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Weak Galerkin finite element method for Biot’s

consolidation problem * T8

Yumei Chen!, Gang Chen?, Xiaoping Xie?
1 College of Mathematics and Information, China West Normal University,
Nanchong, 637009, China
2 School of Mathematics, Sichuan University, Chengdu, 610064, China

Abstract

In this paper, a fully discrete weak Galerkin (WG) finite element
method is proposed to solve Biot’s consolidation problem, where weak-
ly defined gradient and divergence operators over discontinuous functions
are introduced. P;-P; (I > 1) finite element combination is used for the
displacement and pressure approximations in the interior of the elements,
and P;-P;—1 combination for the corresponding trace approximations on
the interfaces of the finite element partition. The existence and uniqueness
of the discrete linear system at each time step is derived, and error esti-
mates for the approximation of displacement and pressure are obtained.
Numerical experiments confirm the theoretical results and show that the
proposed WG method is capable of overcoming pressure oscillations.

1 Introduction

Let Q be a convex polyhedral domain in R%(d = 2,3) with boundary I' =
I'p Uy =T'5UTg, where meas(I'p) > 0 and meas(I'5) > 0. For t € (0,7,
we consider Biot’s consolidation problem [5]

-V Q2ue(u) +AV-ul)+Vp=£f in  Qx(0,71], (1.1)
V. Dyu— nﬁAp =g in Qx(0,T] (1.2)
£
with the boundary conditions
u=0onTp, (2ue(u)+AV-ul—pl)n=pGon 'y, (1.3)
p=0onTp, in-n:7onI‘N (1.4)
Ui

and the initial condition

V-u(0)=0 in Q. (1.5)
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Here u(t) : Q — R? is the displacement vector of the porous medium, p(t) : Q —
R is the pore pressure of the interstitial fluid, f(¢) : @ — R% is the body force,
g(t) :  — R is the the source/sink density function of the fluid, B(t) : Q@ — R?
is the prescribed surface traction, and v(t) : 2 — R is the prescribed discharge
on the boundary. The symbols A,V and V- denote the Laplacian, gradient and
divergence operators, respectively. e(u) = 3(Vu+ Vu’) is the strain tensor,
A, p are the Lamé constants, x is the permeability of the porous skeleton,
and n¢ denotes the viscosity of the pore fluid. n is an outward unit normal
vector, D; represents the time derivative. We note that the initial condition
(1.5) characterizes the incompressible response of the solid-fluid aggregate in
the beginning of the salivation process.

Biot’s consolidation model describes the deformation of an elastic porous
medium and the viscous fluid flow inside it when the medium is saturated by
the fluid. This model has a wide range of applications including petrolieum en-
gineering, soil mechanics, environment engineering, and biomedical engineering.

In recent two decades, extensive research has been done for numerical treat-
ment of Biot’s consolidation model. The most commonly used numerical meth-
ods are finite element methods; see, for instance, [11] [12]-[15] [21]-[23] [25]-[27]
[34]-[37]. Standard Galerkin finite element methods suffer from locking in poroe-
lasticity [6], i.e. nonphysical oscillations of the pressure approximation may oc-
cur when the permeability is low or the time step size is small. In [27] Phillips
and Wheeler examined heuristically the reason for the locking in poroelasticity,
and in [20] they approximated the flow variables by a mixed finite-element s-
pace and the displacement by a family of discontinuous Galerkin methods so as
to overcome the nonphysical pressure oscillations. Yi [36] developed a noncon-
forming mixed finite element method to solve a three-field Biot’s consolidation
model, where the fluid flux was introduced as an independent unknown. The
proposed method was shown to be effective to overcome the locking. A stabi-
lized finite element scheme for the poroelasticity equations was proposed in [2],
which could obtain solutions without oscillations independently of the chosen
discretization parameters. Hu et al. [12] proposed a stable nonconforming finite
element scheme for the three-field Biot’s model to avoid the pressure oscillation-
s. Based on MINT and stabilized P;-P; elements, Rodrigo et al. [28] introduced
a stabilization term which removed the oscillations.

This paper is to develop a weak Galerkin (WG) finite element method for
Biot’s consolidation problem (1.1)-(1.5). The WG method was first introduced
and analyzed by Wang and Ye in [32] for second order elliptic equations. Lat-
er it was extended to different models, for example Stokes equations [33, 7],
biharmonic equations [19, 30], parabolic equations [17], convection-diffusion e-
quations [8], Maxwell equations [20], and linear elasticity problems [9, 31]. The
method is designed by using a weakly defined gradient operator over functions
with discontinuity, and allows the use of totally discontinuous functions in the
finite element procedure. We refer to [16] for a multigrid WG algorithm, and to
[10] for an auxiliary space multigrid preconditioner for the WG discretization
of diffusion equations. We mention that in [9, 31] the proposed arbitrary order
WG finite element methods are locking-free from Poisson locking.

In this paper, we shall propose a fully discrete WG method for the model
(1.1)-(1.5). We use the P;-P; (I > 1) finite element combination for the displace-
ment and pressure approximations in the interior of the elements, and the P;-
P;_1 combination for the corresponding trace approximations on the interfaces




of the finite element partition. We will derive error estimates for the displace-
ment and pressure approximations. Numerical experiments will be provided to
show the performance of the proposed WG method.

The rest of this paper is organized as follows. In Section 2 we introduce
notation and weak formulations for the model problem. Section 3 describes
semi-discrete and fully discrete WG finite element schemes. Section 4 is devoted
to the error estimation. Finally, Section 5 provides some numerical experiments.

2 Notation and weak formulations

Let L%(2) be the set of square-integrable real-valued functions on 2, with
inner product and norm denoted by (-,-) and || - ||o, respectively. For any
nonnegative integer s, H*(€)) denotes the standard Sobolev spaces of real-valued
functions and the corresponding norm is denoted by || - ||s. For s > 1, we use
HE(QY) == {v € H*(Q) : v|spa = 0} to denote the subspace of H*(Q) with
vanishing trace on 0€2. We also need the Sobolev spaces

Hé’FD(Q) ={ve [Hl(Q)]d,v =0onI'p},

Hyp () :={q€ H'(Q),q=00nTp}.

Given any Banach space U with norm || - ||y, for 0 < t; < t2 and 1 < ¢ < o0,
we introduce the space

L9 (t1,t0;U) :=={v: v(t) € U for t1 <t <tq, and ||v(t)||u € LI([t1,t2])}
with norm || - ||La(s, ¢,;0) defined as follows: for any v € L9 (t1,t2;U),

B 1/q
o]l 2oes ity = ( / ||v<t>||qU) when 1< g < o0,
t1

V]| Lo (2 t0:0) = esssuptlStSt2||v(t)||U when ¢ = oc.

Let Sp, = J{K} be a shape-regular decomposition of the domain Q € R¢(d =
2, 3) consisting of polygons or polyhedrons. For any K € &, with boundary 0K,
let hi be its diameter. Denote h := maxrkeg, hx. Let £, be the union of all
edges (faces) of K € Sy,.

Throughout the rest of the paper, vector valued functions are written in
boldface. We use a < b (a 2 b) to represent that there exists a positive constant
¢, independent of the mesh parameters h and At, such that a < cb (a > ¢b) .

The variational formulation of the evolutionary consolidation problem (1.1)-
(1.5) is as follows.

Problem M. For any ¢ € (0,7, find (u(t),p(t)) € Hg () x Hol,ré(ﬂ)
such that

QM(E(U), 5(")) + /\(V ‘u, V- V) - (pv V- V) = (fvv) + </67V>FNaVV € H(1)7FD (Q))v
2.1
(V- Dyu,q) + %(Vp’ Va) = (9.9) + (1.@)rg, Vo€ Hip (),  (2.2)

with the initial condition

(V-u(0),q) =0, VqeL*Q). (2.3)




3 Weak Galerkin finite element method

3.1 Discrete Weak Operators

In order to design a WG finite element scheme for Biot’s problem (1.1)-
(1.5), we first follow [32] to introduce the discrete weak gradient and divergence
operators for the displacement approximation and the discrete weak gradient
operator for the pressure approximation.

Denote by v(K) the space of weak vector-valued functions in K with

v(K) = {v = {vo.vu}| vo € [L(K))?, v, € [H? (0K)]"}.

For any non-negative integer r, denote respectively by P,.(K) and P,.(e) the
sets of polynomials on K and e with degree no more than r.

Definition 3.1. The discrete weak gradient operator of v € v(K), denoted
by V.r.xV, is defined as the unique polynomial V., . v € [P.(K)]4*? satisfying
the following equation,

(Vr gV, Tk = —(Vo, V- T)k + (vip, T -n)ag, VT € [P.(K)™ (3.1
Denote by W(K) the space of weak functions on K with
W (K) = {v = {vo,vs}| vo € [L2(K)]%, v, -n € H 3 (IK)}.

Definition 3.2. The discrete weak divergence operator of v € W(K),
denoted by V. r i -V, is defined as the unique polynomial V, r i - v € Pp(K)
satisfying the following equation,

(vw,r,K ©V, Q) = *(Vo, Vq)K + <Vb -, q>8K7 v q S ]P)T‘(K) (32)

In particular, we write Vi - Vo := Vy r k - {V0, 0} for simplicity.
Denote by M (K) the space of weak functions on K with

M(K) = {q={q0,a}| a0 € L*(K), @ € H? (9K)}.

Definition 3.3. The discrete weak gradient operator of ¢ € M(K), de-
noted by Vi ,rx q, is defined as the unique polynomial ¥V, xq € [P.(K)]?
satisfying the following equation,

(Vo) =—(q0,V - @)k + (@, ¢ Mok, ¥V [P (K.  (33)

3.2 WG discretization

For any integer | > 1, we define the following weak Galerkin finite element
spaces respectively for the velocity and pressure variables:

V= {vih = {vio, Vin}| violx € [Pi(E)]%, visle € [Pi(e)]?, VK € S, Ve € Ex},

0" == {qn = {qno, amv}| anolx € Pi(K), qrole € Pi_1(e), VK € Sp,Ve € &}

Denote
VO},LD = {vh ={Vho, i} € V" v, =0 on I'p},




987,5 = {an = {ano, anv} € ©", gy =0 on 'z }.

For any v € V" and q € Gh, the discrete weak gradients Vv, 6wyl,1q, and
the discrete weak divergence V,,; - v are computed by using (3.1), (3.3) and
(3.2) on each element K, respectively. More precisely, we have

(VuaV)xk = Vuik(Vk), Vwi-V)|k =Vuik - (V|k),

(Vu,i-19)|x = Vuw,i-1,x(q|K)

and we define the weak strain tensor &, ;(v) by

1
Ew_’l(V) = i(Vw,lv + (Vw,lv)T).

For simplicity of notation, from now on we shall write

Vi = vw,h 5w(') = 5w,l(')a Vi = 6w,l—l-

3.2.1 Semi-discrete WG scheme

For each edge/face e € &, let Qp : L*(e) — P;_1(e) be L%-projection op-
erator. The semi-discrete or time-continuous WG finite element scheme for
Problem My, i.e. (2.1)-(2.3), is as follows.

Problem CM}. For any t € (0,7], find us(-,t) = {upo(,t), unp(-,t)} €
‘/()}?Daph('vt) = {pILO('vt)7phb('vt)} € @g7ﬁ such that

a(up, vi) + b(Va, pro) = (£, Vo) + (B: Vis)ry, Vi = {Vho, Vin} € Vi'p, (3.4)
—b(Deup, gno) + d(pn, qn) = (9, qno) + (¥, qno)r 55 Van = {qnos qno} € @3[7,(3'5)
with

b(un(0), gro) = 0, Yan = {qno, qnp} € 935,, (3.6)
where
a(up, vp) = 2u Z (ew(un), ew (Vi) K + A Z (V- up, Vi - Vi) K
Ke%‘h KE%‘}L
+u Z hl}l (Uho — Uhb, VRO — Vib) oK,

KeSy,

b(vh,pno) = = Y (V- Vi, Dho) K

KeSy,

K ~ ~
d(pn, qn) = e Z (Vwpn, Vwan) k

KeSy,

R _
+ E , hi (Qupro — Pros Qudno — Gnb) ok -
oS
Sy,




3.2.2 Fully discrete WG scheme

We consider a first-order backward Euler fully discrete approximation based
on the semi-discrete WG scheme (3.4)-(3.6) for Problem M.

Let IV be a positive integer with the time step At := % Let the pair
{u}*,p*} denote the approximation of {u™,p™} = {u(t,,),p(tm)} with the
discrete time t,, = mAt for m = 1,2,--- , N. By replacing the time derivative
D;uy, at time t,, by the backward difference quotient

m—1
uy' —uy

At

n (3.5), the backward Euler WG finite element scheme for Biot’s consolidation
problem is as follows.

Problem DM}. Find (uf’,py’) = ({ujy, wip}, {pht, pip}) € Vo'p x OF -
such that, form=1,2,--- , N, ’

8tu2” =

a(up', vi) +b(vi, pho) = (£, Vo) + (B™, Vib)Tns YVa = {Vho, Vas} € Vo D>
. ( 1)
— b(3pup, ano) + (P}, qn) = (9™ ano) + (Y™ anb)r g+ Yan = {anos ano} € Oy 5,

(3.8)

Ve -ul = 0. (3.9)

We note that this initial condition means b(u%, gno) = 0 for any gpno.
To show this linear system admits a unique solution at each step m, we
rewrite the equations (3.7)-(3.8) as follows:

with

a(uy’,vp) +b(vi,pho) = (™, vio) + (B™, Vi) Ty (3.10)
_b(uz,qlv th) + Atd(p?:v Qh) = At(gmv th) + At<’ymv qhb>FN
—b(up" ™, gno)- (3.11)

We introduce the following triple-bar semi-norms:

VI =20 Y NlewWgrc+A Do Ve VIR +r Y hi'llvo—vill3x,

KeSy, KeSy, KeSy,
(3.12)

K it K _
TIE7IIES = > \|qu||3,K+77 S hM1Qoao — anlBc (3.13)

KeSy, KeSy,
Similar to [30, 32], we have the following conclusion.

Lemma 3.1. The semi-norms |||-|||v and |||-|||e are norms on VO}fD and GZ,D
respectively.
Proof. Since the proof for |||-|||e on @g,D follows similarly, we only show ||| |||v
defined in (3.12) is a norm on V&D It suffices to verify the positivity property
of ||| +]||v. To this end, assume that |||v|||y, = 0 for some v € VO’fD. Then, from
(3.12) it follows &,(v) = 0, V4, - v = 0 on each element K € Sy, and vo = vy
on OK. Using the definition of the weak gradient operator, we have
(Vuv,T)k = —(vo, V- T)k + (Vp, Th) oK
= (Vvo,T)x — {vo — Vb, TD) 9K
= (Vvo, Tk, V1€ [P (K)]¥9,




and

(Vov)", )k = (Vuv, 77k
= (Vvo, ™)k = (Vvo)T, 7))k, V7 € [P(K)]4*

The above two equations yield e(vp) = 0 on each element K € . Thus,
vo € RM(K) satisfies vo|. = vp, where

RM(K) :={a+nx:acR%nc so(d)}

with x denoting the position vector on K and so(d) the space of skew-symmetric
d x d matrices. This implies the continuity of v in the whole domain 2. The
boundary condition v, = 0 on I'p implies that v = 0 on I'p. From the second
Korn’s inequality, we have vo = 0 in Q. The fact that vy = v, on 0K gives
vy = 0 in Q. As a result, we obtain v = 0. This completes the proof. O

From the definitions of the norms we easily get the following stability results
for a(-,-) and d(-,-).

Lemma 3.2. For any u,v € VoifD and p,q € @gﬁ, we have
la(u,v)| < [[[ulllv[[[vlllv, alv,v) =]V},

ld(p, )| < lllplllelllallle, d(a,q) = |llall®-

In light of Lemmas 3.1-3.2, we can obtain the existence and uniqueness of
the solution to the discrete system (3.10)-(3.11).

Theorem 3.1. The fully discrete WG finite element scheme (3.10)-(3.11) ad-
mits a unique solution (u}*,py’) € VJfD X 9313 form=1,2,---,N.

Proof. The shcme (3.10)-(3.11) is a linear system with the same number of
equations and unknowns. So we only need to show that the conditions uZ’_l =
f" =pB" =0, g" =~™ = 0 indicate u;’ = 0,p™ = 0. Taking v, = u}’,qn =

ppt and adding the two equations (3.10) and (3.11), then we have
a(up', ug?) + Atd(py', pp') = 0,

which, together with Lemmas 3.1-3.2, implies uj® = 0, pj* = 0. O

4 Error estimates

To estimate the errors u™ — u}* and p" — p;* of the proposed fully discrete
WG scheme (3.10)-(3.11) form = 1,2,--- , N, we need to introduce the following
L? projection operators: for each element K € 3y, and each edge/face e € &,

Qo:  [LAE)) — [B(K))7,

Q- [L2(e)]* — [Pi(e))?,

Q() : L2(K)—>P1(K),
)]dxd’

Qo [LA(E) = [Pi(e
Qo:  [L2(K)] — [Py (K]




Recalling that @y is the projection from L?(e) onto P;_1(e), we define

Pw = {QO? Qb}7 Pw = {Q07Qb}'
The the following commutative properties hold for the projection operators
Py, Py, Qo, Qo and Qp.
Lemma 4.1. For any v € [H'(Q)]? and ¢ € H' (), we have
Vi (Pyv) =Qo(Vv), (
Vi - (Puv) = Qo(V - v), (
ew(Pwv) = Qo(e(v)), (
Vi (Pug) = Qo(Va). (
Proof. The proofs of (4.1)-(4.3) can be found in [30]. We only prove (4.4). For

any ¢ € H'(Q), K € S, and ¢ € [P;_1(K)]¢, by (3.3) and Green’s formula we
have

(Vo (Pug), P) ik = —(Qoq, V- @)k + (Quq, @ - n)ok
=—(¢, V- o)k +{q, ¢ -n)ox
= (Vg, )k = (Q0(Vq), ¢)k-

Since V. (Pwq), Qo(Vq) € [Pr_1(K)]?, it follows

Vi (Pud)x = Q0(Va)|x,
which implies (4.4). O
Lemma 4.2. Let (u(t),p(t)) € [H1T5(Q)]? x HT$(Q) satisfy (1.1)-(1.4) with
s> 0. Then, for any (v, qn) € VO},LD X @gfy we have

a(Pwua Vh) + b(vha QOp) — (fa VhO) + </6a Vhb>FN + Ev(ua Vh)a (45)

- b(Dthu, th) + d(Pwpa Qh) = (97Qh0) + <77qhb>l—‘1§, + Eq(p7 q}z)7 (46)

where

Ey(u,vi) :=2p > (T = Qo)(e(w))n, vao — Vis)ox

Key,

A D (= Qo)(V - 1) -1, Vi — Vip)ox

KeSy,

i Z h (Qou — Quu, vio — Vib) ok

KeSy,

- Z (I = Qo)p, (Vio — Vhp) - M)ax

Kesy,

4
= ZEL
=1




and

K
Eqy(pyqn) = — Y ((I—Q0)Vp-1n,qno — qnv)ox
" KeSy,

K _
+a > B QuQop — Qup, Quano — dnb)ox

Key,
6
= Z Ei~
i=5
Proof. For any vy, = {Vpo, Vs } € Y/(]}fD, by the definitions of a(,-) and b(,-) we
have

a(Pyu,vi) + b(vi, Qop)
=2pu Z (w(Pyu),ew(Va)) Kk + A Z (V- Pyu, V- vi) g

= KeS,
+h Z h (Qou — Qpu, Vi — Vip)ax
KeS,
= > (Va Vi, Qop)x - (4.7)
Kesy,

From (3.1), (4.3), the definition of projection Qg and Green’s formula, it follows

Y (CoPuu)ew(vi))x = D (Qole(w),cu(va))x

KeSy KESy,
=— > (V-Qoe(m), vio)x + D (Qo(e(w))n, vis)ox
KeSy, Key,
= Z (Qo(e(u)), Vvio)k — Z (Qo(e(w))n, vio — Vhb)ox
KeSp, KeSy,
= Z (e(u), Vvio)x — Z (Qo(e(u))n, vio — Viy)ok - (4.8)
KeSy KeSy

Similarly, by (3.2) and (4.2) we obtain

Z (Vw 4 Pwu, Vw . Vh)K = Z (QO(V ' u>7vw : Vh)K

KES;, KEC\\S‘}L
== > (VQo(V-u),vio)x + »_ (Qu(V 1) n,vi)ox
KeSy, KeSy
= Z (Qu(V-1),V-vio)x — > (Qo(V 1) n,vio — Vip)ox
KeSy, KeSy,
= > (V-uV vi)x — Y (Q(V-u) nvi—vip)ox.  (4.9)
KeSy, KeSy,




We also have

= > (V- Vi, Qop)x
KES),
Z (Vio, VQop)k — > (Vi -1, Qop)ox
€S KeS,
= (Qop, V- vio)k + Y (Qop, (Vio — Vi) - m)ox
Key KeSyp,
= - (0, V- vio)k + Y, (Qop, (Vo — Vie) - )or.  (4.10)
Key, KeSy,

Testing the equation (1.1) with the component vyo of v, = {vpo,vis} € Vo},LD
yields

2u Z ), Vvio)x — 20 Z u)n, vio)o

KeSy, KeSy,

+A Z V-ou, V- vy — A Z ‘N, Vpo)oK
KeSy, KeSy,

= > 1, V-vio)k + Y (P vio ok
Keg\fh KE%’L

= (f, Vh()).

Thus, by the boundary condition (1.3) we have

2u Z ), Vvio)k + A Z (V-u,V-vpo)x — Z (2, V- Vo) i

KeSy, KeSy, KeSy,
= (F,vio) + (B, i)y + 210 Y (e(W)n, vio — Vin)ox
Kesy,
+A Z "I, VR0 — Vhb)OK — Z (s (Vho — Vi) - m)orc. (4.11)
KeSy, KeSy,

As a result, substituting (4.8)-(4.10) into (4.7) and using (4.11), we arrive
at the desired relation (4.5).
Now we turn to show (4.6). From the definitions of b(-, ) and d(-, -) it follows
—b(Di Py, qro) + d(Pup, qn)
—b(Dthu, (Jho) =+ *(vawl% 6w‘]h)
ne
+* > BN QuQop — Qup, Quano — qnv)ox (4.12)

KGJh

Using the commutative property (4.2), we get

—b(DiPutt, gro) = > (V- DiPutt, gro)
Kesy,

= > (Qu(V-Dw),qno)x = Y (V- Diu,quo)r.  (4.13)

KeSyp, KeSy,

10




Similarly, we obtain

(%wpwpaﬁwqh) - Z (QO(VP),%th)K

Kesy,
= = > (V-(Q(VD),ano)x + Y (Qo(Vp) -0, qn)ox
KeSy, KeSy,
= Z (Qo(Vp), Vano)x — Z (Qo(Vp) - m,qno — qnv)ox
KeSy, KeSy,
= ) (Vp,Vano)k — Y (Qo(Vp) 0, qn0 — qn)ok- (4.14)
KeSy, KeSh

By testing the equation (1.2) with the component gno of ¢n = {qro, gnso} € @g B
and using the boundary condition (1.4), we get

K
> (V- D, gno)k + - > (Vp, Vano)k

KeSy f kes,
= (9,0n0) + (v am)rg + Y (VP10 qno — uo)ox
Ke3p

Substituting (4.13)-(4.14) into (4.12) and using the above inequality, we finally
obtain the desired relation (4.6). O

We have an inf-sup stability result for the bilinear form b(,-):

Lemma 4.3. For any ¢ = {qo,q} € ©" -, it holds

0,D’
—b
sup  AA0) g, (4.15)
0£VEV] vl
Proof. For any ¢ = {qo,qs} € 90 5> owing to a result by Necas [24], there is
Ve HO_’D, such that
V-v=qo, [Vl < llgollo-

Taking v = P,, ¥, from the definition of the discrete weak divergence (3.2) and
the commutative property (4.2), we have

=b(v, q0) = Z (Vo - (Pw¥),q0)k = Z (Qo(V-¥),q0)k

KeSy, KeSy,
=Y (V- ¥,q0)k = 0.5 = llaol 5. (4.16)
KeSy, KeSy

Next we show |||v||lv < ||¥]]1. By the commutative properties (4.2)-(4.3) and
the projection property, we have

Z llew (v ||0K— Z |lew(PwV) ||0K— Z |Qo(e ||OK

KeSy, KeSy, KeSy,
Z @k S D IVEIE .k
ey, KeSy,
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Z va 'V|

b= D Ve PuDix = Y 11Qu(V- 95«

KeSy, KeSy, KeSy,
S YOIV S D VIR«
KeSy, KeSy

From the projection properties and the trace inequality (see for example in [3]),
it follows

. htlvo=vollax = D h' lQQo¥ — Qu¥[3x

Key, Kesy,

< Z hi 11Qov — V|3

KeSy,

S D0 b (hg 1Qo¥ — ¥[8 i + hic|[V(Qo¥ — 9)113 x)

Kesy,

S D IVl ke

Key,

By the above three inequalities and ||[¥|]1 < ||qo]o, we get
VI < D IIV9116.x < Haoll5. (4.17)
Key,

Combining (4.16) and (4.17) leads to the desired inequality (4.15). This com-
pletes the proof. O

Lemma 4.4. For any q¢ = {qo,q} € O", we have

> IVaolli« S llalllé- (4.18)

KeSy,

Proof. For any ¢ = {qo, q»} € ©", from the integration by parts and the defini-
tion of weak gradient and @y, it follows

(Vao,Vao)k = —(q0,V - Vo) k + (0, Vgo - n)ox
= —(q0,V - Vaqo)k + (@, Vo - m)ox + (g0 — a», Vqo - n) oK

= (Vuwa, Vao)x + (Qvdo — @, Vo - M)k,

which, together with the trace inequality and the inverse inequality, yields

A _1
IVqollg.x S IVwallo.x || Vaollo,x + Py [1Qbg0 — abllo.0x || Vaollo,x -

Thus,

~ _1
IVaollo,x S [[Vwdllo,x + i 1Qbg0 — avl]o,0k -

Therefore, we have

Va0l x < IVwalld x + hi 1Qua0 — ablld o

which gives rise to (4.18) after a summation over all K € Sy,. O

12




We introduce a space ©" for the first components of ¢;, = {qno, qns} € @g B
i.e. l
e .— {qho| ano|lx € P(K), VK € %h}.

From [4], the following result holds:

Lemma 4.5. There ezists an interpolation I? : "0 — @hoﬂH&)FfJ (Q) such
that, for any qno € O, I2qyo € OM° ﬂHé’F]j (Q) and

llano — Tgnoll§ < helllgnolll5 (4.19)
e€&p
Lemma 4.6. For any qn, = {qno,qns} € @gb, we have
llanollo < [llanllle- (4.20)

Proof. Using (4.18), the projection property, the trace inequality, and the in-

verse inequality, we easily obtain, for any g, = {qro, qns} € @g B
> lano — anolld ox

KeSy,

N Z (Ilano — Quanollg.ox + 11Qvano — ansll§ ox)
KeSy,

S Y h(IVanol 15,k + R [1Qegno — ansll o)
KeSy,

< Blllanll1-

This inequality gives

> helllgnolllde = > helllano — ans]ll5

e€&y e€lp
W2l qnl 13- (4.21)

A

Since I2qno € ©"°N Hé D(Q)’ from (4.18) and Poincare’s inequality it follows

< IVEanlls
S D VG0 = Lano)llgx + Y 1IVanollg x

KeSy, KeSy,
lgnlll3-

Then the above inequality, (4.19) and (4.21) yield

|27 qnoll3

A

lanolls < llano — TnanolIg + 117 anol 15 < [lanllf3-
This completes the proof. O

Lemma 4.7. Assume that u € [H'TY(Q)]¢ and p € H*FL(Q). Then for any
(Vh,qn) € ‘/ijD X 61011:') and m=1,2,--- N, we have the estimate

|Ev(um7vh) +Eq(pmaqh)|
SEH(a™ e llIvallly + ™ it llanllle + 1™ it l[valllv)- (4.22)
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Proof. Recall that

4 6

E,(u™,vy) = ZE“ E,(p™, qn) = ZEZ

i=1 =5

Using the trace inequality and the project property, we get

|E1] = [2u Z (T = Qo)(e(u™))n, Vo — Vip)oxk|

KeSy,
) 1/2
S (X mll@- Qo)™ o)
KeSy,
1/2
( > hEHvao —Vhb||(2>,aK>
Kesy,

S B[l valllv
and

[Eol = A > (I = Qo)(V-u™) - n,vio — Vip)ok]|

Kesy,
) 1/2
< (32 hrll = Qo)(V - u) il o )
KeSy,
1/2
( Z hf(lHVho _Vhb||(2),6K)
KeSy,

< B e[ [vall]v-
We also have

|Bs| =l > hi{Qou™ — Quu™, vio — Vin)ox|

KeSy,

=ln Y hg"MQu(Qou™ — ™), vao — Vi)ox|
KeSy,

_ |,U/ Z h;{l <Q0um _ um7vh0 _ Vhb>6K|
KeSy

(4.23)

(4.24)

1/2
S (D 0RANQou™ w4+ IV(Qou™ — u) )

KeSy,
(3 mRMlvao = visllE o)
KeSy,

S A" iallvalllv,

1/2

14
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and

[Eal = 1= D ((vio = Vi) -0, (I = Qo)p™)ox]|
KeSy,
1/2

< (X = Qop" B ox)

KeSy,

1/2

( Z hi [ Vo —Vhng,aK)

KEC\?h

S A e[Vl v (4.26)

For the term E5, we have

|Es5| = |

<

77% Z (T—Qo)Vp™ -1, qno — qnb)ox|

KeSy,

Z (I—=Qo)Vp™ - n,qno — Quvano)ox|

Key,

+ Z (I=Qo)Vp™ -1, Qvqno — qnb)ox |-

KeSy,

For the first term on the right-hand side of the above inequality, we use the
trace inequality, (4.18), and the projection property to obtain

| Z (I—Qo)Vp™ -1, qno — Quqno)ox|

KeSy,

S Z hi |[(T —

KeSy,

(3 nxlia

KeSy,

s (X mla

KeSy,

N

Qo)Vp™ - nl|o,0x||Vanollo,ox

1/2 1/2
= Q)Vp™ nlfox) (Y hxlVanolld ox )
Kesy,
1/2 1/2
—Q)Vp™ nlif o) (X IVanolld )
Kesy,

< A" lisalllanllle-

Similarly, for the second term we have

A

| Z (I—Qo)Vp™ -1, Quvqno — qnb) ok |
KeSy,
1/2 B 1/2
( > hxl|T—Qo)Vp ) ( > b 1Quano — th||(2>,aK)
KeSy, KeSy,
R 1p™ i1l lgnlle-
Combining the above three estimates, we get
|B5] < B i lllanllle- (4.27)

For the term Ejg, from the trace inequality, the inverse inequality, and the project

15




property, it follows

K - m m
|Es| = |a Z hi (@QuQop™ — Qup™, Qbano — qnb) ok |

Key,
-1 m m||2 1/2
S ( Z hi [|QvQop™ — Qubp |0,8K>
Kesy,
. ) 1/2
( > B MIQugno — anl 0,8K)
KeSy,
< W™ |1l anlle- (4.28)
The inequalities (4.23)-(4.28) imply the desired result (4.22). O

To derive the error estimation of the fully discrete scheme (3.10)-(3.11),
following the standard technique by Thomée [29] for the error analysis of time-
dependent problems, we introduce the elliptic projections uy € VO},LD and py, €

h .
@07 5 defined as follows:
a(ﬁh, Vh) + b(Vhy]ahO) = a(Pwu> Vh) i b(vh, Pwp) - Ev(uv Vh)a (429)

d(Pn,qn) = d(Puwp, qn) — Eq(p, qn), (4.30)

where the terms Ey(u,vy) and Ey(p, gn) are defined in Lemma 4.2.
Note that the above projections are actually decoupled. In fact, pj, is deter-
mined by (4.30), and then uy, is determined by pj, and (4.29).
We split the errors between the L? projections P, u, P, p and the WG finite
element solutions u}’, pj* at t = t,, as
P,u” —up’ = (P,u™ —a) + (@' —up) = pr+&7,  (4.31)
Pup™ —pi" = (Pup™ =Pi') + (01" —ph') = pp +&'  (4.32)
Lemmas 4.8-4.9 are to estimate the four terms py', p;*, &'y &'

Lemma 4.8. Foru e [HH Q)" NH -, (Q) and p € HT(Q) NHgr, (Q) and
m=1,2,---, N, we have

o2 v < B (a™ i1 + ([P 141, (4.33)
lepllle < AP |[i41, (4.34)
Dol < W1 Dea™ |1 + | Dep™ 141)- (4.35)

Proof. Using (4.27), (4.28) and (4.30), we get
oy an)| = 1d(Pnp™ = i’ an)| = |Es + Eg| S b [p™ [l lllanllle,

which gives the desired result (4.34) by letting g5, = pj'. The above inequality,
together with (4.23)-(4.26), (4.29) and (4.20), yields

la(pu's Vi)l = | = b(vh, pp') + Ev(u™, v)|
Svalllvlloplo + B a™ [ + [p™ i) valllv
Svalllvillepille 4+ BH(a™ lir + 1™ i) valllv-

This implies the desired result (4.33) by letting vy, = pi.
Similarly, we easily obtain the estimate (4.35) by differentiating the equa-
tions (4.29)-(4.30) with respect to ¢. This completes the proof. O
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We follow the idea in [25] to estimate the terms &' and " := {£5, £ }-
Lemma 4.9. Form=1,2,--- | N, we have
&l + Vadligllle + 1166l S e + At Y [I|1RAv,  (4.36)
j=1
where R} := D;P,u™ — 551%.

Proof. Subtracting (4.29) and (4.30) from (3.7) and (3.8), respectively, using
(4.5) and (4.6) we have,

a(€m,vh) + b(v, %) =0, (4.37)
—b(0:E qno) + d(&)" an) = —b(RY, qno)- (4.38)

Taking v, = 5@{?, qn = &' in (4.37) and (4.38), respectively, we obtain

a6y, &™) + A(RY, &)
Heaviligs = kv + AR v [Igollo.

Thanks to Lemma 4.3 and (4.37), we get

b(Vh, &) a(gr
lpllos s ot g g, ol ve)
thVO’fD,v;l;aéO ‘|‘Vh|||v vaVOD,vh;ﬁO Hlv |H

€ + AtIEM1E

A

S g v

The above two inequalities imply

lgx v + v Aatlig e < lllsa = llv + AtIRT v, (4.39)

which yields the desired result (4.36).

Next lemma gives the estimation of ||| RE]||v .

Lemma 4.10. Assume that Dyyu(t) € L'(0,T; Hy 1, (), we have

m tm
anmuvs/ HDttqudw—/ Depalllvde.  (4.40)
j=1 0

Proof. Based on the definition of R}, we have
Ry = (DyP,u™ — 3;P,u™) + (0;P,u™ — d,up).

From Taylor series expansion with the remainder in terms of the integral form

£(0) = f(a) + £ (a) /f -,

it follows

DP " B P " = / DuPouti(c, )t 1 — 1) dt.
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Therefore, it holds

- 1 tm
[1DePuwu™ =0, Pyu™||lv = =|| DyPou(,t)(tm—1 — t)dt|[lv
ant' J,

m—1

1 tm

< — DuPoul, ) (tmo1 — t)|||vdt

S i [ PPt ) Dl
tm tm

S [ aPuullvars [ (IDwulluat (4.41)
tim—1 tm—1

Recalling that p = P,u™ — i}, we obtain
m—1

3 N = Pﬁl_Pu
P,u™ — m _
0P wu™ = du™ [y = [[[=—1"—lllv

1 tm 1 T
== Dyipu(t)dt < — Dy puy dt.
[ Deattati < 2 [ Dl

tm—

(4.42)
Finally, combing (4.41) and (4.42), we have
tm 1 tm
IR S [ iDwalide+ 5z [ Dwpulllvar
tn1 At e,
This yields (4.40) immediately. O

In view of Lemmas 4.9-4.10, we can obtain the following main conclusion.

Theorem 4.1. Assume that

u(t) € L=(0,T; [H ()" N Hy 1, (),

Dyu(t) € L'0,T; [HTHQ)]Y), Dyu(t) € L'(0,T5H{ 1, (Q)),
p(t) € L=(0, T; HHY(Q) N Ho (),

Dip(t) € L*(0,T; H(Q)).

Then, for m =1,2,--- , N, we have the error estimate
N[u™ = u||lv + VAllp™ - pllle

tm
< |||53||\v+m/0 | Devu |yt

tm
(Il ™ s + [ QD™ s + 1 Dep™ 1) .43
0

Moreover, for the pore pressure, we have
[1p™ = Prollo

tm
<€y + At/o Dyl |ydt

tm
A s + 0 [ D+ (D" i) (14)
0
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Proof. Using (4.31), (4.33)-(4.36), (4.40) and the triangle inequality, we have

[[Pwu™ —witl[|v + AL|[Puwp™ = pitllle

tm
S il + a0 [ Dl
0
R (1 fea + 1™ lea + VAU ™ i1

tm
+/ (I Da™ 141 + I\Dtpm||l+1dt),
0

which, together with standard estimates for the L? projections, implies the
result (4.43).

To derive the L? error estimate (4.44), we shall perform a duality argument.
Recalling that p)' = Pup™—py' =: {pp, Ppy > We consider the following auxiliary
problem: find ® € Hi () such that

K
——A®P=p% in Q. (4.45)
nf 70

Since (1 is a convex polyhedral domain, we have
121]2 < Mlopollo- (4.46)

From (4.45), (1.2), (4.30), and the definition of E,(p™,qn), it follows

= E,(p", Pu®) — Ey(®,p)")
K
= — Z (I=Qo)Vp™ - n,Qo® — QpP)ox
e KeSy,
K . m m
+— Z h (QuQop™ — Qup™, QuQo® — Qu®) ok
N KeSy,
K — m m
~ Z hi (Quplts — P, QuQo® — Qu®) o
s KeSy,
K m m
- Z <(Q0(v(p) - V(I)) -1, ppO - ppb>8K
T]f KeSy
=: El + E~2 + E~3 + E~4. (447)

Next Let us bound the four terms E; (i = 1,2,---,4). In view of the trace
inequality and the projection properties, it is easy to see

~2 K
Byl = |— Z (T=Qo)Vp™ - n,Qo® — QpP)ox]|
T Kes
Sh
S 1D (= Q0)Vp™ 0, Qo® — ®)ok]
KeSy,
H D ((T=Q0)Vp™ 1, @ — Q) ox]
KeSy,
< BT [l @] 2 (4.48)
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Similarly, we can obtain

B = \% 3 hHQQop™ — Qup™, QuQo® — Qu®)ox|

KeSy,

< R |92, (4.49)

n K m m
Byl = |- p” D ((Qu(VP) = V®) -, it — pit)oxc]|
KeSy,

| > (Qu(V®) = V®) - n, pl — Qoplst)ox]

Key,
+H D ((Qu(VP) = V@) -1, Qoplty — pib)ox]
KeSy,
R [p™ (1411121 - (4.50)

A

A

For the third term Fj, from (4.34) and the project property it follows

~ K _
|Es] = |- ” > b Qoo — P QuQo® — Q) ok
KeSy,

R 1p™ 141 @] |2 (4.51)
Substituting (4.48)-(4.51) into (4.47), we have

llpnsllo S R IP™ |41,

which, together with (4.36), (4.40), (4.35), and the projection property, yields
the desired estimate (4.44). O

A

5 Numerical experiments

In this section, we shall report some numerical results for the proposed fully
discrete weak Galerkin finite element scheme (3.7)-(3.9) in two-dimensional cases
with [ = 1,2.

5.1 Model problem with smooth solution

Consider the Biot’s consolidation problem in the square domain © = (0, 1) x
(0, 1)with uniform triangular meshes (Figure 1). Weset T =1, p = A=k =
ng = 1. The forcing terms f and g are chosen such that the analytical solution,
(u,p), to the system (1.1)-(1.2) with Dirichlet boundary conditions, is given by
ur = 102%(1 — )y (1 — y)(1 - 2y exp(~1)),
uy = —10z(1 — 2)(1 — 22)y*(1 — y)? exp(—2t), (5.1)
p=102%(1 — 2)*y(1 — y)(1 — 2y) exp(—3t).
Numerical results are presented in Tables 1-2 for [ = 1 and [ = 2, respectively,
where the time step At = h!, and

euo = max |ju™ —ujpllo, ews = max [[u” —uplly,
— mo__ m . m o __,m
epo 1= max [[p™ —phollo,  ep1 = max [[[p" —pi'llle-
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Figure 1: Mesh type

For the displacement error ey ;, we can see that the convergence rates of our
methods are of first and second orders for [ = 1 and [ = 2, respectively. This
is conformable with the theoretical results in Theorem 4.1. We note that the
the convergence rates for ey are of second and third order, respectively. For
the pressure errors e, ¢ and e, 1, the numerical results are much better than the
corresponding theoretical results, O(At +h') = O(h') and O(VAt+h!/VAt) =
O(h'/?), respectively.

Table 1: Convergence history with [ =1 and At = h

hfl €u,0 €u,1 €p,0 €p,1
Error Rate Error Rate Error Rate Error Rate

4 5.2401E-03 7.0694E-02 1.2539E-02 1.0969E-01
8 1.2398E-03 | 2.08 | 2.9332E-02 | 1.27 | 4.6349E-03 | 1.44 | 8.1493E-02 | 0.43
16 | 3.1002E-04 | 2.00 | 1.3186E-02 | 1.15 | 1.3828E-03 | 1.74 | 4.9533E-02 | 0.72
32 | 7.8695E-05 | 1.98 | 6.4165E-03 | 1.04 | 3.6738E-04 | 1.91 | 2.7284E-02 | 0.86
64 1.9852E-05 | 1.99 | 3.2132E-03 | 1.00 | 1.0031E-04 | 1.87 | 1.4315E-02 | 0.93

Table 2: Convergence history with [ = 2 and At = h?

B-1 €u,0 €u,1 €p,0 €p,1
Error Rate Error Rate Error Rate Error Rate

4 6.4331E-04 1.6113E-02 3.3113E-03 4.6684E-02
8 5.4591E-05 | 3.56 | 3.2632E-03 | 2.30 | 4.8197E-04 | 2.78 | 1.3956E-02 | 1.74
16 | 4.9295E-06 | 3.47 | 7.1749E-04 | 2.19 | 6.4149E-05 | 2.91 | 3.6992E-03 | 1.92
32 | 5.2521E-07 | 3.23 | 1.7136E-04 | 2.07 | 8.1734E-06 | 2.97 | 9.4485E-04 | 1.97

5.2 Mandel’s problem

Mandel’s problem [

merical methods for poroelasticity equations.
poroelasticity is to eliminate numerical oscillations (locking) in the pressure

approximation.
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One important issue in linear



The domain is set to be Q = (—a,a) x (=b,b), and, as pointed out in [27],
we only need to solve the problem in the upper-right quadrant of Q, i.e. (0,a) x
(0, b), since the problem is symmetric about the x and y axes. The corresponding
boudnary conditions and initial conditions are as follows:

Uilz=0 =0, Usly=0 =0, uz|y=p = co(Rigid Plate Constraint),

0 otherwise,
p‘z:a = 07
K
7vp . n|z:0,or y=0,or y=b = 0,
u|t:0 = 0, p‘t:O =0.
We refer to [1, 25] for the analytical series solutions for the displacement u

and the pressure p. We set p = 102_5,/\ =0, = 1076 F=(0,1)"a=0b=1,
and ¢y = 10™*. The computational meshes as same as in Figure 1. We choose
the mesh size h = 1/20 when [ = 1,2. To minimize the effects of the error
produced by the time discretization, we use a small time step of At = 1076,

The numerical pressure and real pressure at t = 1076 are presented in Figures
2-3 with h = 1/20 and At = 1075. We can see that the proposed WG method
gives quite accurate results for the pressure approximation, and captures the
Mandel-Creyer effect around = = a (¢ = 1). This agrees with the results in
[1, 25], and indicates that the proposed WG method is capable of overcoming
the numerical oscillations of pressure.
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