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Abstract

In this paper, we modify the general iterative method to approximate a common element of the set
of solutions of split variational inclusion problem and the set of common fixed points of a finite family
of k-strictly pseudo-contractive nonself mapping. Strong convergence theorem is established under some
suitable conditions in a real Hilbert space, which also solves some variational inequality problems. Results
presented in this paper may be viewed as a refinement and important generalizations of the previously
known results announced by many other authors. Finally, some examples to study the rate of convergence

and some illustrative numerical examples are presented.
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1 Introduction

Let Hy; and Hjy be real Hilbert spaces with inner product (-,-) and norm | - ||. Let C' and @ be nonempty
closed convex subsets of H; and Hs, respectively. Let {z,} be a sequence in H;, then z, — z will denote
strong and x,, — = denote weak convergence of the sequence {z, } respectively. A mapping S : C' — C'is called

nonezpansive if ||Sz — Sy|| < ||z — y||,Vz,y € C.

The fized point problem (FPP) for the mapping S is to find « € C such that
Sz = zx. (1.1)
We denote F(S) :={z € C': Sz = x}, the set of solutions of FPP.

Throughout in this paper we assumed that S is a nonexpansive mapping such that F(S) # (. Recall that
a self-mapping f : C — C is a contraction on C' if there exists a constant a € (0,1) and x,y € C such that

1f(2) = FW)ll < allz —yl|.

Given a nonlinear mapping B : C' — H;y. Then the variational inequality problem (VIP) is to find v € C
such that
(Bu,v —u) >0, YveC. (1.2)

The solution of VIP (1.2) is denoted by VI(C, B). It is well known that if B is strongly monotone and Lipschitz
continuous mapping on C' then VIP (1.2) has a unique solution. There are several different approaches towards
solving this problem in finite dimensional and infinite dimensional spaces see [5, 6, 7, 8, 9, 10, 11, 12, 13] and

the research in this direction is intensively continued. Then VIP is satisfies the following Lemma;

Lemma 1.1. For a given z € Hy,u € C satisfies the inequality
(u—z,v—u) >0, YeC, iff u= Pez, (1.3)

where Pc is the projection of Hy onto a closed convex set C.

Recall that a nonself mapping T': C — H; is called a k-strict pseudo-contraction if there exists a constant
k € 10,1) such that

1Tz = Ty||* < llz — yl|* + &l|(I = T)a — (I = T)yl*, Vo,yeC. (1.4)

A mapping T is said to be pseudo-contractive if £k = 1, and is also said to be strongly pseudo-contractive
if there exists a positive constant A € (0,1) such that T+ Al is pseudo-contractive. Clearly, the class of k-
strict pseudo-contractions falls into the one between classes of nonexpansive mappings and pseudo-contraction
mappings. We remark also that the class of strongly pseudo-contractive mappings is independent of the class

of k-strict pseudo-contraction mapping (see, e.g., [18, 19]).



J. Deepho et al.

Iterative schemes for strict pseudo-contractions are far less developed than those for nonexpansive map-
pings though Browder and Petryshyn [19] initiated their work in 1967 ; the reason is probably that the second
term appearing in the right-hand side of (1.4) impedes the convergence analysis for iterative algorithms used to
find a fixed point of the strict pseudo-contraction. On the other hand, strict pseudo-contractions have more pow-
erful applications than nonexpansive mappings do in solving inverse problems; see, e.g., [20, 21, 22, 23, 24, 25 20

and the references therein.

In 2006, Marino and Xu [22] introduced a general iterative method and proved that for a given zg € Hy,

the sequence {z,,} generated by
LTn+1 = an7nf($n) + (I - OénD)TJ)n, Vn € N7

where T is a self-nonexpansive mapping on Hy, f is a contraction on Hj into itself and {«,} C (0,1) satisfies
certain conditions, D is a strongly positive bounded linear operator on Hy, converges strongly to z* € F(T),

which is the unique solution of the following variational inequality:
(D=~f)z*,z* —x) <0, Vze F(T),
and is also the optimality condition for some minimization problem.

Recall also that a multi-valued mapping M : H; — 281 is called monotone if, for all z,y € Hy,u € Mx
and v € My such that
<‘]j —Yyu— U> >0

A monotone mapping M is maximal if the Graph(M) is not properly contained in the graph of any other
monotone mapping. It is well known that a monotone mapping M is maximal if and only if for (x,u) €
Hy x Hy,{x —y,u—v) >0 for every (y,v) € Graph(M) implies that v € M.

Let M : H; — 281 be a multi-valued maximal monotone mapping. Then the resolvent mapping J;\V[ :
H, — H; associated with M is defined by

JM(x) := (I + M)~ Y(x), Vxe Hy,

for some A > 0, where I stands for the identity operator on H;. Note that for all A > 0 the resolvent operator

J i” is single-valued, nonexpansive, and firmly nonexpansive.

In 2011, Moudafi [33] introduced the following split monotone variational inclusion problem: Find z* € H;
such that

(1.5)

0 € fi(z*) + Bi(z*),
y* = Ax* € Hy: 0¢€ fo(y*) + Ba(y*),

where B; : H; — 2H1 and By : Hy — 22 are multi-valued maximal monotone mappings.

The split monotone variational inclusion problem (1.5) includes as special cases: the split common fixed
point problem, the split variational inequality problem, the split zero problem, and the split feasibility prob-
lem, which have already been studied and used in practice as a model in intensity-modulated radiation therapy
treatment planning, see e.g. [14, 27, 28]. This formalism is also at the core of the modeling of many in-
verse problems arising for phase retrieval and other real-world problems; for instance, in sensor networks in

computerized tomography and data compression; see [29, 30] and the references therein.
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If f1 =0 and f» =0, the problem (1.5) reduces to the following split variational inclusion problem: Find
x* € Hy such that

{ 0 € By(z%), 16)

y* = Ax* € Hy: 0 € Bs(y*),

which constitutes a pair of variational inclusion problems connected with a bounded linear operator A in two
different Hilbert spaces H; and H,. The solution set of problem (1.6) is denoted by I' = {z* € H; : 0 €
By (z*),y* = Az* € Hy : 0 € By(y*)}.

Very recently, Byrne et al. [31] studied the weak and strong convergence of the following iterative method
for problem (1.6): For given zy € H; and A > 0, compute iterative sequence {z,} generated by the following
scheme:

Toy1 = Jy Tn + AN (I — T) Az, (1.7)

In 2013, Kazmi and Rivi [32] modified scheme (1.6) to the case of a split variational inclusion and the fixed

point problem of a nonexpansive mapping. To be more precise, they proved the following strong convergence
theorem.
Theorem KR Let H; and Hs be two real Hilbert spaces and A : Hy — Hs be a bounded linear operator. Let
f:+ Hi — Hi be a contraction mapping with constant p € (0,1) and T': H; — H; be a nonexpansive mapping
such that Q = Fiz(T) N T # (). For a given zo € H; arbitrarily, let the iterative sequences {u,} and {z,} be
generated by

{ Uy = JP 2, + €A* (P2 — ) Ax,], (1.8)

Tnt1 = anf(xn) + (1 - an)Tum

where A > 0 and € € (0, 1), L is the spectral radius of the operator A*A4, and A* is the adjoint of A4; {a,,} is a

(oo} (oo}
sequence in (0, 1) such that lim «, =0, Y a, = o0 and Y |a, — ap—1] < co. Then the sequence {u,} and
R n=1 n=1

{z,} both convergence strongly to z € Q, where z = P, f(2).

Inspiration and motivation by research going on in this area, a modified general iterative method for a
split variational inclusion and a finite family of k-strictly pseudo-contractive nonself mapping, which is defined

in the following way:

Uy = Jfl (xn + 'yA*(sz —1)Az,),
Yn = ﬁnun + (1 - ﬁn) Zil m@szun, (19)
Tp41 = aan(xn) + (I - anD)yfu n>1,

where A > 0, v € (0, 1), L is the spectral radius of the operator A*A, and A* is the adjoint of A, 7 > 0, f is
a contraction and D is operator, {T;}I¥, : C — Hj is a finite family of k;-strict pseudo-contractions, {771(")}%11

is a finite sequence of positive numbers, {a, } and {8,} are some sequences with certain conditions.

Our purpose is not only to modify the general iterative method to the case of a finite family of k;-strictly
pseudo-contractive nonself mappings, but also to establish strong convergence theorems for split variational
inclusion problem and k;-strict pseudo-contractions in a real Hilbert space, which also solves some variational

inequality problems.
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2 Preliminaries

Let Hy be a real Hilbert space. Then

= yl? = =l = [ly]I> = 2(z — v, v), (2.1)
Iz +yll? < ll=l* + 2(y, 2 + v), (2.2)

and
Az + (1= Nyll? = Azl + (1 = Mlyl? = A1 = N]lz - yll?, (2.3)

for all z,y € Hy and y € [0, 1].

We recall some concepts and results which are needed in sequel. A mapping P¢ is said to be metric
projection of Hy onto C if for every point x € H;, there exists a unique nearest point in C' denoted by Pox
such that

o — Pox| < flo —yll, Wy eC. (2.4)

It is well known that Pc is a nonexpansive mapping and is characterized by the following property:

||PCl'—Pcy||2§ <l‘_y7PC$—PCy>7 vxayeHL (25)

Moreover, Pox is characterized by the following properties:

(x — Pox,y — Pex) <0, (2.6)
lz = ylI* > lla = Peal® + |ly — Pezl*, V€ HiyeC, (2.7)

and
Iz —y) — (Pox = Poy)||* = |l& — y|* - | Pea — Peyll*, Va,y € Hi. (2.8)

It is known that every nonexpansive operator S : H; — H; satisfies, for all (z,y) € Hy x Hy, the inequality

((z = 8(z)) = (y = S(y)), S(y) = S(x)) < %H(S(x) — )~ (S(y) -yl (2.9)
and therefore, we get, for all (z,y) € Hy x F(S5),
(@ = 8(2),y — S(x)) < 5[IS(x) — =, (2.10)
(see, e.g., Theorem 3 in [1] and Theorem 1 in [2]).

Lemma 2.1. A point z* € C is a solution of the variational inequality if and only if x* € C satisfies the
ralation
x* = Po(z™ — ABz™), (2.11)

where Pg is the projection of Hy onto a closed convex set C' and A > 0 is a constant.

Lemma 2.2. [22] Assume that D is a strongly positive linear operator on the Hilbert space Hy with a coefficient
7>0and0< o< |D|~. Then ||I —oD| <1— o7.

Lemma 2.3. [2/] If T : C — H; is a k-strict pseudo-contraction, then the fized point set F(T) is closed convex
s0 that the projection Pp(ry is well defined.
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Lemma 2.4. [2/] Let T : C — Hy be a k-strict pseudo-contraction. For X € [k,1), define S : C — H; by
Sz = Az + (1 —\)Tz for each x € C. Then S is a nonexpansive mapping such that F(S) = F(T).

Proposition 2.5. [16] Let C be a nonempty closed convex subset of the Hilbert space Hy. Given an integer

N > 1, assume that {T;}}, : C — Hy is a finite family of k;-strict pseudo-contractions. Suppose that {n;}}¥,

N N
is a positive sequence such that Y n; = 1. Then Y n;T; is a k-strict pseudo-contraction with k = max{k; : 1 <

=1 i=1
i <NV,

2

N
Proposition 2.6. [10] Let {T;}X, and {0}, be given as in Proposition 2.5 above. Then F(>.n;T;) =
=1
N
N F(Ty).

Lemma 2.7. [3] Let E be an inner product space. Then, for any x,y,z € E and o, 3,7 € [0,1] with a+ B+~ =
1, we have

law + By +v2* = alll* + Bllyl* + 121 = eBlle — ylI* — erlle — 21* = Bylly — 2[1*.

Lemma 2.8. [/] Fach Hilbert space H, satisfies the Opial condition that is, for any sequence {x,, } with x, — ,
the inequality liminf, o ||z, — x| < liminf,__  ||zn — yl|, holds for every y € H with y # x.

Lemma 2.9. [15] Assume {a,} is a sequence of nonnegative real numbers such that
an+1 < (1 = vn)an + Ynon, n >0,
where {v,} is a sequence in (0,1) and {6,} is a real sequence such that a sequence in R such that
(i) ZZO:1 Tn = OO,

o0
(i) limsup,,__, oo 6n <0 or Y |n0n| < 0.
n=1

Then, lim,,__, . a, = 0.

Lemma 2.10. [17] Assume that T' is nonexpansive self mapping of a closed convex subset C of a Hilbert space
Hy,. If T has a fized point, then I — T is demiclosed, i.e., whenever {x,} converges strongly to some y, it

follows that (I — T)x =y. Here I is the identity mapping on Hj.

Lemma 2.11. [22] Let C be a nonempty, closed and convex subset of a Hilbert space Hy. Assume that
f:C — C is a contraction with a coefficient p € (0,1) and D is a strongly positive linear bounded operator
with a coefficient ¥ > 0. Then, for 0 <y < %,

(x -y, (D—~f)x — (D —~7f)y) > (¥ —p)l|lz —y||?, Yo,y € H.

That is, D — ~ f is strongly monotone with coefficient ¥ — ~yp.

3 Main Result

Theorem 3.1. Let Hy and Hy be two real Hilbert spaces and let C C Hy and Q C Hy be nonempty closed

conver subsets. Let A : Hy — Hs be a bounded linear operator. Let D be a strongly positive bounded linear
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operator on Hy with a coefficient T > 0. Assume that {T}, : C — H; be a finite family of k;-strict pseudo-
contraction mappings. such that F := NNF(T;) NT # 0. Suppose that f € [ with a coefficient p € (0,1)

(n)

and {ngn)} L, are finite sequences of positive numbers such that ZZ 11 =1 for alln > 0, for a given point

20 € Cyay, B € (0,1) and 0 <7< Z rE Let {z,,} be a sequence generated in the following;

Uy = Jfl (zn, + WA*(JB2 — IAzx,),

Yn = Bt + (1= B) Sy 0 Tiun, (3.1)
Tpt1 = anTf(zn) + (I — anD)yn, n > 1,

where A > 0 and v € (0, %),L is the spectral radius of the operator A*A, and A* is the adjoint of A. The
following control conditions are satisfied:
(C1) lim a, =0, > a, =00 and Y |ap — ap_1| < 00;

n—00 n=1 n=1

(02) ki < B, <{€<1, lim 8, =¢ and Z |ﬁn _ﬂn—1| < 005
n—oo n=1

(w)zzm” 0" V] < 0.

n=1i=

Then the sequence {x,} generated by (3.1) converges strongly to q € F which solves the variational inequality

(D—=7f)a,qa—p) <0, Vpe F.
Proof. Step 1. First we will prove that {x,} is bounded.

N
Putting W,, an( )T} we have W, : C — Hy is a k-strict pseudo-contraction and F(W,,) = QlF(TJ by

Proposition 2.5 and 2. 6 where k = max{k; : 1 <i < N}.

First, we show that the mapping I — r,, D is nonexpansive. Indeed, for each =,y € C, we have

I(I = rnD)x — (I = ruD)yl|? l& = ylI* = 2rn{x — y, Dz — Dy) + || Dz — Dy|>
Iz = ylI* = 207, || Dz — Dy||* + 7 || Dz — Dyl|?

Iz = ylI* = rn(20 = 74) [ Dz — Dy]|*.

IN

It follows from the condition r,, € (0,2«a) that the mapping I — r, D is nonexpansive.

Let p € F, we have p = Jflp, Ap = JfQ (Ap) and W, p = p. We estimate

157 (2 + yA* (JP2 = I) Azy) — |

1Y (@ + 7 A (S = 1) Amn) — T p|

|l + v A" (J* = 1) Azy — p||?

zn — plI> + AVIIA* (TP = 1) Az ||® + 2v(2n — p, A*(J{2 — I) Azy). (3.2)

(|, —p||2

IAN

IN

Thus, we have

lun = pI* < lzn = pI* +9*{(J2 = D) Awn, AA (I = D Awy) + 29(2y — p, A™(J32 — ) Azy). (3.3)
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Now, we have
V(TP — D) Az, AA*(JP? — D) Az,) < Ly*((JP? — 1) Az, (J22 — 1) Az,,)
= LYI(I7 = 1) Az . (3-4)
Setting A := 2v(x,, — p, A*(Jf2 — I)Az,) and using (2.10), we have
A = 2y(z, —p, AT(JP? —T)Ax,,)
= 29{A(z, —p), (Jf2 —IAx,)
= 29(A(z, —p) + (JP? — D) Az, — (J22 — 1) Az, (JY2 — 1) Azy,)

= 298 (JP? Az, — Ap, (J? — D Az,) — ||(J2? — I)Axnz}

IA

[N

3
—N N

< I = DAz, (3.5)
Using (3.3), (3.4) and (3.5), we obtain
lun = pl* < e = plI? + ALy = DI = 1) Azl (3.6)

Since 7 € (0, 1), we obtain
[un = plI* < llzn = pl*. (3.7)
From (3.1), condition (C2), (2.3) and (3.7), we have

Hyn _pH2 = Hﬁn(un —p) + (1 y - ﬂn)(Wnun —p)||2
Bullun — p”2 + (1 = Bo) Wy — pH2 = Bn(1 = Bn)|ltr, — Wnun||2

< 5n||un - p||2 +(1— ﬁn)[Hun - p”2 + k”“n - Wnun||2] — Bn(1 = Bn)|lun — Wnun”2
= |lun —pl* = (1 = Bn) (Bn — k) llun — Waun|®
< lun —plf- (3.8)

This together with (3.7) and (3.8), we obtain

1yn =2l < llun = pll < [lzn — |- (3.9)

Furthermore, by Lemma 2.2, we have

lents =pl = llanlrf(zn) = Dpl + (I = anD)(yn — p)
< (I =anT)llyn = pll + anll7f (zn) — Dpl|
< (L =an?)llyn —pll + anlllTf(zn) = 7f @) + 7/ () — Dpll]
< [ =F=7pan]llzn —pl + anllmf(p) — Dpl|.

It follows from induction that

1

T—Tp

¢ — || < max {nxo ol ——rf(p) - Dp||}, 0, (3.10)

which gives that sequence {z,} is bounded, and so are {u,} and {y,}.

Step 2. We will prove that lim ||z,+1 — z,|| = 0.
n—oo
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Define a mapping S,z := B2+ (1 — )W,z for each x € C. Then S,, : C' — H; is nonexpansive. Indeed,
by using (1.4), (2.3) and condition (C2), we have for all z,y € C that

1Snz = Suyl® = [1Balz —y) + (1 = Ba) Waz — Wyl

= Ballz —yl* + 1 = Bo) Wz — Wiyl
—Bn(1— ﬂn)”x —Whr — (y — Wny)”2

< Balle —yl? + (1= Ba)llz = yl® + Elle = Waz — (y — Way) %)
—Bn(1 = Bp)llx = Wy — (y — Way)|®

= lz—yl> = (1 =B.)(Bn — F)llz = Wz = (y — Way)|”

<z =yl

which shows that S, : C'— H; is nonexpansive.

Next, we show that lim ||,+1 — .|| = 0. From (3.1) and Lemma 2.2, we have
n—oo
||m7l+1 - mn” = ||a7l7—f(xn) + (I - anD)yn 2 [an—17f<xn—1) + (I — an—lD)yn—l]
= ||aan(:rn) + (I - anD)yn N anf(xnfl) + anf(xnfl)

_anfl’rf(wnfl) + (I N anle)ynfln

< anT|[f(@n) = f@n—1)] + lon — an—a|[[|7f(@n—1) || + [[Dyn-1]]]
+HI(I = anD)(Yn — Yn-1)||
< anTp”xn 4 xnle + |an - CYn71|2\41 + (1 - O‘n%)”yn - yn71||7 (311)

where M = supp>1{7| f(z.)|| + || Dyn|l} < co. Moreover, we note that y, = S,u, and

lyn = yn-1ll < Sntin = Sntin—all + | Sntin—1 = Sn—1tn—1]|
< lun = up—a || + [[Batn—1 + (1 = Bn) Wattn—1
—[Ba—1un—1+ (1 = Br—1)Wn—1upn—_1]||
< lun = wn—1ll + [Bn = Ba—1lllun—1 = Wo—1up—1|
+(1 = B[ Whtin—1 — Wh_1tn—1]]
< ||un - unfln + |ﬁn - ﬁn71|M2

N
(1= )Y I =0 V| Tl (3.12)
=1

where My = sup,>1{[[un—1 — Wn—1un_1||}. Since, for v € (0, 1), the mapping JPH (I 4 ~A (TP — D)A) is
averaged and hence nonexpansive, then we obtain

1T (@ + YA (2 = DAz — TP (@01 + YA (JF2 = 1) Az |
< NIPI +AAM (TP = DAYz, — T2 + A (I = D A)x, ||

un = wn—1]|

Substitution (3.13) into (3.12), we get

N
g — gn—1ll < lzm — zntll + 180 — BualMa + (1 = B) Y _Ini™ = 0"~ || Tht— |- (3.14)

=1
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Combining (3.11), (3.12), (3.13) and (3.14), we have

[Tnt1 —zall < anTpllen — @p_1ll + |on — a1 | M1 + (1 — e T)[[|lzn — Tl
N
n n—1
B = B | Mo + (1= B2)> 0™ = 0" T ]
=1
< [1 - (7_- - Tp)an]”zn - an—lH + ‘O‘n - an—1|M1 + |ﬁn - /Bn—1|M2

N
+> 0™ =" V| T . (3.15)
=1

It follows from 0 < 7 < % and Lemma 2.9 that
lim |2p4+1 — zp| = 0. (3.16)
Moreover, we observe that

zn — ynH < Hxn = Tptall + ||1'n+1 — Yl
|Zn — Tngll + lanT f(zn) + (I — anD)yn — ynll
< zn = zngall + anllTf(20) — Dyl

It follows from (3.16) and lim «,, = 0 that

n—00

lim ||z, — yn| = 0. (3.17)

Step 3. We will prove that lim ||z, — W,z,|| = 0.
n—oo

It follows from (3.1) and (3.6) that

znt1 = plI* = llanlrf(@n) = Dpl + (I = anD)(yn — p)II?

< (1= an?)?yn — oI + o lITf(za) — Dplf?
+20n (1 = anT)||7f(2n) = Dpllllyn — pll

< (1= anT)llun = pl* + a7l f(24) — Dpl?
+2an (1 — anT)||7f(2n) — Dpllllyn — pl|

< (L= an®)?[lzn = pl* + A (Ly = DI = 1) Aw|?)
+op |7 f(2n) = Dpll* + 2001 = an )7 f (@n) = Dp|ll|yn = pl

= (=207 + (an7)?) |z = pl* + (1 = @) (Ly = D (2 = D) Az, |?
+op[I7f (wn) = Dpl|* + 200 (1 — an7)l|7f (wn) — Dpllllyn — pl

< lzn =2l + (@) ?llen = plI* + (1 = an7)*y(Ly = D (32 — 1) Az, |®

=l =l + (@u?)?en —plI* = (1 = @a)?y(1 = LY)[|(J3 — 1) Az, |

) (
+op||I7f(wn) — Dp||* + 20m (1 — anT)[|7f (2n) — Dpllllyn — »|
(
+opI7f (@n) = Dpl|* + 20m(1 — 0 |7 f (@n) = Dpllllyn — pll, (3.18)
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(1= an?)?y(1 = L)[[(J3? = I) Az,

< () llon —plI* + o lImf (@a) — Dplf?
+2an(1 — anT)||7f(24) — Dpllllyn — pll
Han = pll* = 2n41 = pl?

= (an7)?llzn = plP* + ailI7f(2n) — Dpl®
+200 (1 = anT)||7f (2n) = Dpllllyn — pll
Fllzn = zngall(2n = pll + ll@nt = pl)-

Since y(1 — Lv) > 0,a,, — 0, {x,} is bounded and ||z, — 2, 41]| — 0 as n — oo, we have

lim [|(J2? — I) Az, = 0. (3.19)

Furthermore, using (3.2), (3.6) and v € (0, 1), we observe that

[|wn _pH2 =

[T (20 + v AT (I — 1) Azy) — pl?
[T (2 + YA (T — 1) Azy) — I p))?

< (up —p,an + YA (JY? — 1) Az, — p)

= S lllun — I+l + A (I — 1) Az —
—[|(un = p) = [0 + YA*(J{? — I) Ay — p]||*}

= %{Ilun —plI” + lzn = plI* + 9(Ly = DI[(J2 — I) Az, ?
— [t — @ = YA(JY? — 1) Az |}

< %{Ilun = plP* + [z = plI* = [lun — zn]|® + A" (I = T) Az, |?
—27{(uy, — xn,zﬁl*(,ff2 — DAx,)]}

< %{Ilun =l + lzn = pII* = llun — 2nl® + 29| A(un — ) |[[[(J32 — I) Az}

Hence, we obtain
[n =PI < Nam = plI* = l[un — @nl® + 27 Aun — ) I[|(J? = I) Az, (3.20)

From (3.18) and (3.20), we have

41 — ol

< (1= an?)*un —pl* + ai|I7f(24) — Dp|?
+2a, (1 - O‘n%)HTf(xn) - Dp”llyn —pll

< (U= an?)?llen = plI* = llun — zall® + 29[| A(un — 2a) [|(J = I) Az}
+op |7 f(2n) = Dpll* + 200 (1 = an)|I7f (@n) = Dplll|yn = pl

= (12007 + (anT)?)llzn = plI* = (1 = anT)Jun — zalf?
+27(1 = anT)? || A(un — 22 [ (J3 — I) Az
+oq |7 f(2n) — Dpll* + 200, (1 — a ) I7f (@) — Dplll[yn — pl

< o =2l + (@) llen = plI* = (1 = 0nT)?|lun — @nlf?

+29(1 = an )| A(u — 2) [|(JY* — I) Az,
+oplI7f (@n) = Dpll* + 20m (1 = 0 7)l|7f (@n) = Dplllyn — 2],
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we get

—~
—_

- O‘n%)gnun - anQ

< e = pl? = llznsr = pl? + (@u)? + 29(1 = an?)?(|A(un — ) [[[|(J32 = I) Az,
+aplI7f(@n) = Dpl|* + 200 (1 — @ 7) |7 f (20) — Dpllllyn = 2

(lzn = pll + lznr1 = P l|zn = Zasall + (@) 20 — plI?

+2(1 = an )| Alun — 2) | (J2 — 1) Az |

+ag, |7 f(xn) = Dpl|* + 20, (1 — an)l|7f(z0) — Dpllllyn — pll- (3.21)

IN

Since from condition (C1), (3.16) and (3.19), we have
lim |Ju, — z,| = 0. (3.22)

By the nonexpansion of S,,, we have

[n = Snanll <l — 2ngall + (|01 = Snan|
< lzn = zapall +llantf(@n) + (I = anD)yn — Snan|
< len = znpall + anllif (@n) | + 1 Dynll] + [|Sntin — Snan |
< on = znpall + anlllTf (@)l + [Dyall] + llun — 2.

This together (3.16), (3.22) and condition (C1), we obtain
lim ||z, — Spx,| = 0. (3.23)
n—oo

Furthermore, we note that

1Bnan + (1 = Bn)Wnan — ||

1Bnzn + (1= Br)Wawn — (Bn + (1 = Bn))n]|
= Bnzn + (1= Bu)Wazn — B — (1 = Bn)an||
(1= Bn)llzn — Waanl|.

[#n — Snwnl

It follows from condition (C2),
lim ||z, — Wyz,| = 0. (3.24)
(n)

On the other hand, by condition (C3), we may assume that ;~ — n; as n — oo for every 1 <i < N. It is easy

N N
to see that each 7; > 0 and > .n; = 1. Define W = > 0, T;, then W : C — H; is a k-strict pseudo-contraction
i=1 i=1

N
such that F(W) = F(W,,) = DlF(ﬂ) by Proposition 2.5 and 2.6. Consequently,

2n — Wan||

IA

H:L’n - Wnl’n” + ”ann - Wxn”

IA

N
|z — Wazall + 310" — 0l | Tiall,

i=1

which implies that
lim ||z, — Wz,| = 0. (3.25)
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Observe that
IWhxy — Way|| = [[Watn — 2n + @ — Wag|| < [[Way — 2|l + |20 — Wa,||.
From (3.24) and (3.25), we obtain that
nlLH;oHW"x” —Wz,| =0. (3.26)

Define S : C — Hj by Sz = Az + (1 — \)Wz. Again by condition (C2) again, we have lim 8, = ¢ € [k, 1).
Then, S is nonexpansive with F(S) = F(W) by Lemma 2.4. Notice that

IN

Hxn - anH Hxn - Snxn” + ”Snxn - an”
|z — Snxn| + |Bnxn + (1 = Bn)Waay — bxy, — (1 — )W, ||

< o = Snxnll + [Bn — llzn = Wan|l + (1 = Bo) [Whan — Wan .

It follows from (3.23), (3.25) and (3.26), we get

lim ||z, — Sz,| = 0. (3.27)

Step 4. We will prove that g € F.

N
We next show that ¢ € F(W) = F(W,) = N F(T;). Assume that ¢ # F(W). Since z,,, — g and g # W,

n=1
from the Opial condition we have

lim inf||z,, — q/| lim inf||z,, — Wq||
k—o0 k—o0

<
< liminf{{lz,, —Wap, ||+ [Wzn, —Wall}
< liminfr,  q.
N
which is a contradiction. Thus, we get ¢ € F(W) = F(W,,) = N F(T;).
On the other hand, u,, = JY" (zn, +yA*(JP? — I)Ax,,) can be rewritten as

(Tny — Un,,) + 'yA*(Jf"‘ — DN Ax,,
A

€ Blunk. (328)

By passing to limit k¥ — oo in (3.28) and by taking into account (3.19) and (3.22) and the fact that the graph
of a maximal monotone operator is weakly-strongly closed, we obtain 0 € B;(g), i.e., ¢ € SOLVIP(B;). Fur-
thermore, since {z,} and {u,} have the same asymptotical behavior, {Az,, } weakly converges to Aq. Again,
by (3.19) and the fact that the resolvent J2 is nonexpansive and Lemma 2.10, we obtain that Aq € Ba(Aq),
i.e., Aq € SOLVIP(Bs). Thus, ¢ € F.

Step 5. We will prove that limsup((D — 7f)q,q — x,,) < 0, where ¢ = %iH(l)JCt with x; being the fixed point of
k—o0 -

the contraction ¥,, on H; defined by

U,z = trf(z) + (I — 7D)S, L (I +yA*(J2? — I)A)z, Va € Hy,

13
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where ¢ € (0,1). Indeed, by Lemma 2.2, we have

[Unz — Vpyl|
<t f(x) + (I = 7D)Sp M (I +7A™ ()2 = DAYz — [trf(y) + (I = 7D) Sy I3 (I + 7 A*(J2 — D A)]|
< 7| f(x) = F@I 4 (1= D) 1S0J5 (L + A" (I = DAYz = S, I (1 + AT (I = DAYy ||
< 7l f(@) = fFWIl + 1 = t7)][Snz — Suyll
< trpllz —yll+ (1 —t7) ||z — y||
< (1=U7r—7p)lz—yll,

for all z,y € Hy. Since 0 < 1 —¢(7 — 7p) < 1, it follows that ¥, is a contraction. Therefore, by the Banach

contraction principle, ¥,, has a unique fixed point x; € H; such that
xp = t7f () + (I — 7D)S, JPH (I + A" (JP2 — 1) A)zy.

By (2.3) and (3.17), we have

e —2all® = (I = tD)[Su T (1 + 7 A™(JF — I) Ay, — 0] + t[r f (0) — D[

< (A= T?Sn I (I + Yy AN (T2 — D) A)ay — 2 |)? + 2t(1 f (1) — Dy, v — 2)

< (=2 S I (I +yA*(J22 — D A)xy — S I (I + A (TP — 1) A)zy,
+ S JPH I+ yA* (P2 — DA)a,||? + 2t(1 f(x1) — Dy, p — )

< (A =7?lze — zall + llyn — zalll + 2607 f (1) — D, 20 — w0)

< (=7 o — aal® + 20 = 7 [lwe — zallllyn — zall + (1 = 7)*|lyn — 20
+2t{7 f(x¢) — Dxy, + Dy — Dy, 2y — )

< (1 =72z = znl|® + U (t) + 2t(r f(x;) — Dy, 2 — 21,

+2t(Dxy — Dy, xt — Tp), (3.29)

where W, (t) = (1 —7t)2(2||xs — @all + ||[Yn — Zul))||yn — 20| — 0 as n — co. Observe D is strongly positive, we

obtain
(Dxt — Dy, xy — 1) = (D(4 — T0), T4 — ) > Tl|e — 202 (3.30)

Combining (3.29) and (3.30), we have

lz: — zo > < (1 =722 — z0]|* + U t) + 26(r f(2) — Dy, 2 — ) + 26{Dxy — Dy, ¢ — )
= (1 =27t + (7)))||xs — znl|® + O (t) + 2t(1 f(x;) — Dy, x; — 2,) + 2t(Dxy — Dyyy 0 — ),

S0,
2(Dxy — Tf(0), 00 — ) < (FH2 = 27) || — 20 ||? + U (t) + 26(Dxy — Dy, — 2,)
< (72 = 20)(D(xp — ), 28 — x0) + Uy (t) + 2t(Dxy — Dy, 2 — )
= 7t3(Dx; — Dxy,xp — x,) + U, (2).
It follows that -t 1
(Dxy — 7f(4), 20 — Tp) < %<D$t — Dxp,xe — xp) + %\I/n(t) (3.31)

Let n — oo in (3.31) and note that ¥, (t) — 0 as n — oo yields,

4
lim Sup<Dxt - Tf(xt)al't - l’n> S §M4a (332)

n—oo
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where M, is an approximate positive constant such that My > 7(Dxz; — Dxy,, x — x,) for all ¢ € (0,1) and
n > 1. Taking ¢t — 0 from (3.32), we have

lim suplim sup(Dxy — 7 f(2¢), 21 — xn) < 0. (3.33)
t—0 n— oo
On the other hand, we have
(7f(@) = Dg,xn —q) = (7f(q) — Dg,xn — q) — (7f(q) — Dq,xr, — x4)
+<Tf(q) - DQ7xn - $t> Q <Tf(q) - DIt,l‘n - l‘t>
+(rf(q) — Dxg,xy — xt) — (Tf(24) — Dy, — x4)
+{rf(xs) — Dxy, ) — 24).

It follows that

limsup{7f(q) — Dq,xn — q)

< |rf(@ ~ Dalllze — all + Dl — gl im [l —

rpllee — gl lim [l — ]|+ limsup(r () — Dy, vy — 22).

Therefore, from (3.33) and }in(l)xt = ¢, we have

limsup(7 f(q) — Dg,zn, — q) = lir? sglplim sup(7f(q) — Dq,zn — q)
< HrtnSélpIITf(q) — Dql[|z: — 4|

+limsup||D||||z: — ¢ lim ||, — x|
t—0 n—00
+limsup7p||z; — q|| lim ||z, — x|
t—0 n—0o0
+lim suplim sup(7 f (z¢) — Dz, Xy — T4)

t—0 n—oo

< 0 (3.34)
On the other hand, we shall show that the uniqueness of a solution of the variational inequality
(D=1flz,x—q) <0, g€ F. (3.35)

Suppose that ¢ € F and ¢ € F both are solutions to (3.35), then

(D=7f)g,a—q) <0 (3.36)
and
(D=7f)d,d—q) <0. (3.37)
Adding up (3.36) and (3.37) one gets
(D=1flg—(D—=71f)d,q—q) <0. (3.38)

By Lemma 2.11, the strong monotonicity of D — «f, we obtain ¢ = ¢ and the uniqueness is proved.
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Finally, we prove that x,, — ¢ as n — co. From (3.1) and (3.9) again, we have

Hxn+1 - QH2 <aan(In) + (I - OénD)yn — ¢, Tny1 — Q>

0‘n<7'f(xn) —Dq,zni1 — Q> + <(I - OénD)(Z/n v Q)vxn-&-l = Q>

< an(f(@n) = f(@); 1 — @) + on(7f(0) = D¢y 2nt1 = q)
+(1 = anT)llyn — alll[#n+1 — qll
< antpllan — qllllzntr — qll + an(rf(@) — Dg,zns1 — @)
+(1 = anT)llzn = qll|lzn — 4l
= =T =mp)anllzn = alllznr = all + an(rf(q) = Da,; 21 —a)
1—(F—7p)an
< LT g 4 o= )+ (@) — D —a)
1—(7—7p)ay, 1
< TP g 4 Ltis = al + 00 (S (@) — D s — )
It follows that
zns1 — gl < [1 = (7 = mp)an]llzn = al|* + 200 (7 f(q) — Dg, 41 — q). (3.39)
From 0 < 7 < %, condition (C1) and (3.34), we can arrive at the desired conclusion lim ||z, — ¢|]| = 0 by
n—oo
Lemma 2.9. This complete the proof. O

4 Consequently results

Corollary 4.1. Let Hy and Hs be two real Hilbert spaces and let C C Hy and Q C Hsy be nonempty closed

convex subsets. Let A : Hi — Hs be a bounded linear operator. Let D be a strongly positive bounded linear

7

operator on Hy with 7 > 0 and 0 < 7 < rE Let T : C — H;y be a k-strict pseudo-contractions such that
F:=F(T)NT #0. Let {x,} be a sequence generated in the following;

Up = TP (2 + YA (TP — 1) Azy,),
Yn = ﬂnun + (1 - ﬂn)Tuna (41)
Tnt1 = @uTf(xn) + (I — @nD)yn, n>1,

where A > 0, v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of A. The following

control conditions are satisfied:

o0 o0
(C1) lim a, =0, > a, =00 and > |, — an_1| < 00;
n—oo n=1 n=1

(C2) k<B,<f<1, lim B, =", and > |Bn— Bn_1| < c0.
n—oo n:1

Then the sequence {x,} generated by (4.1) converges strongly to g € F which solves the variational inequality

(D=7f)g,q—p) <0, Vpe F.

Proof. Putting N = 1 and W,, = T, the desired conclusion follows immediately from Theorem 3.1. This
completes the proof. O



J. Deepho et al.

5 Numerical examples

In this section, we give an example and numerical results to illustrate our algorithm and the main result of
this paper.

Example 5.1. Let H; = Hy = R3. Let two operators of matriz multiplication By, By : R3 — R? defined by

12 0 0 15 0 0
Bi=10 18 0 and By=1[0 19 0
0o 0 27 0 0 14

So, we can define the resolvent mappings Jy* (z) := (I + ABy)~*(x) and J* := (I + ABy)~ () on R3
associated with B1 and By where A > 0.

Let A € R3*3 be a singular matrixz operator in which elements are random and A* be an adjoint of A. The

mappings Ty : R® — R? defined by T} = 0Ty 12 = 303(i{‘fx) and Ty = 5%

fori=1,2,3 (see [7/]). Then we present the following algorithm.

are k;-strict pseudo-contractive

Algorithm 5.2. (Iteration algorithm for split variational inclusion)

Step 0. Choose the initial point zo € R3. Put A = %, v = %, T=10, o, = %, Bn = %0, N =1n="n3= %,
D =1T1andletn=1.

Step 1. Given z,, € R® and compute Tpn+1 € R3 as follows.

Up = JP (T + YA (TP — 1) Azy),
Yn = ﬁnun + (1 - Bn) Zil m@lTiUm
Tn+1 = O‘an(xn) + (I - a’nD)ynv n>1,

Step 2. Put n:=n+ 1 and go to step 1.
Setting ||z, — Tny1]] < 10710 as stop criterion, then we obtain the numerical results of iteration scheme
for Algorithm 5.2.

Figure 1 shows the convergent of Algorithm 5.2 with different initial points where x1 = 2,4, —4.

Figure 2 shows the convergent of Algorithm 5.2 with different contraction mappings f(x) = 0.1z, f(z) =
0.02z and f(x) = 0.05z.

We can see that both of Figure 1 and Figure 2, we can see that the sequence x,, coverges to 0, that is, 0

is the solution in Fxample 5.1.

17



18 A new general iterative scheme for split variational inclusion
T1 =2 T =4 xr1 = —4
n |20 — Ty n| Ty = Tpy1| | 0| |Tn — Tnga]
1 8.563025 1 6.21 1 1.03
2 | 2597529 x 107%1 | 2 | 1.87 x 1079 | 2 | 4.26 x 107!
3] 9.873640 x 1079 | 3 | 7.20x 10793 | 3 | 1.72 x 10772
4 | 3.855163 x 10794 | 4 | 2.88 x 107%* | 4 | 6.91 x 107%
5| 1.516538 x 1079 | 5 | 1.17x 107% | 5 | 2.78 x 10~%
6 | 6.005162 x 1077 | 6 | 4.83 x 107°7 | 6 | 1.13 x 1079
7 12393081 x 10798 | 7 1 200 x 10798 | 7 | 4.58 x 10798
8 | 9.594050 x 10710 | 8 | 8.33 x 1070 | 8 | 1.87 x 107%
9 | 3.867765 x 10~ | 9 | 347 x 107 | 9 | 7.67 x 107!

4

5
The number of iterations (n)

Figure 1: The iteration chart with initial pointst x1 = 2,4, —4.

©®
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f(z) =0.1z f(z) =0.02z f(z) = 0.05x
n |Tn, — Ty n |20 — Ty n |Tn, — Tpi1]
1 75.39948 1 131.9665 1 110.7537
5 34.90713 3 | 711x1079 | 3 5.324926
10 [ 978 x 10792 | 5 | 541 x107% | 6 | 6.86 x 10702
15 | 268 x 1079 | 7 [ 427x1079 | 9 | 9.17 x 1079
20 | 7.40x 1079 | 9 | 3.44x 10797 | 12 | 1.24 x 1079
25 | 2.05x 1079 | 10 | 3.11 x 10798 | 14 | 7.04 x 10797
30 | 5.72x107%% | 11 | 2.81 x 1079 | 16 | 4.02 x 10798
35| 1.60 x 10799 | 12 | 2.56 x 10719 | 18 | 2.30 x 1079
39 19.19x 1071 | 13| 233 x 10711 | 21 | 3.16 x 10~ 1!

120 {—

The value of sequences

Figure 2 The iteration chart with different contraction mappings f(x) = 0.1z,0.02z,0.05z

.
10
The number of iterations (n)
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