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1. Introduction

The existence of positive solutions for nonlinear second order multi-point boundary value problems have been studied
by several authors. We refer the reader to [ 1-6] and references therein. Recently, the existence of positive solutions for high
order multi-point boundary value problems has been studied by some authors. For details, see, for example, [7-9]. However,
the high order multi-point boundary value problems treated in the above-mentioned references do not discuss problems
with singularities. For the singular case of high order multi-point boundary value problems, to the author’s knowledge,
no one has studied the existence of positive solutions in the case. Very recently, Kaufmann and Kosmatov [10] showed that
there exist countably many positive solutions for the two-point boundary value problems, with infinitely many singularities
of following form:

—u'(t) = a®)f (u()), 0<t<1,
u(0) =0, u(1l)=0,

where a(t) € P[0, 1] for some p > 1 and has countably many singularities in [0, %).
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Motivated by the result of [10], in this paper we are interested in the existence of countably many positive solutions for
nth-order m-point boundary value problems consisting of the equation

u™ (O +a®)f () =0, te (O, (1.1)
with one of the following boundary value conditions:
m—2
w0 =Y kug), W©@©=--=u"?©0 =0, u(l)=0, (12)
i=1
and
m—2
u0) =0, W@ =--=u"?0)=0, ul)=)y ku), (1.3)
i=1

wheren > 2,k >0(0=1,2,...,m—2),0 <& <& < --- <&y < 1,f € C([0, +00), [0, +00)), a(t) € [P[0, 1]
for some p > 1 and has countably many singularities in [0, %). We show that the boundary value problems (1.1), (1.2) and
(1.1), (1.3) have countably many solutions if a and f satisfy some suitable conditions. The key tool in our approach is the
Holder’s inequality and Krasnoselskii’s fixed point theorem for operators on a cone.

We will suppose the following conditions are satisfied:

(H;) there exists a sequence {ty};2; such that tyq < ty (k € N), t; < %, limg_ oo ty = t* > 0 and lim;_.;, a(t) = +oo
forallk=1,2,..;

(H,) there exists H > 0 such thata(t) > H forall t € [t*, 1 — t*];

(Hs) there exists a p > 1 such that a(t) € P[0, 1];

(Ha) f € C([0, +00), [0, +00));

Hs)n>2,k>0(1=1,2,....m—2),0<& <& < <éna<1,0<Yr’k(1—£"" <1;

Hon=>2,k>031=1,2,....m—2),0<& <& < <épy<1,0<Y I k& <1

We show that if a(t) satisfies conditions (H{)-(H3) and if f satisfies oscillatory-like growth about a wedge, then the
boundary value problem (1.1), (1.2) and (1.1), (1.3) have infinitely many solutions.

The paper is organized as follows. In Section 2, we provide some necessary background. In particular, we state a fixed
point theorem due to Krasnoselskii’s and Holder’s inequality. In Section 3, the associated Green’s function for the nth order
two point boundary value problem is given and we also look at some properties of the Green'’s function associated with the
boundary value problem. In Section 4, the associated Green’s function for the nth order m-point boundary value problem
is first given and we also look at some properties of the Green'’s function associated with the boundary value problem (1.1)
and (1.2). We present the boundary value problems (1.1) and (1.2) have countably many solutions if a and f satisfy some
suitable conditions. In Section 5, the associated Green’s function for the nth order m-point boundary value problem is first
given and we also look at some properties of the Green’s function associated with the boundary value problem (1.1) and
(1.3). We present the boundary value problems (1.1) and (1.3) have countably many solutions if a and f satisfy some suitable
conditions. In Section 6, we present our main result as well as provide an example of a family of functions a(t) that satisfy
conditions (H;)-(H3) and two simple examples are presented to illustrate the applications of the obtained results.

2. Preliminary results

Definition 2.1. Let E be a Banach space over R. A nonempty convex closed set K C E is said to be a cone, provided that
(i)au e K forallu € K and all a > 0;
(i) u, —u € K impliesu = 0.

Theorem 2.1 (Krasnoselskii’s Fixed Point Theorem). Let E be a Banach space and let P C E be a cone. Assume $21, §2; are bounded
open subsets of E such that 0 € 2, C 21 C £2,. Suppose that

T:P[ 22\ 21)— P
is a completely continuous operator such that either

(i) ITull < llull,u € P() 0821, and ||Tul| = ||ull, u € P (352, or
(i) (Tull = llull, u € P 021, and || Tull < |lull, u € P 352.

Then T has a fixed point in P ()(£23 \ £1).

In order to establish some of the norm inequalities in Theorem 2.1 we will need Holder’s inequality. We use standard
notation of LP[a, b] for the space of measurable functions such that

1
/ If ()P ds < oo,
0
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where the integral is understood in the Lebesgue sense. The norm on [”[a, b], || - ||, is defined by

1 7
Il = ( / F)P ds)
0

Theorem 2.2 (Holder’s Inequality). Let f € [P[a, b] and g € L[a, b], wherep > 1 and % + % = 1. Then fg € L'[a, b] and,
moreover

1
fo If()g®)ds < [Ifllpliglg-

Let f € L'[a, bl and g € L*°[a, b]. Then fg € L'[a, b] and

1
/O If()gs)ds < [Ifl1l1gloo-

3. Preliminary lemmas
We need the following lemmas. We also need some auxiliary results concerning the Green'’s function g(t, s).

Lemma 3.1. For y(t) € C[0, 1], the boundary value problem

u™ () +y(t) =0, te(0,1),
u0 =0, @ =---=u"20)=0, ul)=0
has a unique solution

(l’ _ )n 1 et 1 (1 _ S)nfl
u(t) = / Y ————y(s)ds+t ; Wy(s) ds.

Proof. To this purpose, we let
t n—1 n—2
(t—ys) - i
ut) = — | ————y(s)ds + At""! Ait' +B.
G fo YOt +Zl+

Sinceu®(0) = 0fori=0,1,2,...,n—2,wegetB=0andA; = 0fori=1,2,...,n—2.Now we solve for Aby u(1) = 0,
it follows that

n—1
f(] 5)1)' y(s)ds+A =0,

(1 )n 1
/ =D y(s) ds.

Therefore, (3.1) has a unique solution
_ (t _ )n 1 et ( _ S)nfl
u(t) = —/0 oD ———y(s)ds+t / ﬁy(s) ds.

The proof is complete. O

we get

Lemma 3.2. The Green'’s function for the boundary value problem

—u™@)y =0, te(0,1),
) o (3.2)
u0)=0, W@ =---=u™20)=0, u(l)=0
is given by
A - =t —9", 0<s<t<1,
g(t,s) = - i (33)
=" —-9"", 0<t<s<l.
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Proof. The unique solution of (3.1) be expressed as

1 ‘ t ]
[ / 1 (1 — )" y(s) ds — / (t—9)""y(s)ds + f t"”(l—s)”’ly(s)ds]
0 0 ‘

uo = T

1 ' n—1 _ -1 _ _ 1 ! n—1 _ -1
[t"(1—5) (t—=9)""ly@s)ds+ | " (1 —=5)"""y(s)ds¢.
n-D!1J t

The proof is complete. O

Lemma 3.3. The Green'’s function g(t, s) defined by (3.3) satisfies:

(i) g(t,s) = Ois continuous on [0, 1] x [0, 1];
(ii) g(t,s) < g(6:1(s),s) forallt,s e [0, 1] and there exists a constant ¥, > 0 for any T € (0, 1) such that

min ]g(t, $) = 7:8(61(5),5) = y:g(t',s), Vt',se[0,1], (3.4)

te[r,1-7

where

T \"! T
7‘[ = min < ) s P
{ 01(5) 1—6:(s) }

N

61(s) = (s < 6i(s) <1).

n—1"~"

1—(1—=s)n

N

Proof. (i) Itis obvious that g(t, s) is continuous on [0, 1] x [0, 1].
ForO<s<t<1,

A=) =) =t —ts)" =t —s5)" ' >0,
so, by (3.3), we have
g(t,s) >0, Vt,sel0,1].

(ii) For fixed 0 < s < 1, g(t, s) obtains its maximum at t = 6;(s) = ———, (s < 6;(s) < 1), thatis
1—(1—s)n—2

max g(t,s) = g(0(s),s), Vsel0,1].
te[0,1]

Thus, we have
g(t,s) <g(s),s), Vt,se€[0,1].

Next, we prove that (3.4) holds.
n—1
Let s be fixed, recall the properties that g (t, s) € C™=2([0, 1] x [0, 1]) and that w is continuous on trianglest < s

tn—1
ands < t. Recalling also that, as a function of ¢, g (t, s) satisfies the boundary condition of (3.2), it follows by Rolle’s theorem
that there exist 0 < t,_y < tp_3 < --- < t < t; < 1such that ajga(g’s) = 0, where tj = 6;(s) = ———, (s < i(s) <
1—-(1—s) =1

D, 1<j<n-2
a2
Fors < tp < t;, 2849 g on [¢q, 1].

Let oct
‘L]n(fz’ Dt 0<t<t,
¢
p(t) = 1
01(s), s
8GO ) <<t
t—1

For t; <t < 1, by the negative concavity of g(t, s) on [ty, 1], we have

g(tvs) > p(t)v te [t1s ]]

For0 <t < ty,letr(t) = g(t,s) — p(t), we consider two cases:
Case 1.If0 <t <s <ty

(= — [l -
(n—1)!

21— )T = (ty — )" t”_]:|

n—1
tl

n—1 _ \n—1 _ ¢n—1 _ 1y _
Z(n—l)![t (1-y) " (1-9)"1=0.
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Case2.If0<s<t<t,

_ 1 I n—1¢q1 _ n=1_ (4 n—1 _ t?_l(l — S)n71 —(ti— S)n71 n—1
r(t) = D t" (1 —9) (t—ys) t?‘l t

1 [ n—1

- tf(t _ S)n—l _ (t _ s)ﬂ—]
(-1 g

1 i t " n—1
:(n—l)! (t—as> —(t—5) > 0.

Thus, in all cases, we have

So, there exists a constant , > 0 such that
g(t,s) > p(t) > y:8(6:1(5),5), telr,1-rlsel0,1]

Thus, the inequality (3.4) holds.
The proof is complete. O

4. Existence of positive solutions to (1.1) and (1.2)

In this section we present the boundary value problems (1.1) and (1.2) have countably many solutions if a and f satisfy
some suitable conditions.

Lemma 4.1. Suppose Z?;Z k(1 — éi"”) # 1, then for y(t) € C[0, 1], the boundary value problem
u™ () +y(t) =0, te(O,1),
m—2

u(0) =Y ku), w(O) =---=u"?0)=0 u(1)=0
i=1

has a unique solution

Z kit 5 Y ds+< Z k,) " fy Gy ds

_ \n—1
w = [0t B —
1— Y k(1—¢""
i=1

T net p1 ey £ i E—9)"!
Z kigi 0 (=1 y(S) ds — Z ki f() (n—1)! }’(5) ds
+ i=1 i=1 )

m—2
1- > k(1—¢""h
i=1

Proof. To this purpose, we let

_ \n—1 n—2
u(t) = / ¢ )1)' y(s)ds + At" ! + ZA,-H + B.
i=1

Sinceu®(0) = 0fori=1,2,...,n—2,wegetA; = 0fori =1, 2, ..., n—2.Now we solve for A, Bby u(0) = Zf":_f kiu(&)
and u(1) = 0, it follows that

B_"izk (s,— A et
= i D — o Y®ds+AgT + B,

(1 )n1 ds+A+B=0
W y(s)ds+A+B=0,
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we get

A+B= 1(l_s)nily(s)cls
= e ,
o (m—=1) _ gt

Zk, 1A+ (Zk,—l)B_ Zk,/ i — 2L 2 y(s)ds,

thus, we have

el i (5i—s)"! = 1 (1-9"
ki fo' Sy ds+ |\ 1= 3 ki) fy "y(s) ds
i=1 i=1
A= m—2 ’
11— > k(1—&"
i=1

et 1 a—yn! = i (=)
> kE" [y Saipry©)ds — 3 ki Is pry(s) ds
i=1 i=1

1= 5 k- g
i=1

Therefore, (4.1) has a unique solution

mi2k-t”_1fi (Si—s)"_ly(s) ds + 1_mi2k, - 1f1 (1-9"~ 1y(s) ds
(t )n 1 4 1 0 (n—1)! = 1 (n—1)!

i=1
u(t) = ST y(s)ds +

1= k-
i=1

S T (= G
Z kg Jo “aopry(s)ds — Z ki [, oprY(s)ds
+ i=1 i=1

m—2 ]
11— k(1-§")
i=1
The proof is complete. O
Lemma 4.2. Suppose 0 < Zf:lz k(1 — Si”_l) < 1, the Green’s function for the boundary value problem

—u™@)=0, te(0,1),

m—2
u©) = Y ku(), WO = =u"?©) =0, u(l)=0 (42)
is given by
1—t"1! =
Gi(t,s) =g(t,5) + ——— Y kg s), (4.3)

1- Y k(1—§hH =
i=1

where g(t, s) is defined by (3.3).

Proof. The unique solution of (4.1) is expressed as

1
u(t) = { / [ (1= )™ — (t — 9" "y(s) ds + / (1 — 5™ y(s) ds
t

1
— Zkl[/ ETA=9)" = (& —9)" y(s)ds + E,»”’l(l—S)”‘ly(S)dS}
1- Z ki(1— g1 =1 fi
i=1

1
+ Zkz[/ ETA—9" (G- 9" ‘)y(s>ds+/ £ - 5" 1y<s)ds”

1—Zk,(1— gty =1
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_ 1
T (n=1)!

_ ¢n—1 m—2 & 1

TR Zk,-[ [ @ra-s - @y dss [ g a-9m e ds“
1— Z k!(l _ Sfﬂ*l) i=1 0 &

i=1

t 1
[/ ("1 =$)"" = (£ — )" Iy(s) ds +/ 11 =)™ y(s) ds
0 t

1
= / G1(t, )y(s) ds.
0
The proof is complete. O

Lemma 4.3. Suppose 0 < Z:ZZ ki(1— gi"—l) < 1, the Green’s function G (t, s) defined by (4.3) satisfies:

(i) Gy(t,s) = 0is continuous on [0, 1] x [0, 1];
(ii) Gy(t,s) < J1(s) forallt,s € [0, 1] and there exists a constant y, > 0 forany t € (0, %) such that

[mi]n ]Gl(t, $) > yJ1(s) = y:Gi(t',s), Vt',s€[0,1], (4.4)
te[r,1—1
where
1 m—2
1) =g(6:1(9),9) + —— Y kg ),

1— Y k(1—g"" =
i=1
v = min{z",1-(1—-1)" 1)

n—1
< min : <91ZS)) ¢ 1—(1—0)" "} =min{y,,1— (1 —1)" 1}

"1=601(5)

Proof. (i) From the Lemma 3.3 and (4.3), we get G;(t, s) > 0 is continuous on [0, 1] x [0, 1].
(ii) From the Lemma 3.3 and (4.3), we have

1—! =2
Gilt,s) = g(t,9) + ——— > kig,s),

1— Y k(—g" =
i=1
1 m—2
m—2 Z kig (&, s) = J1(s).
1- Y k(1 —g"t =
i=1

< g(01(5),s) +

Next, we prove that (4.4) holds.
From the Lemma 3.3 and (4.3), fort € [t, 1 — ], we have

1— ! =2
Gilt,s) = g(t,9) + ——— Y kg ),

1—- Y k(1—g"h =!
i=1

~ 1-1-o)! X
7g (5,5 + —— D )

m—2

1— Y k(1—g"" =
i=1

v

1 m—2
> e |861(),9) + —— Y kg
1— > k(1 —g"h =!
i=1
= vJ1(s)
Z yTG1(t/aS)7

forallt’ € [0, 1], where y; = min{z"~', 1 — (1 — )"}, ¥ is defined by Lemma 3.3.
The proof is complete. O
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We use the inequality (4.4) to define our cones. Let E = C[0, 1], then E is a Banach space with the norm |u|| =
maxeqo,17 [u(t)|. Forafixed r € (0.%), define the cone P, C E by

P; ={ueE|u(t)>=00n][0,1], and [miln Ju(t) > yellull}.
telr,1—-1

Define the operator T; by

1
Tiu(t) =/ Gi(t,s)a(s)f (u(s))ds, 0<t<1. (4.5)
0

Obviously, u(t) is a solution of (1.1) and (1.2) if and only if u(t) is a fixed point of operator T;.

Theorem 2.1 requires that the operator T, be completely continuous and cone preserving. If T; is continuous and compact,
then it is completely continuous. The next lemma shows that T; : P, — P, fort € (O.%) and that T, is continuous and
compact.

Lemma 4.4. The operator T; is completely continuous and T, : P, — P, foreach t € (0.%).

Proof. Fix 7 € (0.%). Since a(s)f (u(s)) > Oforalls € [0,1],u € P; and since G{(t,s) > Oforallt,s € [0, 1], then
Tiu(t) > Oforallt € [0, 1],u € P;.
Let u € P;, by (4.4) and (4.5) we have

1
min u(t) min /61(t,s)a(s)f(u(s))ds

te[r,1—-7] te[r,1—1] 0

1
z/ [min ]G1(t,S)a(S)f(u(S))ds
0

te[t,1-t

v

1
v, / Gi(t', )a()f (u(s)) ds
0

Vr Tl u(t/)

v

forallt’ € [0, 1]. Thus

min _u(t) = y[|Tqul.
telr,1—-7]

Clearly the operator (4.5) is continuous. By the Arzela-Ascoli theorem T; is compact. Hence, the operator T; is completely
continuous and the proof is complete. O

For convenience, we denote
1 1

-t ’ Ay =
[ Gi(t,s)ds - H Wil - llallp

I3

Ay =

max
telry,1-11]

Theorem 4.1. Suppose condition (H1)-(Hs) holds, let {t};2 besuchthat tyyq < w < ty, k= 1,2, ... Let {Re}2, and {r} 32,
be such that

Ri+1 < Vo Tk < Tk < Ry, Mr, <LR,, k=1,2,...,

where M € (A4, +00), L € (0, Ay). Furthermore, for each natural number k, assume that f satisfies the following two growth
conditions:
(He) f(u) < LRy forallu € [0, Ry],

(H7) f(u) = Mry for allu € [yz 1y, 1ic]-
Then the boundary value problem (1.1) and (1.2) has countably many positive solutions {u;};2, such that v, < |luk|| < Ry for

eachk=1,2,....
Proof. Consider the sequences {£21 )2, and {£2; x};2; of open subsets of E defined by
Qup = {u € E|llull <Ry},
2,k = {u € Elllull <nc}.
Let {74}, be as in the hypothesis and note that t* < fi 41 < 7 < i < % for all k € N. For each k € N, define the cone Py
by

Pp={uecE|u()>=00n[0,1], and min u(t) > y |lull}.
teltg, 1—¢]

€l
Fix k and let u € Py () 082,k Fors € [tx, 1 — 7], we have

Yalk =Yg llull < min  u(s) < u(s) < flull = ne.
se[tg, 1—1¢]
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By condition (H5), we get

1
I Tull = maX/ Gi(t, s)a(s)f (u(s)) ds
0

te[0,1]

v

1—1¢
max / G (t, s)a(s)f (u(s)) ds

tel0,1] J,

%

T—7i
max / Gq(t, s)a(s) ds - Mry,

tel0,1] 5,

v

1-11
HMr, - max / G(t,s)ds
T

te[ry,1-11]

%

e = [lull.
Now let u € Py () 9521 1, then u(s) < |[u|| = Ry for all s € [0, 1]. By condition (He), we get

1
ITul| = max/ G1(t, s)a(s)f (u(s)) ds
0

tel0,1]

IA

1
f Ji(s)a(s) ds - LRy
0
1llgllallp - LRy
Ry = |lull.

It is obvious that 0 € £, C 52,;{ C $21 . Therefore, by Theorem 2.1, the operator T has at least one fixed point
u, € Py ﬂ(ﬁl,k \ §21) such thatr, < ||ui]l < Ry. Since k € N was arbitrary, the proof is complete. O

IATA

5. Existence of positive solutions to (1.1) and (1.3)

In this section we deal with the boundary value problems (1.1) and (1.3). The method is just similar to what we have
done in Section 4, so we omit the proof of main result of this section.

Lemma 5.1 (Guo and Ji [9]). Suppose ZEZ k,-é,-”’1 # 1, then for y(t) € C[O0, 1], the boundary value problem
u®(®) +y(t) =0, te(1),

m—2 (5])
u0) =0, v =--=u"?0)=0, ul)=>)_ ku) '
i=1

has a unique solution
tn—l 1 (-1 _ s)n—l
m=2 n—1)!

1— Y kgm0
i=1

-1 m=2 k‘/‘fi (& —s)m !

m-2 4 (n—1)!
1— Y kght=t 70

2 b

t _ \n—1
u(t) = —/ &y(s) ds + y(s)ds
o (n—1!

y(s) ds.

1

The proof is similar to that of Lemma 4.1 and thus is omitted.

Lemma 5.2. Suppose 0 < Z:T:]Z Icf“g‘i”_l < 1, the Green’s function for the boundary value problem

—u™() =0, te(01),

m—2
w0 =0, WO =--=u"?0) =0, ul)=Y) ku@)
i=1

is given by

-1 m—2
Gao(t,s) = g(t,5) + ————— Y _kig(&.,9), (5.3)
1— ) kgt =
i=1

where g(t, s) is defined by (3.3).
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The proof is similar to that of Lemma 4.2 and thus is omitted.

Lemma 5.3. Suppose 0 < Z}:z k,—él-"_1 < 1, the Green’s function G, (t, s) defined by (5.3) satisfies:
(i) Gyo(t,s) = 0is continuous on [0, 1] x [0, 1];
(ii) Ga(t,s) < o(s) forallt,s € [0, 1] and there exists a constant y, > 0 forany T € (0, 1y such that
[mi1n IGz(t,S) > ylJa(s) = vIGy(t',s), Vt',se[0,1], (5.4)
te[r,1-1

where

1 m—2
h(s) =g6:(9),5) + ————— ) _kig(&, ),

—2

1-— Z ’(,‘%‘?71 i=1
i=1

T

n—1
I n—1 < min T , , n—1 — min ~ , n—1 .
Ye=T" = {(91(5) =6 " e, 777}

The proof is similar to that of Lemma 4.3 and thus is omitted.
We use the inequality (5.4) to define our cones. Let E = C[0, 1], then E is a Banach space with the norm |u|| =
maxeqo,17 [u(t)|. Forafixed r € (0.%), define the cone P, C E by

P, ={uecE|u(t)>00n[0,1], and [miln Ju(t) >yl llull}.
telr,1—1

Define the operator T, by

1
Tzu(t)=/ Ga(t, s)a(s)f (u(s))ds, 0=<t=<1. (5.5)
0

Obviously, u(t) is a solution of (1.1) and (1.3) if and only if u(t) is a fixed point of operator T>.

Theorem 2.1 requires that the operator T, be completely continuous and cone preserving. If T, is continuous and compact,
then it is completely continuous. The next lemma shows that T, : P, — P, fort € (O.%) and that T, is continuous and
compact.

Lemma 5.4. The operator T, is completely continuous and T, : P, — P, foreach t € (0.%).

The proof is similar to that of Lemma 4.4 and thus is omitted.
For convenience, we denote

1 , 1
. A= —
max_ [T Gy(t, s)ds - H Ullg - lall,

te[ry,1-1q]

Ay =

Theorem 5.1. Suppose condition (Hy)-(Ha), (Hs) holds, let {7}, be such that tyyq < 7 < ti, k= 1,2, ... Let {R}3, and
{r}pe; be such that

Rk+1 < yr/krk <71y <Ry, Mry <LRy, k= 1,2,...,

where M € (A, +00), L € (0, A}). Furthermore, for each natural number k, assume that f satisfies the following two growth
conditjons:

(Hg) f(u) < LRy forallu € [0, R¢],

(Hy) f(w) = Mry forallu € [y, 1k, 1ic).

Then the boundary value problem (1.1) and (1.3) has countably many positive solutions {u;};2, such that ri, < |luk|l < Ry for
eachk=1,2,....

The proof is similar to that of Theorem 4.1 and thus is omitted.
6. Example

In this section, we present our main result as well as providing an example of a family of functions a(t) that satisfy
conditions (H;)-(H3), and two simple examples are presented to illustrate the applications of the obtained results.

Example 6.1. There exist many functions a(t) that satisfy condition (H;)-(Hs). For example, we consider the one parameter
family of functions a(t; ) : [0, 1] — (0, +o00] given by

e}

a(t; 8) — Z M’ (61)

k=1 |t_tk|8
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k—1
5 1
to=—, =1t — —, k=1,2,...,
16 ; (i+2)*

1
a)(J:]v wkzi(tk+tl(+1)s k:1727""

At first, it is easily seen that a(t; &) > a(1;¢) = (%)8,& =1<
oo 1 4
Zk:] 3= ’;TJ)

5 & 1 5 a4 21 #* 1
llmtk_—— - == [ =——1)== - =

k = 1,2,..., and (note that

1 _ 1
2 tk - tk+'l — (k+2)47

N > .
T koo 16 & (i+2* 16 90 16 9 5
We claim that if e = then a(t; &) € L]0, 1]. Note that Zk 1 12 = ”6 we have
1 1
Wy, O, [k, @
/a(t;s)dt:fZX[k k— 1] / k kl]dt
0 0o = lt—l° [t — til®

> Wk—1 1
= Zf —dt
k=1 Y Wk |t - tk|
e} ti 1 Wk—1 1
= Z [ ———dt+ / — dt]
k=1 [ (tk - t) ty (t - tk)
00 f 1 w 1
= Z / —dt +/ ——dt
— fk“k-%—l (& — t)¢ t (t —ty)®
1 te — i1 b te—1 — bk e
C1-¢ k; [( 2 ) * 2
_ 1 i 1 + 1
= 21—5(1 _ 8) — | (k+ 2)4(1—3) (k+ 1)4(1—8)
1
=2
Z (k + 2)2 (k+ 1)?
T
=V2(=-2),
a(5-2)

which implies a(t; €) € L'[0, 1].

Next, we claim that if e = %, then a(t; €) € L*[0, 1]. The argument is similar to the one above. In this case, we need the
Cauchy product,

o0 o0 o
Zak'zbk = chv (6.2)
=1 k= k=1

where
k
= bnir. (6.3)
n=1
Note that

1
2. _ X [wk, wr-1]
/Oa(t,g)dt_/ [Z T ] de, (6.4)

k:

we use (6.2) and (6.3) and the fact that, if A[) B = , then x [A] - x[B] = 0 to simplify the integrand,

2 k 0
x oy, wk-1] = X[@n, wn1] x[@k—nt1, Ok—n] X [@k, W1l
] 55 Sl
k=

ps e S Sl 1] A [ Sl TSR | [t — te|?*
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and so (6.4) may be rewritten as

', 'S xlwk, ok-1] ! x[wk, ok
a(t;e)dt = Z
0 0 [t — | |f—fk|28

k=1

) wk—1 1
> [
k=1 Y @k |t - tkl
> ti 1 W1 1
= Z[ ———dr+ / 72dti|
= Lo (e—10)% g (=)

00 |: =1+

* LI ’ L
——F dt — dt
£ /fk*;kﬂ (t — £)% +frk (t — )%

1 i B — et 1‘28+ f1— 6\
1-2e & 2 2

_ 1 i 1 " 1
= 21_25(1 _ 28) P (k + 2)4(1—25) (k+ ‘1)4(1—28)

e}

1
kz [(k+2)2 (k+ 1)2}

~(5-3)

which implies a(t; ) € %[0, 1].

Example 6.2. As an example of the boundary value problems (1.1) and (1.2), we mention the boundary value problem

u¥ ) +a)f(w) =0, te(0,1),

1 / 6.5
u(O):u<5>, u(0)=0, u(l)=0, (6:5)
where a(t) is defined by (6.1)and ¢ = §,
—(4k+2) _ 10—4k+1)
2]4 x 10 107 (u— 10—4(k+1)) + 10—4(k+1), ue |:10—4(k+1)7 i « 10—(4k+2)i| 7
35 X ]0—(4I<+2) _ 10—4(k+1) 25
= 124 107y e [215 x 107 @2, 10“”‘*”],
u) =
24 x 10~“k+2) _ 10—
@ oo @107 #1075, we (1079 107, (k=1,2, ..,
1074, ue[107%, 400),
we noticethatn =3, m=3,k; =1,§; = 2
If we take t;, = f—ﬁ,tk =ty — Zf{(}(l+2)4,fk = 1(fk + tir1), k = 1,2,..., theny = % - ﬁ < %and

fer1 < Te < b Tk > 2, Y = min{td, 1 — (1 — 1)} > 5, k=1,2,.
It follows from a direct calculation that

1-14 1-1
/ Gi(t,s)ds > ﬁ G(t,s)ds
71 i

4

i i/
/ g(t,s)ds +4(1 — tz)/ g (5 s) ds
1 1
i 1

=;[ﬁ[t2(1—5)2—(t—s)2]ds+/4t2(1—s)zds
3 2 i
+4(1—t2)|:/31 (l(l—s)2—<;—s>>ds+/% l(l—s)zds]]
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1
= —(—64t3 + 52t% — 12t + 23),
384( + +23)

SO

1= -3 359 1
max f Gi(t,s)ds > max / Gi(t,s)ds = ——— > —,
o 1 384 x 16 24

telry,1-71] te[11-11Y%

and
! : V218 72 9
_ 2 _ _ 2
Will2 = (/0 Ji () dS) =i llall2 = \6( 3 4).

In addition, if we take r, = 10~#+2 R, = 107% M = 24,L = 1,H = (%)3, then

4\ 1
a(t) = <§> =H, tel[t"1-1t"],
1
Rey1 = 10740TD < — % 1072 <y 1 < e = 1072 < R = 107%,

Mr, =24 x 1072 R, =1x 107%*, k=1,2,...,

1 1
A = — < _<24=M,
Gy(t,s)ds-H 359 4\1
tem,l-mf” 169) 384x16 < (3)4
1 1
= Tl Zh=t
1112 ° a 2 218 2 9
5 X ﬁ(%—z)

and f (u) satisfies the following growth conditions:

fu) <LR,=1x107%, ue[0,107%],
f(u) = Mr, =24 x 107(4k+2), ue |:215 X ]O*(4k+2)’ 10(4k+2)] )

Then all the conditions of Theorem 4.1 are satisfied. Therefore, by Theorem 4.1 we know that boundary value problem
(6.5) has countably many positive solutions {u}?°, such that 10~“*2 < ||y || < 10~ foreachk = 1,2, ....

Example 6.3. As an example of the boundary value problems (1.1) and (1.3), we mention the boundary value problem

u® @) +a®)f (ut)) =0, te(0,1),
u0)=0, W@ =---=u"20)=0, u(l)=u (%) (6.6)

where a(t) is defined by (6.1) and ¢ = %,

—(4k+2) _ 10—4k+1)
24 x 10 10 (u— 10—4(k+1)) + 1074(k+1)’ ue |:104(k+1)’ % % 10(4k+2):| ,

% x 10— (k+2) _ 10—4k+1)

24 x 1072y e [215 x 107D 1o—<‘”<+2)} :

fw) =
24 x 10—(4k+2) _ -10—4k
10—“k+2) _ 104k

1074, ue[107%, +00),

u—10"%) +107%*, ue[107#*2 107%], (k=1,2,...)

we notice thatn =3, m =3,k; = 1,& = 3.
5 k=1 1 1 1 1 1
If we take to = .tk = to — D i, T T = 3t + ter) k= 1,2,..,thenty = 3 — 5 < ;and
1
1 < Tk <l e > 3, =70 > 35, k=1,2,....
It follows from a direct calculation that

11

1-7q
/ Gy (t,s)ds > /1 4Gz(t,s) ds

1 4
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‘ d 4o [t (1 d
/lg(t,s) s—|—3t/lg 5,5 s

3

3

t 1
ﬁ[t2(1—s)2—(r—s)2]ds+f t2(1 —s)%ds

1
2 ¢

N

4, f% 1(1 . 1 2 : +/21(1 24
= ~(1=s5)=(=-s s —(1—=ys)"ds
3 1 \4 2 14

1
= ——(—192t3 + 244t% — 36t + 3),
576( + +3)

+

SO

-n -3 43 1
max / Go(t,s)ds > max / Gy(t,s)ds = —— > —,
telr, 1=l J, te[%,]—%] 1 64 x 12 24

1

and

1
1 2 /29
212 = (/ J5(s) ds) =g lalb=
0

In addition, if we take ry = 10-#+2 R, = 10~% M = 24,L = 1,H = (%), then

1

4\ 4
a(t)z(§> =H, telt')1-t,

1
Repq = 1074K+D < % X 10742 <y e < 1 = 10742 < Ry = 1074,

Mr, =24 x 100%*2 R, =1x 107%, k=1,2,...,

1
A = < <24=M,
! max [ Gyt s)ds-H ~ _43 (é)%
telty,1-111° 1 6axiz X \3
, 1 1
2= Tl Tl = Zh=h
2llz - llallz = 2 g
s % ﬁ(% - z)

and f (u) satisfies the following growth conditions:
fu) <LR,=1x 107%, u e [0, 107%],

f(u) > Mr, =24 x 10°%+2 ¢ [215 x 10~ @+ 10—(‘”‘”)] .

Then all the conditions of Theorem 5.1 are satisfied. Therefore, by Theorem 5.1 we know that boundary value problem
(6.6) has countably many positive solutions {u;}2°, such that 10~#*2 < ||y || < 107 foreachk = 1,2, ....

Remark. Inthe above two examples, itis clear that the results [7-10] do not apply to the two examples. Hence, we generalize
high order multi-point boundary value problems.
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