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Abstract

Explicit solutions for the three-term recurrence satisfied by associated continuous dual g-Hahn polynomials are obtained.
A minimal solution is identified and an explicit expression for the related continued fraction is derived. The absolutely
continuous component of the spectral measure is obtained. Eleven limit cases are discussed in some detail. These include
associated big g-Laguerre, associated Wall, associated Al-Salam—Chihara, associated Al-Salam—Carlitz I, and associated
continuous g-Hermite polynomials.
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1. Introduction

If { pa(x)} is a monic polynomial sequence given by the three-term recurrence
pn+1(x) - (X - an)pn(x) + bipn—l(x) = 09 n Z 05 p—-l - 0, Po= 1,

then the associated monic polynomial sequence {p¥(x)}, «=1,2,..., is given by

PO — (8 — ) PPE) + B2 P () =0, n=0, p* =0, pi¥ =1

The particular case o = 1 yields the polynomials of the second kind. If a, and b, have an explicit
n dependence, then one has more general associated polynomials with « € R or C. In this paper
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we consider associated continuous dual g-Hahn polynomials with general complex parameters and
aeC.

The discrete g-Hahn and the discrete dual g-Hahn polynomials were introduced by Hahn in [10]
and [11], respectively. These are particular cases of polynomials introduced by Askey and Wilson
and called g-Racah polynomials [3]. Askey and Wilson [3] have also considered continuous dual
g-Hahn polynomials as a particular case of the Askey—Wilson polynomials. The objective of the
present study is to generalize the continuous dual g-Hahn polynomials to the associated continuous
dual g-Hahn polynomials. The ¢ — 1 limit gives the case of associated continuous Hahn polynomials
which have been studied by Ismail et al. [13]. It may be mentioned that in two earlier papers [7, 8],
we have discussed the associated continuous Hahn (for continuous Hahn polynomials see [1]) and
the associated big g-Jacobi polynomials, respectively. In both of these associated cases we made
extensive use of contiguous relations for hypergeometric and g-hypergeometric functions. Although
the use of contiguous relations in connection with continued fractions goes back to Gauss [23],
the importance of contiguous relations in relation to the theory of orthogonal polynomials was first
stressed by Wilson [25].

In Section 2, we obtain six solutions to the three-term recurrence relation satisfied by associated
continuous dual g-Hahn polynomials. This is done with the help of three-term contiguous relations
satisfied by balanced 3¢, ’s. It is also demonstrated how an existing three-term transformation formula
for balanced 3¢,’s connects any three of these solutions. By examining the large n asymptotics of
the solutions and the associated second-order difference equation we show that one of the solutions is
a minimal [6, 16] solution. When one of the four parameters is equal to ‘q’, another of our solutions
reduces to the continuous dual g-Hahn polynomial solution [3].

In Section 3, the related infinite continued fraction is obtained. Following the procedure employed
in several other cases (see [21-23]) we then derive the explicit weight function for the absolutely
continuous component of the spectrum.

Section 4 is devoted to obtaining a generating function and hence an explicit expression for the
associated continuous dual g-Hahn polynomials. The method employed is the same as by Ismail and
Libis [14] for big g-Laguerre polynomials.

In Section 5, we examine four limiting cases of the original recurrence relation together with their
solutions, related continued fractions and explicit polynomials. The first two limits are associated
big g-Laguerre and associated Wall polynomials. These are at the ,¢; and ;¢ levels, respectively.
Two further limits are found at the (¢, level.

In Section 6, we consider seven additional limiting cases. These include the associated cases for
Al-Salam—Chihara, Al-Salam—Carlitz 1, and continuous g-Hermite polynomials.

In Section 7, we give the connection between solutions to the associated Askey—Wilson [15,9]
and the associated continuous dual g-Hahn polynomial recurrence relations.

The results in this paper are intended to complement the survey by Koekoek and Swarttouw [17]
which gives the limiting cases for Askey—Wilson polynomials including those for the continuous
dual g-Hahn polynomials. However they did not include results for the minimal solutions to the
three-term recurrences, the corresponding continued fractions or the associated polynomial cases.
By providing these additional results we have enlarged the class of explicitly solvable models. We
believe this is more than just an interesting exercise. Explicit solutions are important. They have a
habit of reoccurring in seemingly unrelated problems.
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2. Three-term contiguous relations and solutions

The recurrence relation satisfied by associated continuous dual g-Hahn polynomials can be ex-
pressed as

Xn+1 - (Z - an)Xn + bf,Xn—l = 0’

a, := a,(2;4,B,C,D),

11 1 1 -
=4+ —=—+=Jg"-(+ " 2.1

b? := b*(z;4,B,C,D)
9 n—1 n—1 n—1 n—1
=——(1-4 1-B 1-— 1- .
o5 (1 — 44" )1~ Bg" (1 — Cg"')(1 ~ Dg"™)
The symmetry with respect to the parameters 4, B, C, D is obvious. With this form of the recurrence,
it is easy to take successive limits 4, B, C,D — oo. The limit D — oo gives associated big g-Laguerre
polynomials (see [14]) and a subsequent limit C — oo gives associated Wall polynomials (see [4, p.
198]). Finally, B — oo and then 4 — oo give additional cases.
Note that in (2.1) the a, can also be expressed as
1 q
a, = —(in+ﬂn)+E+C—D,
4w = (1 —Aq")(1 — Bq")/AB,

tn = gq(1 — Cqg"~")(1 — Dg"~")/CD.

This means that with a renormalization and a translation of the coordinate z we may re-express (2.1)
and the aforementioned limits as birth and death processes with birth and death rates A4, and pu,,
respectively [12]. A second family with y, : =0 should also be investigated. This has already been
done in the more general case of associated Askey—Wilson polynomials [15].

The solutions to (2.1) and its limit cases will be expressed in terms of the basic hypergeometric
functions

a,az,...,a, e (alaa23 e ,ar)k b k(k—1)/271+s—r_k
r'fs 2 )= -1 , z| < 1’
¢ (bl,bz,...,bs ) f;(bl,bz,...,bs,q)k[( )q 1"z e

where

oo

(@) =][(1 —ag’™"),  (a)=(a)x/(ag")x, n integer,

Jj=1
m

(ai,az,...,0,) = H(ak),,, n integer or oo.

k=1

We will use the notation
de
d) = ¢(a>bacad:e) - 3¢2 ( —

a,b,c de
; ), he 1, (2.2a)

d,e ’ abc
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and its analytic continuation for |de/abc| > 1 given by the following transformations [5, (II1.9),
(1I1.10), p. 241]:

a,b,c_ de _ (e/a’de/bc)oo (a,d/b,d/q e

3¢2< d,e ’abc) = (e.dejabor, P2\ d,defbe ’;)’ (2.2b)
a,b,c_de\ _(b,dejab,de/bc)., (d/b,e/b,de/abc. )

3¢2( d,e ’abc) ~ (d,e,defabc)s 92 de/ab,de/bc b)) (2.2¢)

To obtain solutions to (2.1) we use 3¢, contiguous relations and the usual notation
¢(a T)= ¢(aqil’b)cs d,e),
¢+ = Plag™', bg*' ,cq*',dg™’, eq™").

Two such contiguous relations are [18]:

(1—b)1—-c) de , _
(1—d)1—e)abeqg™ =~

¢ — dplat+)+ (2.3)

de
abcg

(-d-ap+@-a)(1-2)du@) -1 -0 (1- ) g, =0 (2.4)

Changing (a,b,c,d,e) — (a,b/q,c/q,d/q,e/q) in (2.4) and then eliminating ¢(a+) and ¢, from
the resulting equation together with (2.3) and (2.4), we obtain

(1 =b)1 —c)1 —d/a)1 —e/a) de

(- dX1—e) bg* 47
- [(l—a)(l—a:—jq) +a<l —a%) (1—%) +£—;(l—b)(l —o)|é
+ (1 - Z) (1 - S) é_(at+)=0. (2.5)

With the replacements b = Bq”, ¢ = Cq", d/a = Dq", e/a = Aq", this becomes

(1 —Bq")(1 — Cq")(1 — Dg")(1 — Aq") DAa’

(1 — aDg")(1 — adg™) BCq Prs
DA DA
- [(1 —a) (1 - B—CZ) +a(1 —Dg" )1 —A¢" ) + B—CZ(I — Bg")(1 - Cq")| &»
+ (1 — Dag" "1 — Aag" " )¢,_1 =0, (2.6)

where

by = 1 a,Bq",Cq" DAa
n—3Y2\ aDq",aAq"’ BC )’
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We write z = g/aDA + a/BC so that

BC 4q
= — P
) (Zi z ABCD>
= BCly, say. (2.7)

After renormalization, (2.6) becomes (2.1) with a solution

‘an(l)’i = Xn(l)’:t(Z;A,Ba CaD)

_ (4,B,C,D), . ( BCA.,Bg",Cq" )
-(BCD/li,ABC/li),,(ii) 32 chiq",Achiqn’Ami . (2.8)

We shall show later that, with a suitable choice of square root branch, X{!»~ is a minimal solution
of (2.1). Because of the symmetry in (2.1) and the fact that the minimal solution is unique up to a
constant multiple, the parameter interchanges 4 < C or B« D in the above solution must yield only
an 7 independent multiple of X'»~. Let us verify this. If we make the interchange 4 — C, X
changes to

o = _ABCDh ) g (| BALBEAT
" (BADi.,ABCly), =’ *"*\ BAD]1q",ABCA.q"’

If we apply the transformation (2.2b) to (2.9) we obtain
F (4,B,C,D), (Ay) (ADAy,BCDA1q" )
" (BAD).:t,ABC/Ii )n (BAD/l:tq", CD}ui )oo

Bq",Cq",BCiy
X392 (ABCiiq",BCDiiq” +ADAs ) »

cmi) . (2.9)

which is clearly just a constant multiple of X,
In order to obtain a second solution of (2.1) we start from a different three-term contiguous
relation [18];

[de(a — b —c)+ abc(d + e+ q — a — aq)]¢
+ (1 — a)(de — abeg)p(a+) + be(d — a)(e — a)p(a—) = 0. (2.10)
Changing a — aq", we can write the above as
[de(ag™ — b — ¢) + abeq™(d + e + q — aq" — ag"™")1Y,
+(1 — ag")(de — abeg™")Y,., + be(d — aq")(e — ag")¥,_, =0,

where
_ aq",b,c_de _,
Yn_3¢2 < d,e :abcq >
Writing

a=d, b=ABL, c=4Bl, d="2 e=T and i(1+1):z,
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and renormalizing we again arrive at Eq. (2.1) with a new solution

@) _ (4,B), (Aq",AB/1+,AB/l_ 1 —n+l>
" T @By \ 4g/Cagp °BT )
From (2.11) we obtain additional solutions by parameter interchanges due to the symmetry of (2.1).

However, we find that this is not true for the interchanges B« C or B« D. This can be seen by
applying transformation (2.2b) to X®. We get

(2.11)

" " (4B)" (Ag/D,q*/B) ° Ag/C,Aq/B D

_ (4,D),(49/B, /D)o " Aq",ADA_,ADL, q~""! o)
" (4DY (49/D,q/B)s ***\ A4q/C,A4q/B ° D ) :

@ _ 4B @D AgB)s (Aq",Am_,Am . q)

where the right-hand side is a constant multiple of the B« D interchange applied to X, It is
similarly seen that B« C does not yield a new solution. However, the interchanges 4 < B, 4+ C
and 4 < D do yield the following new solutions:

@ _ A,B) Bq",ABA,,ABi_ q~"*! )13

Xn (AB)" 3¢2 Bq/C,Bq/D s A s ( . )
B,C), Cq",BCi.,BCi_ q~ !

x@ _ ¢ , BCA., 4 2.14

n (BC)" 3¢2 ( Cq/A, Cq/D 5 B > ( )
B,D), Dq",BDA.,BDA_ q ™"}

xo = B 4,554+ . 2.15

"~ (BD)" 3¢2( Dq/C,Dg/4 ° B 1)

It can be shown that the three-term transformation formula [5, (IIL33), p. 245] connects X! with
any two of the solutions X, X X® and X{®. One such relation works out to be

g A Cq
AB ACi_, =, = X+ _ (A AA_,ABA ,—) X
( Cﬂ‘-}-: C ’D,C)oo n s > -+ D . n
A A
(c, Ci, g, 5‘1, BCl., CDL,ABDL)
= =X, (2.16)

(€ 03,000

Another three-term contiguous relation satisfied by balanced ;¢,’s also yields solutions to (2.1).
The required contiguous relation, which can be deduced from (2.3), (2.4) and (2.10), is

(1—a)1—=b)Y1—c) de

(1-4d)1—e) abcq(de — abeq)d

+[abc(d+e—q)+de(l+q—a—b——c)]¢+abcq(1—g) (1—2) ¢_=0. 2.17)
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Replacing (a,b,c,d,e) by (aqg™",bg~",cq™",dq",eq~") and writing

_ ag~",bq",cq" de ,
Zn_3¢2 ( dq-n,eq—n ’abc >>

we have from (2.17)

n+1 n+1 1 1 qn+1 qn
—n~1 1— q q Zn _ - 1z n nt+l _ b _ Zn
7 ( d>< e )Em T \ate Tde Tt T matbmo)

1 1 1 de
1——g*) (1= =¢g") (1—-=¢") (1= n
o 1) (-5) (-2) (- ag7)

|

Z,_,=0. (2.18)

Choosing the parameters a =¢q/B, b=gq/A, c=q/D, d =Cql, and e = Cgq/_ and renormalizing we
again obtain Eq. (2.1) with a solution

n b e ABD . ABD
0 - (e (21,2

—n+1 B, —n+1 A, —n+1 D .
X3¢2<q C/L/Lq‘q”“,c{/l_g‘"“/ ;Cq> (2~19)

and three similar solutions obtained by parameter interchanges C < 4 or C < B or C <+ D. However,
the solution X® and its C«> 4, C « B or C < D interchanges do not give new solutions. They are
related to the solutions X, X® X® and X by the transformation formula (2.2¢c). For example,
with the help of this formula we find that

xX© — (Cq/A’ Cq/D’ Cq/B)oo X
" (C’ Ci+Q3 C)'—q)oo "

and thus X® is the same solution as X* except for a constant factor.

We next show that continuous dual g-Hahn polynomials ([3, pp. 3, 28]) are obtained as a particular
case of the above solutions. This is true for the solution X* if C =g or X(® if 4,B or D =gq.
That is why our general case represents associated continuous dual g-Hahn polynomials. In order to
show this for X® we first apply the transformation formula [5, (1I1.34), p. 245], connecting ;¢,’s
of types I and II

a,b,c_ de _ (e/b’e/c)oo d/a,b,c.
3¢2( d,e ’%) ~ (e,e/bc)os 342 (d,bcq/e’q)

(d/a,b,c,de/bc)s & (e/b,e/c,de/abc_ )
(d,e,bcje,dejabc)s,” >\ de/bc,eq/be 4
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We have from (2.11)

@ _ (4B [(ACA_,4C, )s s (q"’“/C,AB/L,AB/{_. )
"~ (4BY | (49/D,C/B) "’ 4q/C,Bg/iCc 1

(g7"*'/C,ABA,,ABA_,Aq/B)o é (q—n+1/B,AC/1_,AC/1+_ ) (2.20)
(44/C,4q/D,B/C,q " /B)es *"" 4q/B,CqB ) | '
When we write C = g¢q in (2.20), the right-hand side becomes
(AaB)n (Agi_,Aq}'-F )00 (q_n,AB)*-HABA— >
3 q ). 2.
By UgDaB)e P\ 4B 1 @20

In order to compare this with continuous dual g-Hahn polynomials we apply a transformation which
will ultimately change the interval of orthogonality from [—1/a, 1/x] when &= %\/ABCD/q is real,
to [—1,1]. Take x = az = cos 0, u = €', which means u = 20/, = 1/2a/._. Thus, omitting constant
factors we can write (2.21) as

(4,B), b, (q‘",ABu/Zoc,AB/2ocu. ),

2.22
4By ° A,B -4 (2.22)

which except for a normalization factor of (2a)™", is the same as the continuous dual g-Hahn
polynomials of Askey and Wilson [3].

We now proceed to show that X"~ is a minimal solution of (2.1) for a particular branch in the
complex plane. This is done by evaluating the large-n asymptotics of X and Eq. (2.1). Applying
the transformation (2.2c) to (2.8) i.e. to X!+ we obtain for n — oo

s _ _ (4BCD), ' (Bg",ACDJ+q",ABCD}2 )oo
" (BCDA+,ABChy)," =’ (BCDJ.q",ABCl1q",AD}\y oo

CDiy,ACiy,ADIy  ,
X3¢ (ACD/liq”,ABCDAft »Ba

~ const. (4+)". (2.23)

On the other hand, asymptotics of the second-order difference equation (2.1) is given by

9 _
Xn+1 ZXn + ABCDXn—l - O, (224)

from which we have for large n
X, =~ const. (A1) (2.25)

Choosing the square root branch for which |A_/A,| < 1, the minimal (or the subdominant) solution
in terms of the variable x = az is given by

Xy = X

=(4-)

(A,B’ CaD)n ( Bqn, Cq",BCA_
3¢2

(BCDA_,ABCJ._), BCD/_q",ABCJ_q" ;AD/l_) (2.26)
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valid for zz=x€C\ [-1,1], a = %\/ABCD/q, Ar = (1/2a)(x + v/x2 — 1). Summarizing what we
have done so far, we have:

Theorem 1. The functions X%, X®, k =2,3,4,5 of (2.8), (2.11), (2.13)(2.15), respectively,
are solutions to the recurrence relation (2.1) for associated continuous dual q-Hahn polynomials.
These solutions are pairwise linearly independent. The minimal solution of (2.1) is given, up to a
multiplicative factor, by (2.26) with the square root branch chosen so that (A_/A. )" —0 as n— oo

with zo =x € C\ [~1,1], « = 3+/4BCD/q.

3. The continued fraction and measure

The infinite continued fraction associated with (2.1) is

b b2
CF(z)=z—ay— — 2 , B2A£0, n>0. (3.1)

zZ—a;—z—a;—---

Pincherle’s theorem [6, 16] connects the minimal solution of (2.1) with the continued fraction (3.1)
by the formula

1 XM0(x) 1
= = zm=x, o==4/ABCD/q. 3.2
CF(z) BX™(x) 2 X (32)

Therefore from Theorem 1, we obtain the continued fraction representation

) BCJ_,B,C
3%2\ BCDA_,ABCA_

1 ABCDI._ ;Am—)

CF@z) [, _BCDA_\ (, _4BCL o (- BCBlaClg oY (3.3a)
N7y Ty 3P2\ BCD4_/q,ABCA_Jq’ "7
We can also write (3.3a) as
BCi_,B,C
1 1 3¢2< ’AD)‘——>
q/Aj"F,q/DA‘-F (3.3b)

CF@z) ( _L)( _;) (BCA_,B/q,C/q. )
U)o 292 Cyans, o, 4P
(3.3a) or the alternative form (3.3b) are valid for

=xeC\[~1,1], |A_/As] <1, a=1\/4BCD/q.

In the particular case C = g (the case of continuous dual g-Hahn polynomials), (3.3a) reduces to

1 _ ABD2_ & ( Bgi_,B,q
CF(z) (1—BDi_)1—ABA_) *"*\ DBgi_,ABqi_’

which can also be written with the help of (2.2¢) in the form

| ABDJA_(q,ABD_,ABDq}? ), " (BDL,AB/L,ADL. )
CF(z)  (BDi_,ABi_,AD) ).  >¥?\ 4BDi_,4BDgi2 *9)

Am_) (3.4)

(3.5)
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with explicit pole terms given by the zeros of the denominator (BDA_,ABJ_,ADJ_).. These pole
singularities and their residues determine the discrete component of the spectral measure of orthog-
onality for continuous dual g-Hahn polynomials.
We now determine the absolutely continuous part of the spectrum for the general associated case.
If x=zo € (—1,1), then (2.1) has linearly independent solutions given by the boundary values of
(2.26) as x approaches (—1,1) from above and below. With now A, =(1/2a)[x £iv1 — x?], x=zx,
we have the large n asymptotics

(4,B,C,D),(ABCDA* )oo

{(min) 1 ~ ¢
Xn (x —+ 10) ()v—) (BCD)M—:ABCA“’ADl_ )oo’

(3.6)

and

(4,B,C,D),(ABCD ).

: 3.7
(BCDJ.,ABCi.,,AD}\, )os (3.7)

Xm0(x —i0) & (A4)"
Since the minimal solution changes as we cross the line segment za = x €(—1,1), we have the
representation

1 [ o()d
CF(z) Jnz—t/a

+ possible pole terms, (3.8)

Also w(x), x€(—1,1) can be obtained by using the formula [21]

1 WX (x +i0), X" (x — i0))

w(x) = — . :
2 2mic B2XT(x 4+ i0)X TV (x — i0)
1 WX (x + 10), X (x — 10))
= 5 lim (min) -\ (min) ) (39)
2mio n—oe p2p2 - - - P2HEX T (x + 10) X7V (x — i0)
where

W(Xm Yn) =X, Y, — X 1

Using (2.1), (2.26), (3.6) and (3.7) and simplifying we have

1
(4,8.C.D) ( 1507
1 u oo
/T — %2 (20: Zocu 2a %zu 2aq Zﬂu)
Au’ A " Du’ D " BCu’ BC /o

B —1
BCi_, E, ¢ BCl.,—, ¢

s ADA_ | 3¢,

w(x) =

s AD, : (3.10)

X 1392 | pepi_ 4BCA. BCD)., ABCi,

q q q q
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In the particular case C = g this reduces to

(4.B.0.D) ()

ZW(FD/FWB/WF/ 5.

Taking the appropriate value of the parameters from (2.22) we find that this weight function is the
same as the one obtained by Askey and Wilson ([3, p.11, Theorem 2.2 in the special case d = 0])
for continuous dual g-Hahn polynomials. Summarizing the above we have

(3.11)

Theorem 2. The associated continuous dual q-Hahn polynomials P,(x/a) given by (4.12) of the
next section are orthogonal with respect to a measure with absolutely continuous component given
by the weight function (3.10) on (—1,1). In the particular case C=q this absolutely continuous com-
ponent reduces to (3.11) and the discrete spectrum is given by the zeros of (BDA_,ABA_,ADL_ )
where A_ = (x Fvx* —1)/2a for x > 1 and x < — 1, respectively.

The g — 1 limit of continuous dual g-Hahn polynomials yields the case of continuous dual Hahn
polynomials. The corresponding results of this Section for associated continuous dual Hahn polyno-
mials with ¢ =1 are given by Ismail et al. [13].

4. Generating function

The associated continuous dual g-Hahn polynomials P,(z; 4, B, C,D) satisfy the second-order dif-
ference equation (2.1) i.e. the equation

1 1 1 1
X _ n 2n—1
ntl [z (A+B+C+D>q +(1+9)q X,

1
taa Ag" )1 - Bg" )1 - Cqg""')(1 -~ Dg""")X, , =0. (4.1)
A renormalized form of (4.1) is, with x =0z, a = %\/ABCD/ ,

1 1 1

1
1 —Aag™ (1 — Dg" _ ] n 2n—1
(1= Aq"X1 = Dg ) = |26 =21 5+ 5+ G+ 5 ) @+ 200+ 0|,

+(1=Bg" (1 = Cqg" )1 =0. (4.2)
This is satisfied by the polynomials

(2a)"P,(z;4,B,C,D)
(4)n(D)n

{n(x;4,B,C,D) =
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Let the generating function of the polynomials {, be

Glxt) = Z (2a)'P,(z; A, B, C’D)t"

s (A)n(D)n
= i {.(x;4,B, C,D)¢". (4.3)
n=0

An explicit form for the generating function may be obtained by employing the procedure given in
[14]. First multiply (4.2) by ¢* and sum up the resulting equations from n=0 through »=oco. Using
the initial conditions for the polynomial solutions of the first kind, we obtain

(1 - ut) (1 - 5) Glx, 1) — (1 _ %) (A + %) - % . 22’) G(x,1q)

+(1 i"g’) (1—%) 4D 6, tq)—( —g) (1-?). (4.4)

In (4.4) we put

G(x,t) = @

B0 () (43)
to obtain
(1-0)ro-(5+2-5-F) s
+22(1 — tug) £ (1g7) = (1 - —) <1 g) ((;qu)")" (4.6)
AD s

In the left-hand side of (4.6) we write f(z) =Y oo, f»t" and on the right-hand side we use the
g-binomial theorem to replace (fuq)../(20tq/AD)s, by

i (1&)" <2°€tq)

= (@ 4D

If we now equate coefficients of #* on both sides, we obtain the first-order difference equation

(1 = g1 - Dg o = (1= ) (1= 29 ) £

aeaealE e

AD q q (@)n
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Rewriting (4.7) as

n (A )n(D)" (A )n—l(D)n—l

RGN g
D EE),

R
the general solution of (4.7) is
EANET (A (R (22
B L T
J J

where E is a constant which by the boundary conditions may be taken as 0. Consequently, we have
the generating function

— (20)"P,(z;4,B,C,D) ,
,,X:; (A)n(D),

) GC2GLGE) ()

() £ e (A)n(D), (2;14) (2cxu>( )
j

20qY _ +j
— nrign 4.10
(AD) I, (4.10)

where z =x/o and x = cos 8, u=¢e'. If we interchange C <> D in (4.10) and write C =g we obtain,
with a = 2a/B,b =2a/D,c = 2u/A,

= (20)*P,(z;4,B,C) ,

2 ke,
(e S (@)abu)s (1Y
B (tu)oo ; (q)n(ab)n (u>

2%24,1(‘“‘ b",’), (4.11)

()0 u

This gives the generating function result for the continuous dual g-Hahn polynomials (see [13,
(3.3.7), p. 55D.
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By comparing coefficients of #* on the left- and right-hand sides of (4.10) we obtain an explicit
expression for our monic associated continuous dual g-Hahn polynomials.

P.(z) = P,(z;4,B,C,D)

20q 20 20
A,D,—— | o —
_(u>"<’ ’ADu>n (" B C), <A_D>‘

20 @ = (ADuq_n i D>

20 p
<A D ADu)
Ve B :
qg g 2a J; (2ouqY
x Jzz: ( 20 2cxu> (AD) ’ (4.12)
q,——B ’—C .

o =11/ABCD/q, x=1(u+1/u), z=x/x

Note that P,(z) is of course symmetric in the parameters 4,B,C,D. The symmetry under the inter-
changes 4 <> D or B+« C is obvious from (4.12). However, the symmetry under the interchanges
A< B,A—C,D—B or D C is hidden. P,(z) is also symmetric under the interchange u < u~'.
Again this is not apparent from (4.12). Applying any one of these hidden symmetry interchanges to
(4.12) gives us a type of transformation formula.

A different expression for P,(z) is obtained in Section 7. It is derived from the associated Askey—
Wilson polynomial formula of Ismail and Rahman [15]. In order to contrast (7.3) with (4.12) we

repeat it here as
( . BCqu Bqu) ‘
(B,C)nz”: TV ap ™V ab u) ?
(BC)y (¢,B,C)

k=0
A D
i (_, __’qk-H,qk—n)
9 4

. (BCq )f
E / . 4.13
j=0 (q9 qu’qua q_” )j ( AD )

P,(z;4,B,C,D) =

This formula also does not reveal the full symmetry with respect to 4,B,C,D. However, it does
make explicit the u <> u~! symmetry.

5. Four limiting cases

We now take successive limits D — oo, C — 00, B— 00, A — oo.
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5.1. Associated big q-Laguerre (D — o0)

The recurrence relation (2.1) becomes

1 1 1
_ n 1 2n—1 L
Ly [z (A+B+C)q +(1+9)g

n

4
ABC

If we write A=aq, B=bq, C=—abgq/s and z=t/abq, and renormalize with a factor (abq)", (5.1)
gives Eq. (4.3) of Ismail and Libis [14] for associated big g-Laguerre polynomials in monic form.

The solutions of (5.1) are obtained as D — oo limits of solutions of (2.1). We have 4, ~ z and
A_ = q/ABCDz and consequently from (2.8)

(1 —Ag"")(1 —Bg" )1~ Cg" L1 =0. (5.1)

L{(z4,8,C) = Jim X{V"(4,8,C.D)

n(n+1)/2 n n
nq (A’B’C)n (Bq ,Cq . q )
( ) (ABC )n (i) 2¢1 qn-H/AZ > BCz > (52)
Az /,
and from (2.12)
[0z 4.B,C) = J9/B)=. lim X®(z;4,B,C, D)
" (44/B)co
n 4
_ (_l)n n(n—l)/Z(A) A" d) 1 ,B_C;A —n+1 513
= q n 292 1_4_q ’ﬂ »A29 . (5.3)
B’ C
Interchanging 4 — B and 4 — C in (5.3) yields the limits of solutions X, X¥. We have
Bq",%
3),. _(__ 1y n(n—=1)2 —n Zz | —n+1
L;(z;4,B,C)=(—1)q (B).B™"20, Bq Bg ; Bzq , (54)
C’ 4
and
g ’A‘;z
[COY e 1\ n—=1)/2 —n —n+1
L;(z;4,B,C)=(-1)"q (ChC "2, Cq Cq ; Czq (5.5)
A’ B

Limits of X©® given by (2.19) and its parameter interchanges will be in terms of ,¢; and these
three limits will simply be transforms of L(®),L® and L{". We write below one of these limits

LP(z;4,B,C) = Jim X (z;4,B,C,D)

—n+1 A, —n+1 'B
q " /A,q7" ;Cq,,).

5.6
Czq -n+1 ( )

= Zn(l/CZ)n 2¢1 (
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Next we take the D — oo limit of the explicit expression (4.12) for the polynomial solution to get

P,(2;4,8,C) = lim P,(z;4,D,C,B)
— 00

9 —n ABCZ) 1\ AAE-1)2
= 7 Z

@ = (4Bzq~",4,B), C

(A B ABZ) j
XZ AU/ PR (5‘1)’ LG

(ABCz ) AB
g ')
Note that before taking limit D — oo of (4.12) we have made the parameter interchange B — D in
(4.12).
The minimal solution of (5.1) is L and we therefore have the continued fraction representation
¢ BC 4
1 b? b? _ 2P\ ¢q/Az’ BCz
a7 — g — 72— — .. BJq,C ’
z agp z a 4 a Z(l _ 1/AZ)2¢1 ( /lq/AZ/q ; B__q_&>
— 1 2n— 1
(A tgt C)q (1+4q)q (5.8)
2 q" -1 n—1 n—1
=— —Ag" Y1 —B 1-C .

The associated orthogonality is discrete and only explicit in the case 4,8 or C =gq.
5.2. Associated wall (C,D — 00)

With C — oo the recurrence relation (5.1) changes to

1 1 2n— 1:| q2n—1 n—1 _ n—1 —
W= 2= (5 +5) 0"+ A @ | Wat (L= 4g )1 = By Wi = 0. (59)

Solutions are

W (z;4,B) = Jim L{(z;4,B,C)
— (4 Y po-vEBh Bg" g™ 5.10
WNz;4,B) = Jim L?(z;4,B,C)

nn— —-n A " —-n
— 1Py ( 0z ), (5.11)
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and

W(z;4,B) = lim L(z;4,B,C)
—00

B n
(1 \nn(n—1)2 —n q . —n+1

which is just 4 « B interchange of (5.11).
Also from (5.6)

W (z;4,B) = Jim LO(z;4,B,C)

—n+1 -n+l/p 2n—1
:z"2¢0(‘1 A4 /;q——>. (5.13)

z

The series representing the above ¢, converges only when it terminates. The relevant terminating
cases are when 4 =q or B=gq.
A limit C — oo of (5.7) gives the explicit expression for associated Wall polynomials

PP(z;4,8) = lim P(z;4,B,C)

»(q/4Bz, 4, B), § { (@™ <A2322>’
=z Z

(q)n /=0 (q—nABzaAa B)f q
¢ 2j
(4/9,B/a,ABz); (¢ \” _; _i;-n) 1
sz:;————(q)j (AB) z7lg : (5.14)

The minimal solution of (5.9) is given by (5.10) and therefore we have the associated continued
fraction representation

(i)
1 b2 b3 _ W1\ g/4z° Bz (5.15)
ey —Z — (@ —Z — s — 1Y’ )
z dg V4 a, V4 a Z(l— 1/AZ)1¢1 (IB/Z,B_)
z

where

1 1
. = n 1 2n-1’
a _(A+B_)q —(1+g)q

2n—1

b2=q
" AB

(1—4g"")(1 - Bg"™").

When 4 or B =g, (5.15) has associated with it an explicit discrete orthogonality for P{V)(z). We
note here that our associated Wall polynomials given by (5.9) reduce to the Wall polynomials when
B =gq. In fact, if we make the substitutions 4 =agq, B=g¢q, z=x/aq in (5.9) and renormalize, the
equation can be written in the form (see [4])

q"(1 — ag" ") ppi(x) — [¢"(1 — ag™") + ag"(1 — ") — x| pa(x) + ag"(1 — ") pu_1(x) =0
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with

n_ ~n(n— 1)/2(aq) ( el
pu) = pu(ria) = (170 VR E ) (Ziag. )

where we use solution W@ from (5.11). From (5.28) we obtain the standard expression for Wall
polynomials (see [17, (3.20.1), p. 83] and [4, p. 198])

-0
Pa(x;a) =26 (qaq ;qx>-

5.3. Limit wall (B,C,D — o)

The three-term recurrence now becomes
3n—2

A

n

Un—H - |:Z - qj + (1 + ‘I)qzn_lJ Un -

q

(1 —A4¢g"HU,_, =0. (5.16)
Using (5.10), (5.11) and (5.13), we have the solutions

U(z;4) = Jim W (z;4,B)

— =1y (_) 3n(n—1)2 <(j)n) ¢1( "+1/Az %ﬂ) (5.17)
A

UP(z;4) = Jim W (z;4,B)

A), .
=(—1)"q"("“’/2Q1¢1 A4 gog ), (5.18)
Ar 0
and
—n+1 2n—1
U (z;4) = Jim W9(z;4,B) = 22 (" _/A’O;q7>, (5.19)

where U®) converges when it terminates with say 4 = q.

A direct limit of (5.14) i.e. P®)(z;A4,B) as B— co leads to an indeterminate form. However, we
can obtain the explicit form of the polynomials by applying the method of Section 4 ab initio to
Eq. (5.16). The result is

n =0

Z(’EI/?)J JU— 1)/2( Az)—J} (5.20)
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The minimal solution of (5.16) being (5.17) we have the related continued fraction

b .9
1 b2 b3 _1 ol q/Az z
Z—Q—Z—a —zZ—a —" " (1_1/AZ)0¢1(1/AZ 1)
A
¢ A/q._’ '
1%1 0 ,AZ
where
qn 2n—1
== —(1
= = (1+4g)q
3n—2
p=-T 14y
" A( q")

The second expression on the right-hand side of (5.21) comes from the transformation

o¢1<;;02) (—);ld)l( ,),

which can be derived from (5.30) by letting @ = 0. Note that when 4 # ¢, the right-hand side of
(5.21) is a meromorphic function of z. When 4 — g the singularities coalesce at z = 0 to produce
an essential singularity.

5.4. A fourth limit (A,B,C,D— o0)

The three-term recurrence is now

Vot =2+ + ¢ WV, + 4"V, =0. (5.22)

Using (5.17) and (5.19) we have the solutions

q2n+l
(1)(2)_ llm U(l)(z A)=gq 2n(n— 1)( ) 4)1( : >’ (5.23)
V4

—1

V3 (z) = lim UPN(z;4) = z",¢ (0 04" ) (5.24)
y4

The solution ¥ is divergent and is thus only a formal solution. The associated polynomials are
given by

PW(z) = lim P (z;4)

—1Yy n n(n—1)/2 n G-
v e
n £=0 /
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The minimal solution of (5.22), being given by (5.23), yields the associated continued fraction

= - / 2
Z—ay—z—a—z—a —-+ Z -, ’ (5.26)
Od)l 0 3 I/qz
where
4 =—(1+q)¢"",
bZ — q4n——3.
We can also write (5.26) more explicitly as
o 4,
1 q 7 1t (5.27)
(4 —z+(0+g—z+0+9@ -z, g ' ’
e

Using (5.22), (5.23) and (5.26) we have the following:

Corollary. If 0 < g < 1 and n is an integer, then

Fu(2) = oy ( q—)

z

has only real simple negative zeros which interlace those of f,.1(z).

Proof. If 0 < g < 1 then (5.26) is a completely convergent positive definite J-fraction which can
be represented as a Stieltjes transform of a unique positive discrete measure [21]. This means
that (5.26) can have only simple pole sigularities on the real axis with positive residues. Hence
we must have simple real intertwining zeros for fo(z) and f_;(z). From the series representation
fa(@) =020 (@ V(g )(g* T /z)F we see that the zeros of f_i(z) and fo(z) must be negative.
This establishes the result for n=—1. The proof for other values of » is the same if one starts from
the continued fraction

1 bﬁ_}_z zlf;H-l(Z)
Z—Qpy) —Z —Qpyp T 4 f,,(Z)

Note 1. There are similar corollaries associated with the positive-definite cases for the continued
fractions (5.8), (5.15) and (5.21). These require special parameter conditions. See also the remarks
after (6.18), (6.28), (6.33) and (6.63).

Note 2. The identities

o (500) e (c250)
b (40i2) = 0= g (40 00:), (529)
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e (057) - 1¢2(m )

oo (29

can be used to relate some of the above solutions. For (5.28) and (5.29) see [5, (IIL.1), (IIL.4), p.
241]. (5.30) follows from b — 0 in (5.28) and (5.29).

6. Additional limits

There are other less obvious limiting cases which we can obtain from (2.1) and its solutions.
These may also be re-expressed as birth and death processes. In the cases of Sections 6.4 and 6.5
there are processes based seperately on the even and odd approximants with z* replaced by z [7,
Section 4]. We begin with

6.1. Associated Al-Salam—Chihara
In (2.1) we put D = 6C, multiply by C, replace zC by z and renormalize and let C — 0 to get

Onir — (2= (1+67)g")@0 + ~2=(1 — 4g" Y1 = Bg" )01 =0 (6.1)

with

ABé

0, = lim C"X, (z/C; 4,8,C, C3). (6.2)

This can be recognized as the recurrence relation for associated Al-Salam—Chihara polynomials given
in [2,(3.54) with a = (1 + y*b)/y] if we make the replacements

(4,8,07",2) — (by/c,yq, by, x) (6.3)

and renormalize (see also [20]).

If A=g¢g or B=gq then (6.1) becomes the recurrence for monic Al-Salam—Chihara polynomials
[2]. For other references to this case see [17, p. 63].

We record here the solutions to (6.1) based on (6.2) and the solutions we obtained for X, in
Sections 2 and 4.

Using (2.8) we have

0%(z;4,B,8) = lim crx= (%;A,B, C, 5C)

_ (4,B),
= (4BAL),

A*Z%Gi sz_},z)’ (6.5)

7y = 2(q/AB8)"”.

Sy (B e ), (6.4)
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Also from (2.14), (2.15) and (2.19), respectively, we similarly obtain

OP(z;4,B,0) = (B),B"2¢1 (BAZ/gA" ;q-"+1/3>, (6.6)
QS)(Z;A,B,é) — (B)n(éB)—nzd)l <B5A+q,5B5A_ ;q—n+l/B)’ (67)

QS:‘)(Z;A,B, (S) = (—q/ABé)”q_"(”‘l)/Z

—n+1 A, —n+1 'B
<(4B6 . 0. ABSAg)ad (1 L009 sape), (63)

with Q¥ proportional to Q'Y via (5.28) and (5.29).
Using (4.12) we obtain the explicit polynomial formula (first make the interchange B < D)

Ou(z;4,B,6) = lim C"P,(z/C;4,6C,C, B)
(4, B),
(@)

. (q_nyzu/'yé’?'u/’y){ f —2¢ nt —L(£—
—1 n (£—-1)2
X{Z @m, e

= (37)

=0

y z‘: (4/q, B/q),(—1)/u¥/q D } (6.9)

j=0 (qa 2”/'))5, 2u/’)))j
z=3pw+u""),  y=2(q/AB5)".

With the choice of square root branch chosen so that [A_/A,| < 1 for x=z/y € C\[-1, 1], we have
the minimal solution to (6.1) given by (6.5). As a consequence we may give an explicit expression
for the corresponding continued fraction and the absolutely continuous component of the measure
which gives its representation as a Stieltjes transform. The calculations proceed as in Section 3 and
yield the following. For z/y=xc C\ [-1,1] and [A_/A,| < 1,

BA_,B
1 b b2 B ABSA_ 201 (ABA_ ,A5A_)
z—a—z—a—z-a— - ql-ABA_jq) , (BA_Blq
2¢1 ABA_/q 5A5A—
! ds
= @) + possible pole terms, (6.10)
-1 z—yt
with
2 .2
o) 1 (4, B, 1/, 1)

T 20/1 — X2 (Abyu/2, A5y/2u, AByuj2q, ABy/2qu)es

x {ﬂpl (%}{%’;AM-) 20, (i’éﬁﬁg]mam)]_l. (6.11)
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Note that (6.11) agrees with the weight function derived in [2,(3.64) with a = g(1 + 6=")/B,b =
q*/B%8,c = q/ABd,y = B/q and x* replaced by x?/4c].

6.2. Associated Al-Salam—Carlitz I

We take the B — oo limit of (6.1) and its corresponding solutions to obtain the case of associated
Al-Salam—Carlitz 1. The recurrence becomes

Ruy = [z = (14+67)g" Ry — 2=

with solutions from (6.5)—(6.8) given by

n

(1—A4g""R,-, =0, (6.12)

R(z;4,8) = lim Q\V7(z;,4,B,0)

A n n_ n(n— A 6 n
= s aszy g (A (6.13)
RI(z;4,8) = Jim 0P
=(— l)n n(n—1)/2 ¢) (qéf/lgé’zq—rwl) , (6.14)
R5,3)(Z;A,5) = Blim fo)
=(=9)"¢"" " ¢ (qé,;z ; 5zq‘”“) : (6.15)
R9(z4,6) = lim O
g A
=g e (40 ). (6.16)
with R proportional to R® via (5.29) and (5.30); namely
b bz)eo
11 (C/ ; ) = ((CZ)) 161 <bzz;c>. (6.17)

The minimal solution to (6.12) is given by (6.13). Using Pincherle’s theorem we obtain the continued
fraction representation

1 q(1 — A)/A6 q*(1 — Aq)/Aé
z—(1+6DN+z—-(A+0)g+z—-10+6N)g*+---

o ()
T (- 1/62) o (ql/;4256,1/>

This is a positive definite J-fraction in the case when 0 < ¢ <1 and 4 < 1, 46 < 0. We may then
deduce that the zeros of the ;¢;’s in the numerator and denominator on the right-hand side of (6.18)
are real and simple and interlace. See for example the Corollary in Section 5.4.

(6.18)
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When 4 = ¢, the pole singularities in (6.18) become explicit, since we may then use (6.17) to
obtain

1 (-q)o q(1 — ¢*)/o
z—(1+0 ) +z—(1+0N)g+z—(1+6")g>+---

(9/9z) s ( 1/z6 a2 )

= 2(1/2)o(1/20) s q/z6° 7
o0 qn qn

= . 6.18'
2 {<z A DG e T G = @) } (6.187)

In the last equality we have assumed that 6 # ¢~",m an integer. The explicit polynomial solution
to (6.12) can be obtained from the B — oo limit of (6.9). We get

R,(z;4,0) = Blim 0.(z;4,B,6)

—(— 7 nnty2
(—q/46z) @7

n

(97", 1/26,1/z), g n (4/9),9 (A‘szz)_j
{Z (A), oz faY'q Z (¢, 1/26,1/2), } (6:19)

When 4 = g, the expression for R,(z;q,d) must be equal to R(*)(z;q,d) given by (6.16), since they
are both monic polynomial solutions. Equating these two expressions we obtain

Ru(z:4.9) =<—5z)-"q"<"-”/23¢o( BEOLE g

=2 (0 5a08). (6.20)

The above connection between a terminating 3¢, and a terminating ;¢; appears to be new. Note
that (6.20) differs also from the standard expression in [17,(3.24.1) with a=6"" and x replaced by
z] which gives

—n —1
Ri(z;9,0) = (—8)"q"" V¢ (q § )

=21/ 101 (Gt 5i99) (621)
For the last equality we have used (5.29) with ¢ =0.
6.3. Limit Al-Salam—Carlitz 1

We now take the 4 — oo limit of (6.12) and its corresponding solutions. The recurrence becomes

2n—1

Spri — [z —(1+0g"18, + T—

551 =0 (6.22)
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with solutions

§M(z;8) = AlingoRﬁ,l)(z;A,é)
2

N 0 .
= Gy ® (g0, (6.23)

§¥(z;8) = Alim R¥(z; 4,6)
= (—=1)'q""""" ¢, ( q(/)é ;2q ‘"“), (6.24)
SOz, 8) = Alim R¥)(z;4,6)
0 _
=(=8)"" n(n 1)/2 1 (qé’ézq n+1>, (6.25)
§W(z;6) = lim RS,‘”(z;A,é)

= (1/2).2" 10 ( —ntl ,q/5> (6.26)

Note that S is proportional to S$'» via the transformation (6.17) which yields the identity

191 (g;z) Ei;:mbl( ;e ) (6.27)

The minimal solution to (6.22) is S{)(z; 8). Using Pincherle’s theorem we then obtain the evalu-
ation of the continued fraction associated with (6.22). Namely,

1 q/o q’/d
z—(1+6)— z—(1+6)g — z—(1+61)g? —---

9 (ghs9)
z(l — 1/(32)1(]51 (1/ 5,q/z>

This is a positive definite J-fraction if 0 < ¢ < 1 and § > 0 and we may then deduce that the zeros
of the ¢;’s on the right of (6.28) are real, simple and interlacing. See the Corollary in Section 5.4.
The monic polynomials are given explicitly by

(6.28)

Su(z;8) = lim Ry(z;4,6)

_ (z5(;—)nqn { zn:(q_n’ 1/26,1/2)(—8 ) g~ 2

=0

{2 U(—§)y gV D2
20 ¢(n—1) z79(—-0)"'q
xz¥q ; PACAT } (6.29)
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A simpler expression is obtained if one applies the generating function method of Section 4 directly
to (6.22). This results in

—n n(n+1)/2 n
5,(2:6) = ‘S—q——{

(q) Z(q_n)I(I/Z)z(—5z)/q“/(f*1)/2

=0

 (—z8)glti—D2
% Z (25)—‘] . (6.30)
=0 (1/2)(q);
6.4. Associated continuous q-Hermite
If we multiply (6.1) by B2, replace zB'? by z, renormalize and let B — 0, we get the recurrence

Hy\\ — zH, + %(1 — Ag" YH,_, = 0. (631)

This will become the continuous g-Hermite case if we set 4=gq. The solutions to (6.31) are obtained
as limits of the solutions to (6.1). They are

H,"*(z:4,6) = lim B"0,7*(z/B'";4,8,9)

= (A)n(pz)" 11 (Agn ;Aéui), (6.32)

—n+1
H®(z;4,6) = (u_)"2¢ (q _/ 4,0 ; q"/éui), (6.33)

where

s = %(z:t V22 — y’z), ¥ = 24/q/40. (6.34)

To derive (6.32) we first made the transformation (5.28) before taking the limit and the transfor-
mation (5.30) in the form

o (L sez) = (cl)mm (5:¢) (635)

after the limit was taken.

To derive (6.33) we transformed either 0@ or QO using an iterate of (5.28), discarded factors
which were n-independent, multiplied by B*? and then let B — 0. Note that (6.33) is only a formal
solution unless it terminates by having ‘say’ 4 =g¢.
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For the general polynomial solution we take the limit of (6.9) to obtain

Hy(z;4,8) = 113111% B"*Q,(z;4,B,9)

’ n (A )n . (q - )/ £, —2¢ nf
— ) 3 _

¢ ai

Ala)(—1) u% giti+hi2

xq—t’(/—l)ﬂ E : ( /q)j( (;) q }, (6.36)
—o i

z=3(u+uh), ¥ =2q/48)".

Note that when 4 = g, the expressions (6.33) and (6.36) become equal.
For z=y'x, x€ C\ [—1,1] and with the square root branch chosen so that |u_/u.| < 1, we have
H(""=(z;4,8) as a minimal solution to (6.31) and hence the continued fraction representation

1 g(1—-4)/40 g(1 — Aq)/A5  gq(1 — Aq*)/46

z— z - z - z -

A
Adp_ 191 (0;A5ﬂ2_>
= 4
1 1¢1< éq;A5ﬂ2—>

U w(t)de
= o )y’t -+ possible pole terms. (6.37)
-1 2 —

Repeating the method of Section 3, we find that
_ 1 (4w, u™)o
—x2 A A ’
2= g, (A001) o (075 1q) (638)

zfy =x=Hu+u")

When 4 = q the denominator ;¢;’s in (6.37) and (6.38) become equal to 1 and there are no pole
terms. This is then the continuous g-Hermite case. See [17, p. 88], for a list of references.

6.5. Limit q-Hermite

We take the 4 — oo limit of the results in the previous Section 6.4. This gives the recurrence
relation

n

Ty — 2T, — ‘%Tn_l =0, (6.39)
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with minimal solution
TW(z;8) = Alim H""(2;4,6)
— 1 gz o (| sqor (6.40)

and the polynomial solution

T.(z;0) = Alim H,(z;4,6)

(_Z)—nqn(n—l)/Z n _
= ——(q/5Y{ > (@)
(g)n par
{ L =2§=ig)
XZZt’qn((a/q){q-/(/—l)ZZ q . (6.41)
=0 (9);
Using the minimal solution we get the continued fraction result
2/6z*
1 q/5 q2/5 Od)l( ,Q/ )

S T S ) 42
z+z + z + s (642)

0¢1 0 ,4/52

This is a positive definite J-fraction if 0 < ¢ < 1 and é < 0 and one then has simple real interlacing
zeros for the o¢,’s on the right of (6.32) (see the Corollary in Section 5.4).

6.6. Associated continuous big q-Hermite
In (6.1) let 6 = 1/aB and then let B — 0 to get the recurrence
Coor — (2 — g")Co + %‘1(1 — 4g"YC,p1 = 0. (6.43)
The solutions to (6.43) may be obtained from the solutions of (6.1) by using
Cuz;4,a)= zlyif(l) 0.(z;4,B,1/aB). (6.44)

First making the parameter interchange A < B in (6.5), then writing d = 1/aB and taking limit B — 0
we obtain the solution

(Dt _ (4, B)» . ANy Ag Al
C, "5 (z;4,a) = hm ™ 4BA, )n( i) 20 (ABA’ " a
L (AN A" Al
(A),,(A)zqsl( x q,a),
AL =1 (zi z2 — y‘f) , (6.45)

y1 =24/aq/A.
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Also from (6.2) we similarly obtain

CP(z;4,a) = lim 0%(z;B,4,1/aB)
—n+1
= const. (A,)(44"_/aq), 2¢: ( _/;4+10 ,AA'_>, (6.46)

which is a polynomial solution when 4 =gq.
In (6.7) we first apply the transformation [5, (II1.2), p. 241], write 6 = 1/aB, B = g™ and let
m — oo. We obtain the solution

(6.47)

——n+1 A2A2 n—2
C¥(z; 4,a) = const. (A, )20 ( /A A /ja. a>,

a

which is again a polynomial solution for 4 =gq. Using (6.8), transformation (5.30) and taking limits
we have the solution

; q"/4,0
C*(z;4,a) = const. (ALY(AAJag), % 2¢ ( A, g ;AAL ) (6.48)

Also from (6.9) we obtain the explicit polynomial solution

Ciz;4,a) = llgig(l) 0O, (z;A,B, LB)

n( (q",2u/y1), £, =2 nt —£(—1)/2
= ( /2) {E (-1) -
N 2 ), u-q4q

(A/g)(—1) utig/+Dr2
* ; (% 2“/’)"1 )j ’

(6.49)

71 = 24/aq/A.

If in (6.43) we write z = xy, = 2(ag/4)"*x, and renormalize, we obtain the recurrence for the
associated continuous big g-Hermite polynomials (see [17, (3.18.4)]) viz., the relation

Enrt = (2% — bg")E + (1 = 49" )1 =0, (6.50)

with b= (4/aq)"*. Writing A= q in the renormalized solution given by (6.47) yields continuous big
g-Hermite polynomials [17, (3.18.1)].

Choosing, for x = z/y, € C\ [—1, 1], the square root branch for which |A’ /A’ | < 1, the minimal
solution of (6.43) is given by (6.45). Consequently, we have the continued fraction representation

4,44,
LB B _AA’_2¢1( o /)
Z—Qy—ZzZ—a, —2—a; — - ag s (A/:)A'_ A'/>

t
= / () dt - + possible pole terms, (6.51)

12— nt
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with
2,2
w(x) = 1 (A)oo(1/u, 4 )oe
2nv1 — x2 (Y1u/2a, y1/2au)
where
x=Lw+u™),
1 = 2(ag/4)"?,

=9q"
b, = L1 - 49",

In the particular case 4 =g,

1 (@)oo (1/1?, 4% )so
2n/1 — 32 (u/+/a, 1/u\/a)o

olx) =

[2¢1 (A/q,AA’ A’) " (A/q,AA’ /2)} l’ (652)

(6.53)

This weight function agrees with the form given in [17, (3.18.2)] with b in (6.50) replaced by 1/1/a
and taking into consideration the normalization factor (4/aq)*? =a="* = b" used in (6.50) and also

that x is replaced by bx.

6.7. q-Bessel order

The limit 4 — oo of the recurrence (6.43) gives

By —(z—4q")B,—aq"B,_; =0.

(6.54)

It is clear that (6.54) will give real orthogonal polynomials only for 0 < ¢ < 1, @ < 0. The solutions

of (6.54) can be obtained by taking 4 — oo limits of (6.45)(6.48). We have
Bﬁ,l)(z; a) = A]lrgo C,(,‘)’_(z;A,a) — (—aq/z)”q"(”‘”/zlqﬁl (a%/z : q”“/z)

— (__aq/z)nqn(n—1)/2(qn+1/z)Oo 0¢1 <qn:1/z : aqn+2/22) ,

using the transformation (6.35). Also

BP(z;a)= Jim CP(z;4,a) = const. z"(1/2),2¢: ( . >0

B®(z;a)= Alim C8®)(z;4,a) = const. z"5¢ (0’_2_/“ ; aq"/zz) ,

lim C¥(z; 4,a) = const. B?(z; a).
—0o0

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)
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Using (6.49) we obtain the explicit polynomial
B,(z;a) = Alim Ci(z;4,a)

_ (zajzy g2 { Xn:(q—", 1/z),
¢=0

(@)n
i [ ’Z’:qf<a/z2>f} 660
T \G) @Ry, '

We now demonstrate the relationship of the above solutions with Jackson’s g-analogues of Bessel
functions (see [5, Exercise 1.24, p. 25]). Using the notation of [5] and writing

v —1 1.2
qg =z, —x = aq/z,

we find from (6.57) and (6.56) that

JO)_2i(ag/z)"; g) = const. (—1)'q ™92 /Z( — 1\/%) " ——({’12//22))"353)(2; a) (6.61)
and
S5 (2i(aq/z)""?; q) = const. (~1)" q—i(%(z/a\/&)" (i@)"+v321)(z; a). (6.62)

This shows that (6.54) is connected with the recurrence for g-Bessel functions with z appearing both
in the arguement and the order of the g-Bessel function. Thus we choose to call this the g-Bessel
order case. The continued fraction representation obtained with the help of the minimal solution of
(6.54) given by (6.55) is

. 2/,2
1 aq an 1 0¢1 (q/z)aq /Z )

z—1—|—z—q+z—q2+“.=(z—l) — o\
0¢1 l/Z’aq/Z

(6.63)

This is a positive definite J-fraction if 0 < ¢ < 1 and a < 0 and the zeros of the ¢¢,’s on the right
are then real, simple and interlacing.
A g—1 limiting case is due to Maki [19] (see also [21]).

7. Limit Askey—Wilson

In this section we give the connection between solutions to the associated Askey—Wilson and the
associated continuous dual g-Hahn polynomial recurrence relations. The associated Askey—Wilson
polynomial recurrence relation in monic form is given by

Prii(X) — (x — @) pu(x) + B, pr1(x) =0,
a 1

n = _An —B -~ ~ s
“ T3t
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by =An-1By, (7.1)
(1 — abedg™ "Y1 — abg"™™)(1 — acq"™)(1 — adq"™*)

2a(1 — abcdg#+2*~1)(1 — abedg?+2*) ’
a(l — n+ot)(1 _ bcqn+o¢ 1)(1 _ bdqn+a 1)(1 _ qun_,_a 1)

2(1 — abcdg?+2*-2)(1 — abcdg**+22-1)

A4, =

B,=

When « =0, (7.1) reduces to the nonassociated monic Askey—Wilson case [3]. If one further puts
d =0, one has the monic continuous dual g-Hahn case [3,pp. 3,28]. Our associated dual g-Hahn
case may be obtained from (7.1) by multiplying (7.1) by k~! =2./q/ABCD, replacing (a.b,c,d,q*)
by (2kq/AD,2kq/AC,2kq/AB,0,A4/q) and renormalizing to monic form. Note that ‘&’ is now used to
denote the ‘a’ of previous sections so as to avoid confusion with the ‘o’ in (7.1).

There are two papers [15,9], which deal with the associated Askey—Wilson polynomial case. We
now indicate how our associated dual g-Hahn recurrence solutions in Section 2 are connected with
the solutions in [15] and [9].

Using the solutions to (7.1) which Ismail and Rahman have given in [15], we have the following
limiting cases:

. — i B < 2kg 2kq 2kq
PulsA.B,CD)=m 4D’ ac’ ap> Y q) (72)
where
pn(x) = pn(x; a, b, C, d’ qa) = (za)n (‘1)( )
and p{®(x) is given explicitly in [15, (4.15)]. The calculation yields
(B,C), (g7, \/BCq/ADu, \/BCq/ADu—l)k qk
Pn Z;A,B, C,D
( ) (BC)" Z (qs B, C)k
Zk (4/9,D/g,4"*", 4" "), (ch),-} 3
=0 q, quan aq_")j AD

Ismail and Rahman have also obtained nonpolynomial solutions 7,,,(u) and s, (%) which correspond
to p*(x). Using [15, (1.12), (1.13)] we obtain

(B, C)n

XV*(z;4,B,C,D) = lim cli ((BCAs) *spia(u™h)) (7.4)
(BCY
where
C:t — (A’D,BC/l:t)oo
' (BCDAy,ABCA+,ADAs )0’
and

B,C),
X®(z;4,B,C,D) = lim C (8.C)

5 (BC)" ((BC)*— )_arn+<x(u))s (75)
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where

C: = (CaADA+,Dq}‘——sABC%+/q)oo
>~ (B,C,q/B,Dg/C)e

In [9], the parameters (a,b,c,d,q*) of [15] are replaced by («,8,7,9,¢). The solutions X" to
(7.1) in [9] will now be denoted by X(”. The § — 0 limits of some of these solutions are given
below in terms of the solutions XV, X@ X® x©®) and X of Section 2. We have

(lsin(l))?n(ﬁ)(uil) = DFk"XV*(z; 4,B,C, D),
(7.6)

. (BCDJ:,ADA+,ABCi.t)oo
Dy =
(4,B,C,D,q/u*?),,

H

lirr(l)X’n(S)(u) = Dsk"X)N(z; 4,B,C,D) + Dsk"X®(z; 4, B, C, D),

A 2, 4 q Dq q
< T D ,ACA_, ABJ._, CB)

+

q q
1

A
(B, in_,ADl_F)

D5 =
ABC ABD D
(550, 220 220, cqi Bgi, %)
q oo

(1.7)

2

X

o>

q A A

A 2 D
(—uz 99 444 ,BDi_,CDi, 2:)
D =
ABC ABD ACD
( s z+,qu_,qu_,;ﬁ)

j"-+~>
q q

(q q Ag 2k Du)

Du'B  C’D’ q

D ¢* Aq Au 2k
(Dql_,z e E—l; —, — Aql_,ADLL)

2

X

o]

lim X®B(u) = D,k"X(z; C, B, 4,D),

_ 2 (4qAA90 )w
B’C’D’ q o
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lim XV(u) = Dik"X®)(z;4,B,C,D) + D\k"XV(z; 4, B, C, D),
S0 n 1 n
~ (D,Cq/A,Bq/A,Dqi,ABCA_|q,ADA_)ss’
(q BCq 2k Dgqg BCDq)
T
Di =

Dy

(7.9)

2k
BDJ.,CD1,, BCDJ._, 5)

A’ 2k ’BC’ 2k’

Dg Cq B 2 4
(B’C’D’ q Cqg Bg q ug —D/1+)

474’ j’u’ w A’ uq’

Parameter interchanges in [9] in some of the cases yield new solutions of (7.1). For example an

interchange of é < f in solution )~(n(1)(u) gives a new solution X f,l)(u) for which we have

(ljinéi’f,])(u) =D!'k"X“(z; 4,B,C,D),

(7.10)
" (9/B, Cq/D)o
' 7 (C,CqA, ACA_,ABDI_/q)oo

If we instead make the interchange o < & in solution X(')(x), then the 6 — 0 limit would be pro-
portional to k"X)(z; 4, B, C, D).
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