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1. Introduction

Impulsive differential equations arise naturally from a wide variety of applications, such as control theory, physics,
chemistry, population dynamics, biotechnology, industrial robotic, optimal control, etc. [ 1-3]. Therefore, it is very important
to develop a general theory for differential equations with impulses including some basic aspects of this theory.

We consider the first order impulsive functional differential equations with deviating arguments:

u'(t) = f(t, u®), ue(r))), tej,
Au(ty) = L(u(ty)), k=1,2,...,m, (1.1)

g(0), u(M) =0,
wheret € ] = [0,T|(T > 0),f e C XxRxR,R),g € CRxRR),[,e CR,R,x € C(,]),0=ty <t; <--- <t <

C <ty <tpm =T,) =]\ {t1,ta, ..., tm}, Au(ty) = u(ty) — u(t, ), where u(t;") and u(t, ) denote the right and the
left limit of u(t) att = t(k = 1,2, ..., m), respectively. Let PC(J,R) = {u : ] — R | u(t) be continuous att # t, left
continuous at t = t; and u(t,j“) exist,k = 1,2,...,m}and PC'(J,R) = {u € PC(J, E)|u(t) be continuously differentiable

att # ty, u/(t,f) and v'(t, ) exist, k = 1, 2, ..., m}. Evidently, PC(J, R) and PC'(J, R) are the Banach spaces with respective
norms

lullpc = SUJD lu@®l,  lullper = max{[lullpc, [Iullpc}-
te
Definition 1.1. We say thatu € PC'(J, R) is a solution of (1.1), if it satisfies (1.1).
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Definition 1.2. We say thatu € PC'(J, R) is called a lower solution of (1.1) if

u(t) < ft,u), u(@®)), tef,
Au(ty) < L(u(t), k=1,2,...,m, (1.2)
g(0), u(T)) <0,

and it is an upper solution of (1.1) if the above inequalities are reversed.

The method of upper and lower solutions coupled with the monotone iterative technique has been applied successfully to
obtain the existence of solutions for nonlinear differential equations in recent years (see [4-16]). It is worthwhile mentioning
that the main theorems in the above papers are formulated and proved in the presence of a lower solution uy and an upper
solution vy with uy < vg. But in many cases, the lower and upper solutions occur in the reversed order, that is ug > v.
This is a fundamentally different situation. However, only a few works discuss the existence results for the non-ordered
case [17-22]. In this paper, we have considered boundary value problems for the first order impulsive functional differential
equations with nonlinear boundary conditions and deviating arguments under the assumption of the existing upper and
lower solutions in the reversed order.

Remark 1.1. Note that the nonlinear impulsive boundary value problems (1.1) reduce to periodic boundary value problems
for g(u(0), u(T)) = u(0) — u(T), anti-periodic boundary value problems for g(u(0), u(T)) = u(0) + u(T) and nonlinear
boundary value problems without impulse [21] for g(u(0), u(T)) = h(u(0)) — u(T). Thus, problems (1.1) can be regarded
as a generalization of the boundary value problems mentioned above.

Remark 1.2. It is important to indicate that, compared with other methods, the method of upper and lower solutions
coupled with its associated monotone iteration scheme is an interesting and powerful mechanism that offers the theoretical
as well as constructive existence results for nonlinear problems in a closed set, generated by the lower and upper solutions.
Usually other methods need to satisfy a two-sided Lipschitz condition, but with the methods mentioned above, it is just
needed to satisfy a one-sided Lipschitz condition; for instance, see [4-12].

Remark 1.3. In this paper, we apply the lower and upper solutions in reversed order, which is fundamentally different from
the classical lower and upper solutions used in [4-16].

Remark 1.4. If (1.1) does not contain impulsive arguments I (u(ty)), and let g(u(0), u(T)) = h(u(0)) — u(T), then, as a
particular case of problem (1.1), in 2009, by using the method of upper and lower solutions and a monotone iterative
technique, Wang, Yang and Shen [21] have considered the existence of extreme solutions of the following functional
differential equations without impulse

u'(t) = f(t,ut), u(x(t)), te],
h(u(0)) = u(T),

wheret € ] = [0,TI(T > 0),f € CJ X R X R,R),« € C(J,]). They demand that the nonlinear term f satisfies a one-
sided Lipschitz condition with corresponding constants and the nonlinear term h satisfies strongly restricted conditions
h e C'(R,R),h(0) < 0and 0 < H'(t) < (1 +N fOT eM(““)‘”dt) eMT In this paper, we will delete the strongly restricted

condition for the nonlinear boundary value condition and extend their constant coefficients on a one-sided Lipschitz
condition to functional coefficients.

The paper is organized as follows. In Section 2, we establish a new comparison principle and discuss the uniqueness of the
solutions to linear impulsive differential equations. In Section 3, the main theorem is formulated and proved. In Section 4,
we give an example about boundary value problems for impulsive functional differential equations (1.1).

2. Several lemmas

Lemma 2.1. Suppose that u € PC'(J, R) satisfies

u'(t) = M(tu(t) + N(Ou(e(t)), te],
{Au(tk) > Lau(ty), k=1,2,...,m, (2.1)
u(0) > ru(T),

where M, N € C(J, [0, 400)), Ly = 0, 1 > O satisfy

() r [1 n fOTN(S)efSo((s)M(r)drds +ym Lk] elo M(dr 1,

(i) H < 75, here H = [J IM(6) + N(@©)1de + 3L, L.
Thenu(t) <0,t €.



G. Wang et al. / Journal of Computational and Applied Mathematics 235 (2010) 325-333 327

Proof. Suppose that u(t) < 0, t € J is not true, then, we have the following two possible cases:

(1) ut) = 0,vVt €.
(2) There exist t*, t, € J such that u(t*) > 0and u(t,) < O.

Case (1). Let v(t) = u(t)e~ Jo M@t Then we have
V() = NOw(a)ek MO ey,
Av(ty) > Leo(t), k=1,2,...,m, (2.2)
v(0) > ro(T)elo M@dr,

By (2.2), we know that v(t) is nondecreasing on J. So, we have

v(t)

v+ [ vdr+ 3 ) - vw)
0

O<ty<t

v

t
v(0) + / N(s)v(a(s))el " Modrgs 3 Lot
0

O<ty<t

v

t
v(0) + v(0) / N)el ™ Mo ds 1 y©) Y L
0

O<ty<t

T
{1+ f N(s)el™ Mirgs ¢ 3™ Lk:| (0).
0

O<ty<t

Thus,

T
2(0) > rU(T)efoTM(r)dt > |:.1 +/ N(S)efsa()M(r)drds + Z Lk:| U(o)efoT M()de
0

O<ty<T

By condition (i), we have v(0) = 0. In addition, rv(T)efOTM(f)dt < v(0) = 0 implies v(T) < 0. Since v(t) is nondecreasing
onJ, then we have v(t) = 0, Vt € J,i.e.u(t) =0, Vt €.

Case (2). Let infiqyu(t) = —A,then A > 0, and for some i € {1,2,...,m}, there exists a t, € (&, ti+1], such that
u(t,) = —Aor u(ti*) = —X. We only consider u(t,) = —2, for the case u(ti*) = —), the proof is similar.

By (2.1), we have

t
u® =u O + [ Weds+ Y ) - uw)

0 O<t<t

t
> u(O)—A{/ [M(s) + N(s)lds + Y Lk}. (2.3)
0

O<tp<t

Let t = t, in (2.3), we have

[
—5 > u(O)—A!/ [M(s) + N©)lds+ Y Lk}
0

O<tp<ty

T
> u(O)—A{/ [M(s) + N(s)lds + > Lk}.
0

O<ty<T
Thus,
u(0) < —\ + AH. (24)
On the other hand,
T
u(t) = u(T) — / u'(s)ds — Z [ut’) — u(ty)]. (2.5)
t t<ty<T

Lett = t*in (2.5), then

T
0 < u(t*) = u(T) —f W(sds— > ult) — u)].

t* t* <ty<T
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So,

%

T
u(T) f Wds+ Y [u”) — ()]
f*

t*<ty<T

v

T
—A/ [M(s) + N()lds — 2 Y L
0

O<ty<T
= —AH. (2.6)
By (2.1), (2.4) and (2.6), we have
—A+AH > u(0) > ru(T) > —rAH.

So,H > Hi] which contradicts condition (ii). Hence, u(t) < 0OonJ. O

Corollary 2.1. Assume that M, N € C(J, [0, 4+00)), fOT M(t)dt > 0,L, > 0,r > 1 and condition (ii) in Lemma 2.1 hold. Let
u € PC'(J, R) satisfy (2.1). Thenu(t) <0, t € J.

The proof of Corollary 2.1 is easy, so we omitit. O

Remark 2.1. Corollary 2.1 holds for r > 1 if we delete fOT M(t)dt > 0.

Consider the problem:

U (t) = o (t) + M(@)u(t) + NOu(a(t)), te],
{Au(tk) =¥+ Lu(ty), k=1,2,...,m, (2.7)
u(0) = ru(T) +a,

whereo € PC(J, R), yx,a € R.
Definition 2.1. We say that u € PC'(J, R) is a solution of (2.7), if it satisfies (2.7).

Definition 2.2. We say that u € PC'(J, R) is called a lower solution of (2.7) if

{U/(t) <o) +M®u(t) + NOu(a(t), tef,
Au(ty) < v + Leu(ty), k=1,2,...,m,
u <ru() +a,

and it is an upper solution of (2.7) if the above inequalities are reversed.
Lemma 2.2. Let all assumptions of Lemma 2.1 hold. In addition assume that ug, vy € PC'(J, R) are lower and upper solutions
of (2.7), respectively, and vy(t) < ug(t), Vt € J. Then problem (2.7) has a unique solution w € PC'(J, R).

Proof. Firstly, we show that (2.7) has a solution through three steps.
Step 1. Consider the equation

u'(t) = o(t) + M(tu(t) + N(Ou(a(t)), te],
{Au(tk) =+ Lult), k=1,2,...,m, (2.8)
u(T) = A,

where A € R we will show that (2.8) has a unique solution u(t, 1) and u(t, A) is continuous in A.
Eq. (2.8) is equivalent to the following equation:

T
) =1~ [ 106) + MOUE) + Nu@)s ~ 3 [+ Lol
t t<t<T
Let
T
au) =~ [ 1o + MEuE) + Nou@)ks — 3 e+ Luw).
t t<ty<T

ThenA : PC(J, R) — PC(J, R), and for any u, v € PC(J, R), we have

T
[Au — Av||pc |:f [M(6) + N(OIdt + Y Lk:| [(u—=v)llpc = HII(W —v)lpc-
0

O<tp<T
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By assumption (ii) in Lemma 2.1 and the Banach fixed point theorem, we get that (2.8) has a unique solution.
Let u(t, A1), u(t, A,) be the solution of

{u/(t) = o (t) + M(t)u(t) + N(Ou(a(t)), te],
Au(ty) = v + Leu(ty), k=1,2,...,m,
uM =Ar;, i=1,2,
then
T
u(t, &) = A — / [o(s) + M(s)u(s, i) + N(s)u(e(s), A;)]ds — Z [y + Leu(ty, A1,
t

t<ty<T

max [u(t, A) —u(t, A2)| < [A1 — Aal.

1—H
Hence, u(t, A) is continuous in A.
Step 2. We show that
v9(0) < u(0, 1) < ug(0), (2.9)

where A € [1(vo(0) — a), +(up(0) — @)], u(t, A) is the unique solution of (2.8).
Let p(t) = vo(t) — u(t, A). Assume that u(0, 1) < vg(0), then
p(0) > 0, P(T) = vo(T) — u(T, 1) < g(vo(0)) — u(T, A) <0,
Ap(ty) = Lip(ty), k=1,2,...,m,
p'(t) = M(©O)p(t) + N(©)p(e(t), te].
By Lemma 2.1, we can get p(t) < 0,Vt € ] which contradicts p(0) > 0. So, we have vp(0) < u(0, 1). Let q(t) =
u(t, ) — ug(t). By a similar process as above, we can get u(0, 1) < uy(0).
Step 3.Let F(A) = }[u(O, A) —a] — A, where u(t, ) is the unique solution of (2.8). We have

F <%(U0(0) - a)) -F (;(uO(O) - a)) =0.

Since function F is continuous in A, then there exists a Ao € [1(vo(0) — a), 1 (u9(0) — a)] such that 1[u(0, ko) — a] = %o.
Obviously, u(t, Ap) is a solution of (2.7).

Finally, we show that (2.7) has only a solution w € PC'(J, R).

Let u, v € PC'(J, R) be two different solutions of (2.7). Put p = u — v, then p satisfies the following problem:

{p’(t) = M(t)p(t) + N(O)p(a(t)), te],
Ap(tk) = Lkp(tk), k= 1,2,...,m,
p(0) = rp(T).

By Lemma 2.1, we have p(t) < 0, Vt € J. Similarly, if put p = v — u, by Lemma 2.1, we have p(t) > 0, Vt € J. So, we have
p(t) =0,Vt eJieu(t) =v(),Vte]. O

3. Main result

We list for convenience the following assumptions.
(Hy) ug, vg € PC'(J, R) are lower and upper solutions of (1.1), respectively, and v (t) < ug(t), ¥Vt € J.
(H,) The functions f, I, (k = 1, 2, ..., m) satisfy

ft, u,v) —f(t,u,v) <M@)(u—u) +N(@)(v—D),
L(x) — L(y) < L(x—y)

where vo(t) < U < u < up(t), vo(a(t)) <V < v < up(e(t)), volty) <y < x < up(ty), Vt €J.
(H3) There exist positive constants K, L such that

g(u’ U) _g(ﬁa i) Z K(u _H) _L(U _6),
where v9(0) <U < u < ug(0), vo(T) < ¥ < v < up(T), r = L/K.

Theorem 3.1. Let all assumptions of Lemma 2.1 and (H;)-(H3) hold. Then there exist monotone iterative sequences {u,}, {v,},
which converge uniformly on J to the extremal solutions of (1.1) in [vo, o] = {u € PC'(J, R) : vo(t) < u(t) < ug(t)}.
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Proof. For any n € [vg, up], we consider the problem:

u'(t) = o, () + M(tu(t) + N(Ou(e(t)), te],
Au(ty) = v + Leu(ty), k=1,2,...,m, (3.1)
u(0) = ru(T) +a,

where o,,(t) = f(t, n(t), n(e(t))) — M(t)n(t) — N©On(a(0)), yi = k() — Lin(te), a = n(0) —rn(T) — £&(n(0), n(T)).
By (H1)-(H3), we have

ug(t) < f(t, up(t), ug(a(t)))
< f(&, n(0), na(t))) — M@&)n(t) — N()n(a(t)) + M()uo(t) + N(H)ug(a(t))
= 0y (t) + M(Dug(t) + N(Dup(a(t)), te],
Aug(ty) < L(uo(ty)) < L(n(ty)) — Lin(ty) + Leuo(ty) = v + Leuo(ty), k=1,2,..., m,

L 1
up(0) < n(0) + E(”"(T) —n(M) + E(g(uo(O), up(T)) — g(n(0), n(T)))
1
< rup(T) +n(0) —rn(T) — Eg(n(O), n(T))
=rup(T) + a,
and

vo(t) = 0, (t) + M(H)vg(t) + N(t)ve(a(t)), te],
Avo(ty) = vk + Lyvo(ty), k=1,2,...,m,
vp(0) > rug(T) + a.

So, 1y, vg are lower and upper solutions of (3.1). By Lemma 2.2, we know that (3.1) has a unique solution w € PC'(J, R).
Now, we prove that w € [vg, ug]. Since ug, vy are lower and upper solutions of (3.1), let p = w — up, we can get

p'(t) = M(t)p(t) + N(Op(e(t), te],
Ap(tk) > Lkp(tk), k= 17 2,..., m,

p(0) = rp(T).

By Lemma 2.1, we have that p(t) < 0,Vt € J. Thatis, w < ug. Similarly, we can show that vy < w. Therefore, we have
w e [Uo, UQ].

Next, we denote an operator A : [vg, Uug] — [vg, Up] by u = An. Let n1,n2 € [vg, Ug] such that n; < n,. Setting
p = uq — Uy, u; = Anq, Uy = Any, by (Hy) and (Hs), we obtain

p'(t) = f(t, ni(®), m@(t))) — M®)n(t) — NO)ny(e(t)) + M)uq(t) + N(6uq (a(t))
— f (€, n2(t), ma(e(t))) + M(£)n2(t) + N(O)na(a(t)) — M()uz(t) — N(E)up (e (t))
> M(t)p(t) + N(Op(a(t), te],
Ap(te) = Le(n1(te)) — Lni(te) + L (t) — Ie(ma(te)) + Lima (t) — Lz ()
szp(tk), k=1,2,...,m,

1
p(0) = rur(T) + n1(0) = rin(T) = 2:.2(m(0), ni(T)) — ruz(T)

1
—12(0) +rna(T) + Eg(ﬂz(o), n2(T))

> rPET; + 11(0) — n2(0) — rn1(T) + rn2(T) + (72(0) — 1n1(0)) — r(2(T) — n1(T))
=rp(T).

By Lemma 2.1, we know that p(t) < 0 on], i.e. A is nondecreasing.
Now, let u, = Au,_1, v, = Av,—q,n =1, 2, ..., then we have

Vo<V < Svp < SUp <o Sup Sy, n=1,2,0 (3.2)
Obviously, u,, va(n = 1, 2, .. .) satisfy

up (t) = f(t, up—1(t), Up—1((t))) + M) (Un — Up—1)(t) + N()(Up — tup_1)(a(t)), te],
Auy(te) = Ie(un—1 () + Le(up — ) (), k=1,2,..., m,

1
(Uup — up—1)(0) = Uy — uy—)(T) — Eg(unq(o), up—1(T)),
and

v () = f(t, Va1 (t), vy (@ (t))) + M) (Vg — vp—1)(t) + N(t) (Vg — vo1) (@(t)), t €],
Avn(tk) = Ik(vn—l(tk)) + Ly(vp — Un—l)(tk)v k=1,2,..., m,

1
(n — Vp—1)(0) =1 (vy — Vo )(T) — Eg(vn—l(o)y vp—1(T)).
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Therefore, there exist u*, v* such that
lim u,(t) = u*(t), lim v, (t) = v*(t)
n—o00 n—o0o
uniformly on J, and the limit functions u*, v* satisfy (1.1). Moreover, u*, v* € [vo, Up].

Finally, we prove that u*, v* are the extremal solutions of (1.1) in [vg, tp]. Let w € [vp, Uug] be any solution of (1.1), then
Aw = w.By vy < w < ug and the properties of A, we have

nm<w<u, n=12,.... (3.3)

Thus, taking limit in (3.3) as n — oo, we have v* < w < u*. That is, u*, v* are the extremal solutions of (1.1) in
[vo, up]. O

Theorem 3.2. Let all assumptions of Corollary 2.1 and (H1)-(H3) hold. Then there exist monotone iterative sequences {u,}, {v,},
which converge uniformly on J to the extremal solutions of (1.1) in [vg, ug] = {u € PC'(J, R) : vo(t) < u(t) < ug(t)}.

Proof. The proof is almost the same as that of Theorem 3.1, so we omitit. O
4. Example
Example 4.1. Consider the following boundary value problem:

2 1 1
u(t) = §t3u2(t) + u(t) + Et?’e“W, te] =101 t#

y (l) _1, (l) , (4.1)
2) = 10"\2

1 1
5u3(0) +8u(0) —%u() —c=0, 0=c=o,
wherem =1, t; = ], ()—\/E,Vte].
Obviously, uyp = 0, vg = —1 are lower and upper solutions of (4.1), respectively, and vy < u.

Let

ft,u,v) = tu +tu+—te

g, v) = %Lﬁ +8u—9v —c,

we have
flt,u,v) —f(t,0,0) < -1+ %P(u — ),

where v (t) < u < u < ug(t), vola(t)) <v < v < up(a(t)), Vt €.
gu,v) —gu,v) = 8(u—1u) —9(v —v),

where vp(0) < u < u < up(0), vo(1) <V < v =< up(1).

For M(t) = t%, N(t) = %P, L= % r=L/K = g it is easy to verify that conditions (i) and (ii) hold. Therefore, (4.1)
satisfies all conditions of Theorem 3.1. By Theorem 3.1, there exist monotone iterative sequences {u,}, {v,}, which converge
uniformly on J to the extremal solutions of (4.1) in [vg, ug].

Example 4.2. Consider the following boundary value problem:

u'(t) = i arctan [ ! e 4 —3 sin?(In(1 + t))u(t):| Ce"sint
5m 241 10 502 + e(%+cos ln(1+t))]
_tu®) iarctan _ uz((x(t)) teJ=1[01], t#t
10(1 +sint) 57 ’ - v (42)

Au(ty) = asinu(t;), 0<a< TR

1
cosu(0) + 9u(0) — 10u(1) +e*P —¢c=0, 2<c<2+ -,
e

wherea € C(J,J), 0 <t; <1, m=1.
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It is not difficult to verify that up = 0, vo = —1 are lower and upper solutions of (4.2), respectively, and vy < u.
Let

t3e¥sint
5 [2 + e(%+cosln(1+t))i|

l'3
" 1e% + 15 sin?(In(1 + t))u:| +

ft.uv) = - arctan| "
,u,v) = — arctan
5 t2
thy t3 14e!
4+ -———— — — arctan
10(1 4+ sint) 57w
I1(u) = asinu,

v?,

g, v) =cosu+9u— 10v+e’ —c,

we have
£3 3

flt,u,v) = f(t,u,v) < SU-M+ -0,
where vo(t) < U < u < up(t), vola(t)) <V < v < up(a(t)), Vt €.

Lix) — L) <akx—y),
where vo(t1) <y < x < up(ty).

gu,v) —g,v) = 9u—1u) — 10(v —v),
where vo(0) < u < u < up(0), vo(1) <V < v =< up(1).

For M(t) = N(t) = % Ly =a r=L/K = %, we see that conditions (i) and (ii) hold. Therefore, (4.2) satisfies all

conditions of Theorem 3.1. By Theorem 3.1, there exist monotone iterative sequences {u,}, {v,}, which converge uniformly
onJ to the extremal solutions of (4.2) in [vg, Ug].

Remark 4.1. For appropriate and suitable choices of a, c, t; and «(t), it is easy to see that problem (4.2) includes a number
of differential equations, differential equations with deviating arguments.

Example 4.3. Consider the following Logistic model with a variable coefficient which is widely used in biology:

t*sint , t?cost
us(t) +

u'(t) = tut) —
Au(ty) = Liu(ty),
bu?(0) + u(0) —u(1) +c =0,

U(O[(t)), t 6] = [07 1]7 t # tl7
5 (4.3)

wherea € C(J,]), 0<t; <1, m=1,0<L; < &, 0<b<; 0<c<;—bh

Put up(t) = 1+ %, vo(t) = 0,Vt € ]. Then uy(t), vo(t) are lower and upper solutions of (4.3), respectively, and
Up(t) = vo(t).
Let
tsint , t?cost

f(t,u,v) =t3u— m w4+ 5V g, v)=b’+u—v+c,

then
2
ft,u,v) —f(t,u,v) <t3u—1u) + %(v — ),

where vo(t) < U < u < up(t), volae(t)) <V < v < up(a(t)), Vt €].
gu,v)—g,v) > u—u — (v—"),
where vo(0) < U < u < up(0), vo(1) <V < v < up(1).
For M(t) = t3, N(t) = % r = L/K = 1, we see that conditions (i) and (ii) hold. Thus, (4.3) satisfies all conditions of

Theorem 3.1. By Theorem 3.1, there exist monotone iterative sequences {u,}, {v,}, which converge uniformly on J to the
extremal solutions of (4.3) in [vy, Up].

Remark 4.2. For appropriate and suitable choices of b, c, t;, L; and «(t), we see that problem (4.3) has a very general form.
For example, we cantake b= 3,c =3, ty = 2,1; = fand a(t) = 3, Vt €.

Remark 4.3. The three examples mentioned above satisfy all conditions of Theorem 3.2. Thus, by Theorem 3.2, there exist
monotone iterative sequences {u,}, {v,}, respectively, which converge uniformly on J to the extremal solutions of the
corresponding problem in [vg, ug].
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