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Abstract

In the present paper, we give some convergence results of the global minimal residual methods and the global orthogonal residual
methods for multiple linear systems. Using the Schur complement formulae and a new matrix product, we give expressions of the
approximate solutions and the corresponding residuals. We also derive some useful relations between the norm of the residuals.
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1. Introduction

Many applications require the solution of several sparse systems of linear equations with the same coefficient matrix
and different right-hand sides

AX = B, (1.1

where A is an n x n real matrix, B and X are n x s rectangular matrices with s <n.

For nonsymmetric problems, some block Krylov subspace methods have been developed these last years; see
[8-11,15,18,20,23,24] and the references therein.

In [10], we introduced a global approach. It consists of projecting the initial residual onto a matrix Krylov subspace.
We derived the global full orthogonalization (GI-FOM) method and the global generalized minimum residual (GI-
GMRES) method.

In the present paper we give some new convergence results for two classes of global Krylov subspace methods.
These methods are classified in two categories: the global minimal residual (GlI-MR) methods containing all the Krylov
methods that are theoretically equivalent to GI-GMRES and the global orthogonal residual (Gl-OR) methods including
the methods that are theoretically equivalent to GI-FOM. We study the convergence behaviour of these methods without
referring to any algorithm. In this work, we do not consider the numerical aspect of these methods.
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The paper is organized as follows. In Section 2, we review some properties of the Schur complement and of the
Kronecker product. We also introduce a new matrix product and give some of its properties. In Section 3, we define
the global minimal residual methods and the global orthogonal methods. Using the Schur complement we give new
expressions of the approximations and the corresponding residuals. We also derive a relationship between the residual
norms. A convergence analysis is discussed in Section 4.

2. Definitions and properties
2.1. Some Schur complement identities

We first recall the definition of the Schur complement [22] and give some of their properties; for more properties see
[1,4-7,14,16].

Definition 1. Let M be a matrix partitioned into four blocks

A B
My = [c D} :
where the submatrix D is assumed to be square and nonsingular. The Schur complement of D in M, denoted by
(M1/D), is defined by

(M;/D)=A - BD™'C.

If D is not a square matrix then a pseudo-Schur complement of D in M can still be defined [2,5]. Let us remark
that having the nonsingular submatrix D in the lower right-hand side corner of M is a matter of convention. We can
similarly define the following Schur complements:

(M/A)=D — CA'B,
(Mi/B)=C — DB™'A,
(M;/C)=B — AC~'D.
Now we will give some properties of the Schur complements.

Proposition 1 (Messaoudi [13]). Let us assume that the submatrix D is nonsingular, then

A B D C B A C D
([& 51/ 2)-(15 5/»)-([5 &]/»)-([5 3]/ )
Proposition 2 (Messaoudi [13]). Assuming that the matrix D is nonsingular and E is a matrix such that the product
EA is well defined, then

EA EB A B
(¢ %)== (e 3)/°)
We recall the first matrix Sylvester identity. Consider the matrices K and M3 partitioned as follows:

A B E
K=|:C D F:|, M1=|:é lB)],
G H L

B E D F c D
e R B PR R |
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Proposition 3 (The first matrix Sylvester identity (Messaoudi [13])). If the matrices D and M3 are square and non-
singular, then

(K/M3) = ((K/D)/(M3/D)) = (M1/D) — (M,/D)(M3/D) " (Ma/ D).
2.2. The Kronecker product and the ¢ product

For two matrices Y and Z in R"**, we define the inner product (Y, Z) p =tr(Y T7) where tr(YT Z) denotes the trace of
the matrix YT Z. The associated norm is the Frobenius norm denoted by ||| 7. A system of vectors (matrices) of R"**
is said to be F-orthonormal if it is orthonormal with respect to (., .) p. For ¥ = [y; ;1 € R"**, we denote by vec(Y) the
vector of R defined by vec(Y) = [y(., l)T, v(., 2)T, oG, s)T]T where y(., j), j=1,...,s, is the jth column of
Y. A ® B =a; jB] denotes the Kronecker product of the matrices A and B. For this product, we have the following
properties [12]:

() (A® B)T=AT® BT.
(2) (A® B)(C® D) =(AC ® BD).
(3) If A and B are nonsingular matrices of dimension n x n and p x p, respectively, then (A ® B) ' = A~ @ B~
(4) IfAand Baren x n and p X p, matrices, then
det(A ® B) =det(A)” det(B)" and tr(A ® B) = tr(A) tr(B).
(5) vec(ABC) = (CT ® A) vec(B).
(6) vec(A)T vec(B) = trace(AT B).

In the following we introduce a new product denoted by ¢ and defined as follows:

Definition 2. Let A =[Ay, A2,..., Ap] and B = [By, By, ..., B;] be matrices of dimension n x ps and n x Is,

respectively, where A; and B; (i =1,...,p; j=1,...,]) are n x s matrices. Then the p x [ matrix AT o B is
defined by:
(A1, Bi)p (A1, B2)p ... (AL, B)p
- (A2, Bi)p (A2, Bo)p ... (A2, B))p
A oB= . . . .
(Apol>F (ApoZ>F <AP»B1>F
Remarks.

(1) If s = 1 then AT o B=ATB.

2) Ifs=1,p=1and/ =1, thensettingA=u e R"and B=v € R"*, we have AT o B=uTv € R.
(3) The matrix A =[Ay, Az, ..., Ap] is F-orthonormal if and only AT o A= Ip.

(4) If X € RV then XT o X = || X ||

It is not difficult to show the following properties satisfied by the product ©.

Proposition 4. Let A, B,C € R"™*P*, D € R"", L € RP*?P and o € R. Then we have

1) (A+BToCc=AToC+BToC.
2 ATo(B+C)=AToB+AToC.
(3) (@A)T o C=a(AT o ).

@) (AToB)T =BT A.

(5) (DA)T o B=AT o (DTB).
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6) AT o (B(L® I,)) = (AT ¢ B)L.
(7 1A o Bllp < AllF || Bl

Proposition 5. Ler A € R"*P5, B ¢ Rk € e RF*P. D € RE* and E € RS, If the matrix D is nonsingular then

T A B _([EToA EToB
o([cn venl/@em)=(["¢" 757/ »).

Proof. From the definition of the Schur complement and the relation (2) of Proposition 4, we obtain

ET°<[c§>1, Dgz,}/(’)@’ﬂ)=ET<>A—ETo[B(DeaIs)—l(ce;zs)]

=EToA-—E"o[B(D"'C® ).

Therefore, using the relation (6) of Proposition 4, it follows that

T T
ET<>A—ET<>[B(D1C®Is)]=ET<>A—(ET<>B)D]C=<[EC<,>A ESB}/D) 0

2.3. The global QR factorization

Next, we present the global Gram—Schmidt process. Let & = [Z1, Z», ..., Zi] be a matrix of k blocks with Z; €
R™S i =1,..., k. The global Gram—Schmidt algorithm allows us to generate a new F-orthonormal matrix 2 =
[O1, Q2, ..., Okl suchthat span{Qy, ..., Qr} =span{Zy, ..., Z;} with (Q;, Q;)p =1and (Q;, Q) p =0ifi # j.
The algorithm is described as follows:

Algorithm 1. (The modified global Gram—Schmidt algorithm)

(1) R:(r,-,j)zo.
2) ri,i=1Z1lF.
3) Q1=Z1/r11.
4) Fori =2,...,k

0=17,
forj=1,...,i—1
rii =(0.Zj)p,
Q=0 —rjiZj
end j
rii =QllFand Q; = Q/ri;.
Endi.

Proposition 6. Let & = [Z1,Z,, ..., Zy) be an n x ks matrix with Z; € R"™, fori =1, ..., k. Then applying
Algorithm 1, the matrix & can be factored as

Z = Q(R ® Is),

where Q =[Q1, ..., Qklis ann x ks F-orthonormal matrix satisfying 27 o 2 = Iy and R is an upper triangular k x k
matrix.
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Proof. If Z; is the ith column of the matrix &, then from Algorithm 1, we have
i
Zi = Z rjiQj
j=1

= Z Qj(rji®I)

j=1
ri
.
=[Q19Q25"'7Qi] : ®IS‘
Tii
IfR =1lr1is....rii,0,..., 017 is the ith column of the upper triangular matrix R = [Ry, ..., R], then

Zi=[01,.. ., Otl(Ri® L), i=1,... k.
Therefore, & can be factored as

F=2R®I) with2TeQ=1. O

Note that 2T ¢ 7 = 9T o (2(R ® I;)). Hence using Proposition 4, it follows that 9T o 7 =R.

3. Global OR-type and global MR-type methods
3.1. A global OR-type method

Let Ky (A, V) =span{V, AV, ..., AK=1V} denotes the matrix Krylov subspace of R"*® spanned by the matrices
V,AV, ..., A*"1V where Vis an n x s matrix. Note that Z € Ki (A, V) means that

k
Z=Y wAT'V, o4 eR, i=1,... .k
i=1

Now consider the block linear system of equations (1.1) and let X be an initial n x s matrix with the corresponding
residual Rp = B — AXy. At step k, a global OR-type method generates approximation X ,? R such that

XPR — Xo = Z € Ki(A, Ro) (3.1
and the residual Rko R satisfying the orthogonality relation

RP® = Ro — AZi LKy (A, Ro), (3.2)

where the notation L r means the orthogonality with respect to the matrix scalar product (., .) p Note that R,? R s
obtained by projecting Ry onto AK;(A, Ry) along the F-orthogonal of the Krylov subspace Ky (A, Ry). If ?],?R
denotes the projector onto AKy (A, Rp) along K¢ (A, Ro)*, then from the Galerkin condition (3.2), we have

RP® =Ry — 2P Ry. (3.3)
The relation (3.1) implies

XP® = X+ [Ro, ARy, ..., AK"'Rol(0 ® I),
where @ = [w1, . .., @ ]T. Then the residual RkOR is expressed as

RPR =Ry — [ARy, A’Rq, ..., A*Rol(0 ® I). (3.4)
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The parameters w;, i = 1, ..., k are determined from the orthogonality condition (3.2) which is equivalent to

(ROR, ATR))p =0 fori=0,....,k—1. (3.5)
Let #'; = [Ro, ARy, ..., A" 1Rg] and # y = AA ). Then from (3.4) and (3.5) we deduce that

(AT oW)w=H7T o Ry. (3.6)

We have the following results:

Theorem 1. Assume that the matrix A z o W'k is nonsingular. Then the approximate solution X ,? R and the corre-
sponding residual Rko R are expressed as the following Schur complements:

OR __ i Xo — Ak 7 T
X = ( (A ToRN®L, (HToWp)® IX_/(‘%/" oWk ®1s) 3.7)

and

OR _ i Ro Wk T T ‘
% _<_(%E<>Ro)®ls (J/{o“f/@@ls_/(‘[k”’k)@’s)- (3.8)

Proof. At step k, the iterate X ,? Ris given by X ,? R—=Xo+ H 1 (0® Iy) where o is determined from (3.6). As the k x k
matrix 4~ Z & W'k is nonsingular, then o = (K{ oW )N H g ¢ Ro). Therefore,
XOR=Xo+ A (AT oW )™ (AT 0 R) @ 1]
=Xo+ A W[(A T oW @INA Y o Ry® I)]
= Xo+ AL AL oW W) ® L) (A o Ry ® I)].

This shows that X kO R can be expressed as the Schur complement given by (3.7). The proof of (3.8) can be done in a
similar way. [J

Theorem 2. Assume that at step k, the matrix A~ Z o W'y is nonsingular. Then the norm of the kth residual Rko R g

given by

det(A Ly © H k) det(A L o A
det(A# T o Wk)?

IRCRIZ = : (3.9)

where det(X) denotes the determinant of the square matrix X.

Proof. Note that since RkOR is an n x s matrix, we have || RkOR ||%p = (RkOR)T o R,?R. Using (3.4) and (3.5) we obtain
(RO®YT o ROR = (Ry — # k(0 ® I,))" o RZR. The orthogonality condition (3.5) implies

(RC®YT o ROR = —wi (AFRp)T o ROE. (3.10)

Let us first compute (Ak Ro)T o Rko k. Using (3.8) and Proposition 5, we obtain

ko T . por _ [ (AFR)T o Ry (A¥Rp)T o W' T
(A" Rop) <>Rk —<|: J{E(}RO ,%/‘EOW‘]( %kOWk .

Then, using Proposition 1, it follows that

#ToR AT o
k T OR k 0 k k T
(A"Ro)" © Ry _<[(AkRo)T<>RO (AkRo)ToWJ/kaWk) 3.11)

Now, as A k41 = [Ro, W '¢] and A 41 = [k, A¥Ro1, (3.11) can be expressed as
(A*R)T o REOR = (A Ly 0 Hast | H Lo W h).
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Therefore, as (A*Ro)" o RPR is a scalar, it follows that

det(A L © H k1)

AFR)T o ROR = (—1)k 3.12
(A" Ro) f (=D dett To W o) (3.12)
On the other hand, wy can be computed, from (3.6) by the Cramer rule, as
_det(H T oA
wp = (- —— (3.13)
det(A ", o W'k)

Therefore, using (3.12) and (3.13) in (3.10), the result follows. O
3.2. A global MR-type method

A global-MR type method constructs, at step k, the approximation X ,f” R satisfying the following two relations:
XYR — Xo € Ki(A, Rp) and  RYRLpKi(A, ARy).
From these two relations, we obtain
XUR=Xo+ Ak (@® 1) (3.14)
and
RMR =Ry — W (2 ® L), (3.15)
where « is such that
WL oW)a=W7oRp. (3.16)

It ,@,1(‘/1 R denotes the F-orthogonal projector onto the matrix Krylov subspace Ki(A, ARp), then the residual R,ICVI R
can be expressed as R}("I R—=Ry— 5’,1(” RRo. As we are dealing with an orthogonal projection method onto the Krylov
subspace K; (A, AR(), we have the minimization property

IRY®|p=min ||Ry— AZ|F.
ZeKy (A, Ry)

The next results show that X ,1("’ R and R,?” R could be expressed as Schur complements.

Theorem 3. Assume that det(#~ Z o W) # 0. Then the approximate solution X ,f” R and the corresponding residual
R,’C” R are expressed as the following Schur complements:

MR __ [ Xo — A T -
R _<_(WE<>R0)®1S (WEoWk)@)IS_/(WkOW’“)@IS) 3.17)

and

MR _ Ro Wk T
o _<_(WE<>R0)®IS (WEoWk)@)IS_/(WkOW")@IS)' (3.18)

Proof. Using (3.14), (3.15) and (3.16) we get the results. [
In the following result, we give an expression of the residual norm of the MR method.

Theorem 4. Ifdet(“//z o W'r) # 0, then we have

det(A L, © Hks1)

IRYR)2. =
det(W'} o W'%)

(3.19)
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Proof. We have
IR 17 = (RYTT o RYE
=R o (Ry— Wi (@® )
=R o Ry — (R o W 1)
=R o Ry
=Rl o RMR

Ry Wk T
=Rl o W, oW I ).
0 ([(W%Ro)m (W{o%)@ls]/( A
So, applying Proposition 5 we get

||RMR||2 . ROTOR() RgQWk WTOW

FE= | #ToRy #wTowy kR
= (A1 O Hrex) /WO WD)

and as || R,ﬁ” R||  is a scalar then we get the result. [
3.3. Some relations between the residual norms

We give some relations between the residual norms for two successive iterates and also between the residual norms
for the global OR and the global MR methods.

Theorem S. Let R kO R and R ,?’1 R be the residuals corresponding to the kth iterates produced by the global OR and the
global MR type methods, respectively. Then

(1)
IR e _
IRMR| ke
2)
IRV R r = ck IRCR | F and
)
IRORIF  (cr :
OR = 1 —cp,
IRCR || ck
where
& det(A T o W'i)?

T det#To A det (W T oW y)

Proof. From (3.19), we have (%Ll o %kﬂ/“/f;f o #'k). Using the fact that %, = [# k1, AXRo] and A 4 =
[Ro, # k—1. A¥ Ro], we obtain

Rl o Ry R} oWk R} o AR
%z+1 O Hkq1 = W571 o Ry W271 O W k-1 “//271 o AkR()
(A*Rp)T o Ry (AFR)T oW1 (A*Rp)T o AFR
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Using Proposition 3, we get

RTQRO RTOWk,]
RME |2 = ([ 9 0 W oWy
IR F WL oRy Wi oWk k=1

RY oWy RT o AKRg _
([l et e otewun e

W{ 1© Ry Wz 10 W k1 T
. . W Wi_1).
X([(AkRo)TORo (AFR)T o Wiy k=1 7k 1)

Then
IRMRZ = | RMRIZ — (AT oW hf W o WY W TW W o W k) ST o A0 f W o W k).

Developing this expression, we obtain

MR)2
IRVSIE
MR2 — k>
IR
where
2 det(A T o Wp)?
k

T det(# T o A ) det(H T o W)

which shows the relation (1) of the theorem.
To show the relation (2), we use (3.9) and (3.19). The last expression of the theorem is obtained from (1)
and (2). O

If s =1, the results of Theorem 5 coincide with the results given in [21]. Using the GMRES and the FOM algorithms,
a similar theorem was also derived in [3] when s = 1.

4. Convergence analysis of the global OR and the global MR methods

In this section, we give some convergence results for the global OR and the global MR methods. Applying the global
2R factorization to ;41 and ', we get

Hit1 =iy 1(Rep1 ® Iy) and A = 25 (R ® 1), 4.1

with 2 € RV&+Ds gt e REFDXEHD 9 e RPKS and Ry € R¥*K. 2;,; and 2 are F-orthonormal (or-
thonormal with respect to the ¢ product); Ri+1 and Ry are two upper triangular matrices. Note that

Hens ([O;Zfs ]) _ A @2)

Then using (4.1) and (4.2) we get

0T
Qi1 (Ri1 ® 1) [ S[:]“ = A2 (R ® I). 4.3)
s -

Hence applying the ¢ product (with ,@Z 4 1) to (4.3) and using the assertion (6) of Proposition 4 it follows that

K
(2441 © AZ) Rk = R }ﬂ : (44)

Multiplying both sides of (4.4) from the right by R, Uit follows that

0 _
(2841 © A2) = Ry |: ll:k:| R 4.5)
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Let Hj be the (k + 1) x k matrix defined by Hj = .,QEH o A9;. Then as Ri41 and Ry are upper triangular matrices,
it follows that Hj, is an upper Hessenberg matrix. If Hj denotes the k x k matrix obtained from H; by deleting it’s last
row, Hj is also an upper Hessenberg matrix given by

Hi=2] o A2 (4.6)
Using the fact that 21 = [Z2, Ox+1] we obtain
_ H;
H, = . 4.7
¢ [QLloA,@k] 4.7)
Therefore, from (4.3), (4.4) and (4.7) we deduce the following relation:
A= 2 (Hy ® I5) + hir1 k Qks 1 EY (4.8)

where Ef =0y, ..., 0y, I;] and hgp1k = Qps1 © A2k = (rge1.k+1)/ (ric k)

Theorem 6. At step k, let R,ﬂ” R and R,? R be the residual produced by the global MR and the global OR methods,
respectively. Then we have

ey

IRMRIE  det(H{_ Hi-1) ,
- 5T 17 k+1,k*
IRMENZ — det(H[Hy) "
()
IROR|3.  det(H,”  Hi—1) ,
- k+1,k*
IRCENZ — det(HH) 7

Proof. (1) Applying the global QR factorization to the matrix %, the product %~ E oWy =AX ) o (AA}) is
expressed as

WE oW k= (AR ® I)" o (A2 (Ri ® I)). 4.9)
Then using Proposition 4 and the definition of Hy, we obtain

WL oWy =RIHL HyRy. (4.10)
Similarly, we also have

AL o Ak = R} Ry. 4.11)
From Theorem 2, the ratio of two successive global MR residual norms is given by

IRMRIZ — det(H Ly o H ) det(H 1y o W k1)

- ) 4.12

| RME3, det(W} o W) det(H | o Ay) 12
Therefore, using (4.10) and (4.11) in (4.12), we obtain

IRYR|3.  det(H]_ Hi—1) det(Ri41)* det(Ri_1)> 13

IRMRI2. "~ det(H] Hy) det(Ry)*
Now, as Ryy1 = ([Olfi'k], rk+1), We get

7T 3 2
IRYRNG  det(H;  Hi—1) Tigy pps
| RMR 3. det(HT Hy) ek

Hence, using the fact that h% k= (r,? k)] r,i « the result follows.
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The relation (2) can be proved in the same manner. [J

We notice that Theorem 6 is a generalization of a result given in [21] for the case s = 1. Now we will give another
important result.

Theorem 7. At step k, let R,?’I R and R,? R be the residual produced by the global MR and the global OR methods,
respectively. Then we have

(M

IRYRIE =
e (A1 0 A1) €

()
€II+1 (1”{“ © %k+1)7161¥+1

T T LT 2
() (A jqr © A k)™ €yy)

OR,2
||Rk ”F=

Proof. For RM® we have

det(A L,y © Hks1)

RMRZ — (4T o Hir/ W T oWy =
l k ||F ( k+1 k+1/ k 3 det(WEoWk)

we have also #s41 = [Ro, ARy, ..., AXRo] = [Ro, # k], then

RT RYoRy RIowy
AT o= % o[Ry, Wil=]| 0 0 e
k+1 O A k+1 |:“///Zi| [Ro ] [W} o Ro WE oW

So we get

dety oWy 1
det(A [y o A e IRMEYZ

T,., T . —1
e (fk+1<>fk+1) el

For RO® we have

det(A (g © Hrgr) det(A L o H'k)
det(AT o Wi)?

bl

OR 2
IR N =

as Ajy1 = [Ro, Wi—1, A¥Ro] then we get

10 H g1 = | Wi, | o[Ro, Wi-1, A¥Ro]
L (A*Rp)T
[ RloRo R oWk R} o AFRy
= Wz—l o Ry W;{F_l O W k—1 WE—I <o AkR() s
L (A*R))T o Ry (AFR)T o W41 (A*Ro)T o A*Ry

so we have
det(A L o W)
det(A [, © Hks1)

el (A iy o A i) e = (=D

and
det(A ] o Ay)
det(A g © Hks1)

T T —1
€1 (A py1 © H k1) €1 =
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Then we get

el (A 0 Hrs) ters det(A} o A ) det( AL o Hip)
(€ (A jyy 0 A i) erg1)? det(A#} o W'p)?

=[IRCFI%. O

Note that since || Rg’l R ||% = elT /2 z 419 A k+1)eq, then by using the Kantorovich inequality we obtain the following
result.

Theorem 8.

IRY "l \/K(%Llo%km
Z MRy D T ) ’
IRy “llF (I+ K(%k+1 O H'kt1))
where A 41 is the global Krylov matrix and 1(Z) denotes the condition number of the matrix Z.

This means that there is no convergence as long as the Krylov basis is well-conditioned.

Example. We consider the multiple linear system A, X = B, where

0 0 1 00
1 0
1 0 0 1
An=10 and B = 0
. . . 000 Do
O ... ... 0 10 0 0

For this example, x(A;,) = 1. Now, if xo =0thenfork=1,...,n — 1, we have

(A 0 Hpst) =201, KA 0 Hrp) =1 and [RYR|% =2.

Hence we obtain the solution at the nth iteration. If we apply the standard GMRES to each right-hand side linear
system, we will also obtain a stagnation until the last iteration.
If we change the right-hand side as

(0 1 00 ... 0\
1)

then for k <n — 1, we have

n+1 n n

n n+1 :
Ao M1 =] D

: n+1 n

n n n+1

IRMRIZ (k4 D+ 1
IRYRI2  (kn+ D(n+1)

and

IRZRIZ  ((k + Dn + 1)(kn + 1)
IROR2 n2(n+ 1)
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If we apply the standard GMRES [19] to the linear systems Anx(l) =bWM and Anx(z) =b®@ where b, i=1,2,is the
ith column of the rectangular matrix B, then we have stagnation for the first linear systemi.e.: || r,ﬁl) =1, k=1, ...,n—1
and ||r,$1) [l = 0. We have convergence at the first step for the second linear system.

We will give now some comparisons between the global GMRES for solving the multiple linear system (1.1) and
the standard GMRES applied to each single linear system Ax® = p@®.

Theorem 9. Let K; i, i =1, ..., s be the Krylov matrix defined by
Kix= [r(i), Arg), el Ak_lr(()i)] where réi) —p) — Axg).

Then

N
Hp oAM= KKk
i=1
When applying the GMRES to the s right-hand side linear systems separately, it is well known [21] that ||r]§i) ||% =
1/(e1(K lT g1 Kikt1 )~'e1). We have proved that when applying the global MR method to the multiple linear system

(1.1), we obtain | RMR|[2. = 1/(ey (A {1 © H i) e1).

Theorem 10. If |r" |2 # 0,Vi € {1, ..., s}, then

2
MR 2
<IRE e

S
Y /e

: @) 2
s min ||r <
| oin lry "<

Proof. The first inequality is obvious.
Since each matrix K lT « Kk is positive semidefinite, then using Theorems 9 and 6.2 of [17], we obtain

-1
N N
T -15 2 T 2000 T o wpr =1
Y (KK s (Z K,,kK,-,k> =5 (AL oA,
i=1 i=1
where C > D, means that C and D are two symmetric matrices of the same size such that C — D is positive semidefinite.
Then we have
N
T T -1 2T (T -1

Y el (KK =5l (o A1) ey,

i=1
which implies

i)y2~ MR 2 °
i=1 ||rkl ”2 ”Rk ”F

5. Conclusion

We presented in this paper some convergence results of two block Krylov subspace methods without referring to any
algorithm. We introduced a new matrix product and gave some of its properties. This new product helped us to derive
new expressions of the approximations and the corresponding residual norms. Some relations between residual norms
were also obtained.
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