H0 ” g ” wy*
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Then, (o) = w (o) /wy(0) = w o) =max{|o |, 1} and hence, for any g €%,
IE,gll< inf {H E(g-G)I+IE(G)])

< max{HO, (2m)%c,) Giggyl{l! g=Gllo,+7'1IGll.}

= max{H,, (27)"*C,}K (n'; g).

Since, £(0, o) = 2w)"~Y/2{(¢0), by the projection theorem, for f e CT,, we have

211_ (n—1/2 ” ”
sup [ 1806, o)l dor < &7 /o

1
pesr17lal>b b™

and, if feCT,,

ln 1
sup |8(0, o) do < b=~ Dd)(—) sup |g 0,0)ldo
gesn! [0’]>b ( ) b gesr! ’U’>b¢(1/l ( )
1
<Jb“”‘”¢(3)(2w)("_”/2||wa.

It follows that for any f & CT,,

e(g:6)= sup [ 18(0,0)ldo=2m)" "N f £, say,

gesn— 1 |a'|>

<@m)" " int {|(F=F) = (f=F)’lo, + 1 F = F*lu,)

1
< inf (2mw)" "% ‘"“l){llf—Fllo+J¢(z)HFllw}

FeCT,

< inf (2m)" TV 2p-nm 1>J<llf F||o+¢( )IIFIIW}

FeCT,
<(Zw)("_l)/zb‘("‘l’JKd,(l; f).
b
With w(s) =w(s), bh = 3w, & (0, 1], and assuming that 9 is such that

g, =Iw(0)|+2 X Iw(jdw)| <=,
i=1
using (1) and the positivity of the a,;’s, we have
e=|RY(1,{w, +" (1,6 -8)})| < Zap,Ql 1E,gllh ¥ lw,(ih)|
I=—gq

=81 {b"Q,ha, | E,g .

(36)
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At this point we may note that if N denotes the order of magnitude of an extraneous noise
N(Gj, s) in the projection data for a single projection view 8;, the worst-case reconstruction
error at a point is of order a,hb"0, N, where g, ,=|w(0)|+ 257, |w(jéw)|. Thus o,
provides a useful measure of a filter’s sensitivity to noise. Since, for the p and g in practice,
approximately p =cq" ', c=7"""'/(n — D! [9, p.70], and the quadrature coefficients a; are
practically of the order 1/p of magnitude, the noise propagation due to a single view is of order
O(Ngo,, )

If fe CT,, e(g; b) = O(b~""De(1/b)). Taking v(1) =1"'¢(¢), and using lim, , o'~ *'u(r)
= (), from the theorem on the characterization of intermediate Radon spaces, we have g €%,
and consequently, since n = O(h) = O(1/b), e, = O(¢(1/b)). Similarly, fe CT0 implies that
e, = o(@(1/b)). Moreover, if f€CT,, e(g; b) =0(b~""P) and then with ¢ =1, since for
[>n—1, lim, ,,/7""' =0, we have e¢,=o0(1), b > . Thus we have proved the following
theorem.

Theorem 6 (Error in the interpolation of projection data). If (1), (2), (6)-(16), (31), (32) and
(34)—(36) hold and n = O(1/b), then
O(e(1/b)), iffeCT,
[RZ(1,(w, *" (1,8 —2)))(x)| = { o(e(1/b)), iffeCT, (37)
o(1), if fe CT,,

uniformly in x € 2",

It may be noted that in the above analysis the finiteness of ¢,, is quite important (in practical
situations it is material when ¢ is large, i.e., when the discretization is very fine). It comes as a
pleasant surprise that the usual practice of choosing 4 =1, that is, tying b to & by b =w/h,
which simplifies the expressions for the convolving coefficients (for the Ramachandran-
Lakshminarayanan and the Shepp-Logan filters, see [9, pp. 109-111]), also achieves this crucial
finiteness of o, (for these and the Hamming filter in R?, B(1) 0; for cosine filter &(1) = 0).

Theorem 7 (Finiteness of o). If 43(5) is radially symmetric and D(a) is twice continuously
differentiable in [0, 1], then o,, is finite iff (1 — ND(1) =0 (i.e., o, is finite for all &< (0, 1], if
&(1) = 0, and is finite only for 9 =1, if HQ1)+0).

Proof. For s >0 and n > 2,

(2w)'w(s) = %/;Jﬂ”‘l(ﬁ(w ) e do = fﬂla”’ltﬁ(a) cos(so) do

. sins R cos § 1 A "
=b()—— + (1) — - ?[ (0"~ 'd(a)) cos(sa) do,
0

from which the result follows, since for j€Z, and & <(0, 1), max{|sin(jdw)|, |sin((j +
D&} > Isin(3 min{d, 1 —9P|. O
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It may also be appropriate to remark here that divergent ray geometries in which rebinning
does require an interpolation in the #-argument, treating the corresponding interpolation error
as the noise N(Gj, s) in the above, for an overall error bound of order ¢(1/b) we need an
accuracy of order b~ Yp(1/b) in the 6-interpolation.

The result on the finiteness of ¢,, has an important implication: the choice # =3mw/b, in a
b-bandlimited approximation with 0 < 9 < 1, corresponds to an oversampling. Since for popular
windows (e.g., Shepp-Logan, Ramachandran-Lakshminarayanan and Hamming) the condi-
tions of the theorem are satisfied with @(1) # 0, an oversampling corresponds to g,, = %, which
for very large g would manifest in a large noise propagating factor a,, .

10. Total error in the discrete convolution backprojection

A break-up of the total error in the discrete convolution backprojection algorithm is given by
f=f=f-Wy = f- (R,f'R#)(Wb * g) = RY(I(wy, x"g) —w, x" g)
—Rf(wb xhg—w, x g) —Rf]h(wb * h (‘]ng -_g)).

Recollecting the threads from the previous sections, under the hypotheses (1), (2), (6)-(17),
(31), (32) and (34)—-(36) (note the use of the sampling condition bk = 7 for a satisfaction of (36)
for the commonly used windows) and with n = O(1/b): (a) the order of approximation
f— W, = f is dealt with in the intrinsic error corollary; (b) the backprojection quadrature error
(R? — R*)(w, * g), according to (4), (5), decays exponentially; (c) the contribution
R¥(I(w, *" g) —w, *" g) to the error due to the interpolation of the convolutions is esti-
mated in (33); (d) the convolution discretization error R*(w, * hg—w, = g) is given by (3);
and finally, (e) an estimate of the order of error in the interpolation of the projection data
R¥(I(w, x"(J g —g)) is given in (37). Combining these, from the characterization of the
intermediate Radon spaces, we finally arrive at the following theorem.

Theorem 8 (Total error in the discrete CBP algorithm). If (1), (2), (6)-(17), (31), (32) and
(34)-(36) hold and n = O(1/b), then, as b > «,

O(¢(1/b)), iffeCT,, i.e., e(f, b)=0(e(1/b)),
f(x) = fg(x)={o(e(1/b)), iffeCT), i.e.,e(f,b)=o0(p(1/b)),
o(1), iffECT,, ie.e(f,b)=o(l),

uniformly in x € (2".

Thus, loosely speaking, in a discrete b-bandlimited CBP reconstruction, the total error is of
the order of (f, b).

For the .Shepp-Logan, Hamming and cosine filters in the planar tomography n =2, the
window functions for |£|<1 equal sincimwiél), a+ (1 —a)cos(3mw|é]), 0<a<1, and
cos(3m | £ 1), respectively. In these cases (k) = h?, so that ¢(¢) = ¢? is appropriate (usable also
for the Ramachandran—Lakshminarayanan window). Then v(k) = A% and if, as an example, we
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take (t) =t% 0 <a <2, then u(h) =t~* and the interpolation orders m and / have to satisfy
m>a and I > 1+ a. For 0 <a <1, we thus get the smallest values m =1 and [/ = 2, while for

1<a <2, we require m =2 and /= 3. In many experiments with the above filters (see, e.g.,

[7,12}; also cf. [5, pp. 67-71)) the order of error for the cross sections under consideration is
found to be O(1/b), which corresponds to a = 1. This is in agreement with the findings in [10]
(cf. [5, pp. 140-144], [9, p.108]) that in practical tests the broken-line interpolation (m =2) is
satisfactory, while the nearest-neighbour interpolation (m = 1) is not.
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