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1. Introduction
The least squares problem with equality constraints (LSE) has the following form:
LSE : ,{2{}{1} ||Ax — b||2 subject to Cx = d, (1.1)
where A € R™", C e RP*", b € R™, d € R and m + p > n > p. The rank conditions [1]
rank(C) = p and rank ([é]) =n (1.2)
guarantee the existence of the unique solution of LSE [1,2]

x=Kb+Cld,
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where
K=@Ar)}, P=I,-Cic, Cl=,—kAC (1.3)

and B' is the Moore-Penrose inverse of B [1]. Under the rank condition rank(C) = p the equality constraints Cx = d in (1.1)
are consistent, thus LSE (1.1) has solutions. The second rank condition of (1.2) guarantees the uniqueness of the solution to
(1.1). On the other hand, the augmented system also defines the unique solution x as follows:

0 0 Clra d
x| 0 I A H:H b, (14
ct AT o] Lx 0

where AT is the transpose of A, I, denotes the m x m identity matrix, 0 is the zeros matrix with conformal dimension, A € R?
is a vector of Lagrange multipliers, and r is the residual vector r = b — Ax. As stated in [2,3], when the rank condition (1.2)
is satisfied, .4 is nonsingular and its inverse has the following expression:

(ACHTAC]  —(AchHT (ch’
A= —AC] - (AP K’ . (1.5)
cl K ~ ((aP)T(aP))"

When C = 0 and d = 0, LSE is reduced to the classical linear least squares problem (LS) as follows
LS:  min||Ax — b|>. (1.6)
XeRM

InTthis cagre, we know that the rank condition (1.2) becomes rank(A) = n. Thus LS has the unique LS solution x = Atb =
(ATA)"1ATb.

The LSE problem has many applications such as in the analysis of large scale structures [4], and the solution of the
inequality constrained least square problem [5] etc. The algorithms and perturbation analysis of LSE can be found in several
papers [ 1-9] and references therein.

Perturbation theory is important in matrix computation, since they can give error bounds for the computed solution.
Especially, condition number measures the worst-case sensitivity of an input data with respect to small perturbations on
it; see the recent monograph [10] and references therein. Rice in [11] gave a general theory of condition numbers. Let
Y . RP — R? be a mapping, where RP and R are the usual p- and g-dimensional Euclidean spaces equipped with some
norms, respectively. If v is continuous and Fréchet differentiable in the neighborhood of uy € RP then, according to [11],
the relative normwise condition number of ¥ at ug is given by

1 (o + Au) — ¥ (uo)ll IIAUII) lldv (uo)ll luoll

= , (1.7)
1 (uo)l lluoll Il (o)l

where dy/(up) is the Fréchet derivative of ¥ at ug. Condition number can tell us the loss of the precision in finite precision
computation of a problem. With the backward error of a problem, the relative error of the computed solution can be bounded
by the product of condition number and backward error.

When the data is sparse or badly-scaled, componentwise perturbation analysis [ 12,13] has been proposed to investigate
the mixed condition numbers and componentwise condition numbers [ 14] of the problem in matrix computation. The mixed
condition numbers use the componentwise error analysis for the input data, while the normwise error analysis for the output
data. On the other hand, the componentwise condition numbers use the componentwise error analysis for both input and
output data. Consequently, the perturbation bounds based on the mixed and componentwise condition numbers are more
effective and sharper than those based on the normwise condition number when the data is sparse or badly scaled because
the normwise condition number defined in (1.7) does not take account of the structure of both input and output data with
respect to scaling and/or sparsity.

In some situations, the conditionings of particular components of a solution are different. Thus it is suitable to consider
the condition numbers of a linear function of the solution. These type condition numbers had been studied for the LS
problem [15,16], the weighted LS problem [17], the total least squares problems [18,19], the indefinite LS problem [20]
and the LSE problem [21], etc. In this paper, we will investigate the sensitivity of a linear function Lx of the LSE solution x
with respect to perturbations on the data A, C, b and d. First, let us introduce the following mapping

cond (up) := lim sup (

e=~>0 | auf<e

@ R™ x RP" x R™ x RP — RF (1.8)
®(vec(A), vec(C), b, d) =L (;cb n C/Id) ,

where vec(A) is a vector obtained by stacking the columns of a matrix A one by one (see [22] for details), and L is an
k-by-n, k < n, matrix introduced for the selection of the solution components. For example, when L = I, (k = n), all
the n components of the solution x are equally selected. When L = eiT (k = 1), the ith row of I,;, then only the ith component
of the solution is selected. The matrix L is not perturbed in the text.



642 H.-A. Diao / Journal of Computational and Applied Mathematics 344 (2018) 640-656

In this paper the explicit expressions for the normwise, mixed and componentwise condition numbers of the linear
function Lx of the solution x to LSE (1.1) are considered. We will adopt the definition of condition numbers to derive
condition numbers’ expressions. Moreover, sharp upper bounds also are deduced, which can be estimated efficiently via
the classical Hager-Higham algorithm [23-25]. When the generalized QR factorization (GQR) method [2,6,8] is adopted
for solving LSE, the computational complexity of the proposed condition estimations can be significantly reduced through
utilizing the already computed matrix decompositions. There have been lots references on the condition numbers analysis
for LS [15,16,26,27] and LSE [2,7,21]. We revisit some results on condition numbers for LS and LSE. Our new derived explicit
expressions can recover the former expressions under some assumptions. Numerical examples in Section 5 tell us, under
some particular situations, the mixed and componentwise condition numbers of the linear function for LSE can be much
smaller than the normwise condition numbers. However, when the data is neither sparse or badly scaled, there are little
differences between the normwise condition numbers and the mixed/componentwise condition numbers. Thus, it is more
suitable to use the normwise condition numbers as the measure for monitoring the conditioning of LSE since the explicit
formulas of normwise condition numbers are more compact.

The paper is organized as follows. In Section 2, the normwise, mixed and componentwise condition numbers for LSE
are investigated. Also their upper bounds are derived, which can be estimated by the Hager-Higham algorithm [23-25].
We revisit the previous results of the conditioning analysis for LSE and LS in Sections 3 and 4, respectively. We do some
numerical examples to test the effectiveness of the proposed condition numbers in Section 5. At end, in Section 6 concluding
remarks are drawn and the future research topics are pointed out.

2. Explicit expressions of condition numbers for LSE

In this section we will derive the explicit condition numbers expressions for a linear function of the solution of LSE.
Also sharp upper bounds for the normwise, mixed and componentwise condition numbers are obtained. By considering the
already computed decomposition of the GQR method [2,6,8] for solving LSE, we can estimate upper bounds efficiently via
the Hager-Higham algorithm [23-25].

In the following the normwise condition numbers for LSE are defined. First, we introduce the following product norm [27]
to measure the input data [E, f]. Let « and 8 be two positive real numbers. For the data space RP*9 x RP, we use the product
norm defined by

ICE, Al = =/ «?IENIF + B2IfII3- (2.1)

The norm is very flexible since they allow to monitor the perturbations on E and f. For instance, large values of « (resp. 8)
enable to obtain condition number problems where mainly f (resp. E) is perturbed.

The following lemma concerns with an equivalent expression for a general linear operator’s spectral norm, which will be
used to derive expressions for the normwise condition number of LSE.

Lemma 1 ([28, Lemma 2.1]). Given matrices L € R¥9, V € RP*4, X € R9*P, Y e R%9 and vectorss € R?, t € R, u € RP
with two positive real numbers « and B, for the linear operator | defined by
I(V,u):=L(—XVs + YVt + Xu),
its operator spectral norm can be characterized by
ittt B tsT

1 1 C]I —C— _——
—EIISHzX, allfllzy} " enz e litlzlslz ;
0 I

where ¢; = /5—2 + m G =c + W For the linear operator Iy defined by

(V) =L (-XVs + YV ¢t),

I(V,u
Ul = sup MOVl L[

veouzo IV, ullz
2

its operator spectral norm can be characterized by

(V)] ot
M 2 - -
—ro = (\L[=lsl2X. HelRY] | ™ ez fiellzlsllz || - (2.2)
vzo IVIF 0 [
n 2

Moreover, we have

Iy(V Iy(vV Iy (V
1 (V)ll2 < 1 (V)ll2 < V2su 1 (V)ll2
vzo |IVIF vzo |IVI2 vzo |IVIF
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In the following the notation § means two vector componentwise division given by

a; .
2 if b #0,
(9) ]y b (2.4)
b7i 1o, if b =0,

where a and b are two conformal dimensional vectors. We define the normwise, mixed and componentwise condition

numbers for LSE as follows:
A b
C||d

e|[LX]|2

ILAX]|,

vy (2.5)

kp == lim sup
<&

ClEED,

. ILAX|| oo
kS = lim _—

,
e=0 |aajzela), |ac|=elc] €| LX]| 0o
| Abi=<elbl, |Ad|<eld

. 1
lim sup -
£=0 |AA|<elAl, |AC|<e|C| €

| Ab|<e[b], | Ad|<e|d|

LAx
Lx

K o

’

oo

where |A| = |a;j|, |AA| < e]A| should be understood componentwisely, ||-|| = is the product norm defined by (2.1), and x4 Ax
is the unique optimal solution to

min (A + AA)X — (b + Ab)|; subject to (C + AC)x = d + Ad. (2.6)
XeRN

First, we prove the mapping @ defined by (1.8) is Fréchet differentiable and its Fréchet derivative is obtained by means
of matrix differential calculus [29] in Lemma 3. Before that, we need the following lemma.

Lemma 2 ([29, Page 171, Theorem 3]). Let T be the set of non-singular real m x m matrices, and S be an open subset of R"*, If
the matrix function F : S — T is k times (continuously) differentiable on S, then so is the matrix function F~' : S — T defined by
F~Y(X) = (F(X))~", and

dF ' = —F (dF)F .

The Fréchet derivative of @ involves Kronecker product. In the following, we review some basic results on Kronecker
product. If A € R™" and B € RP*9, then the Kronecker product A ® B € R™>™ js defined by A ® B = [ayB] € R™>™ [22].
The following results can be found in [22]

IA® Bl = |A| ® |B|, vec(AXB) = (B ® A)vec(X),

forany A € R™", (vec(A)) = vec(A"),

for any vectory and matrix Y, (y ' @ Y) T =Y ®y", (2.7)
where IT € R™*™ js the vec-permutation matrix; see [22] for details.

Lemma 3. The function @ is a continuous mapping on R™ x RP" x R™ x RP, where & is defined by (1.8). In addition, & is
Fréchet differentiable at (A, C, b, d) and its Fréchet derivative is given by

d®(vec(A), vec(C), b, d) = L[zc(ch 1" —x' @1In), —Cl(x" ®1,) — KIK" ® (r"AC])],
K. cj].

Proof. From (1.4), we know that x = A~ 'h. Since A is invertible, the linear operator @ defined in (1.8) is continuously
Fréchet differentiable in a neighborhood of the data (A, C, b, d) from the theory of the matrix differential calculus [29].
With Lemma 2, we can deduce that

dx = (dA b+ A7 ldb = —A7'(dA)Xx + A db.
Noting that
dA dd 0 0 dC
dx=|:dr] db=|:db:|, dA=1| 0 0 dA|,
dx 0 dc™ dAT o
recalling (1.5), and after some algebraic operations we deduce that
dx = Kdb + Cldd — CldCx — KdAx + ((AP) " (AP)) (dA)Tr (2.8)
+ ((AP)T(AP))!(dC)" 1.
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Thus d® = Ldx since @ is linear. From (1.4), it can be verified that CTA + ATr = 0. Since C has full row rank (CCt = I)
it is easy to see that A = —(ACT)Tr. Substituting the above expression in (2.8), using the equality (ACT)Tr = (AC/I )Tr from
Lemma 4.2 in [2], and noting ((AP)"(AP))! = KK, we can derive that
dd(vec(A), vec(C), b, d)- [vec(dA)", vec(dC)", db", dd"]" = —LkdAx
+ LKKT(dA) 1 — LC dCx — LKK ' (dC)"(AC)) r + Licdb + LC) dd. (2.9)

Applying vec operator to both sides of the above equation and using Kronecker product properties (2.7), we can prove that

dd(vec(A), vec(C), b, d) - [vec(dA)", vec(dC)", db", Ad"]" = —x" ® (LK)vec(dA)
+ 1" ® (LKK )T vec(dA) — x" ® (LC) )vec(dC) — (rTAC)) ® (LKK " )Tvec(dC)
+LKdb + LC,dd
= —LK(x" ® Iyn)vec(dA) + LK(K" @ r")vec(dA) — LCI(x" ® I,)vec(dC)
— LK[K" ® (rTAC])Ivec(dC) + LKdb 4 LC]dd.

From the above deductions, we complete the proof of this lemma. O

In the following theorem, we will give the explicit expressions for normwise, mixed and componentwise condition
numbers of LSE. First, recall the notation % is defined by (2.4), where a and b are two conformal dimensional vectors.

Theorem 1. Let A € R™", C € RP*", b € R™"and d € RP, the rank conditions (1.2) be satisfied, and x = Kb + C,Id be the
solution of LSE (1.1), for normwise, mixed and componentwise condition numbers defined by (2.5), we have
LN

DL,

- ’

ILx]|2
HILMIvec(lAI) + LT | vec(IC]) + |LK] [b] + LC] | |d|H
o0

rel

k= ,
°° L]l 0o
. |[LM| vec(|A]) + LT | vec(|C|) + |LK]| |b| +|LC/I| |d|
c Lx ’
o0

where

M=KK " @r" —x" ®In), J=Cl(x" ®I,)+KIK' & AC),
e’ B !

1 1 1 ciloy —pe B2
[—ﬂHXHz/C —E||X||2C,I alltllzK’CT] P02 Xl el | (2.10)
0 I,

. r _ (B 1 — 1
and t = I:_(AC)\L)Tr:I' =T lIxI12 and ¢z =1 + el

Proof. In view of (1.7) and Lemma 3, for the normwise condition number «,, the following equality

N

Al b
deD (vec(A), vec(C), b, d) - [vec(dA)T, veo(dC)T, db™, dd"]" H H ([c} , [d])
Kp = Sup 2,

A0, db#0 dA db 11 24P}
dC0, dd£0 ac | lad
f

holds. From (2.9) we can deduce the following relationships

F

d®(vec(A), vec(C), b, d) - [vec(dA)T, vec(dC)T, db T, ddT]T

<o cnfader o ] g+ cafil]}
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Thus, identifyingX = [k C/].Y=kk",V=[k C]].u= [gg], s=xandt = [_

r . .
Tr] in Lemma 1, we can derive
that

“ach

||[d® (vec(A), vec(C), b, d) - (dA, dC, db, dd)||»

sup
R (6]
d , d ’
dc | [ad] )|
1 1 1 ol C B tx!
= L[—EIIXIIzK —EIIXIIzCX allrllzmq R TTER A TN T

0 Iy ,

then the explicit expression of «, has been derived.
For the second part, recalling Ax defined by (2.5), from the definition of Fréchet derivative, we know that

LAx = d® (vec(A), vec(C), b, d) (vec(AA)T, vec(AC)T, AbT, AdT)T + 0(?).
Hence, because |AA| < ¢|A|, |AC| < ¢|C|, |Ab| < g]|b|, |Ad| < e|d|, we can use the monotonicity of infinity norm together

with the definition of ¢! to obtain that

|16 (vec(A), vec(), b, )| (vec(IAI)T. vec(ICI)T. 161", 1d7) |
;Zl < o (2.11)
ILX oo
For the numerator of the right hand side of the above equation, it is not difficult to see that there exists an index ij satisfying
that

K

H |d (vec(A). vec(C), b, )| (vec(|A])". vec(|C])" . b]". |d|T)TH
- Heg |dd (vec(A), vec(C), b, d)| (vec(|A)T, veo(ICI)T, b, |d|T)TH :

where e;, is igth column of the identity matrix. Let @; be the (ij)th entry of the matrix d® (vec(A), vec(C),b,d) €
Rkx(mntpitm+p) Erom the definition of ¢, it can be verified that the upper bound in (2.11) is attainable at
AAigj, = € sign(Dig((ig—1ym+ja)ligia |, ACicje = € sign(Pig(mn-+(ic —1)p-+ic) ) Cicje |
Abkb =& Sign((pio(mn+pn+kb))|bkb |a Adkd =& Sign(¢i0(mn+pn+m+kd))|bkd |7

where the notation sign is the sign function. Therefore, we prove the expression of /c;gl. The proof of the third part is similar
to the second part, thus it is omitted. O

As investigated in [7, Section 6], the spectral normwise condition number of LSE when there are no perturbations on b
and d can be defined as below:
ILAx||,

4

2
e|Lx]|2

K(/i)c =lim  sup

e—0 AA
AC

where x + Ax the unique solution to the following perturbed LSE:

min ||(A+ AA)(x + Ax) — b||, subject to (C + AC)(x + Ax) =d.
X+ AxeR"

<e
2

However a computable formula for K((j)c) does not exist. On the other hand, the following normwise condition number

4

&|ILX]l2

ILAX]I

Koy = 1lim  sup

e—0 AA
AC

can be used to approximate K(ZA,C) as done in [7]. From (2.3), it can be verified that

2

<e
F

F (2) F
Kac) < Koy < N/EK(AYC).

Applying (2.2), we can obtain that

A Itz iy — X
F t T -—
K<A»c>=HM L[—’C —G ’C’C} e lellalixlz || - (2.12)
2 lIx1l2 0 A
2
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It was show in the last equation of [7, Page 1196] that
Il AxIl, /l1x]l2

F,1 .
K =1lim su
g T
|:AC:| F—S AC ; C 5
T T
A4 ¥x
A i Iyl I A r
=H[c}2 [—’C e ||y||§ Wialixllz || Y= _actyTr |- (2.13)
Iy

2
Recalling (AC')"r = (AC])"r from Lemma 4.2 in [2], it yields

— r —
Y=1_achmr| ="

where t is defined in (2.10). Thus when L = I,,, the formula (2.13) of K(FA’})HX is identical to the one (2.12) OfK(I;LC).

In the reminder of this section, we will derive the upper bounds for «,, K;gl and «, which can be estimated efficiently by
the Hager-Higham algorithm [23-25] when we adopt the GQR method [2,6,8,30] to solve LSE, because the already computed
decompositions can be used to reduce the computational cost of the proposed condition estimation method.

The GQR [2,6,8,30] is an efficient and stable method to solve LSE. We first review GQR method. Let A € R™" and C € RP*"
with m + p > n > p. The generalized QR factorization was introduced by Hammarling [6] and Paige [8], which further was
analyzed by Anderson et al. [30]. There are orthogonal matrices Q € R™" and U € R™ ™ such that

p n-—p

p n—p
—n+p (L 0
UTA_ , Q= (S 0 ), 2.14

Q -p <L21 Ly, Q= ( ) (2.14)
where Ly; € RM=P)xp [, e RO-PXP [,, ¢ R(=PI*("=P) 3pnd S e RP*P. Moreover, L,, € R"P*X("=P) and § e RP*P are
lower triangular. If rank condition (1.2) holds, then L,,, S are nonsingular [2, Theorem 2.1]. The generalized QR factorization
method for solving LSE can be summarized as follows. Let y; € RP be the solution of the triangular system Sy; = d and y-
be the solution to the triangular system Ly;y, = v, — Ly1y1, where

b UTpmM—n+P <v1)’

n—p 1)
where vy € R™ " and v, € R""P. Then the solution x to LSE can be computed by x = Qy, where y = 1 , ¥, 1'.Thus when
implementing the GQR method, the decomposition (2.14) has already been computed, which can be utilized to devise the
method based on the Hager-Higham algorithm to estimate the upper bounds for i, ! and k.. Thus the computational cost
of condition estimation methods can be reduced.

In the following, we will give upper bounds for ;, ! and «, which can be estimated efficiently by the Hager-Higham
algorithm [23-25]. The proposed condition estimation method can be incorporated into the GQR method for solving LSE.

]T

Corollary 1. With the notations before, denoting

Iri2 (1+{Ac]
(';‘2 Il + 252 1 nane + ra(epel,) IIMI%)

o

u
K
" ILx]l
> 1) 2
< L, (m , [ZD max{l ’3+} 2
F X115 o
[EXD | o + ILRKT D7, + HLCAD\C\ |
K =
= ILX oo
Huc;c Dy aciymn| .+ IEKDslloe + HLC,{D(,HOo

)

||LX||oo
= | DL/LKD | o + | DL LEK Djar | o + HDZ;LCTD\CM

+ HDL—X‘LICICTD

ICTHACHTH | + || DLlLEDs | +HD LC DdH

where D, = diag(v) is a diagonal matrix with the ith diagonal element being v;, we have

u rel U §)
KnSI(n, Koo SKOO, I(CSI(C.
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Proof. Recalling the expression of «,, given by Theorem 1, which involves the spectral norm of LA and N is defined in (2.10),
it can be deduced that

e’ B? 1 B x'
I ' B ox' Cilntpp—C2— 0 ( —Mmip
Clmyp —Cor—s = | llells — lIx3 a |t]l21lx]2
lells o lixll2lit]2 T = 12
I B xt I ﬂ I
n e S —
a [Ix[l21lt]l2 " o IItIIzIIXIIz "
txT
(ﬁ2 i (] B 0 B
= ” ”2 m+p + £ T liEl211xl12 =A+ 5 (abT 4 baT) , (2.15)
o Xt o
! lItl201x112

wherea = [tT/||t], 0]T andb =1[0 xT/|x||2]", thus from Weyl theorem [31], we have
ol C it B tx' 5
R TTE FATT P \/ Amax(A1) + = dmax (abT + baT)

0 In ,
2 1 2
< max{l 'B—+7}+£, (2.16)
1113 a
where Amax(B) is the maximum eigenvalue of a semi-definite matrix 3. Combining (2.16) with the following fact
1 1 1 lIxll2 XMz |l - ||fI|z
—lxlk = el ||t||2’C’CT:| e e W
H[ B B 2~ B v

we can prove the first statement of this corollary.
Noting that for any matrix B € RP*9 and diagonal matrix D, € R?7*9, we have

IBDylloo = Il 1BDy| lloc = Il 1Bl IDy] lloc = Il IBI [Dyl€ lloc = Il IB] [v]ll s - (2.17)
wheree = [1, ..., 1]T e RY. Using the Kronecker product property (2.7) and triangle inequality, we have

| iLattveo(iaD) + L1 vee(ich) + L 1b] + LG 1dl |

< LM vec(|AD. + 17| vee(IC )l + NILKT 1l + | ILC]1 di]

< Ik @ rMivec(IAD]|  + [ILK(x" ® Inm)lvec(IA])|

+ H ‘LIC[KT ® (rTAC))] vec(|C|)HOO

vec(|C|)” + ”‘Lc}(f ®1,)
o0

+ LKt bl + | 1LCH 14|
< I |(r T @ ) vec(JA]D)|  + [ILKI(IxT| @ In)vec(JAD]
+ H ILKKT| 11T ACh) ®In]Hvec(|C|)H n H ‘Lcj‘ (K] ®1,,)vec(|C|)H
o0 o0

+ Lkt bl + | 1LC 14|
= IILKT 1A ¥l + [ILKT AT 1] + iz et
+ |wexTiieTiiach |+ ekt bl + |iLciiidl|

= |LKDyj i || o + [LEK DTy [ o + HLC/ID\cnxl N

n HL/C/CTD

cructra| L+ 1xDsl + Jcipa)

where in the last equality we use (2.17). Thus we can prove the upper bound for K;g' based the above inductions. Similarly,
we can derive the upper bound for x,. O

Remark 1. From some examples in Section 5, the upper bounds Ké’o and KE are attainable, thus they are sharp. On the other
hand, when « = 8 = 1 and L = I, the upper bound for «, can be simplified to

e (1-+ Jaci],) A [o
« = | Il + |t e + 2 |l XH([C]M)

1112

1
34—
F lIx115
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Then the above bound indicates that if the residual r is small or zero, the sensitivity is governed by || ||, and H C ;
by 1113 .

,otherwise
2

If the factorization (2.14) is computed, the following expressions can be verified:

[0 o7 - + [0 0 T
K=Q 0 L221]U , KK —Q|:0 L]L :|Q
- ) )
C,I =Q _L p1L21i| s (AC/I)Tr =S"TL{,(v1 — Luy1),
e _OL““} . Kkr=o. (2.18)

Thus, for the each term in «, 2 and «, we can use the classical condition estimation method [23-25] to estimate them.
This method is an efficient method for estimating one-norm of a matrix 3, which involves a sequence of matrix-vector
multiplications Bv and BTU By taking account of the decompositions (2.18), the matrix-vector multiplications during
estimating each term of IC and I( can be computed through solving some trlangular linear system with different
right hands. Thus the computatlonal complex1ty of the algorithms to estimate «, 2 and «U can be reduced 51gn1f1cantly
compared with the GQR method. The detailed descriptions of the Hager-Higham algorlthm [23 25] to estimate «V, «¥ and
«J are omitted.

3. Revisiting previous results on normwise condition numbers for LSE

The normwise condition number for LSE has been investigated in [2,21], respectively. In this section, we will prove that
kn in Theorem 1 is identical to k, given by (3.2) [21] under some reasonable assumptions. Also the relationship between i
of [2] and «; is investigated.

Cox and Higham [2] defined the relative normwise condition number for LSE as follows

Ax
cond(A, C, b, d) ;== lim sup I ”2,
€1—0 €1 [1x12

where x 4+ Ax is the unique solution to the perturbed LSE (2.6), e; = min{e : || AAllr < €|lAllr, |Abll2 < €llbll2, |1AC|IF <
€lICllr, 1Ad|l2 < €lld]2} and proved that

[ AX]|2

X112
where

< k1€ + O(€}),

= (Ick Il + IKI2 1512 + %7 @ ¢} + [Tach @ (k™) | | icle
| =" @K +[r" @ KKD] I, IAlF) /lIxll2, (3.1)
and the following relationship holds
cond(A, C, b, d) < ky <4cond(A, C, b, d).
Li and Wang [21] defined the absolute normwise condition number for a linear function of the solution x to LSE as follows:

. ILAX> 1/2
" = lim sup == = Myl = K1),
2

e—0

where x + Ax is the unique solution to the perturbed LSE (2.6),

€ 1= \/a2|| AA|Z + 2| AC||2 + a2|| AD3 + 2] Ad|I3
withoy > 0, ac > 0, ap > 0and g > 0, and
T T
M, = [[rT ® UK T —xT @) X ®C+[rTache (k)| T LC}:|
[07) [67:] Op Oq

rl? rTAC] |2 2
K = (” !2 + I AG 2"”2 L (((AP)TAP)*) L
o o,

A C

x||? 1
+ (% + )LCT(CT)TLT + L ((AP)TAP) xrTACHChHTLT
ac o o
1 : lIxll3
@c o O‘b
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So the explicit expression for the relative normwise condition number for a linear function of the solution x to LSE was given
by

: ILAX2
Ky = lim sup ———~ - \/ai||A||§ + @2|ICI1% + a2 |IbI2 + a2 |d|3
a0 & |Lxll;
K11,
- ”Lx|2|2 .\/af,llAII%+a§||C||?+a§||b||§+a§||d||§. (32)

Noting that ((/\7>)TA7>)Jr = KK, the matrix K can be rewritten as

r|? rTACH2 x||2 1
K = (Il !2 + I A, 2’*”2 L(ke")’LT + (—” !2 + 2) LT
Oy oc Oy ap

X 2 1 1
+ (”!2 + 7) LG(C)LT + — Lk TxrTACH(C)TLT
of ay oc

1
+ S LCICH AT kKL (3.3)
ac

In view of the definitions of «, given by (2.5) and k; given by (3.2), if we choose o4 = a¢ = @ and @, = oy = B, it is not
difficult to see that the definition of «,, is equivalent to the definition of «,. In the proposition below, we will prove that they
are identical from their expressions.

Proposition 1. Let the expressions of k, and «, be given by Theorem 1 and (3.2), respectively, then when oy = ac = « and
aop = ag = B hold, we have k, = «;.

Proof. From (2.15), and recalling that A is given by (2.10), it can be verified that

(ﬂé 12)1m+p po _%“XHZKT
AN = [—;HXHZIC —%Hx”zq ;”t”z,c,a] T | | % .
o el x> ' é”f”z’C’CT
- (% + %HXH%) (]CICT + C}(CJ)T) + % (||r||§ + ||TTAC/I||§> (kT)*

- % [k ci] [-(A&)Tr] XKk — %ICICT)( [rT —rTAc]] [(é}}
- (1 " “") (1T + clicpr) -+ MBI TAGIR e
+ %c} (ACH kKT + %ICICTerAC); ch’, (3.4)
where in the last equality we use the fact Kr = 0 from (2.18). Thus comparing (3.4) with (3.3), we can prove that
LNNTLT =K

whenever a4 = a¢ = « and o = g = B. Using the fact that ||K]|, = ||L/\/||% and considering the expressions of «, and 5,
we complete the proof. O

Li and Wang in [21, Remark 2.1] derived that
IMillz < yup < 4 IM1ll2,

where
Yoo = G + K1 + |« @ ¢} + [rTAch ® (k7)1
+ [T e e T -x" @kl

which is related to «; given by (3.1). However, the relationship between relative normwise condition numbers «; and «,
is not investigated. In Proposition 2, we will prove that there are no big differences between «; and «, from their explicit
expressions (3.1) and (3.2) for the common choices L = I, and ay = a¢ = ap = ag = 1 of k».
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Proposition 2. With the notations above, when L = I, and «y = ac = ap = ag = 1, we have
K1 < 2ky <4kK.
Proof. Using Cauchy-Schwarz inequality and ||B||; < ||.A||> where B is a submatrix of .4, we have
G2l + Kbl + <" @ ¢} + [aTach @ (k™) | 1| icile
+ | —x" @K +[rT @ (kK] 1T, IAllF

2
< \/IICX B+ 1k13 + | @ ¢} + [eTach @ (k)| i+ [T @ bk D] 1T - xT @ k]

I + 1513 + 1CIZ + A1

< 2IM3l, - /I + 115 + ICIZ + JAI

whenever L = I,;, and ¢y = a¢ = a = g = 1. Thus from the expression of k; and «,, we prove that k; < 2 k3.
On the other hand, for a given matrix .4 which is partitioned as A = [A1 Ay Az A4], using the fact || A, <

S Il Aill2, it is not difficult to prove that

IKIY? = IMill2 < G} + Ikl + |x" @ ¢} + [ TAch @ (cxT) | 1|

+ [T et 1 —x" ek,

—||CT||2||dII2W+HX ®Ch+ [(rTAc)@a(zcch]nH Cllr

+ [IK]2]lb + KK )| I — K A
Izl ||2”b|| I[r" ®kkH]) I -x" K], ||F”d||

< (Icldl + Il bl + 57 @ ¢ + [¢Tach & (kx| 1| icll

IClle

1 1 11
—x' @K+ [r" ® (k"] I, 1A { : " bl }
|- [r" ® (k)T WAl max § o e e T

From the above inequality, and the expressions of x; and «;, we finish the proof. O

4. Revisiting previous results on condition numbers for LS

In this section, we will give the explicit expressions of mixed and componentwise condition numbers for a linear function
of the solution to LS in Proposition 3, which can recover the corresponding ones given in [26] when L = [, and is identical to
the counterparts of [ 16]. We will derive the former explicit formulas of the normwise condition numbers of LS [27] and [ 15]
from the explicit expression of x, whenC =0andd = 0

Gratton [27] introduced and derived the normwise absolute condition number for LS as follows:

2
Iaxl; _ ||AT||2\/1+ I3 + 13 a1 |2

G
k= lim  sup , (4.1)
R =T B? o?
where x + Ax is the unique solution to the perturbed LS:
min [|[(A + AA)(x + Ax) — (b + Ab)]l, .
Xx+Ax
Later, Arioli et al. [ 15] defined the partial normwise absolute condition number for LS as follows:
LAx
kisp == lim  sup NEAX, _ [svriLty,. (4.2)

e=0 (A4, Ab)| <e €

where A = UXVT is the thin SVD of A, ¥ = diag(o;) withoy > 05 > --- 0, > 0, and

-2 2 2
. o Il + X 1
S = diag | o, 1\/1 Irlly + Ixlly + —

a? 52

Cucker et al. [26] studied the mixed and componentwise condition numbers for LS as below:

ATA -1 AJF A A']— b
mAb) —tim sup 12Xl _ M(ATA @ 1T —xT @ A7) vecllAD + 4TI bl],

=0 an=en, ElXlloo 1%/l oo
| Abj<elbl
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ATA T @17 —xT @ A A At||b
CA.b)=lim sup +|2% (A ® ® AT)| vecAD) + AT| b (43)
e=>0 janzep € | X |l X -

|Ab|<e]b]

In [16], Baboulin and Gratton considered the mixed and componentwise condition numbers for a linear function of the
solution to LS and their explicit expressions were given in [ 16, Equations (3.3) and (3.7)] as below

k(S = lim sup ”LAX"“ = [ (L(aTa)” —x' ® (LA")| vec(|A]) + |LAT| |b| ,
1|LAx [(LATA ) @ 1T —x" ® (LAT))| vec(|Al) + [LAT| |b]

G
Kis.=1lim sup -
ST es0 |AA\<E|A\ €
| 4b|<z|b|
When C = 0and d = 0, LSE (1.1) is reduced to LS (1.6). Since the rank condition (1.2) guarantees rank(A) = n, it is easy
to verify that

’

Lx Lx

oo

oo

P=1I, k=A" c/ =0, (4.4)

where P and K are defined in (1.3). With the property AT(AT)T = (ATA)~ for the full column rank matrix A, the matrices M
and 7 given by (2.10) are simplified to

M=A(AN" @rT —x"®I,)=ATA'er" —x' ®AT, 7=0.
Thus from Theorem 1, we have the following proposition.
Proposition 3. The mixed and componentwise condition numbers for a linear function of the solution to LS can be defined and
characterized by
ILAX] L (ATA) '@ 1T —x" @ AT)| vec(lA]) + ILAT| b]]

rel

K = lim = )
LS,00 e—>0 |aA|<¢lAl, 8||LX||OO ”LXHOO
| Ab|<e[b|
1 | LAx IL((ATA ' ®@r" —x" ® AT)| vec(|Al) + [LAT] |b|
Kisc =1lim sup —||— ’
e—0 |AA\<s|A\ & Lx 00 Lx
o0

|Ab|<é|

which can recover the corresponding ones given by (4.3) when we take L = I,,.

Remark 2. From the Kronecker product property (2.7), it is easy to see that K{gloo = KLbS /ILX|loo and ks c = KLS .- Here
we use a different methodology to deduce the expressions of K[@‘.OO and ks . while Baboulin and Gratton [16] adopted the
dual techniques to derive the corresponding expressions of k5, and Koo

In Proposition 4, we will derive the explicit formulas (4.1) and (4.2) ofKLGS and s ;. directly from the explicit expression «p,
givenby Theorem 1whenwelet C = 0and d = 0. We should remark that the following proof of deriving the explicit formulas
(4.1) and (4.2) is different and simpler compared with the former deductions for Kfs and kst in [15,27], respectively.

Proposition 4. The expressions of KLGS and ks 1, which are given by (4.1) and (4.2) respectively, can be derived from the expression
of kn given by Theorem 1.

Proof. Plugging (4.4),C = 0and d = 0 into (3.4), we have

NNT = (/32 + ”XHZ)AT(AT) ”;”2(,4T(AT) ), (4.5)
Thus it can be check that
2
(V)P = ( + m) (or(aNY + 125 catys, (46)
'32 az

where o;(A) is the ith largest singular values of a matrix A. Comparing the definitions of «, given by (2.5) and x5 given by
(4.1), from Theorem 1 and (4.6), it is easy to see that

2 2
G = M TP = v, = \/ (55 + 22 ) onane + 2oy
1),

14" \/1 X+ i A

ﬂZ a?
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whenever L = I, C = 0 and d = 0. Using the thin SVD of A, from (4.5), we have

- LI W ) P 2T
INN'L =LV =+ —= )27+ —=% V'L' =LVS°V'L".
p2 o2 a2
Thus we know that ||[LN ||, = HSVTLT ||2 and in view of the definitions of «,, given by (2.5) and s | given by (4.2), we can
prove that
L]

(aH)

F

KisL = kn = LN, = [SVTLT],.

which completes the proof of this proposition. O

5. Numerical examples

In this section we will do some numerical examples. In order to check the effectiveness of proposed condition numbers,
we will compare the exact relative errors of the solution with the linear asymptotic perturbation bounds based on the
product of condition numbers and the pre-generated perturbation magnitude. Thus in the following, we will first construct
the data for the LSE problem, then generate perturbations on the data, and finally compute the unperturbed and perturbed
solutions corresponding to the unperturbed and perturbed data, respectively. Since the GQR method [2,6,8,30] is proved to
be numerically stable [2], in this section we adopt the GQR method to compute the solutions to LSE. All the computations
are carried out using MATLAB 8.1 with the machine precision i = 2.2 x 10716,

Example 1. Let v be a 4 x 1 vector with vy = 1/1 where 7 is a small positive number, and other components are set to 1.
We construct the data A, C, b and d as follows:

M 0 0 07
0 00O
01 00
0 00O
A=]0 0 0 O GRQX“,C:[? (1) 8 8]GRZX“,b=A~v+10‘5~b2,d=[}],
0000
00 8§ O
00 00
0 0 0 &

where b, is a unitary vector satisfying ATh, = 0 and § is a small positive number. Obviously, the matrix A has many zero
components and is bad scaled because of the appearance of 4. Thus, it is reasonable to measure the error on the input data
by using componentwise perturbation analysis instead of the normwise perturbation analysis. Also it can be verified that
the rank conditions (1.2) are satisfied. For the perturbations, we generate them as

AA=10""- AA; OA, AC=10""- AC, OC, (5.1)
Ab=10""- Ab; O b, Ad=10"". Ad, O d,

where ¢ € N describes the perturbation magnitude, each component of AA; € R™", AC; € RP*", Ab; € R™ and
Ad; € RP withm =9, n = 4 and p = 2 is uniformly distributed in the interval (—1, 1), and ® denotes the componentwise
multiplication of two conformal dimensional matrices. When the perturbations are small enough, we denote the unique
solution by X of the perturbed LSE problem (2.6). We use the GQR method [2] to compute the solution x and the perturbed
solution X separately. Usually the solution x has badly scaled components, for example, the last component of x is of order
1/n while other components of x are of O(1).

For the L matrix in our condition numbers, we choose

1000
Ly=I;, Li=|0 1 0 0[eR¥™, L=[0 0 0 1]eRr™
000 1

Thus, corresponding to the above three matrices, the whole x, the subvector [x;, X5, x3]7, and the component x, are selected
respectively.
We measure the normwise, mixed and componentwise relative errors in Lx defined by
el IILX — Lx|| el X — Lx]|oo el || L¥ —Lx
2 ) - Ty - -
ILx]l °° ILx]l o ¢ Lx

(o)
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Table 1
Comparison of condition numbers with the corresponding relative errors for Example 1.
L r;e' K1 Kn Ky rggl Kgg] K rcrEl Ke I3

=6, n=1073 §=10"3

Iy 791e—07  1.42e4+03  3.00e+03  520e+03 7.91e—07  2.00e+00  2.00e+00 7.91e—07  2.00e+00  4.00e+00
L 1.79e—07 1.73e4+06  3.00e4+-06  297e—07  2.00e+00  4.00e4+00 297e—07  2.00e+00  4.00e+00
L, 7.91e—07 3.00e+03  5.20e+03  7.91e—07  2.00e+00  2.00e+00 7.91e—07  2.00e+00  2.00e+00
=6, n=10"73 §=10°

Iy 6.18e—07  142e4+06  2.83e+06 500e+06 6.18e—07  2.00e+00  2.00e+00  6.18e—07  2.00e+00  4.00e+00
L 4.57e—08 1.63e+09  2.89e+09  6.48e—08  2.00e+00  4.00e+00 6.48e—08  2.00e+00  4.00e+00
L, 6.18e—07 2.83e+06  5.00e+06  6.18e—07  2.00e+00  2.00e+00 6.18e—07  2.00e+00  2.00e+00
=12, pn=1073, §=10"3

Iy 146e—13  1.42e+03  3.00e+03  520e+03  146e—13  2.00e+00  2.00e+00  7.54e—13  2.00e+00  4.00e+00
L 4.44e—13 1.73e4+06  3.00e4+06  7.54e—13  2.00e+00  4.00e+00 7.54e—13  2.00e+00  4.00e+00
L, 1.46e—13 3.00e+03  5.20e+03  1.46e—13  2.00e+00  2.00e+00  1.46e—13  2.00e+00  2.00e+00
=12, n=10"3 §=10°

I 378e—13  1.42e4+06  2.83e+06 5.00e+06 3.78e—13  2.00e+00  2.00e+00 8.66e—13  2.00e+00  4.00e+00
L 6.98e—13 1.63e4+09  2.89e4+09 8.66e—13  2.00e+00  4.00e+00 8.66e—13  2.00e+00  4.00e+00
L, 3.78e—13 2.83e+06  5.00e+06  3.78e—13  2.00e+00  2.00e+00 3.78e—13  2.00e+00  2.00e+00

And in the rest of this section we always consider the case « = B = 1 for the normwise condition number «,. From the
definition of condition numbers, the following quantities

107% - k1, and 107 -k, (5.2)

are the linear normwise asymptotic perturbation bounds. On the other hand,

107 - «™, and 107¢ - k., (5.3)
o0

are the linear mixed and componentwise asymptotic perturbation bounds, respectively.

In Table 1, we do numerical experiments for different choices of ¢, n and §. It can be observed that when § varies
from 1073 to 1075, LSE tends to be more ill-conditioned with respect to the decreasing of § in the sense of normwise
perturbation analysis, while the mixed and componentwise condition numbers are always O(1). Thus for these particular LSE
problems, they are less sensitive to the componentwise perturbations. When the perturbation magnitudes 10~¢ decrease,
the corresponding relative errors also decrease as shown in the first column of Table 1. The linear normwise, mixed and
componentwise asymptotic perturbation bounds defined by (5.2) and (5.3) can always bound the exact relative errors, and
we should point out the linear normwise asymptotic perturbation bounds are pessimistic since the normwise condition
numbers ignore the scaling and sparsity structure of the data. On the other hand, linear mixed and componentwise
asymptotic perturbation bounds 10~ -« and 10~¢ - k. are greater than the exact relative errors r’ and ' at most of one
hundredfold, respectively. Most of them are only tenfold of the corresponding relative errors. The derived upper bounds Kgo
and «! can be equal to the exact mixed and componentwise condition numbers for some cases, for example when L = L.
Thus the proposed upper bounds Kgo and /cgJ are sharp. The normwise upper bounds K,&I always have the same order of
the corresponding k,, which means that « is also effective. Also we should point out that when L = Ly, i, can be much
larger than «;. The reason of the above phenomenon is that only the last component of x has the order of 1/5 while other
components are O(1). From our experiments, when L = L4, the values of the numerator of «,, are approximately equal to
values of the numerator of «; for all cases. On the other hand, the denominator of «;, is about O(1) and the denominator of
kn is about O(1/n) because L1x does not select the last component of x, thus the ratios of x; and «, are about O(1/n) when
L = L,. For other choices of L, the values of «, have the same order of the values of 1 and k, > «{ always holds which
coincide with Proposition 2.

Example 2. In this example, we test random LSE problems and always choose L = I,. Let the matrix A, given k4, be
generated as A = QDU, where D € R™*" is a diagonal matrix with decreasing diagonal values geometrically distributed
between 1 and k4, and Q € R™ ™ and U € R™" are random orthogonal matrices generated by the MATLAB built-in function
gallery(‘qumlt’, n). Furthermore, A is normalized such that ||A||; = 1. The matrix B € RP*", given its condition number
kp, is formed by using MATLAB routine B = gallery(‘randsvd’, [p, n], «g) with ||B|l; = 1 and its singular values are
geometrically distributed between 1and 1/«p. We construct the random vectors b and d which are satisfied with the standard
Gaussian distribution for LSE. For all the experiments, we choose m = 50, n = 20 and p = 15. The perturbations on the
data are generated by (5.1). For each generated data and corresponding perturbed data, we compute the solutions via the
GQR method.

Table 2 indicates that the conditioning of LSE is more dominated by the quantity «p for these constructed examples.
When «; increase from 102 to 102, the values of log(k+), log(ky), log(/c;g‘) and log(k.) also increase. Meanwhile, the relative
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Table 2

Comparison of condition numbers with the corresponding relative errors for Example 2.
KA r;“’] K1 Kn Ky r;gl /c;zl K TC'EI Ke k2
0=6, Kky=102
10 2.58e—06 1.80e+02 4.18e+02 3.19e+-03 2.71e—06 1.17e+02 1.85e+02 3.72e—05 1.42e+03 2.08e+-03
103 3.28e—06 2.91e+02 5.17e+4-02 2.36e+4-03 3.98e—06 1.10e+02 1.76e+02 3.62e—05 1.65e+-03 2.53e+03
10° 6.10e—06 2.79e+-02 4.41e+02 3.02e+03 5.71e—06 1.26e+4-02 2.76e+-02 3.53e—-05 6.43e+4-03 8.31e+403
107 6.92e—06 1.55e+4-03 2.44e+-03 8.34e+03 8.83e—06 1.00e+4-03 1.31e+403 3.32e—05 3.04e+04 3.93e+4-04
0=6, Kz=10*
10 2.39e—04 1.19¢e+04 3.39e+-04 2.25e+4-05 1.83e—04 6.07e+-03 8.83e+-03 9.57e—03 4.78e+4-05 5.45e+4-05
103 492e—04 2.13e+-04 4.82e+04 2.34e+-05 5.43e—04 1.29e+4-04 1.70e+-04 9.70e—03 4.51e+4-05 5.70e+-05
10° 4.08e—04 1.55e+-04 3.24e+04 1.37e+4-05 3.85e—04 7.81e+-03 1.22e+4-04 3.89e—03 5.28e+-04 8.45e+-04
107 7.63e—04 2.60e+-04 5.11e+04 1.86e+4-05 6.00e—04 1.12e+04 1.75e+04 1.24e—02 2.26e+4-05 3.36e+05
¢ =6, K = 10°
10 2.28e—02 1.55e+4-06 4.79e+-06 2.96e+-07 2.69e—02 6.10e+-05 1.24e+4-06 8.07e—02 5.41e+4-06 8.65e+4-06
103 1.94e—02 1.92e+-06 4.63e+-06 2.11e4-07 2.12e—02 9.92e+405 1.82e+-06 3.32e—-01 3.38e+07 4.20e+4-07
10° 1.93e—02 1.53e+06 3.38e+06 1.36e+07 2.76e—02 8.72e+05 1.38e+06 2.49e—01 1.17e4-07 1.72e+07
107 2.03e—02 6.49e+-06 1.37e+07 3.46e+-07 1.46e—02 2.07e+-06 2.55e+4-06 8.95e—01 1.15e+-08 1.36e+-08
{ =6, kg = 108
10 791e—01 1.86e+-08 5.60e+08 2.61e+409 6.25e—01 1.12e+4-08 1.46e+-08 3.72e+00 9.75e+4-08 1.14e+09
103 9.95e—01 1.41e+08 3.62e+08 1.77e+09 8.35e—01 6.10e+-07 1.18e+08 4.48e+00 1.68e+-09 2.09e+-09
10° 8.68e—01 2.37e+4-08 5.36e+-08 1.73e+09 8.64e—01 1.16e+-08 1.37e+4-08 3.06e+-00 7.15e+-08 8.67e+-08
107 8.53e—01 2.55e+-08 5.51e+-08 1.62e+09 9.09e—01 7.26e+-07 1.10e+08 3.19e+-00 8.41e+08 1.07e+09

normwise, mixed and componentwise errors 1€, rggl and rcre' increase. Even for k5 = 108, the small componentwise

perturbation magnitude 10~® on the input data can result in ©(10~") perturbations for normwise/mixed relative errors (
r'el and r;gl) and O(1) for componentwise relative errors rcrel. Thus under this case, LSE problem is very ill-conditioned, which
is justified by the condition number numerical values from the last four rows of Table 2. However, it can been seen that
the exact relative errors are always smaller than the corresponding linear normwise, mixed and componentwise asymptotic
perturbation bounds (5.2) and (5.3), which means that the condition numbers are effective. The upper bounds «, 2 and
KCU are always greater than the corresponding normwise, mixed and componentwise condition numbers. Moreover, the
upper bounds of condition numbers are at most tenfold of the corresponding exact condition numbers. Also, the normwise
condition numbers «; and k,, are greater than the mixed condition numbers K;Zl for all cases, while the differences between
them are marginal. At last, we should conclude that when the data is not either sparse or badly scaled, it is more suitable
to adopt the normwise condition numbers «; and «, to measure the conditioning of LSE since they have more compact
formulas.

In the rest of this section, we do some numerical experiments for LSE from piecewise-polynomial data fitting problem [32,
Chapter 16].
Example 3. Given N points (X;, y;) in the plane, we are seeking to find a piecewise-polynomial functionf(x) fitting the above
set of the points, where

= fix), x<a,
f(x):{f;(x), X>a

with a given, and f1(x) and f>(x) polynomials of degree three or less,
filX) = X1 + %X + X3X° + x4X°,  fo(X) = X5 + XX + XX + XX,

The conditions that f;(a) = f>(a) and fl/ (a) = f;(a)are imposed, so thatf(x) is continuous and has a continuous first derivative
at X = a. Suppose the N data (x;, y;) are numbered so that Xq, ..., Xy < aand Xy1, ..., Xy > a. The sum of squares of the
prediction errors is

M N
Z (%1 4 XoX; + X3X] + XaX] — y,')2 + Z (x5 + X6X; + X7X; + XgX; — y,-)z.
P =M1

The conditions fi(a) — f,(a) =0 anclf{(a) — f(@) = 0 are two linear equations

X1 + %@ + x3a° + x4a> — (x5 + xga + x72°> + x3a%) = 0,
X2 + 2x3a + 3x4a% — (X + 2x7a + 3xga%) = 0.
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Table 3
Comparison of condition numbers with the corresponding relative errors for Example 3.
a rf K1 Kn kY rrel K k2 rrel Ke I3
=6 M=100 N =200
0.1 821e—05  556e+05  1.22e+06  3.09e+06  8.45e—05  1.35e+03  141e+03  8.67e—05  1.35e+03  1.41e+03
0.3 7.96e—06  6.68e+03  1.0le+04  8.05e+04  1.09e—05  6.93e+02  8.19e+02  1.83e—05  1.32e4+03  1.50e+03
0.5 1.44e—05  1.75e+03  2.16e+03  8.74e+04  1.40e—05  853e+02  1.09e+03  1.77e—04  9.33e+03  1.07e+04
0.7 235e—04  1.04e+04  191e+04  4.02e+05  2.35e—04  5.62e+03  6.54e+03  2.61e—04  5.88e+03  7.42e+03
0.9 523e—01  7.22e+07  124e+08  2.90e+08  543e—01  1.77e+07  1.78e+07  1.35e4+00  4.40e4+07  4.43e407
=6 M=200 N =400
0.1 244e—04  243e+06  9.71e+06  2.23e+07  2.89e—04  4.33e+03  4.49e+03  2.89e—04  433e+03  4.49e+03
0.3 132e—05  6.80e+03  2.74e+04  225e+05  142e—05  4.96e+02  570e+02  528e—05  1.35e+03  1.47e+03
0.5 1.73e—05  2.07e+03  234e+03  1.69e+05  1.87e—05  8.85e+02  1.26e+03  8.05e—05  5.48e+03  6.74e+03
0.7 230e—05  2.46e+04  8.18e+04  8.43e+05  2.38e—05  5.82e+03  9.20e+03  2.44e—05  6.45e+03  1.01e+04
0.9 445e—03  3.10e+06  9.80e+06  2.46e+07  4.58e—03  5.84e+05  7.95e+05  4.99e—03  6.37e+05  8.67e+05
=6 M=300 N =600
0.1 143e—05  856e+05  3.38e+06  8.43e+06  152e—05  148e+03  156e+03  1.52e—05  1.48e+03  1.56e+03
0.3 252e—06  4.85e+03  1.10e+04  1.98e+05 1.91e—06  4.19e+02  5.01e+02  6.68e—06  5.85e+02  7.12e+02
0.5 1.55e—05  2.59e+03  5.81e+03  3.64e+05  192e—05  9.88e+02  142e+03  2.27e—05  1.09e+03  1.56e+03
0.7 227e—04  185e+04  4.82e+04  9.24e+05  2.39e—04  516e+03  7.99e+03  2.69e—04  5.67e+03  8.71e+03
0.9 8.05e—02  4.60e+06  1.98e+07  4.62e+07  7.87e—02  1.14e+06  1.16e+06  8.76e—02  127e+06  1.29e+06
The coefficients x = [x1,...,xg]" that minimize the sum of squares of the prediction errors, subject to the continuity
constraints, can be determined by solving LSE (1.1), where
1 x X xX 0 0 0 0 |
2 3 _ —
1 x x5 x; 0 0 0 0 Vi
: : o : : : y2
A |1 *u Xy Xy 0 0 2O 3‘O b | -
0 0 0 1 Xuyy1 Xy Xy Yv+1
2 3
0 0 0 0 1 Xmy2 Xy Xy :
. . . . . . . . - yN -
2 3
10 0 0 0 1 =xy Xy Xy |
c-|1 a a2 @ -1 —a -a* -2 i—|0
|0 1 2a 32> 0 -1 -2a -3a*]° " |0

-~

We randomly sample x; € [0, 1]. For arandomly generated piecewise-polynomial function f(x) with a predetermined a, we
compute the corresponding function value y; = f(x;). As in the previous examples, we add random perturbations on the data
via (5.1). The exact and perturbed solutions x and x + Ax are computed by the GQR method [2]. In the following numerical
experiments, we always choose L = I,, and compute the exact relative errors with the corresponding condition numbers for
different choices of a, M and N. The numerical results are displayed in Table 3.

From Table 3, we observe that whena = 0.1and a = 0.9, the corresponding LSE problems have large normwise condition
numbers while the mixed and componentwise condition numbers only are large for a = 0.9. There are big differences
between normwise condition numbers and the counter parts of mixed/componentwise condition number when a = 0.1 for
different choices of M and N. In Table 3, all of mixed/componentwise condition numbers are smaller than the corresponding
normwise condition numbers for different cases of a, M and N. Also it can be seen that when a = 0.9 the exact relative errors
are large which are consistent with the corresponding bounds given by condition numbers. Moreover, the upper bounds of
condition numbers can bound the related exact condition numbers. The numerical results show that our proposed condition
numbers and their corresponding upper bounds are effective.

6. Concluding remarks

In this paper we studied the perturbation analysis for the least squares problem with equality constraints. Condition
number expressions for the linear function of the LSE solution were derived. Moreover, sharp upper bounds for normwise,
mixed and componentwise condition numbers could be estimated efficiently by the Hager-Higham algorithm [23-25] via
taking account of the already computed decompositions of matrices when the generalized QR factorization method [2,6,8,30]
is adopted to solve LSE. On the other hand, some previous explicit condition number expressions on LS and LSE could
be recovered from our new derived condition numbers’ formulas. Numerical examples validated the effectiveness of the
proposed condition numbers.
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