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1. Introduction

We study a fully discrete C° interior penalty method for the fourth order parabolic Extended Fisher-Kolmogorov (EFK)
equation:

au

&—i-yAzu—Au—i—qﬁ(u):O in 2 x (0, T], (1.1)
Jau JdAuU

— =y—— =0 ond2 x (0,T], (1.2)
an an

u(x,0) =up(x), x€ (1.3)

where 2 € R? (d = 1, 2, 3) is a bounded domain with convex polyhedral boundary 352, T > 0, y is a positive constant,
U is a given function of x € R? and ¢ (u) = u® — u. The nonlinear function ¢ (u) = ¥’ (u) for ¥ (u) = %(u2 — 1)2. Specific
assumptions on the initial data ug will be given later in the course of the paper. Here and throughout, A denotes the Laplacian.
When y = 0in (1.1), we obtain the Fisher-Kolmogorov equation that occurs in the study of front propagation [1,2] into
unstable states. The model problem (1.1)-(1.3) is proposed in [3,4] as an extension of the Fisher-Kolmogorov equation for
the study of spatial patterns in bistable systems. When y is small (y < 1/8), it is observed in [4,5] that the solutions of EFK
equations are similar to the FK equation but lead to smooth fronts. However when y > 1/8, it is possible to distinguish the
solutions of these equations [5]. The study of the dynamics of the EFK equation can be found in [6,5,7].

* Corresponding author.
E-mail addresses: gudi@math.iisc.ernet.in (T. Gudi), hari@math.iisc.ernet.in (H.S. Gupta).

0377-0427/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2012.12.019


http://dx.doi.org/10.1016/j.cam.2012.12.019
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.cam.2012.12.019&domain=pdf
mailto:gudi@math.iisc.ernet.in
mailto:hari@math.iisc.ernet.in
http://dx.doi.org/10.1016/j.cam.2012.12.019

2 T. Gudi, H.S. Gupta / Journal of Computational and Applied Mathematics 247 (2013) 1-16

From the numerical point of view, a conforming finite element method has been proposed in [8] for the EFK equation
(1.1) and the error analysis has been discussed. In this article, we propose and study the C° interior penalty method for
(1.1). In the past few years, C° interior penalty methods [9,10] have became an attractive alternative for fourth order
problems since the design of quasi-optimal C° interior penalty methods is straightforward [11,12]. During the past few
years, fully discontinuous Galerkin methods have also became attractive for fourth order problems [13-17] although they
involve a larger number of degrees of freedom than the C° interior penalty method. C° interior penalty methods are designed
based on a standard Lagrange finite element space and a mesh dependent weak formulation involving jumps of the normal
derivative across the inter-element boundaries. Since the standard Lagrange finite element spaces are designed for second
order problems, they are naturally suitable for singularly perturbed fourth order problems. In [18], a C° interior penalty
method is analyzed for a singularly perturbed fourth order elliptic problem and proved to be robust with respect to the small
perturbation parameter. In this article, we extend the results in [18] to study a fully discrete C° interior penalty method for
the EFK equation (1.1) involving a singularly perturbed fourth order term (when y is small). We establish the stability of the
numerical solution and derive a priori error estimates which are robust in y (depend on a lower order polynomial in y ~1). To
accomplish this, we establish a regularity estimate for the solution u of (1.1) that is explicit in y and derive stability bounds
for an elliptic projection of u.

The rest of the article is organized as follows. In Section 2, we derive a priori bounds for the solution of the EFK equation.
Therein, we propose our numerical method and prove the existence and uniqueness of a discrete solution. Moreover, we
derive stability estimates for both the weak and the discrete solution. In Section 3, we derive some regularity of the weak
solution. In Section 4, a priori error estimates that are robust in y are derived. Finally, we present conclusions in Section 5.

2. Existence and uniqueness results

In this section, we present a fully discrete C° interior penalty method and show the existence and uniqueness of the
discrete solution. We derive some a priori bounds for the solution of the EFK equation and its discrete counterpart.

Let V = {v € H?(£2) : 9v/dn = 0on d£2}. Denote the L,(£2) inner-product by (-, -) and the norm by || - ||.

The weak form of (1.1)—(1.3) is to find u(-, t) € V, t € [0, T] such that

(u¢, v) + y(Au, Av) + (Vu, Vo) + (¢(u),v) =0, Yv eV, (2.1)
u=uy att=020. (2.2)

The following lemma on the norm equivalence is useful in our analysis.

Lemma 2.1. There exist two positive constants C; and C, which may depend on §2 such that

1/2
Cillvllieiey = (18017 + 10121 g)) = Gollvliay, Vv eV, 23)

12
Proof. Let v € V. Then it is obvious that (||Av||2 + ||v||12{1(9)) < Gllvllpzg)-

To prove the other way, note that v € V satisfies the following elliptic problem:
—Av=—Av in$2,
v

— =0 onads2.
on

Appealing to the elliptic regularity theory for the second order homogeneous Neumann problem on convex polyhedral
domains [19,20], there exists some positive constant C depending on §2 such that

I0ll22)/r < € (I1AVI+ 18v/0nll412(52)) = CllAVI, (2.4)

where v denotes the equivalence class of v in the quotient space H?(£2) /R equipped with the norm

Iz = I 1+ ey = inf (10l gy + IV0lE )+ 10ngy) - 25)
From (2.4) and (2.5), we find

[Vlp22) < CllAY].
This completes the proof. O

We derive some a priori bounds for u which are explicit in terms of the parameter y. Throughout the article, C and C(T)
denote generic positive constants which are independent of the constant y.
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Theorem 2.2. Let uy € H?(£2) be such that
vl Auoll? + lluolIfs ) + 2(¥ (o), 1) < My, (2.6)
for some My > 0. Then, the solution u of (2.1)-(2.2) satisfies

2 < C(T)M 27
IIulle(O’T;Hl(m) < C(T)My, (2.7)

2 < C(T)M 2.8
yllulllm(o,T;Hz(m) < C(T)My, (2.8)

2 < M;/2. 2.9
I o) =M/ (29)
Proof. We set v = uin(2.1) and find

1d 2 2 2
7 e P+ v lAul” + IVull® + (@), u) = 0.

This implies
d 2 2
——|ull® < |jull.
2dtll 1% < llull
By integrating the above inequality from O to ¢ for t € (0, T], we derive

t T
||u(r)||252/ ||u(5)||2d5+||ll0||2§2/ lu(s)IPds + fuoll”
0 0

Using Gronwall’s lemma, we find for t € (0, T] that

lu@)[> < C(T)luoll* < C(T)M;. (2.10)
This establishes the L., (0, T; L,(£2)) bound for u. Next, we set v = u; in (2.1) and find
, vd , 1d , d
u ——||Au ——||Vu —Ww),1) =0.
llue l +2dr” [ +2dt” I +dt( W,

By integrating from O to ¢ for t € (0, T], we obtain

t
/ 2[|uc(9)1ds + y Il Au@©) I + [IVu@©) * + 2@ @), 1) = y | Auoll® + [ Vuoll* + 2(¥ (uo), 1).
0

Using (2.6), we deduce for t € (0, T] that
IVu@©)|1* + yllAu(t)||> < Mj,
and

2
[[ull

H1(0.T:L2(2)) <Mi/2,

which together with (2.10) and Lemma 2.1 completes the proof. O

In the following theorem, we discuss on the existence and uniqueness of a solution u for (2.1)-(2.2). The proof is based on
the Galerkin procedure, compactness arguments and a priori estimates in Theorem 2.2. In [8], existence and uniqueness of
a solution for the EFK equation with Dirichlet and Navier boundary conditions are discussed. Since the boundary conditions
in our case are different, in the proof we need the result in Lemma 2.1 to prove that the sequence of solutions in the Galerkin
procedure is bounded in the H?(£2) norm. Nevertheless, the rest of the proof is similar to the ones in [8,21-23] and hence
we sketch the main steps of it.

Theorem 2.3. Let ug € V. Then, there exists a unique solution u(-, t) € V to (2.1)-(2.2).

Proof (Uniqueness:).Let u and w defined on £2 x [0, T] be two solutions of (2.1)-(2.2) and denote z = u — w. Then z satisfies

(z¢,v) + y(Az, Av) + (Vz, Vv) 4+ (¢p(u) — ¢p(w),v) =0, VYveV,
z=0 att=0.

Setting v = z in the above, we obtain

1d
Ealllll2 +yllaz)® +11Vz]* = (¢(w) — ), u — w).
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Using the definition of ¢, we derive
(Pw) —p@),u—w) = [lu—w|* — (W +uw + 1), U —w)*) < lu—wl?

where we have used the fact that (w? 4+ uw + u?, (u — w)*) > 1 (? + w?, (u — w)?) > 0. Therefore

1d
EEIIZII2 +ylazl? +1vz)? < llz))*.

By integrating from O to t for t € (0, T], we find

1 t t
Ellz(f)ll2 +/ (vl Az|? + || Vz||*)ds < / lIz]1*ds.
0 0

An appeal to Gronwall’s lemma completes the proof of uniqueness. To prove the existence, let {wj};’il be an orthogonal basis
of V and set V,,, = span{wj; }11. Define a finite dimensional problem of finding u, (-, t) € V;; such that

U 1) =Y GO

j=1
(Ume, V) + Y (Aup, Av) + (Vup, Vo) + (¢(Un), v) =0 Vv €V, (2.11)
Un (-, 0) = Mt (-, (2.12)

where [T, : V — Vp, is a projection such that || [7,,v — v||y2(p) —> 0 as m — 0. By Picard’s theorem, there exists a unique
solution u,, for each m. As in Theorem 2.2, we find by setting v = u,, and v = up,, in (2.11) that

”um”Lm(O,T;Lz(ﬂ)) =C (2.13)

y”um”Lw(O,T;HZ(Q)) =C (2.14)
and

”um”H1(0,T;L2(.Q)) =C (2.15)
Using a Sobolev embedding theorem [19] and (2.14), we find that

Vitmll, (or102)) = CDMi- (2.16)

By compactness [23,22], there exists u € Lo (0, T; H*(£2)) NH'(0, T; L,(£2)) such that
Un(-, t) — u(-, t) strongly in H'(£2)
U (-, t) = u(-, t) weakly in H*(£2)
Ume — U weakly in L, (0, T; L(£2)).
Since
lpum) —pWIl = 1], — u?) — (wn — W < fJu, — [ + lum — ull
< 1@ + vt + u2) W — up) | + llum — ull
C(Iullf, ) + lumllf )+ 1) lu — tm] — 0,
the rest of the proof follows. O

IA

Next in order to present the numerical method, to establish the existence and uniqueness of the discrete solution and its
stability bounds, we introduce some notations and preliminary results.

2.1. Notations

Let 7, be a regular simplicial subdivision of £2. We denote the set of all interior edges/faces of 7, by 8,’1 the set of boundary
edges/faces by 8,? and define &, = 8,11 Ué’,’f, Let h, = diamt and h = max{h; : T € 7;}. The diameter of any edge/face e € &,
will be denoted by h.. We define the Sobolev space H*(§2, 73) (for s > 0) associated with the subdivision 73 as follows:

H* (2, Th) = {v € [(22) : v, € H' (), VT € Ty}
The finite element space we use in the article is defined by

Vi ={v e C%(2): v|; € Po(1), V7 € Til,
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where P, (D) is the space of polynomials of degree less than or equal to 2 restricted to the set D. It is clear that V;, C
H'(£2) NH%(£2, 73,) for any positive integer s.

Foranye € 8,’, there are two elements 7, and t_ such thate = d7, N dt_. Let n_ be the unit normal of e pointing from
7_to 7. Forany v € H?(£2, 1), we define the jump of the normal derivative of v on e by

[Vv]l = Vuy|,-ny + Vo_|, - n_

where vy = v|.,.. Forany v € H*(£2, 7;) (s > 5/2), we define the mean of the Laplacian of v across e by
1
{{Av)) = 5 (Avil, + Av_],).

For notational convenience, we also define jump and average on the boundary edges. For any e € 8,’1’ there is a element
7 € 7j, such that e = 37 N 8£2. Let n, be the unit normal of e that points outside 7. For any v € H?(t), we set on e
[Vv] = Vv -n,,

and for any v € H*(£2, 7) (s > 5/2), we set

{{Av}} = Av.
Define
An(w, v) = Z/AwAvdx— > [Hawhivel ds
TETHYT ecgy Ve
3" [tavpvul ds+2/h1[[Vw]][[vU]] ds, (2.17)
ecgp Ve ecgy Ve e

where > 0 is a real number. Let N be some positive integer, k = T/N and t, = kn for 0 < n < N. Define for any set of
functions {w;}i>o,

Wp — Wnp-1
awn:% forn > 1.
k

Define the following semi-norm for v € H*(£2, 73,) fors > 5/2:

he
lvlly = (Z lAvIIE, ) + Z[;{{Av}}z ds + Z/hiuw]]z ds)

TeT] ecéy ecéy

Remark 2.4. Note that the above semi-norm is well defined only for v € H*(§2, 77,) for s > 5/2 [9,24].

We refer to [9] for a proof of the following lemma.

Lemma 2.5. It holds that

An(w, v) < Clwlnllvla,  Yw, v e H (2, 7).
For sufficiently large n, it holds that

Clvly < Anv,v), Yv € V.

2.2. CYinterior penalty method

The fully discrete C° interior penalty method is to find U, € V,(n > 1) such that

(U, v) + v An(Up, v) + (VUy, V) + (¢(Uy), v) =0, Vv €V, (2.18)
Uy = ITjuy, (2]9)

where IT, : V — Vj is a projection which can be either a nodal interpolation or an elliptic projection.
Below, we establish the existence and uniqueness of the fully discrete solution.

Theorem 2.6. Let k < 1/2. Then for 1 < n < N, there exists a unique solution U, € V} to (2.18)-(2.19).
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Proof. To prove this by recursion, we suppose that there exists a unique solution U,_; (since for n = 1, we know Uy from
the initial condition) and prove the existence of a unique U, using the Brouwer fixed point theorem. For this, we define a
map Sy, : Vi, = Vyie,p = Sp(q) € V,, forq € Vp, by

(P, v) + ky An(p, v) + k(Vp, Vv) = k((1 — ¢*)p, v) + (Un_1,v), Vv € V. (2.20)
We will show that the map S, is well-defined. Set v = p in (2.20) and find

IpII* + ky An(p, p) + kIVPI® < klpl® + [Un-1ll IpIl,
where we have used the fact that —(g%p, p) < 0. This implies

1—1 2 4k k||V 2 1 2
5~k Ipll* + ky An(p, p) + kI Vpl| _ZIIUHII-

It is obvious that for k < 1/2, the map Sy, is well defined and

1
lpll < ﬁllw-lll. (2.21)
Letr = ﬁnun_l || and define B, = {vy € V}, : ||vp|| < r}. Then from (2.21), it is clear that S, maps B, into itself. In order

to prove that Sy, is continuous, we let pg = Sy (qo) and p = Sy (q) for qo, q € B,. From the definition (2.20) of S, we note
(P = Po, V) + ky An(p — Po, v) + k(V (P = Po), Vv) = k((1 = ¢*)( — po), v) + k(g — 4°)Po, v) Vv € Vy,
and set v = p — po to obtain
P — poll> + ky 4n(p — Po, P — Po) + klIV(p — po)ll < k((1—*)(® — po), (p — Po)) + k(g — 4°)Po. P — Po)-

On noting that —(q2 (» —po), (p — po)) < 0 and using Holder’s inequality, we find that

1_, _ 2 E 2 2 _ 2
5 Tk Ip — poll” < 2IIq+qolle<g>llpo|IL&(g)llq Qoll”.

This implies

Ip — poll® < (

Since q, qo and pg € By, the use of the inverse inequality implies

2

1-—2k

) g+ qollf (o) llPollf o) lla — qoll*.

g+ qoll?_ 2y IPollE., 2y < Chod || Up—1]1* (2.22)
and hence
k2 —_Zd
lp—pol* < C (1_“‘2“;() IUn=11* g — qoll?,

where hyj, = min{h, : t € 7,}. Therefore for given k and h,;,, the map S, is continuous in the ball B,. Now the Brouwer
fixed point theorem completes the proof of existence.
To prove uniqueness, suppose there exist two solutions U and W at t = t,,. Then U and W satisfy

U—=W,v) +kyay(U—W,v) +k(VU —W), Vo) =k(U —U> =W + W3 v), YveV,.
Set v = U — W in the above to arrive at

U — W2+ kyn(U — W, U — W) +k||VU —W)||> = k||lU - W|? —kU> —-W3 U—-W)
< Kk|U = W|? — k((U* + UW + W?), (U — W)?)
< kU —w|?,

where we have used the fact that (a* + ab + b?) > 3(a® 4 b*) > 0. Now uniqueness follows since k < 1/2. This completes
the proof. 0O

In the following, we derive stability bounds for the fully discrete solution.

Lemma 2.7. Let k < 1/2. Then, there is a constant C independent of h, k and y such that
YUl + 1VUIIP < € (v IUolli + IVUo I + (¥ (o), 1) ,



T. Gudi, H.S. Gupta / Journal of Computational and Applied Mathematics 247 (2013) 1-16 7

and
IUalI> < C(T)[[Uo 1%,
foralll <n <N.

Proof. let1 <i <n < Nandsetv = U; — U;_; in (2.18) withn = i. Then

1
E”Ui — Ui l* + g [An (Ui, Up) — Ap(Ui—q, Ui—1) + Ap(U;p — Ui, Up — Ui—1) ]

+ % [(VUi, VU) — (VUi-1, VUi—1) + (VUi = Ui—1), V(Ui = Ui-)) ] + (@(U), Ui — Ui—y) = 0. (2.23)
Using Taylor’s theorem and the fact that ¥” > —1, we note that
(W), Ui — Ui—y) = (¥'(Up), Ui — Ui_y)
= WU~ WU, 1)~ U~ U
Using this in (2.23),
%HUi — Uil + g [An (Ui, Ui) — An(Ui-1, Ui—1) + An(U; — Ui—q, Up — Ui—1)]

1
+ 5 [(VU;, VU) — (VUi_1, VUi_1) + (VUi = Ui—y), V(U; — Ui—)]

1
+(@U) — U, D = IV - Uil

We sum over i = 1to n and find

1 1\ ¢ , Y 1
£~ 5 ) 2V = Uil o+ 5 AnUn, Un) + = (YU, VU + (@ (Un), 1)
i=1

1
< go«h(uo, Uo) + 5 (VUo. VUo) + (¥ (Up). D).

Now using Lemma 2.5 and the assumption that k < 1/2, we deduce the first inequality. To prove the second inequality, let
v = U; in (2.18) with n = i and arrive at
(Ui — Ui—1, Up) + ykAn(Ui, U) + K[ VUI* + k(¢ (U)), Up) = 0.

Since
1
U= Ui, U) = 5 (U1 = Ui 11%)
and

—(p(Up), Up) < IIU]I%,
we find
1
5 (U7 = U %) < kUil
By summing over i = 1 to n, we obtain
L < k3 1w + w2
20 TR T2 '
Now discrete Gronwall’s lemma completes the proof. O

3. Regularity estimate

In this section, we derive the Lo, (0, T; H3(£2)) regularity estimate for the solution u of (2.1)-(2.2) that is explicit in y.
For this, we assume that the initial data ug is in H*(£2) and satisfies the boundary conditions (1.2). The resulting regularity
estimate will be used in our error analysis to derive a priori error estimates that are robust in y. To this end, we use the
elliptic regularity result for second order problems. The idea of using elliptic regularity results for second order problems
in the error analysis of the C° interior penalty method for a fourth order elliptic singular perturbation problem is exploited
in [18].
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Theorem 3.1. Let uy € H*(£2) be such that
Y1 A%uol| + || Augll + llp(uo) || < Ma, (3.1)
for some M, > 0. Moreover, assume that uq satisfies the boundary conditions (1.2). Then, the solution u of (2.1)-(2.2) satisfies
C(Ta M] ) MZ)
[lull ao) S ————
Loo (0.T:H3(2)) Nz
for some constant C(T, My, M) independent of y.

< C(T, M], Mz) and s (32)

”u”LoQ(O,T;HZ(.Q))

Proof. First of all, we need to bound the L, norm of u;. For this, differentiate (2.1) formally with respect to t and then set
v = U, in the resulting equation to obtain

1d 2 2 2 2
Eallmll + v IlAue | + Vuell” + (Gu® — Due, ue) = 0.
Since (3uu;, u¢) > 0,
1d 2 2 2 2
S luell® + vl Auel” + Vuell” < Jluell” (3.3)
2 dt
By integrating (3.3) from O to t for t € (0, T], we obtain
1 t 1 t
Elluf(t)ll2 +/ (AU + IV (9)[|?) ds < Ellur(O)II2 +/ l[ur (s)[|*ds.
0 0

An appeal to Gronwall’s lemma yields for t € (0, T],

1 2 ' 2 2 1 2
§||Ut(t)|| +/ (Y Aus)1* + I Vue(s)[1?) ds < C(T)§||u[(0)|| . (3.4)
0

To find a bound for ||u;(0)||, we take t — 0 in (2.1) and obtain
(e (0), v) + y (Aug, Av) + (Vug, Vv) + (¢(uo),v) =0 Vv eV. (3.5)
Now set v = u,(0) in (3.5) and derive

lu (01> = —y (Aug, Aug(0)) — (Vg, Vue(0)) — (¢ (up), ue(0))
= —y(A%ug, uc(0)) + (Aug, uc(0)) — (¢ (uo), ue(0))

< (1 4%uoll + [l Auoll + llp(uo)|l) lluc (0. (3.6)
Use (3.1) in (3.6) to find
lu: (0) || < Ms. (3.7)

From (3.4) and (3.7), we find for ¢t € (0, T]

1 t
Elluf(t)ll2 +f (Y Aus)I? + I Vue(s)[1%) ds < C(T)M3, (3.8)
0
which implies an Lo, (0, T; L,(£2)) bound for u,. From (2.1), it can easily be seen that
/ (ur + ¢(w)) dx = 0,
2

and hence there is a solution w € H'(£2) to the following problem
(Vw, Vv) = —(u; + ¢(u),v) Yv e H(2) (3.9)
satisfying (w, 1) = 0. Moreover since £2 is convex, w € V and satisfies the following elliptic regularity [19]:

lwlg2@) = Cllue + ¢y 0)- (3.10)

From (2.7) and Sobolev embedding, we note that
o)L, = lu®)® —u®|},q

= [u® 550 + IO, = 20O, ) < C(T, My). (3.11)
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Combining (3.8), (3.10) and (3.11), we find
lwlly2e) < C(T, My, My). (3.12)
Note from (2.1) and (3.9) that,
Y AU —w), Au—w)) + (V(u—w), V(u — w))

—y(Aw, A(u — w))
yIAw| A — w). (3.13)

IA

Therefore
AU —w)|l = [[Aw],

which together with (3.12) implies that || Au|| < C(T, M1, M,). Using Lemma 2.1 and (2.7), we deduce
lullpz(ey < C(T, M1, Ma)

and complete the proof of the first inequality in (3.2). From (3.13), we also find that

IV(u—wl = \/gIIAwII-

We note from (2.1) that u satisfies

(Au, Av) = %(—ut — ¢ (u) + Au, v)

l(A(u —w), v),
14
and hence using the regularity theory of fourth order elliptic problems on convex domains [25], we find
lullgs o) < < AW —w)lly-1) < < V(U —w)l = < lwlly2e)
4 4 Vi
for some positive constant C which is independent of y. This and (3.12) complete the proof. O

4. Error analysis

In this section, we derive a priori error analysis of our fully discrete C° interior penalty method. For this, we recall the
following approximation properties of the standard Lagrange nodal interpolation operator Ij, : H>(£2) —> V;, from [26,27].

Lemma 4.1. Let w € H3(£2). Then there is a constant C independent of h such that

lw — lwlye, < Ch2 lwlyse, for0 <€ <3, (4.1)
8 2
3 2
/az %(w—lhw) dsthr|w|H3(r), (4.2)
|A(w — Iyw)I* ds < Che|wls ), (43)

at
where T € 7y, and dt is the boundary of .

The estimate (4.1) is standard while the estimates (4.2)-(4.3) follow from (4.1) and the following trace inequality with
scaling [19]:

-1/2 2 1/2
vl < Ch7Y2 (V11 o) + Pellvllym I VVlle)

where C is independent of h and t € 7},
Using Lemma 4.1, it is easy to show the following [9].
There is some constant C which is independent of h such that

lw = Iwliy < Chllwllyse, Yw € H(82). (44)
In the error analysis, we require an elliptic projection R, : V N H3(£2) — V), defined by

Y An(w — Ryw, vp) + (V(w — Ryw), vy) =0, Yo, € Vp, (45)

(w—Ryw,1) =0

and for all w € V N H3(£2). Using Lemma 2.5, we deduce that the projection Ry, is well-defined.
We now prove error estimates for Ry,.
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l

Fig. 4.1. Degrees of freedom for the P;-HCT macro element. Thick dots denote the values of the function, circles denote the values of its first order
derivatives and arrows denote the values of its normal derivatives.
Lemma 4.2. Let w € V N H3(82). Then, there exists a constant C > 0 which is independent of h, k and y such that
2 2 2 4 2
yllw = Rywlli + IV (w — Raw) > < C (yh? +h*) llwlls
and

lw —Ryw|® < € (yh* +1° +y 70 wlfs -

Proof. First of all, using the arguments analogous to Cea’s Lemma [26] and Lemma 2.5, it is easy to find that

yllw = Rywlly + IV (w — Ryw) |* < C{}TEIQ/I; (yllw = vl + IV —v)[?).
Using Lemma 4.1 and (4.4), we find

Il = Ryl + IV (@ = Raw) |2 < € (yh2NwlZs g, + holwlZs g )

To derive the L, norm error estimate, we consider the following adjoint elliptic problem: find z € V such that
y(Az, Av) + (Vz,Vv) = (w — Ryw,v), Vv eV. (4.7)

Since £2 is convex, we can derive ||z]|y3o) < C%Hw — Ryw]| and [1z||ly2(oy < Cllw — Ryw]| using the same technique in
Theorem 3.1. Let z;, = Iz € V}, be an approximation of z as in Lemma 4.1. Then using (4.7), Lemmas 2.5 and 4.1,
lw = Ryw|® = yAn(z, w — Raw) + (Vz, V(w — Ryw))
YAz —zn, w — Ryw) + (V(z — z1), V(w — Ryw))
Cyllw — Rpwllnliz — znlln + IV(w — Rew) || [V (z — zp) |
Cyhllw — Rawllallzll 43 (o) + CH* IV (w — Raw) || 12143

IAIA

IA

1
¢ (ﬁhllw — Rawlln + Chzﬁllv(w - Rhw)||> lw — Rywl

which implies
lw = Rywll? < C (vh*[lw — Rywlli + Chy "'V (w — Ryw)|?)
< C (R (yh? + h*) + Chty ' (yh? + 1) wli2s -
Hence the proof. O

Below, we derive a discrete Sobolev inequality on V}. To prove this without any quasi-uniformity assumption on the
mesh 73, we let V., < H?(£2) be the P3-Hsieh-Clough-Tocher finite element space associated with 77, [27,26]. In order to
construct a P3-HCT finite element, each triangle T € 7}, is subdivided into three triangles as in Fig. 4.1. Then using this mesh
for 7, the P3-HCT element is constructed by using C!-piecewise cubic polynomials based on the degrees of freedom given
in Fig. 4.1.

From [28,9], note that there is an enriching map Ej, : V;, — V. such that

1
> A = Byl < CZ/h—[[vU 12 ds,
e

TET) ecEp V€
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- 1
D b2 = EwolZ,, < chh—[[vU 1% ds,
e 'te

T€Th eckp

1
D v =Bl < CZ/,T[[VU 12 ds.
€T ecEp /e e

Also recall the following local inverse inequality from [27,26]:

i) < Ch;d/ZHUHLZ(z),
forallt € 7.
We now prove a lemma on the discrete Sobolev inequality.
Lemma 4.3. There is a constant C which is independent of h, k and y such that

IVlleo(2) < Cllvlln,  Yv € V.

Proof. Using the inverse inequality (4.8), Sobolev embedding and Lemma 2.1
||U||i,o(g) <lv- EhU”iO(Q) + ||Ehv||§oo(g)

2 2
< D lv —Ewll} ) + ClEw2 g

TeT)p
< €Y h o = Envliy g + € (IAEwI® + Bl )

T€Th

1
< CZ/eh:[[vv 1?ds+C (Z IAERw — V)12 () + [1Epo — u||§1(m)

ecEp TeT)

+C (Z lav, e, + ||v||,2,1(9))

T€Th
2
= Cllvlly-

Hence the proof. O

11

(4.8)

Below, we prove some stability estimates for R,u, where u is the solution of (2.1)-(2.2). For this, we recall the following

trace inequality [27,26]:

1/2

vl 60 < Chy /vl @, Yv eV,

forallt € 7.

Lemma 4.4. For the solution u of (2.1)-(2.2), it holds that
IRnully1 o) < C,

where C is a constant independent of h, k and y. Moreover, if h < \/y
IRaulln < C,
IRnull L2y < C.

Proof. First of all, we note from Theorem 3.1 that

C
lullgs o) < ﬁ and |lullyz) <C.

Using Lemma 2.5, Lemma 4.1 and (4.13), we obtain

yllu—Ruullf + IV = Ra) 1> < C (yllu— Ihully 4+ [V — hu)[|*)
C (YRl g + WPulZa g )
Ch?,

INIA

IA

(4.9)

(4.13)
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which implies

yllu — Ruullp < Ch?,

IV~ Ru)|I* < Ch*.
The proof of (4.10) follows from (4.14) and (4.13). Now since h < /v,

llu— Rpull; < Cy~'h* < C.

To prove (4.11), first we note using the trace inequality (4.9) that

h n
IRnully = (Z AR, o) + > | ={{ARyu} ds + Z/h—[[VRhu]]2 dS)
T€Th ecgy Je 1l ecgy Ve '€
Ui
=C (Z I AR, oy + Z h—[[VRhu]]2 ds)
€T ecg, Je e
Ui
< C (Z ||A(u - Rhu)”zz(z) + Z/F[V(u — Rhu) ]]2 dS) + C (Z ||AU||z2(r)
TET] ecgy /e e T€T]
=< C,

which proves (4.11). The proof of (4.12) follows from (4.11) and Lemma 4.3. O

We now derive a priori error estimates.

Theorem 4.5. There is a constant C = C(T) which depends on T but is independent of h, k and y such that

WU — u(EDI? < u(ts) — R + CCT) (I Mo — Ra(uo) 12 + l1io — Rytioll?)
th tn
+om ( / 1R — Duc]2ds + / ||u“(s)||2ds)
0 0

foralll1 <n <N.
Proof. Let 1 <i <n <N, 6; = Ryu(t;) — U; and p; = Ryu(t;) — u(t;). Then
(06;, v) + y An(0;, v) + (VO;, Vv) = (p(Ui) — ¢(u(t), v) + (ORpu(ti) — u(t), v)
= (U — du(t), v) + (wi, v),

where w; = wj 1 + w; 2, w1 = (R — Dou(t;) and w;, = du(t;) — ue(t;).
Set v = 6;in (4.15),

(36:, 6) + y An(6:, 6) + IV I1> = (p(Up) — p(u(ty), 6) + (i, ).
Since we can write
(@Uy) — p(u(ty)), 6;) = (@ Up) — ¢Ruu(ty), 6) + (¢ Ruu(ty)) — d(u(t)), 6)),
and since the first term
(WU — dRyu(t), 6)) = 161> — (U + UiRpu(t;) + Rau(t)?, 67) < [161]1°,
we have
(363, ) + ¥ An(6:, 0) + VOG> < (@Ryu(t) — dpu(t), 6) + (@i, ) + 11611
The first term on the right-hand side of (4.16) is estimated using Theorem 2.2 and (4.10) as
(@ Ruu(ty) — p(u(t), 6) = ((w(ty)* + u(t)Rpu(ty) + Rpu(t)* — 1)p;, 6;)
3 3
< E(U(ti)2|/)i|» 16:1) + E(Rhu(ti)2|/)i|» 16:1) + Nl oill 116:]
3
2

A

A

(U 12, @) + IRUE I ()] 10ill 16illig) + il 16l

IA

1
Clloill® + 3 (V61> + 116:11%) -

)

(4.14)

(4.15)

(4.16)
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The Cauchy-Schwarz inequality implies
1 2 1 2
(wi, 6) < E”wi” + 5”91‘” -
From (4.16),
1 2 2 2 2
(06, 9,-)+)/Ah(01,9i)+5IIV91|| < C(l6ill* + lloill* + lleoill?) -
Since
1 2 1 2
(06, 6;) = —16:ill” — = 6i-111",
2k

- 2k
we obtain by summing over i = 1 to n that

n
16a11> < 160117 + Ck > (16:01% + lloill* + lleoill?) - (4.17)

i=1

Using the similar techniques in [29, Theorem 1.5], we estimate the third term on the right-hand side of (4.17) as follows:
Since w; in (4.15) is w; = wi,1 + w; 2, we first take

t
wi1=k 'Ry —1) f U, (s)ds.
ti—q
We square, integrate over £2 and use Cauchy-Schwarz for the above,

t
o2 < k' / 1R — D (5)]12ds.
t;

i—1

By summing over i = 1 to n, we obtain

n tn
€ toall = [ nlids
i=1 0

Next we take
L5}
koip = u(t) — u(ti—1) — kue(t;) = — / (s — ti—1)ug (S)ds.
i1
It implies

5}
ozl <k [ e Pes.
ti-1
and
n tn
€ lonalP <k [ o)1 7as.
i=1 0
Now we will bound || p;||. We can write

&
pi = (Ry — Du(ty) = (R — Du(0) + / (Ry — Dug(s)ds.
0

Therefore

G
loill* <2 <||,00|I2 + ti/ IIptIIZdS)
0

n tn
K> ol = 26 <||;00||2 + rn/ ||p[||2ds) .
i 0

i=1

and

We obtain

th th n
1611 < <||90||2 + Ctallpoll> + C(1 + 2t,f)/ llocll*ds + Ckz/ IIUrr(S)||2d5> + Ckz 611
0 0 i

i=1
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Discrete Gronwall’s lemma implies

U™ = u()1* < lJu(t) — Ratt(t) 1> + C(T) (Il MTntio — Ru(uo)II* + llto — Ratio1?)

th th
1o ( / 1Ry — De12ds + I / ||un<s>||2ds) .
0

0

This completes the proof. O

From Theorem 4.5 and Lemma 4.2, we deduce the following.

Corollary 4.6. Let ITyug = Iyug or Ryug. Then, there is a constant C = C(T) which depends on T but is independent of h, k and
y such that

tn
U™ — u(ty) || < C(T) (yh* 4+ h® 4+ y~'h°) <||U(fn)||,2,3(9) + lluolls o) +/ ||Ur||,2,3(md5>
0

tn
LR / e () 12,
0
foralll1 <n <N.

We next derive a super-convergence result for (Un — Rhu(tn)) in the H! norm.

Theorem 4.7. Let h < ,/y and ITyug = Ryuo. Then,

YIU™ — Rpu(ta) 12 + IV(U™ — Rpu(ta)) I < C(T)luo — Rutto
th tn
+C(T) ( f | (R — Dug||*ds + K / ||Utt(5)||2d5> ,
0 0

forall1 < n < N and for a constant C(T) which is independent of h, k and y but depending on T.
Proof. Let 1 <i <n < N.Then, setv = 6; — 6;_1 in (4.15).

(06, 6; — 0i_1) + y Ap(6;, 6; — 6i_1) + (V6;, V(0; — 0i—1)) = (9p(Up) — d(u(ty)), 6; — 6i—1) + (@i, i — 6;_1).
First note that

(06;, 0; — 0i—1) + v An(6;, 0 — 6i—1) + (VO;, V(0 — 0i-1))

> %n@i — 6l + g (A6, 6) — An(Bir, 6i-1) + % (V61 = 1V6i-111%) -

(@U) — o u(ty), O — 0i—1) = (@Ui) — ¢Ryu(t)), 6 — 6i1) + (@ Rpu(t)) — @ u(ty), 6; — Gi—1).

For the first term, we use Lemma 2.7 and (4.10) to find

(P(Up) — pRpu(ty)), 6 — 6i—1) = (U7 + UiRpu(t;) + Ryu(t;)> — 1)6;, 6; — 6,_1)

3 3
= E(Ui2|9i|! 16 — 0i1]) + E(Rhu(ti)2|9i|s 16i — Oi—11) + 1161l 116; — 6iall
= E[IIU-II2 + IRpu(e) |17 6 6; — 6; o1l 16: — 6:
= 5 UWHillg ) ()17, ) ] 16illg2) 16 = Bicall + 16:1] 116 — 611 |
< ckll6:? ! 6 — 6112
< Ck| z”H](Q)‘f'@” i — 0i—1]|”.

Using Theorem 3.1, Sobolev embedding and (4.12), we bound the second term as

(PRau(t))) — p(u(t), 6 — 6i—1) = ((w(ty)* + u(t)Ru(t;) + Rpu(t)* — Dpi, 6; — 6i—1)

3 3
< E(U(ti)2|pi|» 16:]) + E(Rhu(ti)2|pi|v 16; — Oi—1]) + lloill 116; — Giall
3 e 2 N 116 — 6 16 — 6
= 2 [”u(tz)”Loo(g) + ”Rhu(tl)”Loo(_Q)] loill 116; = Bi—all + lloill 16; — i1l
< CIAIP + —116s — O
— 1 4k i i—1 .
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We obtain,
1 2, VY 1 2 2
—16; — 611> + = (An(6i, 6) — An(Bi—1, 6i—1)) + = (IVEGII> — [VO1]1%)
4k 2 2
= Ck (161121 g, + il + il

By summing over i = 1 to n, we obtain

A

14 1 2 Y 1 2 . 2 2 2
= AnOn, ) + S VOl1> < Z An(Bo. 60) + 5 V6ol +ck;(||0,-||,,l(m+||p,~|| + lle )

IA

n n th tn
Ck Y IIVOlI” + Ck > N16:l1> + 2Tl pol|* + 2T / llpcl1°ds + 2k* / e (5) 1 *ds
i=1 i=1 0 0

n tn tn
< CkZ IVO:11* + l16oll* + C(T) (||Po||2 + f llocll*ds + kz/ ||Un(5)||2d5> :
i=1 0 0

Discrete Gronwall’s lemma completes the proof. O

We now deduce the following super-convergence result from Theorem 4.7.
Corollary 4.8. Let h < ,/y and ITyup = Ryuo. Then,

Y IU" = Rau(t) [l + V(U™ — Rpu(ta) |12
th tn
< C(T) (yh* +1° + y ') (nu(tn)ni,a(m + 1ol g, + / ||uf||,i3<mds) +C(Mk? / e (5)1% s,
0 0
forall1 < n < N and for a constant C(T) which is independent of h, k and y but depending on T.

5. Conclusions

In this article, we have developed a fully discrete C° interior penalty finite element method for the Extended Fisher-
Kolmogorov (EFK) equation. We have derived robust a priori error estimates for the numerical scheme. To this end, we have
derived a regularity estimate and some stability bounds for the continuous solution. The results in this article are derived
under the assumption that the domain is convex polyhedral and the initial data is in H*(£2). We leave the subject of analysis
for general polyhedral domains and more general initial data to the future.

Acknowledgments

The authors thank two anonymous referees for many helpful suggestions and comments.
The first author’s work is supported by the UGC Centre for advanced study. The second author’s work is supported by the
National Board for Higher Mathematics, India.

References

[1] D.G. Aronson, H.F. Weinberger, Nonlinear diffusion in population genetics, combustion, and nerve propagation, in: Partial Differential Equations and
Related Topics, in: Lecture Notes in Mathematics, vol. 446, Springer, New York, 1975, pp. 5-49.

[2] D.G. Aronson, H.F. Weinberger, Multidimensional nonlinear difusion arising in population genetics, Adv. Math. 30 (1978) 33-76.

[3] P. Coullet, C. Elphick, D. Repaux, Nature of spatial chaos, Phys. Rev. Lett. 58 (1987) 431-434.

[4] G.T. Dee, W.V. Saarloos, Bistable systems with propagating fronts leading to pattern formation, Phys. Rev. Lett. 60 (1988) 2641-2644.

[5] L.A. Peletier, W.C. Troy, Spatial patterns described by the extended Fisher-Kolmogorov equation: periodic solutions, SIAM ]. Math. Anal. 28 (1997)
1317-1353.

[6] L.A.Peletier, W.C. Troy, Chaotic spatial patterns described by the extended Fisher-Kolmogorov equation, J. Differential Equations 129 (1996) 458-508.

[7] V.RottSchiffer, A. Doleman, On the transition from the Ginzburg-Landau equation to the extended Fisher-Kolmogorov equation, PhysicaD 118 (1998)
261-292.

[8] P. Danumjaya, A.K. Pani, Numerical methods for the Extended Fisher-Kolmogorov (EFK) equation, Int. J. Numer. Anal. Model. 3 (2006) 186-210.

[9] S.C. Brenner, L.-Y. Sung, C° interior penalty methods for fourth order elliptic boundary value problems on polygonal domains, J. Sci. Comput. 22-23
(2005) 83-118.

[10] G. Engel, K. Garikipati, T.J.R. Hughes, M.G. Larson, L. Mazzei, R.L. Taylor, Continuous/discontinuous finite element approximations of fourth order
elliptic problems in structural and continuum mechanics with applications to thin beams and plates, and strain gradient elasticity, Comput. Methods
Appl. Mech. Engrg. 191 (2002) 3669-3750.

[11] S.C. Brenner, K. Wang, Two-level additive Schwarz preconditioners for C° interior penalty methods, Numer. Math. 102 (2005) 231-255.

[12] S.C.Brenner, L.-Y. Sung, Multigrid algorithms for C° interior penalty methods, SIAM J. Numer. Anal. 44 (2006) 199-223.

[13] X. Feng, O.A. Karakashian, Two-level nonoverlapping additive Schwarz methods for a discontinuous Galerkin approximation of the biharmonic
problem, J. Sci. Comput. 22 (2005) 299-324.

[14] X. Feng, O.A. Karakashian, Fully discrete dynamic mesh discontinuous Galerkin method for the Cahn-Hilliard equation of phase separation, Math.
Comp. 76 (2007) 1093-1117.



16 T. Gudi, H.S. Gupta / Journal of Computational and Applied Mathematics 247 (2013) 1-16

[15] T. Gudi, N. Nataraj, A.K. Pani, Mixed discontinuous Galerkin method for the biharmonic equation, J. Sci. Comput. 37 (2008) 103-232.

[16] D. Kay, V. Styles, E. Suli, Discontinuous Galerkin finite element approximation of the Cahn-Hilliard equation with convection, SIAM ]. Numer. Anal.
47 (2009) 2660-2685.

[17] 1. Mozolevski, E. Siili, P.R. Bosing, hp-version a priori error analysis of interior penalty discontinuous Galerkin finite element approximations to the
biharmonic equation, J. Sci. Comput. 30 (2007) 465-491.

[18] S.C.Brenner, M. Neilan, A C? interior penalty method for a fourth order elliptic singular perturbation problem, SIAM J. Numer. Anal. 49 (2011) 869-892.

[19] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.

[20] V. Girault, P.A. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer-Verlag, 1986.

[21] C.M. Elliott, D.A. French, A nonconformaing finite-element method for two-dimensional Cahn-Hilliard equation, SIAM ]. Numer. Anal. 26 (1989)
884-903.

[22] L.C. Evans, Partial Differential Equations, AMS, 1998.

[23] J.L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Nonlinéaires, Dunod, Gauthier-Villars, Paris, 1969.

[24] T. Gudi, A new error analysis for discontinuous finite element methods for linear elliptic problems, Math. Comp. 79 (2010) 2169-2189.

[25] P. Grisvard, Singularities in Boundary Value Problems, Springer, 1992.

[26] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.

[27] S.C.Brenner, L.R. Scott, The Mathematical Theory of Finite Element Methods, third ed., Springer-Verlag, New York, 2008.

[28] S.C.Brenner, T. Gudi, L.-Y. Sung, An a posteriori error estimator for a quadratic C° interior penalty method for the biharmonic problem, IMA J. Numer.
Anal. 30 (2010) 777-798.

[29] V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, second edition, Springer-Verlag, 2006.



	A fully discrete  C0  interior penalty Galerkin approximation of the extended Fisher--Kolmogorov equation
	Introduction
	Existence and uniqueness results
	Notations
	 C0  interior penalty method

	Regularity estimate
	Error analysis
	Conclusions
	Acknowledgments
	References


