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Abstract. In this paper, based on the two nested spaces of piecewise linear polynomials (on fine and coarse
meshes with sizes h and H respectively), which are continuous in macro elements but discontinuous across
interior edges/faces of them, an interior penalty continuous-discontinuous Galerkin method (IPCDGM) and
a multiscale interior penalty discontinuous Petrov-Galerkin method (MsIPDPGM) are proposed to solve the
Helmholtz problem with large wave number k and homogeneous Robin boundary condition. This paper de-
votes to analyzing the preasymptotic error of the two methods separately. In order to reduce the pollution
errors efficiently, the two methods not only include the penalty terms on jumps of function on coarse mesh
edges/faces but also add the penalty terms on jumps of first order normal derivatives on fine mesh edges/faces.
The error of the IPCDG solution in the broken H'-norm is bounded by O(kh + k3h?). By splitting into coarse
and fine scales and basing on the IPCDG variational formulation, the MsIPDPGM’s trial and test spaces are con-
structed with the macro corrected bases. Due to the exponential decay of the correctors, the corrected bases are
obtained by solving the local problems on localized subdomains of size LH (L being the oversampling param-
eter). The preasymptotic error analysis of MsIPDPGM shows that, if kH and log k/L fall below some constants
and if the fine mesh size # is sufficient small, the errors of numerical solutions in the broken H!-norm can be
dominated by O(H?) without pollution effect. Numerical tests are provided to verify the theoretical findings

and advantages of the two methods.
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1 Introduction

Let QO c R%(d = 2,3) be a convex polygonal domain with boundary T := Q. The model Helmholtz
equation reads as

_ 2y = i
{ Au—ku=f inQ, (L.1)

ou | : _
%Hku—o onT,

where i = v/~1 denotes the imaginary unit and n denotes the unit outward normal to I'. The problem
(1.1) is an approximation of the acoustic scattering problem (with time dependence e’*?) . The large
positive number k is called the wave number. The Robin boundary condition is known as the first
order approximation of the radiation condition.

Due to the high indefiniteness, standard finite element methods for the problem (1.1) at high fre-
quencies (k >> 1) are well known to exhibit the so-called pollution effect [2]. There have been various
attempts to reduce or avoid the pollution effect, e.g, high order FEM [24, 25], continuous interior
penalty FEM [29, 12, 30], discontinuous Galerkin methods [10, 14, 15, 17, 23] and multiscale FEM
[27, 16, 20] among many others.

Discontinuous Galerkin methods are widely used to solve Helmholtz problem owing to their sev-
eral advantages over other types of numerical methods [14, 15, 17]. The work of [14, 15] shows that the
IPDG for the Helmholtz problem can reduce the pollution effect by adjust the penalized parameters,
where the authors add the jumps of the normal and tangential derivatives.

On the other hand, the Helmholtz problem of large wave number has the common feature of mul-
tiscale problems which are very computationally challenging and often impossible to solve within an
acceptable tolerance using standard mesh methods. To overcome the lack of performance, many dif-
ferent so called multiscale methods have been proposed and there are some works about applying the
multiscale method to deal with the Helmholtz problem [27, 16]. In the paper [27, 16], by adopting the
multiscale method of [20, 21], the authors present and analyze a pollution-free multiscale finite ele-
ment method for Helmholtz problem with large wave number, where the discrete trial or test spaces
are generated from standard mesh-based finite elements by local subscale corrections.

In this paper, based on the space of piecewise linear polynomials on a fine mesh, which are con-
tinuous in elements of a coarse mesh, but discontinuous across interior edges/faces of them, an in-
terior penalty continuous-discontinuous Galerkin method (IPCDGM) is firstly proposed to solve the
Helmholtz problem with large wave number k and the preasymptotic error analysis is given out.

Then, by adopting the multiscale method of [20, 21], we construct the MsIPDPGM on the macro
IPCDGM solver where the basis are obtained by solving the local subscale corrections in spirit of nu-
merical homogenization. The two schemes not only includes the penalty terms on jumps of function
on coarse mesh edges/faces but also adds the penalty terms on jumps of first order normal deriva-
tives on fine mesh edges/faces. This is due to that the MSIPDPGM is constructed in the following two
discontinuous discrete spaces:



Vu ={vulr € P1,VT € Ty},
Vi, ={vpl, € P and vpl7 € COVT € Ty and te€ I3},

where 9 and 9, denote two triangulations of Q with mesh sizes H and h respectively, which are
regular and quasi-uniform. P; is the set of polynomials of degree < 1. The mesh 97, is obtained by
refining . Obviously Vg c Vj,.

One purpose of this paper is to prove the preasymptotic error bound for the IPCDGM in fine scale
mesh J7,. It is shown that if k3h? is sufficient small, the H' error of the numerical solution can be
bounded by O(kh + k3h?). Another purpose is to propose the MSIPDPGM based on our IPCDGM and
prove its preasymptotic error bound. It is shown that the error of the MsIPDPG solution is pollution
free if kH =~ 1 is sufficiently small and the solutions of local problems are sufficiently accurate in local
patches with sizes O(log k). In MsIPDPGM, without fully resolving the fine scale problem on the whole
domain, we can get the macro-scale numerical solutions due to the correctors’ exponential decay. In
practice, we can reduce the pollution errors efficiently by adjusting the penalty parameters in the two
methods.

Comparing with [27, 16], we use the IPDG as macro solver to construct the MsIPDPGM. By tun-
ing the penalty parameters, the pollution error can be reduced efficiently, which doesn’t need # is
sufficient small. On the other hand, when k3h? is sufficient small, we show that the solution to the
MsIPDPGM is superclose to the IPCDG solution.

The remainder of this paper is organized as follows. The IPCDGM and MsIPDPGM are introduced
in Section 2. Section 3 is devoted to the preasymptotic error analysis of IPCDGM and Section 4 is
devoted to MsIPDPGM. In Section 5, we simulate a model problem in two dimensions by IPCDGM
and MsIPDPGM to verify the theoretical findings.

Throughout the paper, C is used to denote a generic positive constant which is independent of
k,h, H, and f. The shorthand notations A < Band B> Amean A<CBand B= CA. A=< Bisashort
notation for the statement A < B and B > A. Moreover, the constants C i»J =0,1,2,3 that appear later
are all independent of k, h, H, and f.

2 Formulations of IPCDGM and Multiscale IPDPGM

In this section, we will introduce the IPCDGM and the MsIPDPGM for problem (1.1). We first
introduce some notation. We shall use the standard Sobolev space H*(Q), its norm and inner product,
and refer to [5, 8] for their definitions. But (-,-) and (-,-) are used for the L*-inner product on the
complex-valued spaces I[%(Q) and L2(D), respectively. For any open set G, we write ||-|| s ¢ and |-|5,¢ the
norm and semi-norm of H*(G). We will write briefly that ||-|ls = ||-lls.o and |-|s = |-[sq.

Let {9y} and {J},} be two quasi-uniform families of triangulations of Q such that 97, is a re-
finement of 9. For any element T € Iy (¢t € 9},), we define Hr = diam(7T) (h; = diam(#)) and
H = maxregy, Hr (h = maxseq; hy). Let &y and &), denote the interior edges/faces of elements in
I and 97}, respectively. Denote by H*(97},) and H*(J) the spaces of piecewise H*® functions on T},



and Ty, respectively. Let Vj, be the piecewise gradient on HY(93,), ie., (Vov)l; =V|),Vte Ty Vg
is similarly defined on H'(9y). Clearly, V,v = Vv for any v € H'(9y) and Vv = Vv = Vo for any
ve H'(Q).

For any interior edge/face E € &y (or e € &) there are two adjacent elements T~ and T* (or ¢~
and ") with T"NT* = E (t nt* = e). We define n to be the unit outward normal vector to edge/face
of the element T+ (or 7). Define the jump and average of a function v at E (or e) as

_ UlT* + UIT*

U|[f + UI +
W] =vlp+ —vlp-, {v}= > = d

(01' (V] = vl =Vl (V)= T)

In addition, denote by Hg = diam(E), h, = diam(e), and by (-,-) and (-,-), the inner product on L?(E)
and L?(e), respectively.

2.1 TPCDGM

We first introduce the approximation space of piecewise linear functions on 7, which are contin-
uous on each macro-element T € 9y but allowed to be discontinuous at E € §x:

Vi={vp: vpl € Py Vte Ty, and vplre C® VT e Ty}, (2.2)
where P; denotes the set of all linear polynomials. Let VV be the energy space defined as:
V={v: vl,e H*(t) Yte I}, and v|re H(T) YT e Ty}.

Clearly, Vj, c V. By testing (1.1) by any v € V and using the magic formula [vw] = {v} [w] + [v] {w} we
conclude that the exact solution u satisfies

Vu,Vyv)— ) <{a—u},[v]> — k*(u, v) +ik(u, v) = (f, v).
E

Ee&y on

Similar to the classical IPDG formulation, we introduce the following sesquilinear form:
an(u, v) = by(u, v) — k*(u, v) + i k{u, v (2.3)

where

by(u,v) = (Vyu,Vyv) — Z (<{0_u} [v]> +<[u] {@}> )+](u V) (2.4)
h ’ - ]’l ) h EEgH al’l ) E ’ an E » » .

e 0 0
Yo (up, ohyp+ Y nehe< il ) e > . 2.5)

Re =, on|’|on
Yo.. and y1 . are penalty parameters to be specified later. Therefore, if u € H*(Q) is the solution of
(1.1), then

Ju,v)= )

ecEe8y

)

ap(u,v)=(f,v) VYveV. (2.6)

Inspired by the above formulation, we propose the following IPCDGM for problem (1.1): find uj, € V},
such that

ap(up,vy) =(f,vy) Yvp eV (2.7)
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Remark 2.1. (i) Penalizing the jumps of normal derivatives was used early by Douglas and Dupont [11]
for second order PDEs in the context of continuous interior penalty finite element methods (CIPFEM)
and by Babuska and Zldmal [3] for fourth order PDEs in the context of C° finite element methods, by
Baker [4] for fourth order PDEs and by Arnold [1] for second order parabolic PDEs in the context of IPDG
methods.

(i) In [14, 15, 12, 30, 6, 29], the IPDGM and the CIPFEM are applied to the Helmholtz equation with
high wave number. It turned out that the penalty parameters in IPDG methods and the CIPFEM may
be tuned to eliminate the pollution effect in one dimension and greatly reduce the pollution effect in
higher dimensions. It will be shown in Section 5 by numerical tests in 2D that the penalty parameters
in our IPCDGM can also be tuned to greatly reduce the pollution error.

(iii) Note that the approximate functions used in the IPDGM are allowed to be discontinuous at
any interface of elements while those used in the CIPFEM are continuous on the whole computational
domain just like the FEM. Our IPCDGM is a method between the IPDGM and CIPFEM since the ap-
proximate functions in Vj, are continuous in each macro-element in 9 but may be discontinuous at
their edges/faces. The IPCDGM use less number of degrees of freedom than the IPDGM while more than
the CIPFEM on the same mesh.

(iv) The methods and theoretical results can be easily extended to Cartesian meshes. While the ex-
tension to higher order methods requires more technical skills (cf. [12]) and will be reported in a future
work.

We introduce the following semi-norms and norms on H*(9y) or H*(97},) for further analysis.

2 \2
1 ov

viig=1Vyvl?+ —Iwllg g+ Hll | = ’

Ivlle (“ avlg+ Y 77110, 2 H on O,E)

Ee8y Ec8&y

1
1 avll* \°
2 2
||U||h:(||VhU||0+ > ﬁ”[U]HO,E-i_ Y hH an )
Ee&y eeéy, n 0,e

1 1

2 2 2\3 2 2 2\3
Nvle = (vl +&2lvlg) vl = (vl + k2 lvlig)?.

2.2 Multiscale IPDPGM

In this subsection we introduce our multiscale method based on the IPCDGM. The MsIPDPGM
uses the same variational formulation as IPCDGM, while the approximation space is defined on the
coarse mesh 9, whose basis functions are obtained by solving some local problems on the fine scale
mesh.

We define our multiscale approximation spaces by following the standard procedure in [20, 21, 13,
27, 16, etc.]. First, we introduce the space of piecewise linear functions on J:

Va={vy: vylr€ P, VT € Ty}, (2.8)
and define the local L?-projector Qg : L?(Q) — Vy: for any v € L2(Q) and T € Iy,

(QHU—U, vgp)t=0 VYvgeVy. (2.9)



Let L be a positive integer. For any macro-element T € 9, define the L-layer region surrounding T
as

wro=T. wr;= {T/ €ETy: T’an,l_l # (Z5}, I=1,---,L. (2.10)
Introduce the global and local kernel spaces of Qg as

VI ={v,eVy: Quup =0}, VI

J o ={vpeV v =0inQ\or} 2.11)

For any T € 9y, denote by /1]% € Vy(j =1---r with r = d + 1) the nodal basis functions with re-
spect to T. Define the global and localized correctors (EOO/VT, ErT, L/VT) and the corresponding adjoint
correctors (E;‘OA]T,E;LA] ) of /VT as

T
B e V1 ap(BEsoh, w) = ay(A, w) Vwe v, (2.12)
ExAL eV apw, ELAL) = apw, ML) Ywe VY, (2.13)
EriAy € Vi, an(BriA), wi) = ap(A),wr), Ywpe Vi, (2.14)
Ep A eVl ap(wy, EpAh) = ap(wi, AL, Ywpe Vi, (2.15)
Let x]% be the nodal points corresponding to AJ%, that is, )Ljf(x% = 6jm,j, m=1,---,r. For any vy =

Y regy vH(x]T)A]T € Vg, define
j=1-r

Eswva= Y, va(x))(ExAL), Exvm= Y. va(x))(ELAL), (2.16)
TeTy TeTy
j=ler j=ler

Ervp= Y. vy(x})(ErA)), Ejvg= va(xp) (Ef AT). (2.17)
Tegy Tegy

jeleer jeteer
Clearly, Exovp, B vH, ELvy, Ef vy € v/ for any vy € Vy and
ap(Exovy, w) = ap(vy, w), ah(w,E:OvH) =ap(w,vy), VvgeVy,we v/, (2.18)
It is easy to verify that
EX vy =Eovpg and Ejvy=E vy, Yvge V. (2.19)

Then we introduce the localized MsIPDPG trial and test spaces by correcting these nodal basis
functions.

Vs =span{A] - Ex Al T e T, j=1---1},

From (2.19), it is clear that the test space V}J';* consists of complex conjugates of functions from the
trial space V/}'].
Now, we are ready to define the MsIPDPGM for problem (1.1) : Find u}}’, € V/' such that

ms ms*\ __ ms* ms* ms#
ah(uH,L’ VL )=(f, V1L ), Vv €Vhr - (2.20)
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Remark 2.2. (i) The well-posedness of problems (2.12)-(2.15), and (2.20) will be verified in next sections
(see Corollary 3.7, Remark 4.7).

(ii) The problems (2.12)—(2.13) are introduce only for theoretical purpose. In practice, we solve the
local problems (2.14)—-(2.15) and (2.20) instead, which are good approximations to (2.12)—(2.13) , re-
spectively. As a matter of fact, it can be shown that the global correctors Ex, A7, j decay exponentially (see
Section 4). The local problem (2.14) should be solved on the fine mesh scale, while the problem (2.20) on
the macro mesh 9. On the other hand, the problem (2.14) of each macro basis function can be solved
by parallel computing.

(iii) We will show in Theorem 4.12 that the solution to the MSIPDPGM is superclose to the IPCDG
solution under proper conditions.

3 Preasymptotic error analysis of IPCDGM

The task of this section is to derive the preasymptotic error estimates between the solution to the
IPCDGM (2.7) and the exact solution to (1.1). As by-products, we also give out the stability estimates
and the inf-sup condition for the scheme (2.7).

3.1 Preliminary lemmas

In this subsection, we will recall some stability estimates of the continuous problem and some
approximation properties of the discrete spaces.
The following stability estimates for the problem (1.1) were proved in [22, 9, 18].

Lemma 3.1. Suppose f € L>(Q), for the solution u to the problem (1.1), there holds
k™Ml + el + kllulo < C | £ -

The following local trace inequality will be used frequently in our analysis, which can be prove by
using the standard trace inequality and the scaling argument [5, 7].

4 1 1
lvlos: S B, 2 Ivllo s+ vl IVUIZ,, Vve H'(8),teTp. (3.21)
t 0,t 0,t

Let Ij, be the Lagrange interpolation operator onto Vj,. Denote by vl g, = (Z teg'h|l)|§ I)UZ the
discrete semi- H-norm. We have the following interpolation error estimates.

Lemma 3.2. Suppose v € H*(93,). Then
lv=Invllo S K1vlo,a, v = Invly S hlviog;, (3.22)
Moreover, for the solution u to the problem (1.1), there hold

lu—Inully S kh* | fll, and lNlu-Iyull, S kh(+kh) | £, - (3.23)



Proof. The standard interpolation theory [5, 8] says that

lv=TIyvlo, + hllv—Iyvlly, S Hvle: V€T

Clearly, it suffices to prove the second estimate in (3.22). Denote by w = v — I, v. It follows from the

local trace inequality that

ow|?

on

1
lv=Iyvly =Y IVwlly, + Y. EII[W]H%,E+ Y hH

tegy, Eeéy ecéy, 0,e

-2 2 2 2 2
S Y (1w + wi - hPwi,

Y
teg;

21,12 21,12
S ¥ (rwB ) s rwd
teg;

=

=

Then (3.23) is a consequence of (3.22) and Lemma 3.1. This completes the proof of the lemma.

3.2 Preasymptotic error estimates

First we consider the continuity and coercivity of the sesquilinear form by, (:,-) defined in (2.4).

Lemma 3.3. Supposely;.l S1(j=0,1),Ve€ &y,. There hold

by (u, )1 S (ullp + hlulz,g,)(lvln + hivle,5,) Yu,veV,

|bp (up, vi)l S luplpllvply - Yup, vy € V.
Moreover, there exist constants ay, @1 > 0, such thatifag < yoe S1and —a; <y, S 1, then
by, v) 2 vnlly Yup € Vi
Proof. From (2.4)-(2.5) and the local trace inequality (3.21) we obtain

{an)

(w10, + Il [ulllo,E

{an)

by (u, )] S IVl IVl + ) (

O,E)

Ee&y 0,E
ou ov
+ WMl elllvillog+ Y. h H
eCEZEéBH eéh ane 0,e ane 0,e
<(” 2 Z {Ou} 2 )%(” 24 h Z {av} 2 )%
SHiully + — v+ —
h ecEe&y on 0,E h ecEe&y on 0,E

1

2
<t +n ¥ (0w, v,

tegy,

1
2
(10l e T (07 090l v )

tegy

which implies that (3.24) holds. (3.25) is a consequence of (3.24) since |vp|2, g5, =0,V vy, € Vj.
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It remains to prove (3.26). Suppose Yo, = ap > 0 and y; . = —a; for some constants ag, @ > 0. For
any vy € Vy,, we have

0
bn(vp, vp) = IVivRlls —2Re ) <{—avh }, [Vh]>
n E

Eeéy
Yo,e 2 ovy
Y Hwalllg g+ Y. Yiehe || =
ecEe&y he 0F ecéy, L on 0,e
2, @o 1 2
=|Vpvplg+—= ). — Ivnlllo g
2 ecEe8y he
0 0
— Z ((Zlh Uh —h { Vh} )
per 8 on 0e Qo on
Noting from the local trace inequality that
ov ovp ) |I?
2 (h —= e {—”} )§||vhvh||§,
ecsy, on on 0,e

there exists a constant C such that

a
2 0
bp(wp, vp) ZIVpvRlg+— Y

1
Il = Cmax (a1, =) & 19w,
2 ecEe8y

he 0 teJy,
Thus (3.26) holds if a; < 1/(2C) and ag = 4C. This completes the proof of the lemma. O

Remark 3.4. Denote by V), the space of piecewise linear functions on J},. It is clear that the continuity
(3.25) and the coercivity (3.26) hold also on V,.

Following the analyses in [12, 30, 29], we introduce the following elliptic projection Py : V — V},
that will be used in the error estimates.

by (Pre, vi) + (Pp, vi) = bp(@, vp) + (9, vp)  Vvp € V. (3.27)
The elliptic projection satisfies the following estimates [12].
Lemma 3.5. Under the conditions of Lemma 3.3, there holds for any ¢ € H*(Q) that
lo=Prpllo+h[@ = Puol, < Il

Next we present the main theorem of this section, which gives the preasymptotic error estimates
of the IPCDGM.

Theorem 3.6. Let u and uy, be the solutions to problems (1.1) and (2.7), respectively. Suppose that
f € L2(Q) and the conditions of Lemma 3.3 hold. There exists a constant Cy > 0 such that, if k> h? < Cy,
then

lu—uplly, < (kKh+EPRHIflo and llu—uplo < (kB> + K2R3 flo.

9



Proof. Denote e;, = u— up = (u— Ppu) + (Pru—uy) := p+0y. From (2.6)-(2.7), we have the Galerkin
orthogonality ay,(ey,, vi,) = 0. Use the definition of Py, (3.27) to get

buOn, vi) — kK2 On, vi) +ikOn, vi) = (K + 1) (p, vi) —ik{p, vp). (3.28)

Step 1: Bounding [|0llo,r by 104ll0. By letting v, = 0;, in (3.28) and taking the imaginary part we
conclude that

k161G < K llpllollOnllo+ Kl pllor6nlo,r-

The trace inequality, Lemma 3.5, and Lemma 3.1 imply that

1 1 L 3
lplo+Rlpln SkR? | fll, and lplor S H 2lpllo+1p121VHPIE S Kkh2 | f],- (3.29)
The Young’s inequality yields

10513 - < Kllpllol0nllo + 113 1 S K2R2 || £ o 10500 + K2R3 | £|5
SKPRIOLIE+ K2R | £ (3.30)

Step 2: Bounding [|64l;, by |64 lo. By letting vy, = 65, in (3.28), taking the real part, and using (3.29)-
(3.30), we conclude that

060115 < Dr(On,0n) + k210415 = 2k% 105115 + Re((k* + 1) (p,01) — ik{p,0n))
S K105+ K2 Ipli3 + Kl pllor0nllor
<SK2N0R03+ KR | £lo+ K2R2 | £l (KR216500 + kB2 | £]],).

which implies by the Young’s inequality that
3
164l < KOsl + (kD)2 | £, - (3.31)

Step 3: Estimating [0 1lo. We will use the modified duality argument [30, 12]. Consider the following
adjoint problem:

~Aw-kK*w=6, in Q

0
—w—ikw:O on 0Q
on

Similar to Lemma 3.1, we have ||wl, < k|0ylly. Testing the above problem by ej, = p + 6}, and using
the Galerkin orthogonality, we get

16,15 + (0,0) = anlen, w) = ap(ep, w— Ppw)
=by,(ep, w— Prw) + (e, w — Ppw) — (kK% + 1) (e, w — Ppw) + ik (e, w — Ppw)
=bp(p, w— Ppw) + (p, w— Ppw) — (K* + 1) (p + 0p, w — Prw) +ik{p +0p, w — Prw).

10



Noting that |vyl2,9; = 0 for any vy, € Vj,, from Lemma 3.3, (3.29)—(3.31) we conclude that

10,115 <(lpllp + hlula)(lw - Prwly, + hlwla) + k2 (llpllo + 10410 ) | w — Prwll
+k(llplor +10pllor) lw—Prwlor
Skh|| fllo k18wl + K (kR | fllo + 16nll0) kR* 16119

+ k(kR? | f]|,+ khZ104ll0 + k12 || ]|, ) k72 1610,
which implies that
18510 S K*R2|| f o + K> R*10nllo.

and hence the following estimate holds if k3 h? is small enough.

105110 S K2 R* || £, - (3.32)
The proof of the theorem follows by combining (3.29), (3.31), (3.32), and the triangle inequality. O
Corollary 3.7. Under the conditions of Theorem 3.6, there holds the following estimate

lenlln < N fllo,

and hence the IPCDGM is well-posed.
Proof. The proofis a direct consequence of Theorem 3.6 and Lemma 3.1. O

Remark 3.8. (i) The stability estimates of the IPCDG solution in L?- and H'-norms are the same as
those of the exact solution in Lemma 3.1.

(i) It can be shown that the IPCDGM is absolute stable if the imaginary part of the penalty param-
eters are positive (cf. [14, 15, 30, 29]). While for simplicity we only consider the real penalty parameters
in this paper.

3.3 Discrete inf-sup condition

The following inf-sup condition of ay,(-,-) is useful in the analysis of the multiscale IPCDGM.

Lemma 3.9. Under the conditions of Theorem 3.6, there holds
Reay (v, u 1
01 222 ol ;(l|||huh|ﬁl;)z o 559
Proof. For any given uy, € V},, we define the following problem: find wy € V},
an(wp, vy) = 2k%(up, vy), Yoy, € Vi,
Corollary 3.7 implies that [|wylln < K2l unllo < kllunll 5. Set vy, = up, + wy, to get

Reay (vy, up) = Reay (up, up) + Reay (wp, up)

= Reap (up, un) + 2k (up, up) 2 Nupll’

where we have used (3.26) to derive the last inequality. On the other hand [|vyll, < lluplly + lwrlln <
kllunll,, which together with the above estimate implies that (3.33) holds. This completes the proof
of the lemma. O
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4 Preasymptotic error analysis of MSIPDPGM

In this section, we first list some useful lemmas about L2-projector and cut-off functions. Then we
prove the exponential decay of the global corrector. In the last subsection, we present the preasymp-
totic error analysis of the MSIPDPGM.

4.1 Preliminary lemmas

Recall that V}, is the space of piecewise linear functions on 97, (see Remark 3.4). The following
lemma lists some useful estimates on two interpolation operators: the Oswald interpolation operator
[26, 19] (denoted by IZ) and the Scott-Zhang interpolation operator [28, 5] (denoted by I1j,).

Lemma4.1. There exist two interpolation operators I¢ : Vi, — VnH' (Q) and Ty : H'(Q) — VynH' (Q)
satisfying the following estimates:

— 2 2 - ~
W2 vn=Ivnly o+ Vo —Tivp) o, S Y B lwallGe, Yvne Vi, Tedn, (4.34)
’ ’ eeéy,enT#Q
lv-Mgvly S HIVYlg, Yve HY(Q). (4.35)

The following lemma gives some estimates of the L*-projector Q.

Lemma 4.2. The following estimates hold for any v e H*(Q), v, € Vi, and T € Ty:

2
lv=Quvllo S HIvl2, lNlvn—Quuplo,r S HIVupllor, and 1Quvpln S lvallp.

Proof. The first two estimates are well-known (see e.g. [5]).
Denote by vy = I vp. It follows from (4.34)—(4.35), the local trace inequality, the inverse inequality,
and the stability estimates |Qg vyl v S lvnljr(j =0,1) that

1 110)23% 2
1QuvilF =IVEQuualls+ Y = IQuvallgz+ Y. H”[—QH -
Eeé&y H Ee&y on 0,E
1
<IVEQuuIE+ ) _”[QHVh_HHVZ]”gE
EEéaHH '
1
SIVaQuvnlis+ Y 5 |Quvn=Tavi g ;
TeIgy

1
SIVaQuvnlG + 5 (| Quwn— vl + | Quvf = vi g + v, ~ v )
1
SIVaonlE +— |vn = vf g+ IVaviIg

1
2 2 2
SIVavLIG+ ) E”[Vh]”o,ErS”Vh”h-
Eeéy

This completes the proof of the lemma. O
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From (13, Lemma 6] and the fact that ¥ ¢, h [%] ”0 o S Y e, IVUy II%J, we have the following
lemma which shows that given some vy € Vj; there exists a H!-conforming preimage b € Q;Il vy < Vy

with comparable support. The proof is omitted.

Lemma4.3. Foreach vy € Vi, thereexistsb e V,nHY(Q), such that Qub = vy, supp(b) < supp(IIC{ vH)
and

16ln S lvella. (4.36)

Remark 4.4. Note thatlfq may be appropriately defined such thatsupp(b) S wrr, Q\wrr, oroT .\ w1,
if soissuppvy.

Forany T € 9, let nt be a cut-off function of piecewise constant on 5, with values in the interval
[0,1], which satisfies

1 in wr_ <h fec& ec(wri\wri1)°
nr = T,L-1) and ”[nT]”Loo(e) ~ H h ( T,L T,L 1)r

0 in Q\(x)T,L,

(4.37)
=0, otherwise.

Here ° denotes the interior of a point set. Note that for any vy € v/, 17V, may not be in Vj, since it
may be discontinuous in the macro-elements contained in wr \ wr,r-1. The following lemma says
that there exists a proper approximation of nr vy in V.

Lemma 4.5. For any vy, € V7, there exists I} ~(nTvp) € Vy, satisfying the following estimates.

h_1||17TUh - Ifl,T(nth)||0 + ”T’th 7 IZ,T(TITVh)”h ,-S ” Vh”h, OTL\OT, -1’ (4.38)

H vy - I @+ vn =17 rrvn) |, S Hvrln ovor - (4.39)

1
2 )2 5 .
Here || vllp, = (ztegh,tcc VI3, + Y pesypec 5 1E 5+ Lecsy ecc bl [92] ||0,e) forGeQandG is the
closure of G.
Proof. Define

Iy (nrvp), inor\wrr-1,

nrop, otherwise,

I p(rvp) = (4.40)

where I} is the Oswald interpolation operator satisfying (4.34). Clearly Ifl,T(n V) € Vy, and there holds

lnron -1 crowle S X koo, - (4.41)

eegh
ec(or\or-1)°

Since vy, = v, — Qg vy, from Lemma 4.2 we have

lvpllo,r S HIIVvplio . (4.42)

13



Therefore, from the local trace and inverse inequalities, (4.41), the magic formula, (4.37), and (4.42),
we conclude that

Inzvn—15 srvn |5 Sh2|nrvn— 15 mrvw g
< Y hY{nrtwal+ [nrlivat]5,

ecsy,
ec(op\or-1)°
2

n
< X waleer X w gl

eesy, tegy,
ec(or\or-1)° tcor o1
S r el X Ival
e€ €Ty
ec(wT,L\th,L—l)o TC‘”T,L\“I’T,L—I

which together with (4.41) implies that (4.38) holds.
It remains to prove (4.39). Denote by wy, = v, —nrvy. Noting thatnr =1 and [n7] =0in wrr-1,
similarly as above, we have

1 owy |2
2 2 2 h
bl =0 0nlg i, X plwallgp+ Y R H =

Eeéyy ee8) n ]lloe

EcQ\or ecQ\wpy
1
2 2
S,”vhwh”(),g\wT,L_I + Z EH[(I_T]T)vh]”O,E
Eey

EcQ\or -1

S/”(]'_nT)vhvh”é,Q\wT,L_l + Xg: h_l” [Vh] ”3,6+ ”thh”éﬂ\w]mfl
eCQg\i);L,l

Slvallnovwr -
On the other hand, from Lemma 4.2, we have
lwpllo Slvrllo,over, S HIVivillo,owr S Hlvklnowwsr,

Then (4.39) follows by combining the above two estimates and (4.38) and using the triangle inequality.
This completes the proof of the lemma. O

4.2 Exponential closeness between the localized and global correctors

In this subsection, the main task is to prove that the localized corrector ET, L?L{r is exponentially
close to the global corrector EOOA]T.

Lemma 4.6.
(i) Thenorms| - |, and |||, are equivalent on the space V' if kH < 1.

(ii) Under the conditions of Lemma 3.3, there exist a positive constant Cy, such that, if kH < C; then
Rean(vp, vp) Z lvplls, Yo € V7.
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(iii) Suppose kh < 1. Then |ap(up, vy)| S Nuplly lvnlly,, Yuy, vy € V.
Proof. Obviously ||vylln < llvplly. Using Lemma 4.2 and Qg vy, = 0 ,we have
Nwrlls = lvpls + KN vpll = lvpls + K> lvn — Quunlls
Sllwpll + HO IV vl S llvpll,

which implies that (i) holds.
From (2.3), (3.26), and Lemma 4.2, we have

Reay, (v, vi) =bp(vp, vp) — KEllvplly 2 lvplls — CeED* [V vp 15

which implies that (ii) holds.
For vy, € Vy, let Ufl =1 ;Cl vy, € Vi1 HY(Q). Tt follows from the trace inequality, the local trace inequal-
ity, the inverse inequality, and (4.34) that
ki Vh”or k|| Uh”or"' kflvn - Vh”or
Sklvillolvpll+&n on—vill
SIVeRlG+ K lvllg+ k™ lon =il
SIVRwRl+ K2 Nvald + | Viwf = v g+ (2 + kR ") v — v |12
S IIVthllo + K UhIIO (1+ k*h* + kh) Z h lp] ||3,e Slvplly,

ecéy,

which implies that & [|upllor lvnllor S Nlunlly lvsll, and hence (iii) follows from (2.3) and (3.25). This
completes the proof of the lemma. O

Remark 4.7. From the Lax-Milgram lemma, the corrector problems (2.12)—(2.15) are well-posed under
the conditions of Lemma 4.6.

Similar to [13, Lemma 8] for coercive elliptic problems, we have the following stability result for
the corrected basis functions for the highly indefinite Helmholtz problem.

Lemma 4.8. Under the conditions of Lemma 4.6, there hold
low=Ewovull, SlWowlly Yome Ve and | A%~ Erodfll, DAL (4.43)

Proof. We first prove the first inequality. From Lemma 4.3, for any vy € Vy, there exists b € V;,n H' (Q)
such that Qub = vy and || bl < || vu| ;- Noting that vy — Exvy —b e V/, from Lemma 4.6 and (2.18),
we have

Il vH—EOOvH—b|||i§ah(vH—EoovH—b, v — Esovi —b) = ap(— b, vy — Esovy — b)
SIblw||ve = Esovir=b]| -

Thus || vy — Esovr — ||, S 1Bl and hence

llve = Esovul ), S M-
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On the other hand, from Lemma 4.2,
1612 = 1612 + K2 1612 < (v, + K| valls + k2| b - val;
Slvalfy+ K valo+ & H*|Vb];
< lvullz-

The proof of the first inequality in (4.43) follows by combining the above two estimates.
Note that supp(b) < supp(lc A ) wr,1 and hence /1] - Ey AJ be Vf The proof of the second
inequality in (4.43) can be proved by following the lines for the ﬁrst one. We omit the details. O

The following theorem says that the localized corrector E7, L?L]T is exponentially close to the global
corrector EOO)L]T, which is the main result of this subsection.

Theorem 4.9. Under the conditions of Lemma 4.6, there exists a positive constant C, such that if kH <
C, then

|EooA] = Exp ALl S BNy YT €Tmj=1-- (4.44)

1
where B := ((k%)jfl)[l <1 and Ey and Et are defined in (2.12) and (2.14), respectively.

Proof. First, from Lemma 4.8 we have
| Eoor], = Eri ALl S NATI (4.45)

Therefore, it suffices to prove (4.44) for sufficiently large L. Without lose of generality, we suppose
L> 2 in the rest of the proof which is divided into two steps.

Step 1: Denote by ¢ = EOO/IJT, ¢r= ET,LAJT, T =oo—pr € V/. From (2.12), (2.14), and Lemma 4.6,
we have

1117, SRean(r,7) = Rean(t, ¢oo = ¥1) S 17l nllpoo = WL, Vi€ V{,L-

From Lemma 4.3, for QH(Ifl +(N7¢s0)) withnr in (4.37) and I; ,in (4.40), there existsa be V; N H'(Q)
which satisfies

1B, S| Qu(I; +M1¢ee)) | and Qp(b—Ij, 1N 7¢0)) =0
Note that supp(n1¢¥0) € wr 1, SO is supp(lfl T(nTgboo)) and supp(b). Setting v, := I} ;(Nr¢o) — D €

V]]j Iy by using Lemmas 4.2 and 4.5, we obtain

17l S oo = I, 210 ||, + 1 B1IA
S oo = Ifcz,T(T’T‘Poo)”h + ”QH(IiCz,T(nT(Poo)) I
=] b0 = I, s 7o) |, + | Qe (T, + M 7h0) = Poo) |
5”‘/’00 - I;,T(nT(Poo)“h

Sl ool norwr, . - (4.46)
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Step 2: We introduce the following piecewise constant cut-off function on 97

0 in wrr-2, SL, ifee&pec(wri-1\oT-2),
fT{ and |[5T]||L00(e){ " ( ) (4.47)

1 in Q\wrr-, 0, otherwise.
Therefore, from Remark 3.4, the identity {vw} = {v} {w} + i [v] [w], and the magic formula, we have

||<PoloQ\wTL1 ||,5T¢oo|}h Rea, (€ 7000y € TPo0) + k2 (ETPoor ETDoo)
= (Rean(Poo, 4 poo) + K2 | € 1o )

+%Re > (({ (Poo} (€71 [‘Poo]) ([%]’KT]ZMM})E)

EEéaH
Y 1
+ ¥ 20 Jig {cpoo}ns,E" Jicri (sl
Eeéy
0o
r Znffen{ - dhen Gl
=I+1I+111+1V. (4.48)

Next we estimate the each term in (4.48). First we estimate I. Similar to Lemma 4.5, there exists
({ 7¢Pc0) € Vj, defined similarly as in (4.40) but with L replaced by L—1 and 17 vy, replaced by & 7Poos
Wthh satisfies the following estimates:

h |G oo = If, 7 (E50000) o + €7 P00 = I, 1+ E5000) | Sboolli, wrp \wrg s (449)

H™|¢poo — I, 7 E5000) Hoer | poo — I, 7 E500) ”hmf\,ﬂﬁboo”h oo, (450
Moreover, from Lemma 4.3, there exists a b € V}, n H' (Q) satisfying
Qub=Qu(I; +E7de)), and bl S | Qu (I}, 1E5¢h00)) || 4r- (4.51)

We write

I= Reah(‘boo,fT(Poo I;CZT(f (poo))‘i'Reah((pomI}clT(f Poo) — )

+Reay(Poo, b) + K ||'5T¢’oo||o
=h+DL+13+ 1,

Noting that é 7Po0 — Ifl T(§2T¢>oo) is supported in wr,.—1 \ w7t -2, from (2.3), Remark 3.4, we have
Il<|||('b°o”|h o1, 1\oT - 2”| T"boo Ih T(€ ¢°0)|”h+k”(p°0”01"ﬂw” \oT- 2”6 (/)OO Ih T(é (’boo)”()r
Incaseof 'nwr -1 \wr -2 # @, it follows from the local trace inequality and ¢, € v/ that
_1 1
||¢oo||0,rmm 5 H?2 ||(/)OO”0,LUT,L_1\(1)T,L_2 + H? ”vh(/)oO”O,wT,L_]\a)TyL_z

1
5 H: ”vh('boouova,L—l\wT,L—z'
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From (4.49) we conclude that

L Sl ool orriar s 16700 = I+ €700,
1. _1
+kH2 B2 [ Vipoollo vy, 167000 = T r €700 g
2 1 2
Sleeolly rioms + K HED 2 | boo|lyy oo

2
N[N hor-1\on—'

Since QH(I;'T(gg"(POO)”Q\wT‘L_I = QH(;boo|Q\wTyL_1 = 0; we have Supp(QH(Ith(é%(poo))) - wr -1 \
wT -2, SO is supp(b) (see Remark 4.4). Therefore I fl T(sz(poo) — b € V/ vanishes in wrt 2. It follows
from (2.12) that

L = ay(A}, I§ (2 poc) — b) = 0.

Moreover, from (3.25), the trace inequalities, Lemma 4.2, (4.51), we conclude that

I Sl ool zrraris M2l + kl(boor b)]
N teollnzrriorr Bl + K IVadcllo oy, v, 101 161
Nbolly szl + CEDE[Tnboo g v, (1Bl + 1511) 2
S ool srrrvarr (11 + kllb = Qurbllo + K Qrrbllo)
SNbooll i, zr v (1014 + kIl Qubllo)
Nboollnorrors Qu (T + €T 1t ooy

=[lpeoll 5ol Qu (5 75 ¢00) — Poo) it orrars
ool o 16 2 boo) = booll 5o
SNl oo
It is clear that
I S K2 € ¢oo 6 v, » SEED?[9eoll5 arrrs -
By combing the above estimates for I;-14, we obtain

1S k[ boollparo,, + 190l norars (4.52)

Then we estimate the second term I1. Clearly, [ 7] vanishes at e if e ¢ (w TIL-1\OT, L_g)o. It follows
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from the local trace inequality, the inverse inequality, and Lemma 4.2 that

7 I o [ TS TR 3 TS T

Ee (wT,L_l \wT,1-2

1
2

Ny
Nl

1

2

_ 1

Sm( y hluwooué,t( y Euww]néf)
tcwT-1\WT,-2 EE(wT,L—l\wT,L—z)O

1

1 1

h% oo 1112 2 ( , 2

;( DU R ) ( Y ewl,
Ee(wrr-1\0T1,1-2) tcwr,-1\WT,L-2

h

N?I ” (’boo ” h,wT,L_l\wT,L_g : (453)
Similarly,
h\? 1
ms(p] T et ol 1)
Ee(wr-1\01,1-2)°
1
SJ ﬁ ||('b°o||0,wT,L_1\wT,L_2 SJ ”(,boo ” horr-1\owrr-2’ (454)
and
2
welg] xR
ee(wT,L,l\wT,L,g)
<[k 2 2 <[ 2 )
< (E) 1956000 s, oy s S (E) N (4.55)

By plugging the estimates (4.52)—(4.55) into (4.48) we obtain

C3lPoollfy arary, s (kH)ZH%oHi,Q\wT,L,Z [ pooll 1, 7
= (kH)Z ”(/)oo”?’l,Q\Q)T,L,g + (”(poo”?’l,ﬂ\wT,L—S - ||('boo||?’l,Q\(UT'L,1)

for some constant C, independent of k, i, H, and f. As a consequence,

”(/)OO”i,Q\wT,L_l = ﬁ4 ”('boo ”iL,Q\wT,L%

1
where §:= ((kg)jfl)‘l < 1if KH < C,. Recursively, we have
2

[ N ho\wr, i Leven
ﬂL_l ”('bOO” h,Q\wT,o lfL Odd

< B N9colln,nm = B 1000 = A7 vy < B UAT N,

where we have used Lemma 4.8 to prove the last inequality. The proof of the theorem follows by
combining the above estimate and (4.46). O

”(POOH/?,Q\(UT,L_] S ﬁz ||(Poo|| th\‘UT,L—S S e S {
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Theorem 4.10. Under the conditions of Theorem 4.9, there holds

|(Eoo — Er) vit|, S B (kED Ml vpllar,
(B~ E})vnll, S BLE) lvmlly, Yvme Vi

Proof. From (2.19), it suffice to prove the first inequality. Denote by

Z=(Eww—El)vi=Y. vg(xh)(Es—Ert)AL e V7.
e
Let {1 be a piecewise constant cut-off function defined as ¢t in (4.47) but with L replaced by L + 2.
That is

0 in wT,L, Sﬂ’ ifeeé"h,ec wT,LH\wT,L o,
(r= ) and  [[[{7]]l oo (e A i ( ) (4.56)
1 in Q\wrr4+1, =0, otherwise.
Similar to Lemma 4.5, there exists I} ..({1Z) € V}, satisfying the following estimate:
H Y21 1 Cr D)o+ |12 = 1 1 Cr D]y SN2, g - (4.57)

Lemma 4.3 implies that there is a function b € V;, n H'(Q) which satisfies that Qb = Q H(Ifl T(( TZ))

and bl S | Qu(IE ;€1 D)y = | QuIf, 1 €+ 2)-Z)|| - Since I (1 Z)~b e V/ and supp(If, . (12)~
b) < Q\wr,r, we have

an((Eco — Ez 1) A} IE (1 Z) = b) = 0.
Therefore, from Lemmas 4.2 and 4.6, (4.57), the fact that supp(QH(Ig T((TZ))) Cwrr+1\wrr, and

Bl < 1bllk + kI Qubllo + kIl = Qubllo S bl + kIQublo < [|Qu(If, 1 12) = Z)|| y, we conclude
that

1ZI2 <Rean(Z,Z)=Re Y. vu(xh)an((Ew—Eri)A) 2)
TEJ"’_H
j=ler

=Re Y vy(xc)an((Eoo—Eri)A] Z - I, 1 ({1 2))
Tegy
j=l-r

+Re Y vi(x))an((Eeo— Eri) A% IS (7 2) - b)
Tegy
j=l-r

+Re Y vii(x)an((Eo = Eru) A D)
Tegy
j=ler

=Re Y vp(xp)an((Eco— Er,L)A Z— IE 1 72))
TeTy
j=ler

+Re Y vH(xJ})ah((Eoo - ET,LM]}» b)

Tegy
j=ler

< X onGep||(Boo = Eri) AL, (12 = 15 € 2|, + ol )

Tegy
j=ler
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S X oGP (= Er) A, (12 - 15 o € 20l + Q1,1 €12 = 2)]| )

Tegy
j=ler
S Z v G| | (Boo = Er )AL 1 2 - 15 @1 20,
] 1 r
<Y vaGD|||(Bso = ER) AL 1 Z N oo
TeTy

j=ler
1

1
. . 2 2
< louth Pl Bty ) | £ 1282,
Ted;

TeTy €JH
j=l-r j=l-r

5( > |UH(X§")|2”(EOO_ETL || ) 1Z 1.

TeTy
j=1er

Therefore it follows from Theorem 4.9 and || /19 ;s H% that

1
1205 Y T 1R

TeTy
j=lr

1
. 2
< ﬂLH‘l( Y |vH(xfT)|2|T|)
TEﬂ_H
j=1-r

<B H Nvulo S BLEE  Mlvglae

This complete the proof of the theorem. O

4.3 Preasymptotic error analysis of Multiscale IPCDGM

In this subsection, we present the pre-asymptotic error analysis of Multiscale IPCDGM.
First, we prove the inf-sup condition of ay (-, -) with respect to the pair of spaces V'] and V/}']*.

Lemma 4.11. Under the conditions of Theorems 3.6 and 4.9, there exist a constant C3 > 0 such that if
L=|log(C3H)/logpl, then

Reay (v, u™") 1
inf AL HL (4.58)

sup Z
g €V MO yms evins\ o} (% (7 [ k

Proof. Forany up " € V'™, let upr®™ = (1- E**)Qpuy; ;. Lemma 3.9 implies that there exists vy, € V),
such that

Reap(vp, up™™) 2 —II| vill g™ My

Set v}}* = (1= Exo)Quupand vy}’ = 1-E)Quup € Vﬁ"i Clearly QHv = QguV}}® = Quvy. Therefore,
from Lemmas 4.8 and 4.2 and Theorem 4.10, we obtain

ozl < Mvre i+ (B = Ex)Qrronll,,
SUQuvnll+B k) IQuvnlli SNQuvally S Nvnlly.
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Similarly, noting that u’"s* =(-E;} )QHums* and QHums* = Quuj;’*, we have

leaiz M < Nl Qe N = N Qurwefr™ [ < Meekr™™ Il

By the above three estimates, (2.18), Lemma 4.6, Theorem 4.10, and Lemma 4.2, we have

e Ml s S uonballas*, S Rean (v, i)
=Reay(vy}', up®™) = Reap,(viy® ru?}sL*)

vip uir ) +Rean((EL = Eoo) Quun, uyy)

( )
<Rean(vyyy, ujpy) + CB ED ™ I Quvnllufl ufiy |l
=Rean(vfy, ujyy’) + CB D) M| Quvipyl llwir Il

( )+ CprUerD Ml MMl

<Reay, vH i1 uI"}SL*

which implies (4.58) if ﬂLH ~lis sufficiently small, or equivalently, L = [log(C3 H)/log | for some con-
stant C3 > 0. This completes the proof of the lemma. O

The following theorem gives the error estimate between the MsIPDPG solution and the IPCDG
solution, which is the main result of this paper.

Theorem 4.12. Assume that f € H/ (Q) (j =0,1,2), k*h? < Cy, kH < min(Cy, Cy), and L = [log(C3 H) / log BI.
Let uy;’ and uy, be the MsIPDPG solution to (2.20) and the IPCDG solution to (2.7), respectively. Under
the condltzons of Lemma 3.3, there holds

Wiy = unll, < HF1 + BEGeED M fllo.

Here C;(1=0,1,2,3) are from Theorem 3.6, Lemmma 4.6, Theorem 4.9, and Lemma 4.11, respectively, and
B € (0,1) is from Theorem 4.9.

Proof. Denote by 1 = uﬁsL —up €V, 7y, = (1 - E)QqT € v} . Introduce the following adjoint prob-
lem: find wy; | = (1-Ej)wy € V7" with wy € Vi such that

an Wi, Wi ) =Vnvm Vit )+ K Wnntnn + 3 ﬁ([UH,L],[TH,L])E
Eeéy
ov ot
+ Z h([ HL] [ HL]) y VUH,LEVI?E (4.59)

ecéy,

Clearly, wy = Quwyj, ;. From Lemma 4.11, the adjoint problem satisfies the stability [|wy, Il <

kNT g, 5
Setting vy, = T,1, in (4.59) and denoting by w3, = (1-EX)wp, we use the fact -7, € V/, the
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orthogonality ay (7, w}"{ )=0, Theorem 4.10, and Lemmas 4.2 and 4.6 to get

TH,L Wi ) = an(THL Wi — Wi o) + an(Tan Wi o)

17 1,115, =an

=an(TH,L Wi = Wi oo) + an(T) Wi o)
(
(

= an(t s Wy~ W) + (7, Wy~ 0]y)
=ap(T—TH,L Wi oo — Wi ) = an(t — 71,1, (E] - E3) wn)
Sl =7, lnll (B - E5 )QHWHLmh

ST =T aLllnB (D~ lwiy Ml

SBPH T =Tl s

Noting that L H~! < 1, we have
e, SNT—Talln+0Talln SIT=7H.L0L (4.60)

On the other hand, from the fact 1 — 7,1 € v/ and Lemma 4.2, we obtain

(fir-tu)= Y, (ft—tur)r= Y. (f-QufiG-1u)-Qut—TH1);

TeTy Tegny
SHFIVRE =T ) lo S H TSI =Tl (4.61)
Since (1 - E))Quuy) = v, Vv € Vi, we have 1~ 1y = ufj — up— (1~ Ep)Qu(ullls, — up) =

(1 - Ep)Qgup — uyp. It follows from Lemma 4.6, (4.61), Theorem 4.10 , Lemma 4.2, and Corollary 3.7
that

T = 7,5 SRean(t = Tp,0, T —Tw,1)
=Reap(up, 7y, — 1) + Rean((Eco — EL) QuUn, T—Th L)
=Re(f,7u,L—7) +Rean((Eco — EL)Quup, T—TH,L)
SHPNFLIE = Ta,lln+ B e E) ™ Nupllpllt = 7,2l

S(E £+ B GED T Nl T =T,
that is,

e =Taolln S HEL +BHERED ™ fllo- (4.62)
At last the proof of the theorem follows by plugging (4.62) into (4.60). O

Remark 4.13. Theorem 4.12 shows that there is no pollution error between the MsIPDPG solution and
the IPCDG solution and the MsIPDPG solution is a good approximation to the IPCDG solution even in
the case of large wave number.

As a consequence of Theorems 3.6 and 4.12, we have the following corollary which gives the error
between the MsIPDPG solution and the exact solution.
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Corollary 4.14. Let ugsL and u be the MsIPDPG solution to (2.20) and the exact solution to (1.1), re-
spectively. Under the conditions of Theorem 4.12, there holds

= ufs , < HUFL+ (kh+ K2R+ B eED )1 fllo.

Remark 4.15. The error bound in Corollary 4.14 consists of four parts: the interpolation error O(kh),
the pollution error O(k®h?), the multiscale approximation error O(H/*Y), and the multiscale trunca-
tion error O(BL(kH)™1). In the next section we will investigate numerically the influence of each part.
In particular, we will show that the pollution error may be greatly reduced by tuning the penalty pa-
rameters.

5 Numerical example

In this section, we will simulate the Helmholtz problem (5.63) in two-dimension domain Q by
IPCDGM and MsIPDPGM.

— — k2 = i
{ Au—-k‘u=f inQ, (5.63)

ou | ip., _ A
5. tiku=g onT:=0Q.
f is so chosen that the exact solution is

u= 4—;(9”6()‘_1) +e k¥ _2) (y2 —y+ é)
The computational domain Q is the unit square [0, 1] x [0,1]. 9 and 97}, are the two sets of uniform
isosceles right-angled triangular meshes of Q). The mesh 97, is derived by uniform mesh refinement of
I 1. In the example, we will give out the H 1 relative errors between the exact solutions and IPCDGM,
MsIPDPGM solutions respectively. The proper penalty parameters y; . of (2.7) and (2.20) will be cho-
sen as Y1, = [-1/12,-1/24] on two different interior edge sets which are obtained by a dispersion
analysis on the two meshes such that the phase errors can be reduced efficiently. In [6], the parameter
Y1, is derived for one dimensional problem by dispersion analysis, we use them in our computational
for the two dimensional problem.

In the mesh sets 9 and 97, the corrector of an IPCDG basis of one coarse mesh point is depicted
in Figure 1 which is obtained by solved the local problem in the whole domain Q.

In Figure 2, fixing the parameters relations k H = 2 and kh = 1/2, we show the H1-relative errors be-
tween the exact solution and IPCDGM, MsIPDPGM solutions with y1,, = O(h) and y1 . = [-1/12,-1/24]
respectively. It shows that the proper parameter y; . can reduce the pollution error effectively for both
IPCDGM and MsIPDPGM.

In Table 1, fixing k = 32, h =512 and changing H = 1/16,1/32,1/64,1/128, we show the changing
of Hl1-relative errors between MsIPDPGM and IPCDG solutions with the sufficiently large sampling
number L (Layer). The results are in accord with the following super convergence.

3
Ween — wiy Wi = W — wy Ml S H N fll2.
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0.4

Figure 1: The corrector of a coarse point IPCDG-basis.

Hk=2 and hk=1/2
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Figure 2: Set the relations of kH = 2,kh = 1/2. For each wave number k = 8, 16,32,64, 128,256, H' relative errors between
the exact solutions and IPCDGM, MsIPDPGM solutions are shown with y; . = O(h) (left) and y; . = [-1/12,—-1/24] (right).

Conclusion

The proposed IPCDGM and MsIPDPGM can greatly reduce the pollution error by choosing a
proper penalty parameter y; .. Preasymptotic error estimates are proved for both methods. In partic-
ular, it is shown that the error between the IPCDG solution and the MsIPDPG solution in the broken
H'-norm is O(H?®) under proper assumptions. For Helmholtz equations with large wave number, the
IPCDGM on a fine mesh involves an enormous algebraic system that need to be solved, while the
MsIPDPGM can be assembled on a coarse mesh and the local basis functions on patches of macro
elements can be computed in parallel. The layers of the local patches can be chosen according to

H=1/16 H=1/32 H=1/64 H=1/128
5.124867e-04 | 6.138274e-05 | 7.353098e-06 | 9.057307e-07

Table 1: Fix k =32, h =512; Changing H =1/16,1/32,1/64,1/128 and choosing the sampling parameter sufficient large,
H! relative errors between MsIPDPGM solutions and IPCDGM solutions.
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O(log k) without affecting the accuracy. Numerical tests are provided to verify the present analysis.
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