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Abstract

In this paper, a fully discrete weak Galerkin (WG) finite element
method is proposed to solve Biot’s consolidation problem, where weak-
ly defined gradient and divergence operators over discontinuous functions
are introduced. Pl-Pl (l ≥ 1) finite element combination is used for the
displacement and pressure approximations in the interior of the elements,
and Pl-Pl−1 combination for the corresponding trace approximations on
the interfaces of the finite element partition. The existence and uniqueness
of the discrete linear system at each time step is derived, and error esti-
mates for the approximation of displacement and pressure are obtained.
Numerical experiments confirm the theoretical results and show that the
proposed WG method is capable of overcoming pressure oscillations.

1 Introduction

Let Ω be a convex polyhedral domain in Rd(d = 2, 3) with boundary Γ =
ΓD
⋃

ΓN = ΓD̃
⋃

ΓÑ , where meas(ΓD) > 0 and meas(ΓD̃) > 0. For t ∈ (0, T ],
we consider Biot’s consolidation problem [5]

−∇ · (2µε(u) + λ∇ · uI) +∇p = f in Ω× (0, T ], (1.1)

∇ ·Dtu−
κ

ηf
∆p = g in Ω× (0, T ], (1.2)

with the boundary conditions

u = 0 on ΓD, (2µε(u) + λ∇ · uI− pI)n = β on ΓN , (1.3)

p = 0 on ΓD̃,
κ

ηf
∇p · n = γ on ΓÑ (1.4)

and the initial condition

∇ · u(0) = 0 in Ω. (1.5)
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Here u(t) : Ω→ Rd is the displacement vector of the porous medium, p(t) : Ω→
R is the pore pressure of the interstitial fluid, f(t) : Ω → Rd is the body force,
g(t) : Ω→ R is the the source/sink density function of the fluid, β(t) : Ω→ Rd
is the prescribed surface traction, and γ(t) : Ω→ R is the prescribed discharge
on the boundary. The symbols 4,∇ and ∇· denote the Laplacian, gradient and
divergence operators, respectively. ε(u) = 1

2 (∇u + ∇uT ) is the strain tensor,
λ, µ are the Lamé constants, κ is the permeability of the porous skeleton,
and ηf denotes the viscosity of the pore fluid. n is an outward unit normal
vector, Dt represents the time derivative. We note that the initial condition
(1.5) characterizes the incompressible response of the solid-fluid aggregate in
the beginning of the salivation process.

Biot’s consolidation model describes the deformation of an elastic porous
medium and the viscous fluid flow inside it when the medium is saturated by
the fluid. This model has a wide range of applications including petrolieum en-
gineering, soil mechanics, environment engineering, and biomedical engineering.

In recent two decades, extensive research has been done for numerical treat-
ment of Biot’s consolidation model. The most commonly used numerical meth-
ods are finite element methods; see, for instance, [11] [12]-[15] [21]-[23] [25]-[27]
[34]-[37]. Standard Galerkin finite element methods suffer from locking in poroe-
lasticity [6], i.e. nonphysical oscillations of the pressure approximation may oc-
cur when the permeability is low or the time step size is small. In [27] Phillips
and Wheeler examined heuristically the reason for the locking in poroelasticity,
and in [26] they approximated the flow variables by a mixed finite-element s-
pace and the displacement by a family of discontinuous Galerkin methods so as
to overcome the nonphysical pressure oscillations. Yi [36] developed a noncon-
forming mixed finite element method to solve a three-field Biot’s consolidation
model, where the fluid flux was introduced as an independent unknown. The
proposed method was shown to be effective to overcome the locking. A stabi-
lized finite element scheme for the poroelasticity equations was proposed in [2],
which could obtain solutions without oscillations independently of the chosen
discretization parameters. Hu et al. [12] proposed a stable nonconforming finite
element scheme for the three-field Biot’s model to avoid the pressure oscillation-
s. Based on MINI and stabilized P1-P1 elements, Rodrigo et al. [28] introduced
a stabilization term which removed the oscillations.

This paper is to develop a weak Galerkin (WG) finite element method for
Biot’s consolidation problem (1.1)-(1.5). The WG method was first introduced
and analyzed by Wang and Ye in [32] for second order elliptic equations. Lat-
er it was extended to different models, for example Stokes equations [33, 7],
biharmonic equations [19, 30], parabolic equations [17], convection-diffusion e-
quations [8], Maxwell equations [20], and linear elasticity problems [9, 31]. The
method is designed by using a weakly defined gradient operator over functions
with discontinuity, and allows the use of totally discontinuous functions in the
finite element procedure. We refer to [16] for a multigrid WG algorithm, and to
[10] for an auxiliary space multigrid preconditioner for the WG discretization
of diffusion equations. We mention that in [9, 31] the proposed arbitrary order
WG finite element methods are locking-free from Poisson locking.

In this paper, we shall propose a fully discrete WG method for the model
(1.1)-(1.5). We use the Pl-Pl (l ≥ 1) finite element combination for the displace-
ment and pressure approximations in the interior of the elements, and the Pl-
Pl−1 combination for the corresponding trace approximations on the interfaces
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of the finite element partition. We will derive error estimates for the displace-
ment and pressure approximations. Numerical experiments will be provided to
show the performance of the proposed WG method.

The rest of this paper is organized as follows. In Section 2 we introduce
notation and weak formulations for the model problem. Section 3 describes
semi-discrete and fully discrete WG finite element schemes. Section 4 is devoted
to the error estimation. Finally, Section 5 provides some numerical experiments.

2 Notation and weak formulations

Let L2(Ω) be the set of square-integrable real-valued functions on Ω, with
inner product and norm denoted by (·, ·) and || · ||0, respectively. For any
nonnegative integer s, Hs(Ω) denotes the standard Sobolev spaces of real-valued
functions and the corresponding norm is denoted by || · ||s. For s ≥ 1, we use
Hs

0(Ω) := {v ∈ Hs(Ω) : v|∂Ω = 0} to denote the subspace of Hs(Ω) with
vanishing trace on ∂Ω. We also need the Sobolev spaces

H1
0,ΓD

(Ω) := {v ∈ [H1(Ω)]d,v = 0 on ΓD},

H1
0,ΓD̃

(Ω) := {q ∈ H1(Ω), q = 0 on ΓD̃}.
Given any Banach space U with norm || · ||U , for 0 < t1 < t2 and 1 ≤ q ≤ ∞,
we introduce the space

Lq (t1, t2;U) := {v : v(t) ∈ U for t1 ≤ t ≤ t2, and ||v(t)||U ∈ Lq([t1, t2])}

with norm || · ||Lq(t1,t2;U) defined as follows: for any v ∈ Lq (t1, t2;U),

||v||Lq(t1,t2;U) :=

(∫ t2

t1

||v(t)||qU
)1/q

when 1 ≤ q <∞,

||v||L∞(t1,t2;U) := esssupt1≤t≤t2 ||v(t)||U when q =∞.
Let =h =

⋃{K} be a shape-regular decomposition of the domain Ω ∈ Rd(d =
2, 3) consisting of polygons or polyhedrons. For any K ∈ =h with boundary ∂K,
let hK be its diameter. Denote h := maxK∈=h

hK . Let Eh be the union of all
edges (faces) of K ∈ =h.

Throughout the rest of the paper, vector valued functions are written in
boldface. We use a . b (a & b) to represent that there exists a positive constant
c, independent of the mesh parameters h and ∆t, such that a ≤ cb (a ≥ cb) .

The variational formulation of the evolutionary consolidation problem (1.1)-
(1.5) is as follows.

Problem Mt. For any t ∈ (0, T ], find (u(t), p(t)) ∈ H1
0,ΓD

(Ω) ×H1
0,ΓD̃

(Ω)
such that

2µ(ε(u), ε(v)) + λ(∇ · u,∇ · v)− (p,∇ · v) = (f ,v) + 〈β,v〉ΓN
,∀v ∈ H1

0,ΓD
(Ω),
(2.1)

(∇ ·Dtu, q) +
κ

ηf
(∇p,∇q) = (g, q) + 〈γ, q〉ΓÑ

, ∀q ∈ H1
0,ΓD̃

(Ω), (2.2)

with the initial condition

(∇ · u(0), q) = 0, ∀ q ∈ L2(Ω). (2.3)
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3 Weak Galerkin finite element method

3.1 Discrete Weak Operators

In order to design a WG finite element scheme for Biot’s problem (1.1)-
(1.5), we first follow [32] to introduce the discrete weak gradient and divergence
operators for the displacement approximation and the discrete weak gradient
operator for the pressure approximation.

Denote by ν(K) the space of weak vector-valued functions in K with

ν(K) :=
{
v = {v0,vb}

∣∣ v0 ∈ [L2(K)]d, vb ∈ [H
1
2 (∂K)]d

}
.

For any non-negative integer r, denote respectively by Pr(K) and Pr(e) the
sets of polynomials on K and e with degree no more than r.

Definition 3.1. The discrete weak gradient operator of v ∈ ν(K), denoted
by ∇w,r,Kv, is defined as the unique polynomial ∇w,r,Kv ∈ [Pr(K)]d×d satisfying
the following equation,

(∇w,r,Kv, τ )K := −(v0,∇ · τ )K + 〈vb, τ · n〉∂K , ∀ τ ∈ [Pr(K)]d×d. (3.1)

Denote by W (K) the space of weak functions on K with

W (K) :=
{
v = {v0,vb}

∣∣ v0 ∈ [L2(K)]d, vb · n ∈ H−
1
2 (∂K)

}
.

Definition 3.2. The discrete weak divergence operator of v ∈ W (K),
denoted by ∇w,r,K · v, is defined as the unique polynomial ∇w,r,K · v ∈ Pr(K)
satisfying the following equation,

(∇w,r,K · v, q) := −(v0,∇q)K + 〈vb · n, q〉∂K , ∀ q ∈ Pr(K). (3.2)

In particular, we write ∇w,r,K · v0 := ∇w,r,K · {v0,0} for simplicity.
Denote by M(K) the space of weak functions on K with

M(K) :=
{
q = {q0, qb}

∣∣ q0 ∈ L2(K), qb ∈ H
1
2 (∂K)

}
.

Definition 3.3. The discrete weak gradient operator of q ∈ M(K), de-

noted by ∇̃w,r,K q, is defined as the unique polynomial ∇̃w,r,Kq ∈ [Pr(K)]d

satisfying the following equation,

(∇̃w,r,Kq,ϕ)K := −(q0,∇ ·ϕ)K + 〈qb,ϕ · n〉∂K , ∀ ϕ ∈ [Pr(K)]d. (3.3)

3.2 WG discretization

For any integer l ≥ 1, we define the following weak Galerkin finite element
spaces respectively for the velocity and pressure variables:

V h :=
{
vh = {vh0,vhb}

∣∣ vh0|K ∈ [Pl(K)]d,vhb|e ∈ [Pl(e)]d, ∀K ∈ =h,∀e ∈ Eh
}
,

Θh :=
{
qh = {qh0, qhb}

∣∣ qh0|K ∈ Pl(K), qhb|e ∈ Pl−1(e), ∀K ∈ =h,∀e ∈ Eh
}
.

Denote
V h0,D :=

{
vh = {vh0,vhb} ∈ V h,vhb = 0 on ΓD

}
,
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Θh
0,D̃

:=
{
qh = {qh0, qhb} ∈ Θh, qhb = 0 on ΓD̃

}
.

For any v ∈ V h and q ∈ Θh, the discrete weak gradients ∇w,lv, ∇̃w,l−1q, and
the discrete weak divergence ∇w,l · v are computed by using (3.1), (3.3) and
(3.2) on each element K, respectively. More precisely, we have

(∇w,lv)|K = ∇w,l,K(v|K), (∇w,l · v)|K = ∇w,l,K · (v|K),

(∇̃w,l−1q)|K = ∇̃w,l−1,K(q|K)

and we define the weak strain tensor εw,l(v) by

εw,l(v) :=
1

2
(∇w,lv + (∇w,lv)T ).

For simplicity of notation, from now on we shall write

∇w := ∇w,l, εw(·) := εw,l(·), ∇̃w := ∇̃w,l−1.

3.2.1 Semi-discrete WG scheme

For each edge/face e ∈ Eh, let Qb : L2(e) → Pl−1(e) be L2-projection op-
erator. The semi-discrete or time-continuous WG finite element scheme for
Problem Mt, i.e. (2.1)-(2.3), is as follows.

Problem CMh
t . For any t ∈ (0, T ], find uh(·, t) = {uh0(·, t),uhb(·, t)} ∈

V h0,D, ph(·, t) = {ph0(·, t), phb(·, t)} ∈ Θh
0,D̃

such that

a(uh,vh) + b(vh, ph0) = (f ,vh0) + 〈β,vhb〉ΓN
, ∀vh = {vh0,vhb} ∈ V h0,D, (3.4)

−b(Dtuh, qh0) + d(ph, qh) = (g, qh0) + 〈γ, qhb〉ΓÑ
, ∀qh = {qh0, qhb} ∈ Θh

0,D̃
,(3.5)

with
b(uh(0), qh0) = 0, ∀qh = {qh0, qhb} ∈ Θh

0,D̃
, (3.6)

where

a(uh,vh) = 2µ
∑

K∈=h

(εw(uh), εw(vh))K + λ
∑

K∈=h

(∇w · uh,∇w · vh)K

+µ
∑

K∈=h

h−1
K 〈uh0 − uhb,vh0 − vhb〉∂K ,

b(vh, ph0) = −
∑

K∈=h

(∇w · vh, ph0)K ,

d(ph, qh) =
κ

ηf

∑

K∈=h

(∇̃wph, ∇̃wqh)K

+
κ

ηf

∑

K∈=h

h−1
K 〈Qbph0 − phb, Qbqh0 − qhb〉∂K .
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3.2.2 Fully discrete WG scheme

We consider a first-order backward Euler fully discrete approximation based
on the semi-discrete WG scheme (3.4)-(3.6) for Problem Mt.

Let N be a positive integer with the time step 4t := T
N . Let the pair

{umh , pmh } denote the approximation of {um, pm} := {u(tm), p(tm)} with the
discrete time tm = m4t for m = 1, 2, · · · , N . By replacing the time derivative
Dtuh at time tm by the backward difference quotient

∂̃tu
m
h :=

umh − um−1
h

4t
in (3.5), the backward Euler WG finite element scheme for Biot’s consolidation
problem is as follows.

Problem DMh
t . Find (umh , p

m
h ) = ({umh0,u

m
hb}, {pmh0, p

m
hb}) ∈ V h0,D × Θh

0,D̃

such that, for m = 1, 2, · · · , N ,

a(umh ,vh) + b(vh, p
m
h0) = (fm,vh0) + 〈βm,vhb〉ΓN

, ∀vh = {vh0,vhb} ∈ V h0,D,
(3.7)

− b(∂̃tumh , qh0) + d(pmh , qh) = (gm, qh0) + 〈γm, qhb〉ΓÑ
, ∀qh = {qh0, qhb} ∈ Θh

0,D̃
,

(3.8)
with

∇w · u0
h = 0. (3.9)

We note that this initial condition means b(u0
h, qh0) = 0 for any qh0.

To show this linear system admits a unique solution at each step m, we
rewrite the equations (3.7)-(3.8) as follows:

a(umh ,vh) + b(vh, p
m
h0) = (fm,vh0) + 〈βm,vhb〉ΓN

, (3.10)

−b(umh , qh0) +4td(pmh , qh) = 4t(gm, qh0) +4t〈γm, qhb〉ΓÑ

−b(um−1
h , qh0). (3.11)

We introduce the following triple-bar semi-norms:

|||v|||2V := 2µ
∑

K∈=h

||εw(v)||20,K +λ
∑

K∈=h

||∇w ·v||20,K +µ
∑

K∈=h

h−1
K ||v0−vb||2∂K ,

(3.12)

|||q|||2Θ :=
κ

ηf

∑

K∈=h

||∇̃wq||20,K +
κ

ηf

∑

K∈=h

h−1
K ||Qbq0 − qb||2∂K , (3.13)

Similar to [30, 32], we have the following conclusion.

Lemma 3.1. The semi-norms ||| · |||V and ||| · |||Θ are norms on V h0,D and Θh
0,D̃

,

respectively.

Proof. Since the proof for ||| · |||Θ on Θh
0,D̃

follows similarly, we only show ||| · |||V
defined in (3.12) is a norm on V h0,D. It suffices to verify the positivity property

of ||| · |||V . To this end, assume that |||v|||V = 0 for some v ∈ V h0,D. Then, from
(3.12) it follows εw(v) = 0, ∇w · v = 0 on each element K ∈ =h, and v0 = vb
on ∂K. Using the definition of the weak gradient operator, we have

(∇wv, τ )K = −(v0,∇ · τ )K + 〈vb, τn〉∂K
= (∇v0, τ )K − 〈v0 − vb, τn〉∂K
= (∇v0, τ )K , ∀τ ∈ [Pl(K)]d×d,
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and

((∇wv)T , τ )K = (∇wv, τT )K

= (∇v0, τ
T )K = ((∇v0)T , τ )K , ∀τ ∈ [Pl(K)]d×d.

The above two equations yield ε(v0) = 0 on each element K ∈ =h. Thus,
v0 ∈ RM(K) satisfies v0|e = vb, where

RM(K) := {a + ηx : a ∈ Rd, η ∈ so(d)}

with x denoting the position vector on K and so(d) the space of skew-symmetric
d × d matrices. This implies the continuity of v0 in the whole domain Ω. The
boundary condition vb = 0 on ΓD implies that v0 = 0 on ΓD. From the second
Korn’s inequality, we have v0 = 0 in Ω. The fact that v0 = vb on ∂K gives
vb = 0 in Ω. As a result, we obtain v = 0. This completes the proof.

From the definitions of the norms we easily get the following stability results
for a(·, ·) and d(·, ·).

Lemma 3.2. For any u,v ∈ V h0,D and p, q ∈ Θh
0,D̃

, we have

|a(u,v)| ≤ |||u|||V |||v|||V , a(v,v) = |||v|||2V ,

|d(p, q)| ≤ |||p|||Θ|||q|||Θ, d(q, q) = |||q|||2Θ.

In light of Lemmas 3.1-3.2, we can obtain the existence and uniqueness of
the solution to the discrete system (3.10)-(3.11).

Theorem 3.1. The fully discrete WG finite element scheme (3.10)-(3.11) ad-
mits a unique solution (umh , p

m
h ) ∈ V h0,D ×Θh

0,D̃
for m = 1, 2, · · · , N .

Proof. The shcme (3.10)-(3.11) is a linear system with the same number of
equations and unknowns. So we only need to show that the conditions um−1

h =
fm = βm = 0, gm = γm = 0 indicate umh = 0, pm = 0. Taking vh = umh , qh =
pmh and adding the two equations (3.10) and (3.11), then we have

a(umh ,u
m
h ) +4td(pmh , p

m
h ) = 0,

which, together with Lemmas 3.1-3.2, implies umh = 0, pmh = 0.

4 Error estimates

To estimate the errors um − umh and pm − pmh of the proposed fully discrete
WG scheme (3.10)-(3.11) form = 1, 2, · · · , N , we need to introduce the following
L2 projection operators: for each element K ∈ =h and each edge/face e ∈ Eh,

Q0 : [L2(K)]d → [Pl(K)]d,

Qb : [L2(e)]d → [Pl(e)]d,
Q0 : L2(K)→ Pl(K),

Q0 : [L2(K)]d×d → [Pl(e)]d×d,
Q0 : [L2(K)]d → [Pl−1(K)]d.
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Recalling that Qb is the projection from L2(e) onto Pl−1(e), we define

Pw := {Q0,Qb}, Pw := {Q0, Qb}.

The the following commutative properties hold for the projection operators
Pw, Pw, Q0, Q0 and Q0.

Lemma 4.1. For any v ∈ [H1(Ω)]d and q ∈ H1(Ω), we have

∇w(Pwv) = Q0(∇v), (4.1)

∇w · (Pwv) = Q0(∇ · v), (4.2)

εw(Pwv) = Q0(ε(v)), (4.3)

∇̃w(Pwq) = Q0(∇q). (4.4)

Proof. The proofs of (4.1)-(4.3) can be found in [30]. We only prove (4.4). For
any q ∈ H1(Ω), K ∈ =h, and ϕ ∈ [Pl−1(K)]d, by (3.3) and Green’s formula we
have

(∇̃w(Pwq),ϕ)K = −(Q0q,∇ ·ϕ)K + 〈Qbq,ϕ · n〉∂K
= −(q,∇ ·ϕ)K + 〈q,ϕ · n〉∂K
= (∇q,ϕ)K = (Q0(∇q),ϕ)K .

Since ∇̃w(Pwq),Q0(∇q) ∈ [Pl−1(K)]d, it follows

∇̃w(Pwq)|K = Q0(∇q)|K ,

which implies (4.4).

Lemma 4.2. Let (u(t), p(t)) ∈ [H1+s(Ω)]d ×H1+s(Ω) satisfy (1.1)-(1.4) with
s > 0. Then, for any (vh, qh) ∈ V h0,D ×Θh

0,D̃
, we have

a(Pwu,vh) + b(vh, Q0p) = (f ,vh0) + 〈β,vhb〉ΓN
+ Ev(u,vh), (4.5)

− b(DtPwu, qh0) + d(Pwp, qh) = (g, qh0) + 〈γ, qhb〉ΓÑ
+ Eq(p, qh), (4.6)

where

Ev(u,vh) := 2µ
∑

K∈=h

〈(I−Q0)(ε(u))n,vh0 − vhb〉∂K

+λ
∑

K∈=h

〈(I −Q0)(∇ · u) · n,vh0 − vhb〉∂K

+µ
∑

K∈=h

h−1
K 〈Q0u−Qbu,vh0 − vhb〉∂K ,

−
∑

K∈=h

〈(I −Q0)p, (vh0 − vhb) · n〉∂K

:=
4∑

i=1

Ei
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and

Eq(p, qh) :=
κ

ηf

∑

K∈=h

〈(I−Q0)∇p · n, qh0 − qhb〉∂K

+
κ

ηf

∑

K∈=h

h−1
K 〈QbQ0p−Qbp,Qbqh0 − qhb〉∂K

:=

6∑

i=5

Ei.

Proof. For any vh = {vh0,vhb} ∈ V h0,D, by the definitions of a(·, ·) and b(·, ·) we
have

a(Pwu,vh) + b(vh, Q0p)

= 2µ
∑

K∈=h

(εw(Pwu), εw(vh))K + λ
∑

K∈=h

(∇w ·Pwu,∇w · vh)K

+µ
∑

K∈=h

h−1
K 〈Q0u−Qbu,vh0 − vhb〉∂K

−
∑

K∈=h

(∇w · vh, Q0p)K . (4.7)

From (3.1), (4.3), the definition of projection Q0 and Green’s formula, it follows

∑

K∈=h

(εw(Pwu), εw(vh))K =
∑

K∈=h

(Q0(ε(u)), εw(vh))K

= −
∑

K∈=h

(∇ ·Q0(ε(u)),vh0)K +
∑

K∈=h

〈Q0(ε(u))n,vhb〉∂K

=
∑

K∈=h

(Q0(ε(u)),∇vh0)K −
∑

K∈=h

〈Q0(ε(u))n,vh0 − vhb〉∂K

=
∑

K∈=h

(ε(u),∇vh0)K −
∑

K∈=h

〈Q0(ε(u))n,vh0 − vhb〉∂K . (4.8)

Similarly, by (3.2) and (4.2) we obtain

∑

K∈=h

(∇w ·Pwu,∇w · vh)K =
∑

K∈=h

(Q0(∇ · u),∇w · vh)K

= −
∑

K∈=h

(∇Q0(∇ · u),vh0)K +
∑

K∈=h

〈Q0(∇ · u) · n,vhb〉∂K

=
∑

K∈=h

(Q0(∇ · u),∇ · vh0)K −
∑

K∈=h

〈Q0(∇ · u) · n,vh0 − vhb〉∂K

=
∑

K∈=h

(∇ · u,∇ · vh0)K −
∑

K∈=h

〈Q0(∇ · u) · n,vh0 − vhb〉∂K . (4.9)

9



We also have

−
∑

K∈=h

(∇w · vh, Q0p)K

=
∑

K∈=h

(vh0,∇Q0p)K −
∑

K∈=h

〈vhb · n, Q0p〉∂K

= −
∑

K∈=h

(Q0p,∇ · vh0)K +
∑

K∈=h

〈Q0p, (vh0 − vhb) · n〉∂K

= −
∑

K∈=h

(p,∇ · vh0)K +
∑

K∈=h

〈Q0p, (vh0 − vhb) · n〉∂K . (4.10)

Testing the equation (1.1) with the component vh0 of vh = {vh0,vhb} ∈ V h0,D
yields

2µ
∑

K∈=h

(ε(u),∇vh0)K − 2µ
∑

K∈=h

〈ε(u)n,vh0〉∂K

+λ
∑

K∈=h

(∇ · u,∇ · vh0)K − λ
∑

K∈=h

〈(∇ · u) · n,vh0〉∂K

−
∑

K∈=h

(p,∇ · vh0)K +
∑

K∈=h

〈p,vh0 · n〉∂K

= (f ,vh0).

Thus, by the boundary condition (1.3) we have

2µ
∑

K∈=h

(ε(u),∇vh0)K + λ
∑

K∈=h

(∇ · u,∇ · vh0)K −
∑

K∈=h

(p,∇ · vh0)K

= (f ,vh0) + 〈β,vhb〉ΓN
+ 2µ

∑

K∈=h

〈ε(u)n,vh0 − vhb〉∂K

+λ
∑

K∈=h

〈(∇ · u) · n,vh0 − vhb〉∂K −
∑

K∈=h

〈p, (vh0 − vhb) · n〉∂K . (4.11)

As a result, substituting (4.8)-(4.10) into (4.7) and using (4.11), we arrive
at the desired relation (4.5).

Now we turn to show (4.6). From the definitions of b(·, ·) and d(·, ·) it follows

−b(DtPwu, qh0) + d(Pwp, qh)

= −b(DtPwu, qh0) +
κ

ηf
(∇̃wPwp, ∇̃wqh)

+
κ

ηf

∑

K∈=h

h−1
K 〈QbQ0p−Qbp,Qbqh0 − qhb〉∂K . (4.12)

Using the commutative property (4.2), we get

−b(DtPwu, qh0) =
∑

K∈=h

(∇w ·DtPwu, qh0)K

=
∑

K∈=h

(Q0(∇ ·Dtu), qh0)K =
∑

K∈=h

(∇ ·Dtu, qh0)K . (4.13)
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Similarly, we obtain

(∇̃wPwp, ∇̃wqh) =
∑

K∈=h

(Q0(∇p), ∇̃wqh)K

= −
∑

K∈=h

(∇ · (Q0(∇p)), qh0)K +
∑

K∈=h

〈Q0(∇p) · n, qhb〉∂K

=
∑

K∈=h

(Q0(∇p),∇qh0)K −
∑

K∈=h

〈Q0(∇p) · n, qh0 − qhb〉∂K

=
∑

K∈=h

(∇p,∇qh0)K −
∑

K∈=h

〈Q0(∇p) · n, qh0 − qhb〉∂K . (4.14)

By testing the equation (1.2) with the component qh0 of qh = {qh0, qhb} ∈ Θh
0,D̃

and using the boundary condition (1.4), we get

∑

K∈=h

(∇ ·Dtu, qh0)K +
κ

ηf

∑

K∈=h

(∇p,∇qh0)K

= (g, qh0) + 〈γ, qhb〉ΓÑ
+
∑

K∈=h

〈∇p · n, qh0 − qhb〉∂K .

Substituting (4.13)-(4.14) into (4.12) and using the above inequality, we finally
obtain the desired relation (4.6).

We have an inf-sup stability result for the bilinear form b(·, ·):

Lemma 4.3. For any q = {q0, qb} ∈ Θh
0,D̃

, it holds

sup
0 6=v∈V h

0,D

−b(v, q0)

|||v|||V
& ||q0||0. (4.15)

Proof. For any q = {q0, qb} ∈ Θh
0,D̃

, owing to a result by Nečas [24], there is

ṽ ∈ H1
0,D, such that

∇ · ṽ = q0, ||ṽ||1 . ||q0||0.
Taking v = Pwṽ, from the definition of the discrete weak divergence (3.2) and
the commutative property (4.2), we have

−b(v, q0) =
∑

K∈=h

(∇w · (Pwṽ), q0)K =
∑

K∈=h

(Q0(∇ · ṽ), q0)K

=
∑

K∈=h

(∇ · ṽ, q0)K =
∑

K∈=h

||q0||20,K = ||q0||20. (4.16)

Next we show |||v|||V . ||ṽ||1. By the commutative properties (4.2)-(4.3) and
the projection property, we have

∑

K∈=h

||εw(v)||20,K =
∑

K∈=h

||εw(Pwṽ)||20,K =
∑

K∈=h

||Q0(ε(ṽ))||20,K

.
∑

K∈=h

||ε(ṽ)||20,K .
∑

K∈=h

||∇(ṽ)||20,K ,
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∑

K∈=h

||∇w · v||20,K =
∑

K∈=h

||∇w · (Pwṽ)||20,K =
∑

K∈=h

||Q0(∇ · ṽ)||20,K

.
∑

K∈=h

||∇ · ṽ||20,K .
∑

K∈=h

||∇ṽ||20,K .

From the projection properties and the trace inequality (see for example in [3]),
it follows

∑

K∈=h

h−1
K ||v0 − vb||2∂K =

∑

K∈=h

h−1
K ||QbQ0ṽ −Qbṽ||2∂K

.
∑

K∈=h

h−1
K ||Q0ṽ − ṽ||2∂K

.
∑

K∈=h

h−1
K

(
h−1
K ||Q0ṽ − ṽ||20,K + hK ||∇(Q0ṽ − ṽ)||20,K

)

.
∑

K∈=h

||∇ṽ||20,K .

By the above three inequalities and ||ṽ||1 . ||q0||0, we get

|||v|||2V .
∑

K∈=h

||∇ṽ||20,K . ||q0||20. (4.17)

Combining (4.16) and (4.17) leads to the desired inequality (4.15). This com-
pletes the proof.

Lemma 4.4. For any q = {q0, qb} ∈ Θh, we have

∑

K∈=h

||∇q0||20,K . |||q|||2Θ. (4.18)

Proof. For any q = {q0, qb} ∈ Θh, from the integration by parts and the defini-
tion of weak gradient and Qb, it follows

(∇q0,∇q0)K = −(q0,∇ · ∇q0)K + 〈q0,∇q0 · n〉∂K
= −(q0,∇ · ∇q0)K + 〈qb,∇q0 · n〉∂K + 〈q0 − qb,∇q0 · n〉∂K
= (∇̃wq,∇q0)K + 〈Qbq0 − qb,∇q0 · n〉∂K ,

which, together with the trace inequality and the inverse inequality, yields

||∇q0||20,K . ||∇̃wq||0,K ||∇q0||0,K + h
− 1

2

K ||Qbq0 − qb||0,∂K ||∇q0||0,K .

Thus,

||∇q0||0,K . ||∇̃wq||0,K + h
− 1

2

K ||Qbq0 − qb||0,∂K .

Therefore, we have

||∇q0||20,K . ||∇̃wq||20,K + h−1
K ||Qbq0 − qb||20,∂K ,

which gives rise to (4.18) after a summation over all K ∈ =h.
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We introduce a space Θh0 for the first components of qh = {qh0, qhb} ∈ Θh
0,D̃

,

i.e.
Θh0 :=

{
qh0

∣∣ qh0|K ∈ Pl(K), ∀K ∈ =h
}
.

From [4], the following result holds:

Lemma 4.5. There exists an interpolation I2
h : Θh0 → Θh0

⋂
H1

0,ΓD̃
(Ω) such

that, for any qh0 ∈ Θh0, I2
hqh0 ∈ Θh0

⋂
H1

0,ΓD̃
(Ω) and

||qh0 − I2
hqh0||20 .

∑

e∈Eh
he||[qh0]||20,e. (4.19)

Lemma 4.6. For any qh = {qh0, qhb} ∈ Θh
0,D̃

, we have

||qh0||0 . |||qh|||Θ. (4.20)

Proof. Using (4.18), the projection property, the trace inequality, and the in-
verse inequality, we easily obtain, for any qh = {qh0, qhb} ∈ Θh

0,D̃
,

∑

K∈=h

||qh0 − qhb||20,∂K

.
∑

K∈=h

(
||qh0 −Qbqh0||20,∂K + ||Qbqh0 − qhb||20,∂K

)

.
∑

K∈=h

hK(||∇qh0||20,K + h−1
K ||Qbqh0 − qhb||20,∂K)

. h|||qh|||2Θ.

This inequality gives
∑

e∈Eh
he||[qh0]||20,e =

∑

e∈Eh
he||[qh0 − qhb]||20,e

. h2|||qh|||2Θ. (4.21)

Since I2
hqh0 ∈ Θh0

⋂
H1

0,D̃
(Ω), from (4.18) and Poincare’s inequality it follows

||I2
hqh0||20 . ||∇I2

hqh0||20
.

∑

K∈=h

||∇(qh0 − I2
hqh0)||20,K +

∑

K∈=h

||∇qh0||20,K

. |||qh|||2Θ.

Then the above inequality, (4.19) and (4.21) yield

||qh0||20 . ||qh0 − I2
hqh0||20 + ||I2

hqh0||20 . |||qh|||2Θ.

This completes the proof.

Lemma 4.7. Assume that u ∈ [H l+1(Ω)]d and p ∈ H l+1(Ω). Then for any
(vh, qh) ∈ V h0,D ×Θh

0,D̃
and m = 1, 2, · · · , N , we have the estimate

|Ev(um,vh) + Eq(p
m, qh)|

. hl
(
||um||l+1|||vh|||V + ||pm||l+1|||qh|||Θ + ||pm||l+1|||vh|||V

)
. (4.22)
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Proof. Recall that

Ev(um,vh) :=
4∑

i=1

Ei, Eq(p
m, qh) :=

6∑

i=5

Ei.

Using the trace inequality and the project property, we get

|E1| = |2µ
∑

K∈=h

〈(I−Q0)(ε(um))n,vh0 − vhb〉∂K |

.
( ∑

K∈=h

hK ||(I−Q0)(ε(um))n||20,∂K
)1/2

( ∑

K∈=h

h−1
K ||vh0 − vhb||20,∂K

)1/2

. hl||um||l+1|||vh|||V (4.23)

and

|E2| = |λ
∑

K∈=h

〈(I −Q0)(∇ · um) · n,vh0 − vhb〉∂K |

.
( ∑

K∈=h

hK ||(I −Q0)(∇ · um) · n||20,∂K
)1/2

( ∑

K∈=h

h−1
K ||vh0 − vhb||20,∂K

)1/2

. hl||um||l+1|||vh|||V . (4.24)

We also have

|E3| = |µ
∑

K∈=h

h−1
K 〈Q0u

m −Qbu
m,vh0 − vhb〉∂K |

= |µ
∑

K∈=h

h−1
K 〈Qb(Q0u

m − um),vh0 − vhb〉∂K |

= |µ
∑

K∈=h

h−1
K 〈Q0u

m − um,vh0 − vhb〉∂K |

.
( ∑

K∈=h

(h−2
K ||Q0u

m − um||20,K + ||∇(Q0u
m − um)||20,K)

)1/2

( ∑

K∈=h

h−1
K ||vh0 − vhb||20,∂K

)1/2

. hl||um||l+1|||vh|||V , (4.25)

14



and

|E4| = | −
∑

K∈=h

〈(vh0 − vhb) · n, (I −Q0)pm〉∂K |

.
( ∑

K∈=h

hK ||(I −Q0)pm||20,∂K
)1/2

( ∑

K∈=h

h−1
K ||vh0 − vhb||20,∂K

)1/2

. hl||pm||l+1|||vh|||V . (4.26)

For the term E5, we have

|E5| = |
κ

ηf

∑

K∈=h

〈(I−Q0)∇pm · n, qh0 − qhb〉∂K |

. |
∑

K∈=h

〈(I−Q0)∇pm · n, qh0 −Qbqh0〉∂K |

+|
∑

K∈=h

〈(I−Q0)∇pm · n, Qbqh0 − qhb〉∂K |.

For the first term on the right-hand side of the above inequality, we use the
trace inequality, (4.18), and the projection property to obtain

|
∑

K∈=h

〈(I−Q0)∇pm · n, qh0 −Qbqh0〉∂K |

.
∑

K∈=h

hK ||(I−Q0)∇pm · n||0,∂K ||∇qh0||0,∂K

.
( ∑

K∈=h

hK ||(I−Q0)∇pm · n||20,∂K
)1/2( ∑

K∈=h

hK ||∇qh0||20,∂K
)1/2

.
( ∑

K∈=h

hK ||(I−Q0)∇pm · n||20,∂K
)1/2( ∑

K∈=h

||∇qh0||20,K
)1/2

. hl||pm||l+1|||qh|||Θ.

Similarly, for the second term we have

|
∑

K∈=h

〈(I−Q0)∇pm · n, Qbqh0 − qhb〉∂K |

.
( ∑

K∈=h

hK ||(I−Q0)∇pm · n||20,∂K
)1/2( ∑

K∈=h

h−1
K ||Qbqh0 − qhb||20,∂K

)1/2

. hl||pm||l+1|||qh|||Θ.

Combining the above three estimates, we get

|E5| . hl||pm||l+1|||qh|||Θ. (4.27)

For the term E6, from the trace inequality, the inverse inequality, and the project
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property, it follows

|E6| = |
κ

ηf

∑

K∈=h

h−1
K 〈QbQ0p

m −Qbpm, Qbqh0 − qhb〉∂K |

.
( ∑

K∈=h

h−1
K ||QbQ0p

m −Qbpm||20,∂K
)1/2

( ∑

K∈=h

h−1
K ||Qbqh0 − qhb||20,∂K

)1/2

. hl||pm||l+1|||qh|||Θ. (4.28)

The inequalities (4.23)-(4.28) imply the desired result (4.22).

To derive the error estimation of the fully discrete scheme (3.10)-(3.11),
following the standard technique by Thomée [29] for the error analysis of time-
dependent problems, we introduce the elliptic projections ūh ∈ V h0,D and p̄h ∈
Θh

0,D̃
defined as follows:

a(ūh,vh) + b(vh, p̄h0) = a(Pwu,vh) + b(vh, Pwp)− Ev(u,vh), (4.29)

d(p̄h, qh) = d(Pwp, qh)− Eq(p, qh), (4.30)

where the terms Ev(u,vh) and Eq(p, qh) are defined in Lemma 4.2.
Note that the above projections are actually decoupled. In fact, p̄h is deter-

mined by (4.30), and then ūh is determined by p̄h and (4.29).
We split the errors between the L2 projections Pwu, Pwp and the WG finite

element solutions umh , p
m
h at t = tm as

Pwum − umh = (Pwum − ūmh ) + (ūmh − umh ) =: ρmu + ξmu , (4.31)

Pwp
m − pmh = (Pwp

m − p̄mh ) + (p̄mh − pmh ) =: ρmp + ξmp . (4.32)

Lemmas 4.8-4.9 are to estimate the four terms ρmu , ρmp , ξmu , ξmp .

Lemma 4.8. For u ∈ [H l+1(Ω)]d∩H1
0,ΓD

(Ω) and p ∈ H l+1(Ω)∩H1
0,ΓD̃

(Ω) and
m = 1, 2, · · · , N , we have

|||ρmu |||V . hl(||um||l+1 + ||pm||l+1), (4.33)

|||ρmp |||Θ . hl||pm||l+1, (4.34)

|||Dtρ
m
u |||V . hl(||Dtu

m||l+1 + ||Dtp
m||l+1). (4.35)

Proof. Using (4.27), (4.28) and (4.30), we get

|d(ρmp , qh)| = |d(Pmp
m − p̄mh , qh)| = |E5 + E6| . hl||pm||l+1|||qh|||Θ,

which gives the desired result (4.34) by letting qh = ρmp . The above inequality,
together with (4.23)-(4.26), (4.29) and (4.20), yields

|a(ρmu ,vh)| = | − b(vh, ρmp ) + Ev(um,vh)|
. |||vh|||V ||ρmp ||0 + hl(||um||l+1 + ||pm||l+1)|||vh|||V
. |||vh|||V |||ρmp |||Θ + hl(||um||l+1 + ||pm||l+1)|||vh|||V .

This implies the desired result (4.33) by letting vh = ρmu .
Similarly, we easily obtain the estimate (4.35) by differentiating the equa-

tions (4.29)-(4.30) with respect to t. This completes the proof.
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We follow the idea in [28] to estimate the terms ξmu and ξmp := {ξmp0, ξmpb}.

Lemma 4.9. For m = 1, 2, · · · , N , we have

|||ξmu |||V +
√
4t|||ξmp |||Θ + ||ξmp0||0 . |||ξ0

u|||V +4t
m∑

j=1

|||Rju|||V , (4.36)

where Rju := DtPwum − ∂̃tūjh.

Proof. Subtracting (4.29) and (4.30) from (3.7) and (3.8), respectively, using
(4.5) and (4.6) we have,

a(ξmu ,vh) + b(vh, ξ
m
p0) = 0, (4.37)

−b(∂̃tξmu , qh0) + d(ξmp , qh) = −b(Rmu , qh0). (4.38)

Taking vh = ∂̃tξ
m
u , qh = ξmp in (4.37) and (4.38), respectively, we obtain

|||ξmu |||2V +4t|||ξmp |||2Θ = a(ξmu , ξ
m−1
u ) +4tb(Rmu , ξmp0)

. |||ξmu |||V |||ξm−1
u |||V +4t|||Rmu |||V ||ξmp0||0.

Thanks to Lemma 4.3 and (4.37), we get

||ξmp0||0 . sup
vh∈V h

0,D,vh 6=0

b(vh, ξ
m
p0)

|||vh|||V
. sup

vh∈V h
0,D,vh 6=0

a(ξmu ,vh)

|||vh|||V
. |||ξmu |||V .

The above two inequalities imply

|||ξmu |||V +
√
4t|||ξmp |||Θ . |||ξm−1

u |||V +4t|||Rmu |||V , (4.39)

which yields the desired result (4.36).

Next lemma gives the estimation of |||Rju|||V .

Lemma 4.10. Assume that Dttu(t) ∈ L1(0, T ; H1
0,ΓD

(Ω)), we have

m∑

j=1

|||Rju|||V .
∫ tm

0

||Dttu||1dt+
1

4t

∫ tm

0

|||Dtρu|||V dt. (4.40)

Proof. Based on the definition of Rmu , we have

Rmu = (DtPwum − ∂̃tPwum) + (∂̃tPwum − ∂̃tūmh ).

From Taylor series expansion with the remainder in terms of the integral form

f(b) = f(a) + f
′
(a)(b− a) +

1

2

∫ b

a

f
′′
(x)(b− x) dx,

it follows

DtPwum − ∂̃tPwum =
1

24t

∫ tm

tm−1

DttPwu(·, t)(tm−1 − t) dt.
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Therefore, it holds

|||DtPwum − ∂̃tPwum|||V =
1

24t |||
∫ tm

tm−1

DttPwu(·, t)(tm−1 − t)dt|||V

. 1

4t

∫ tm

tm−1

|||DttPwu(·, t)(tm−1 − t)|||V dt

.
∫ tm

tm−1

|||DttPwu|||V dt .
∫ tm

tm−1

||Dttu||1dt. (4.41)

Recalling that ρmu = Pwum − ūmh , we obtain

|||∂̃tPwum − ∂̃tūm|||V = |||ρ
m
u − ρm−1

u

4t |||V

=
1

4t |||
∫ tm

tm−1

Dtρu(t)dt|||V . 1

4t

∫ tm

tm−1

|||Dtρu|||V dt.

(4.42)

Finally, combing (4.41) and (4.42), we have

|||Rmu |||V .
∫ tm

tm−1

||Dttu||1dt+
1

4t

∫ tm

tm−1

|||Dtρu|||V dt.

This yields (4.40) immediately.

In view of Lemmas 4.9-4.10, we can obtain the following main conclusion.

Theorem 4.1. Assume that

u(t) ∈ L∞(0, T ; [H l+1(Ω)]d ∩H1
0,ΓD

(Ω)),

Dtu(t) ∈ L1(0, T ; [H l+1(Ω)]d), Dttu(t) ∈ L1(0, T ; H1
0,ΓD

(Ω)),

p(t) ∈ L∞(0, T ;H l+1(Ω) ∩H1
0,ΓD̃

(Ω)),

Dtp(t) ∈ L1(0, T ;H l+1(Ω)).

Then, for m = 1, 2, · · · , N , we have the error estimate

|||um − umh |||V +
√
4t|||pm − pmh |||Θ

. |||ξ0
u|||V +4t

∫ tm

0

||Dttu||1dt

+hl
(
||um||l+1 + ||pm||l+1 +

∫ tm

0

(||Dtu
m||l+1 + ||Dtp

m||l+1)dt
)
.(4.43)

Moreover, for the pore pressure, we have

||pm − pmh0||0

. |||ξ0
u|||V +4t

∫ tm

0

||Dttu||1dt

+hl+1||pm||l+1 + hl
[ ∫ tm

0

(||Dtu
m||l+1 + ||Dtp

m||l+1)dt
]
. (4.44)
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Proof. Using (4.31), (4.33)-(4.36), (4.40) and the triangle inequality, we have

|||Pwum − umh |||V +
√
4t|||Pwp

m − pmh |||Θ

. |||ξ0
u|||V +4t

∫ tm

0

||Dttu||1dt

+hl
(
||um||l+1 + ||pm||l+1 +

√
4t||pm||l+1

+

∫ tm

0

(||Dtu
m||l+1 + ||Dtp

m||l+1dt
)
,

which, together with standard estimates for the L2 projections, implies the
result (4.43).

To derive the L2 error estimate (4.44), we shall perform a duality argument.
Recalling that ρmp = Pwp

m−p̄mh =: {ρmp0, ρmpb}, we consider the following auxiliary

problem: find Φ ∈ H1
0 (Ω) such that

− κ

ηf
4Φ = ρmp0 in Ω. (4.45)

Since Ω is a convex polyhedral domain, we have

||Φ||2 . ||ρmp0||0. (4.46)

From (4.45), (1.2), (4.30), and the definition of Eq(p
m, qh), it follows

||ρmp0||20 = d(PwΦ, ρmp )− Eq(Φ, ρmp )

= Eq(p
m, PwΦ)− Eq(Φ, ρmp )

=
κ

ηf

∑

K∈=h

〈(I−Q0)∇pm · n, Q0Φ−QbΦ〉∂K

+
κ

ηf

∑

K∈=h

h−1
K 〈QbQ0p

m −Qbpm, QbQ0Φ−QbΦ〉∂K

− κ

ηf

∑

K∈=h

h−1
K 〈Qbρmp0 − ρmpb, QbQ0Φ−QbΦ〉∂K

− κ

ηf

∑

K∈=h

〈(Q0(∇Φ)−∇Φ) · n, ρmp0 − ρmpb〉∂K

=: Ẽ1 + Ẽ2 + Ẽ3 + Ẽ4. (4.47)

Next Let us bound the four terms Ẽi (i = 1, 2, · · · , 4). In view of the trace
inequality and the projection properties, it is easy to see

|Ẽ1| = | κ
ηf

∑

K∈=h

〈(I−Q0)∇pm · n, Q0Φ−QbΦ〉∂K |

. |
∑

K∈=h

〈(I−Q0)∇pm · n, Q0Φ− Φ〉∂K |

+|
∑

K∈=h

〈(I−Q0)∇pm · n,Φ−QbΦ〉∂K |

. hl+1||pm||l+1||Φ||2. (4.48)
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Similarly, we can obtain

|Ẽ2| = | κ
ηf

∑

K∈=h

h−1
K 〈QbQ0p

m −Qbpm, QbQ0Φ−QbΦ〉∂K |

. hl+1||pm||l+1||Φ||2, (4.49)

|Ẽ4| = | − κ

ηf

∑

K∈=h

〈(Q0(∇Φ)−∇Φ) · n, ρmp0 − ρmpb〉∂K |

. |
∑

K∈=h

〈(Q0(∇Φ)−∇Φ) · n, ρmp0 −Q0ρ
m
p0〉∂K |

+|
∑

K∈=h

〈(Q0(∇Φ)−∇Φ) · n, Q0ρ
m
p0 − ρmpb〉∂K |

. hl+1||pm||l+1||Φ||2. (4.50)

For the third term Ẽ3, from (4.34) and the project property it follows

|Ẽ3| = | − κ

ηf

∑

K∈=h

h−1
K 〈Qbρmp0 − ρmpb, QbQ0Φ−QbΦ〉∂K |

. hl+1||pm||l+1||Φ||2. (4.51)

Substituting (4.48)-(4.51) into (4.47), we have

||ρmp0||0 . hl+1||pm||l+1,

which, together with (4.36), (4.40), (4.35), and the projection property, yields
the desired estimate (4.44).

5 Numerical experiments

In this section, we shall report some numerical results for the proposed fully
discrete weak Galerkin finite element scheme (3.7)-(3.9) in two-dimensional cases
with l = 1, 2.

5.1 Model problem with smooth solution

Consider the Biot’s consolidation problem in the square domain Ω = (0, 1)×
(0, 1)with uniform triangular meshes (Figure 1). We set T = 1, µ = λ = κ =
ηf = 1. The forcing terms f and g are chosen such that the analytical solution,
(u, p), to the system (1.1)-(1.2) with Dirichlet boundary conditions, is given by





u1 = 10x2(1− x)2y(1− y)(1− 2y exp(−t)),
u2 = −10x(1− x)(1− 2x)y2(1− y)2 exp(−2t),

p = 10x2(1− x)2y(1− y)(1− 2y) exp(−3t).

(5.1)

Numerical results are presented in Tables 1-2 for l = 1 and l = 2, respectively,
where the time step ∆t = hl, and

eu,0 := max
1≤m≤N

||um − umh0||0, eu,1 := max
1≤m≤N

|||um − umh |||V ,

ep,0 := max
1≤m≤N

||pm − pmh0||0, ep,1 := max
1≤m≤N

|||pm − pmh |||Θ.
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Figure 1: Mesh type

For the displacement error eu,1, we can see that the convergence rates of our
methods are of first and second orders for l = 1 and l = 2, respectively. This
is conformable with the theoretical results in Theorem 4.1. We note that the
the convergence rates for eu,0 are of second and third order, respectively. For
the pressure errors ep,0 and ep,1, the numerical results are much better than the

corresponding theoretical results, O(∆t+hl) = O(hl) and O(
√

∆t+hl/
√

∆t) =
O(hl/2), respectively.

Table 1: Convergence history with l = 1 and ∆t = h

h−1 eu,0 eu,1 ep,0 ep,1
Error Rate Error Rate Error Rate Error Rate

4 5.2401E-03 7.0694E-02 1.2539E-02 1.0969E-01
8 1.2398E-03 2.08 2.9332E-02 1.27 4.6349E-03 1.44 8.1493E-02 0.43
16 3.1002E-04 2.00 1.3186E-02 1.15 1.3828E-03 1.74 4.9533E-02 0.72
32 7.8695E-05 1.98 6.4165E-03 1.04 3.6738E-04 1.91 2.7284E-02 0.86
64 1.9852E-05 1.99 3.2132E-03 1.00 1.0031E-04 1.87 1.4315E-02 0.93

Table 2: Convergence history with l = 2 and ∆t = h2

h−1 eu,0 eu,1 ep,0 ep,1
Error Rate Error Rate Error Rate Error Rate

4 6.4331E-04 1.6113E-02 3.3113E-03 4.6684E-02
8 5.4591E-05 3.56 3.2632E-03 2.30 4.8197E-04 2.78 1.3956E-02 1.74
16 4.9295E-06 3.47 7.1749E-04 2.19 6.4149E-05 2.91 3.6992E-03 1.92
32 5.2521E-07 3.23 1.7136E-04 2.07 8.1734E-06 2.97 9.4485E-04 1.97

5.2 Mandel’s problem

Mandel’s problem [18] is a benchmark test to verify the accuracy of nu-
merical methods for poroelasticity equations. One important issue in linear
poroelasticity is to eliminate numerical oscillations (locking) in the pressure
approximation.
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The domain is set to be Ω = (−a, a) × (−b, b), and, as pointed out in [25],
we only need to solve the problem in the upper-right quadrant of Ω, i.e. (0, a)×
(0, b), since the problem is symmetric about the x and y axes. The corresponding
boudnary conditions and initial conditions are as follows:

u1|x=0 = 0, u2|y=0 = 0, u2|y=b = c0(Rigid Plate Constraint),

(2µε(u) + λ∇ · uI− pI)n =

{
−2F when y = b,
0 otherwise,

p|x=a = 0,
κ

ηf
∇p · n|x=0,or y=0,or y=b = 0,

u|t=0 = 0, p|t=0 = 0.

We refer to [1, 25] for the analytical series solutions for the displacement u

and the pressure p. We set µ = 10−5

2 , λ = 0, κηf = 10−6,F = (0, 1)T , a = b = 1,

and c0 = 10−4. The computational meshes as same as in Figure 1. We choose
the mesh size h = 1/20 when l = 1, 2. To minimize the effects of the error
produced by the time discretization, we use a small time step of 4t = 10−6.

The numerical pressure and real pressure at t = 10−6 are presented in Figures
2-3 with h = 1/20 and ∆t = 10−6. We can see that the proposed WG method
gives quite accurate results for the pressure approximation, and captures the
Mandel-Creyer effect around x = a (a = 1). This agrees with the results in
[1, 25], and indicates that the proposed WG method is capable of overcoming
the numerical oscillations of pressure.
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(1953) 287-299

[19] L. Mu, J. Wang, X. Ye, Weak Galerkin finite element methods for the
biharmonic equation on polytopal meshes. Numer. Meth. Part. Diff. Equ.
30 (2014) 1003-1029

[20] L. Mu, J. Wang, X. Ye, S. Zhang, A weak Galerkin finite element method
for the Maxwell equations. J. Sci. Comput. 65(1) (2015) 363-386

[21] M. A. Murad, A. F. D. Loula, Improved accuracy in finite element analysis
of Biot’s consolidation problem. Comput. Methods Appl. Mech. Eng. 95
(1992) 359-382

[22] M. A. Murad, A. F. D. Loula, On stability and convergence of finite ele-
ment approximations of Biot’s consolidation problem. Internat. J. Numer.
methods Engrg. 37 (1994) 645-667.

24



[23] M. A. Murad, V. Thomée, A. F. D. Loula, Asymptotic behavior of semi dis-
crete finite-element approximations of Biot’s consolidation problem. SIAM
J. Numer. Anal. 33 (1996) 1065-1083
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