Journal of Computational and Applied Mathematics 359 (2019) 73-87

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

o.)

Check for
updates

Optimal weighted upwind finite volume method for
convection-diffusion equations in 2D

Yulong Gao*?, Dong Liang”, Yonghai Li **

4 School of Mathematics, Jilin University, Changchun 130012, People’s Republic of China
b Department of Mathematics and Statistics, York University, Toronto, Ont., Canada M3J1P3

ARTICLE INFO ABSTRACT

Article history: This paper develops and analyzes the optimal weighted upwind finite volume method
Received 21 October 2018 (OWUFVM) for convection-diffusion equations on nonuniform rectangular meshes. The
Received in revised form 27 February 2019 dual meshes in this method are associated with the local Peclet numbers, which are
MSC: determined by the convection and diffusion coefficients and the mesh size. We first
65N12 prove the stability and H'-norm error estimate. Then we prove a weak error estimate,
65N15 which plays a key role in deriving the optimal second-order error estimate in the L2
65N30 norm. The [?-norm error estimate is the most important result of this paper. We also
Keywords: briefly examine the discrete maximum principle. Numerical experiments are presented
Convection-diffusion to illustrate the theoretical analysis.

High-order accuracy © 2019 Elsevier B.V. All rights reserved.
Optimal L>-norm error estimate

Stability

Weighted upwind finite volume method

1. Introduction

The convection-diffusion equations are widely used in many fields of science and engineering such as fluid mechanics,
petroleum reservoir simulation, groundwater prediction and environmental protection [1-4]. In order to simulate the
problems accurately, various numerical methods, e.g., the finite difference method (FDM) and finite element method
(FEM), have been used. However, these methods with standard treatment for the case of convection-dominated often
exhibit severe non-physical oscillations, since the schemes are unstable and non-monotone [5,6].

Due to the property of local conservation, the finite volume method(FVM) has attracted wide attention for solving the
partial differential equations [7-16] and the authors presented an overview of the progress of the finite volume methods
in [12]. To satisfy the stability and avoid the spurious oscillations, upwinding technique combined with FVM has been
studied in [4,8,17-21]. However, for standard upwind finite volume method(SUFVM), the numerical accuracy in L?> norm
is only first order. Thus, several modified upwind FVMs have been investigated [7,22-27] to improve the accuracy. In [22],
Lazarov R.D. et al. presented some strategies of upwind for cell-centered FVM to solve the convection-diffusion problems.
Recently, S. Wang et al. [23] used a nonlinear approximation for both diffusion and advection fluxes giving a second-order
scheme. Additionally, a kind of finite volume-complete flux scheme(CFS) for the advection-diffusion-reaction equation is
studied by J. ten Thije Boonkkamp et al. [26], the scheme has second-order accuracy.

In [25], Liang and Zhao proposed an optimal weighted upwind finite volume method (OWUFVM) for improving the
numerical accuracy in L? norm. To define the method, a non-standard dual partition was considered, which is determined
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by the local Peclet’s numbers. Therefore, they provided some strategies to derive the Peclet’'s numbers for constructing
the dual mesh. The authors numerically showed this method has the optimal convergent order in L* norm. However, the
analysis was given only for 1D case, there is no theoretical proof in 2D. Since it is a difficult task to prove the stability and
[?-norm error estimate with the method for convection-diffusion problems in two dimensions, the proof of the L>-norm
error estimates for 2D is the main purpose of this paper.

In this article, we give the theoretical analysis of the OWUFVM, for two dimensions convection-diffusion equations,
with constant coefficients. Firstly, due to the non-standard dual partition, the elemental analysis technique plays a key role
to prove the stability of which is one of the main contributions in this work. Secondly, we give the optimal error estimates
in L? norm which is the most important contribution. We would like to point out that the proof of optimal L>-norm error
estimate usually employs the Aubin-Nitsche technique, however it may be not proper for current non-standard dual
mesh. Thus, the weak error estimate of the first type is proposed to analysis the L?-norm convergence, where the Taylor’s
expansion technique is applied. Thirdly, under some restrictions on grid, we present the discrete maximum principle for
the OWUFVM, which guarantees the numerical solution not to produce spurious oscillations.

The rest of the paper is organized as follows. In Section 2, we introduce the definition of the optimal weighted upwind
bilinear finite volume method on rectangular meshes. In Section 3, the stability and the optimal H'-norm estimate is
discussed. For Section 4, the two-order weak estimate of the first type and optimal error estimates in L?> norm are derived,
respectively. Then we provide the discrete maximum principle and some numerical experiments in Sections 5 and 6.
Finally, we address a brief conclusion in the end.

2. Optimal weighted upwind finite volume method

Consider the convection-diffusion equation

{—V-(DVu)+V-(bu)=f, in £, ()

u=0, on 052,
where £ C R? is a bounded domain with boundary 92, diffusion coefficient D = D(x, y) satisfies 0 < dy < D < d; in
2, b = (by(x,y), by(x,y))" is the convection velocity satisfying %divb >0, and f e L?(£2) represents the source term. We
assume that |D| < ||b|| -

For simplicity, let £2 = [ay, bx] x [ay, by] be a rectangular domain, and Ny, N, denote the number of grid intervals
on each direction. Set Nj' = {m,...,Nym = 0, 1} and N;" = {m,...,NyJm = 0, 1}. Then define £y = {PijlPij =
(xi,yj),1 € Ng,j S N}‘f} be the set of the nodes, where (xo, yo) = (ax, by) and (xn,, yn,) = (ay, by), and let £2;, = £2,\982
be the set of interior nodes. Introduce the primary partition 7, = {Ki,lei,j = [xi—1, %] % [yj—1,¥j], i € N;, je N},} which
can be a nonuniformly rectangular mesh. Denote hff) = (x; —x;_1) fori € N}( and hj(,") = (yj —yj-1) forj e NI, and
seth = max{hgf), hy)}. In addition, assume the primary mesh be regular and quasi-uniform, that is, there exist positive
constants C; < G, and C3 < (4 such that

(1)

G §h—6.)§C2, for anyie N} and j € N}, (2)
y
Gsh* < Sy,; < Csh?,  for any Kij € Ty (3)

where Sk;; represents the area of element K;; € 7.
Take the piecewise bilinear functions as the trial space Uy, that is
Un = {un € C°(82) : uplx,,is a bilinear function for any Kij € Ty, uplae= 0} .
In order to define the finite volume scheme, one should introduce the dual mesh which is non-standard (see [25]). As

shown in Fig. 1, we set weighted points Mi—lj = (x;[]/zj,yj) on Py ;P;; and Mij—l = (x;, y;‘jq/z) on P;j_1P;j, where
2" ; J72 ;

X?Ll/ij =Xi_1+ (Xi_l/zﬁjhg), ie N;,j S NO,
Vi1 =Yie1+ Bij12hY, ie N jeN,.

Here, local weighted factors &1/, and B;j_1,, are defined as

<1+ : )i LI ieN,jeN?
Qi . = - —_ . ’ ’
i~1/2,j 2 Pex(M,;%_j) 4 Pef(Mi_%j) w)
, 4)
4 _(1+ 1 )i L ! ieN,jeN!
=12 =5 Pey(M,-,j,%) 4 Peﬁ(Mij_%)’ v ’
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Fig. 1. Primary and dual partitions.
where
bi(M,_ iy ba(M, ;3 )
Pes(M; 1 )= ——=——, Po,(M,, 1)= ————, (5)
TR DMy ) TR DMy )
2- 2"

are the local Peclet’s numbers with respect to the weighted points M,._%J and Ml.,j_%. If bl(M,»_%.j) =0orby(M  1)=0,

then aj_1/2; = 3 or Bjj_1/2 = 3, correspondingly.

Remark 1. Here, the expressions of local weighted factors are implicit. To obtain the factor «;_y/,j or B;j—_1/2, we need
to substitute the definition (5) into (4) to form a nonlinear equation about «;_y/2j or B;j_1,2. The nonlinear equation is
defined like (63) in Section 4. Furthermore, we can get the weighted point and local Peclet number.

Let Q;; € K;; be the intersection point of M, 1 M_1;and M, . 1M, j—1. Set the dual partition 7, = {K* li e N2,
jEe NO} where K * is a dual element surrounding the node P, j € £2pand K *isa polygon formed by successively connecting

pointsa{Qu . i_E'J Qij+1. M il Qit1j+1, M,.Jr?jv Qi1 Mi,j_%, Qij } Slmllarly, we can also give the definition ofI,._j for
Pi,j € 052.

Remark 2. It is necessary to explain the plus or minus sign '+’ in (4). Taking «;_1/2j as an example, if b1(M._1.) > 0, then
the sign takes '—’, i.e. the local weighted factor «;_12 j is uniquely determined in (0, l) If bq(

and aj_1,2 € ( 1). As for B;j_1/2, it depends on by(M
of weighted factors embodies the upwinding property.

4) < 0, then it takes '+’
; J—i) in a similar way. This demonstrates that the determination

Define the test function space V} as:
Vi = [vh € 1%(2) : unl:, = constant, P.j € 2y, valis, = 0, Py € 39} .
Let p,; denote the characteristic function on K,.*j and

vp = Z vn(Pij)¥p;, Yup € Vi (6)

P,'_je.Qh

For uy € Uy and vy, € Vi, we have the following bilinear forms:

uh, Uh Zf —D—vhds
K*
(7)
uh, vh Z/ b n uhvhds
K

K*
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Fig. 2. Primary and dual partitions for the case of constant coefficients.
and
(o) =) fondxdy. (8)
K:*

K
where n is the unit outer normal vector on 9K.
Thus, the weighted upwind finite volume method is to find u, € Uy, such that
A(up, vr) = a(up, vy) + b(up, v) = (f, vr), Yon € Vp, 9
Furthermore, let IT; be the interpolation projection from U = H(}(.Q) (N H?(£2) onto Uy, and IT; be the interpolation
projection from Uy onto Vj, there hold (cf. Chap.3 in [28], Chap.4 in [29])
lu = Myullm < CH*™uly, m=0,1,2, (10)
lu — Myullo < Chluly, (11)

where || - ||;» is standard Sobolev H™ norm [30].
3. Stability and error estimate in the H'-norm

In this section, we provide the proof of the stability and error estimate in H! norm for the OWUFVM. The stability
analysis is the basis to get the error estimates in H' and L?> norm. The key point in our analysis is to prove the positive
definiteness of the bilinear form corresponding to the diffusion term, which is obtained through an element-by-element
analysis strategy.

For simplicity, assume that the diffusion and convection coefficients are constant. Under these assumptions, the
partitions are implemented using definitions, as shown in Fig. 2. For any Ko € 7, presented in Fig. 2-(b), denote the
vertices by P; = (x;, ;) fori = 1, 2, 3, 4 and the stepsize on each direction by h,? and hyQ. Then we introduce the notations
as follows:

X D’ y D’ (12)
aQ = oy =y, Po = Buy, = Puys

where oy, am;, Bu,, Pum, are the local weighted factors associated with points My, M3, My, Ma.
In addition, by defining the parameter transformation on Kq

X=X y—=n

= , n= ; (13)
h$ h$
and uy(P;) = u; fori = 1, 2, 3, 4, it holds that
Uplkg= (1= &)1 —nuy + &1 — nuz + (1 — &)nus + Enus. (14)
Introduce the discrete norms ||, , for Uy, such as
lunlin = () lunlf ), Van € U, (15)

KeTh
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where

upl? gp = (U2 — ur)® + (g — us)l + (us — ug)* + (ug — uz)* (16)
Proposition 1. The semi-norms |uy|; , and |uy|, are equivalent in Uy, i.e. there exist constants 0 < ¢ < ¢, independent of
h such that(cf. [9])

Ciluplin < lunly < C2luplqp- (17)

In terms of the descriptions, we give the following analysis for stability.

Theorem 1. Assume the partition T, satisfy regular condition (2), the convection and diffusion coefficients are constant, and
all weighted factors «q, Bq € ( 3= f 3+f ) then there exist a constant C > 0 for 0 < h < hy, such that

Alun, ITiup) = alun, ITiup) + b(un, ITiup) > Clupli, Vup € Up. (18)

Proof. Firstly, the bilinear form of diffusion term a(uy, IT;u,) will be discussed. Rearranging the terms by all elements
gives

a(u, Miup) = Y wn(Pla(un, yp) = Y Io(un, ITyun), (19)

Pes2y Ko €Th

T T
where Z = [z1, 23, 23, 24]" = [up — Uy, ug — U3, Uz — Uy, uy — uz]" and

au, ou
fotun, i) = Y- u®) [ (—yhd - a—;dy)
Ak Ko

Pes2

=D<z/ LI zf ﬂdy+z3/ LN 4/ ”“dx). (20)
Mg 0X o 0X Vo Y oy 0y

Considering the first term in bracket of the right side of (20), it holds that

ou Yo 1 y—y
21/787]1@/:21/ 2 (U —uq) + (ug —us — up +uy) Q1 dy
mMq 9X My hy hy

1
:k(]lﬂQZ1 |:Z1 + 5/3(1(22 — Z]):I 5 (21)

Q hQ Q ..
where k; = é, ky = é. Similarly, there hold

ou i 1+ ]
Zz/ iy =141 - Bo)za | 21 + Pey, _ )
QM aX 2

dup (070}
23/ —dx = k 0023 [23 + (Z4 — 23)] s (22)
MyQ 8y 2

(za —z3) |

[ 1
24/ 7dX = sz(l —aq)za|z3 + + %
Qv 0V L

The combination of (21) and (22) yields

Io(up, IT}up) = DZ'WZ = DZ"W,Z, (23)
where
KBa(2 —Bo) Ki(1—fof 0 0
1 K k(1 — 0 0
W= 1:3Q <1( ﬂQ) 0 ’ (24)
2 0 0 kzO[Q(Z O[Q) kZ(] —O[Q)
0 0 k2 aQ k2(1 —aQ)
and W, M has the following expression
QZk?ﬂQ(z -g)  K[a = bl + By 0 0
2 2 2
Wozl KT [(1 = Bo)* + B3] 2k3(1 - B2) . 0 . 0 o
4 0 0 2ky0q(2 — aq) k3 [(1—aq)* +aj]

0 0 k3 [(1—aq) + 3] 2k3(1— o)
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2.5

Fig. 3. Graphs of functions [g(t) &£ ga(t)].

By directly computing, one can get the four eigenvalues of W, are as follows.

kS k?
A o= Z[gl(ﬂQ)-i‘gz(ﬂQ)], Ay = I[gl(ﬂa) — 2(Bo)l
k‘z2 sz
A3 = Z[gl(aQ) +&(ag)l, A= Z[gl(aQ) — ()],
where

g(t) = %[3 —(2t—=17%]1> 1, t €(0, 1),

S(t) = VAt2(t — 12 +2(2t — 12 > % t €(0,1).

Noting that k¢ and kJ are positive, then we need only to find t (0, 1) such that

[g1(t) £ g2(t)] > 0. (25)

In Fig. 3, the graphs of functions [g(t) & g,(2)] is provided.
By solving (25), we can see that if ag, Bq € (3%@ 3%?) ~ (0.09175, 0.90825), then W, is a symmetric positive

definite matrix. Thus, there exists a positive constant Eo such that

lo(un, MTun) = CollZ |13 = Colunl? . (26)
For any Kq and «q, Bq € (3%5‘/6, 3+T*/5) substituting (26) into (19) and using (17), we obtain

a(un, IMiup) > Colunl?,  Vup € Up, (27)

where Cy > 0 is a constant independent of h.
Recalling the bilinear of the convection term b(uy, IT;uy), we have

b(up, Iyuy) = Z/ (b - n)uy IT; upds
oK

*
Kij

=/ V - (buy )T updxdy = / V - (bup)updxdy + / V - (bug)(ITyup — up)dxdy
2

1

2
where the Green’s formula and boundary value condition are employed.

By Cauchy-Schwarz inequality, (11) and constant velocity b, there hold

1
3 / (V - b)uidxdy = 0, (29)
2

o) fe)
/ (V- b)uﬁdxdy + / [(V -b)up +b - Vuy] (IT;up — uy)dxdy, (28)
fo) fe)

< Cbhluy|3, (30)

/ [(V - b)up + b - Vup|(IT;uy, — up)dxdy
2

where V - b = 0 and b = max{|b4], |b2|}.
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Finally, it follows from (27)-(30) that (18).

Remark 3. Since the dual partition is non-standard, an analysis on the element stiffness matrix plays an important role
in proving the stability. The technique involves calculation of all eigenvalues of the element stiffness matrix. This leads

to the limit for all weighted factors aq, g € (% 3%5‘/6) Furthermore, the conditions are sufficient but not necessary,
as shown in the numerical experiments in Section 6. For practical applications, the conditions may not be restrictive.

Corollary 1 (The Existence Theorem). Based on the stability, the optimal weighted upwind finite volume method (9) exists a
unique solution uy, € Up.

Theorem 2 (H'-norm Error Estimate). Let u € H(}(.Q) N H%(2) and u;, € Uy are the solution to (1) and (9), respectively.
Assuming the stability holds, then there exists a constant C > 0, such that

lu—uply < Chiuly. (31)

Proof. Obviously, the solution u and uy, € Uy, satisfy (9), it holds that
A(u — Up, vh) =0, Vvh e Vy. (32)
By (18), we have

1 1
lup — Myul3 < EA(uh — Myu, Iy (up — MMyu)) = EA(U — My, IT; (up, — Myu)),
this gives
1 A(u — IMyu, ITFw
lup — Myul; < = sup A h= h)|, (33)
C wpeUp |wh|1
where
A(u — Myu, jwy) = Z [wi2E1 + w31Ey + w34E3 + waEs], (34)
Ko€Th
and

wijzwi—wj, l,]: 1,2,3,4,

a(u — 17, 35
IE| = / [D(”””) —(b-n)(u—H,,u):| ds|, 1=1,2,3,4. (35)
Mia on
From (15)-(17), it is easy to see that w; < Clwylq k. Let
o(u — ITyu) o(u — ITyu)
wo=u—Ihu, p1=—F, 2= ———. (36)
ax ay

Invoking the Cauchy-Schwarz inequality yields

1/2 1/2
|Ei| < Ch'/? [([wzdy) + </7|§00|2d}’> ] . (37)
M1Q MQ

It follows from the trace theorem and Sobolev semi-norm transformation relations that

|y < (g i+ 1ot i=0.1.2. (38)
MiQ
Substituting (38) into (37) and using (10), we get

[E1| < Chlul, k-

Similarly, we can derive the estimations of Ei(i = 2, 3, 4). There holds
[wi2E1 4+ w31Ey + w3gEs + wapEs] < Chlwylq kluly k- (39)
With the help of Proposition 1, we obtain
A(u — Ipu, Mywy) < Chlul;|waly, (40)
which implies
lup — Mpul; < Chlul,. (41)
It follows from triangular inequality, (10) and (41) that (31).
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4. Optimal L?>-norm error estimate

As the most important result in this paper, an optimal error estimate in L> norm is provided. To achieve the proof,
the Aubin-Nitsche technique is usually considered. However, the model problem with OWUFVM leads a non-standard
dual partition, it may be not proper with the common method. Thus, we prove the L>-norm convergence based on an
interpolated weak estimate of the first type. In order to prove this weak estimate, we apply Taylor’s expansion technique
to the bilinear forms corresponding to the convection and diffusion terms in (7), incorporate the first-order terms in
these expansions and make them to be vanishing by means of the local Peclet’'s numbers which are used to determine
the optimal dual mesh for OWUFVM. By doing so, we get a key second-order weak estimate. As a corollary, we can directly
obtain the superconvergence of the method. Finally, utilizing the results above, we provide the proof of optimal L>-norm
error estimate.

For expression (14), denote the local basis on Kg € 7, by N; = Ni(&§, n)(i= 1,2, 3, 4).

Ny=(1=8)1—=n). Na=E0—-n), Ns3=(1-8n. Ny=§&n. (42)

By direct computation, we get Lemma 1.

Lemma 1. For any rectangular element Ko € Ty, there hold

4 4 4 4
Z Ni=1, Z Nix; = x, ZNiy:' =y, Z Nixiyi = xy, (43)
i—1 i—1 i1 i—1

4

4
D ONa =x*+E1 - &R, Y Ny? =y +n(1 = n)he). (44)
i=1 i=1

Moreover, we have the following lemmas.

Lemma 2. Assume u € W(£2), then one can get

1 002U ,0%u
(u—Mmw)| =& - DP-2(Q)+ n(n—l)(h Po(Q) + Ro(Q), (45)
Kg 2 9x? ay?
d(u — 17, 1 8
M{ = ~(26 — DhYS2(Q) + Ri(Q), (46)
Kg 2 X 9x2
J(u — 17, 1 8
WTB) - o 1ng 13 (@) +R(Q) (47)
y Ko 2
where
R(Q ZN, Q).
R(Q) =r(Q)- —Q{(l—n[r @ -1+ - . (48)
1
RI(Q) =@ - — {1 - 1P - @1 + 618 - @i}
Y
and the remainders
1 d d
r(Q) = a(hoa + koafu(x(z + 6oho, yq + 6oko), 6o € (0, 1), (49)
Q) = %(hli 4 k,-;—yfu(xq T Oihi yo + 6k, 6, € (0.1), i=1.2,3.4, (50)
1 0 J ,0u
nQ) = 5hoo- +105)23—(><Q + 6ho, yo + 6kko). 6y € (0, 1), (51)
1 0 J ,o0u
Q)= E(hoa +’0@)2 8y(XQ + 6yho, yo + 6yke), 6, € (0, 1). (52)

Here, hg = (x — Xq), ko = (¥ —Yq), hi = (xi —Xq), ki = (¥i —¥q), and Q = (xq,¥q) € Kq.

Proof. By Taylor’s formula, we obtain

2 1 9 m
u(x, y) Zm,( +k08y) u(Q) +r2(Q), (53)

m=0
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201 (9 a\" :
u(x. )=y — (’“ax + ""ay) u(Q)+1(Q). i=1,2,3.4,

m=0

Substituting (53)-(54) into the left-hand side of (45) yields

—(1- ifljwf)u(cz) + |:<h0 - iijmm) T+ (ko - imm) g;(Q)}
+2 [(hz ZN,hz) Q)+ (kg - iN,-k?) 82—”(Q)
2 8x2 ‘ ay>
4 52y 4 .
2 (hoko - ZNih,-k,) 8Xay(cz)} + [rﬁ‘”(@) - ZNJS)(Q)} :

i=1

( Hhu)|KQ - u X, y ZNI xhyl

1 9%u 1 9%u
=556 = DALY 5(Q)+ gnln = DY) 55(Q) + Rl Q).

where the results in Lemma 1 was employed.
Similarly, (46) and (47) can be obtained. The proof is completed.

Lemma 3. For the remainders r,(Q), g)(Q), ri(Q) and r{(Q) in Lemma 2, suppose u € W3>(Ky ), there hold

/"z(Q)dS < Ch4|u|3,K,oc>s
L

/réi)(Q)dS SCh4|U|3,K,oos i=1,2,3,4
L

/ P(Q)ds| < CHPJuls g .
L

/ P(Q)ds| < ChPluls ¢ .
L

where L=MQ, (I=1,2,3,4).

With the help of Lemmas 2 and 3, we provide the following theorem.

81

(54)

Theorem 3. Let u € W%(£2). Assume the partition T;, satisfy quasi-uniform condition (3), and the dual mesh is defined by

(4) with constant convection and diffusion coefficients, then we have
A(u — Iyu, ITFwn) < Ch2||ull3,00 lwhly , Ywy € Uy,

where C is a positive constant independent of h.

Proof. Recalling the proof of H!-norm error estimates, one can get
A(u — Myu, ITywy) = Z [wi2E1 + w31E3 + w34Es + wapEy].
KoeTh

Substitute (45) and (46) into E; to give

— 11
Ei = fi [—DM + bi(u— Hhu)] dy
MiQ X

YQ
f {D|: ZaQ—l)xaz(Q)-i— ()}

82 2

1 1 3
+by |:2aq(0{Q — DI P 25(Q) + 0 — 1)(h§l>28—y”(Q) +Rz(Q)}}dy

(60)



82 Y. Gao, D. Liang and Y. Li / Journal of Computational and Applied Mathematics 359 (2019) 73-87

Yo pp¢ 9%u Yo 1 9%u
_ /y D o(Pe2 ) Q)Y+ by /y 310 = XK 32 Q)
1 1
Yo
+ / [b1R2(Q) — DR(Q)] d. (62)
N
where
Q blh’? Q 2 Q
D(Pey, ag) = D ag(ag — 1) — (2aq — 1) = Peyag — (Pey +2)aq + 1. (63)

We note that «g defined in (4) is just the solution to <1>(Pe$, aq) = 0 in the case of constant coefficients. Thus, while
taking the «q such that qﬁ(Pe,?, aq) = 0, the first term in (62) will be vanishing.
Considering the second term of the right side in (62), it holds that

=< Ch3|u|2.l(.oov (64)

Ya 1 0%u
2otn — 1(pee M
b1/y o0 —1)hy) ayz(Q)dy

1
For the last term in (62), by (48) and Lemma 3, this gives

< CRPuls oo (65)

/7 [b1Rx(Q) — DRY(Q)] dy
MiQ

Combining the above analysis, there holds
|Ei| < Ch? (|u|2,K,oc + |U|3,1<,oo) < Ch?|lull3 k c0- (66)

With the same procedure, we can obtain the estimates of E; for i = 2, 3, 4. Similar to estimates for E; and Es, a
proper By should be chosen such that @(Pe,, 8y) = 0 for the estimations E, and E,. Note that such S is just the second
expression that defined in (4). Therefore, we get

3
|wi2E1 + w31Ey + w34E3 + wapEs| < Ch?|lulls k00| Whlq k-

With the discrete Cauchy-Schwarz inequality, we have

A(u — Myu, Iiwn) < Ch° Y (Ilulls o 1wl k)

KeTp
7 7
3 2 2
<CPllullsee [ Do) | DD lwnlle | = CRPlullscclwnl,, (67)
KeTh KeTh

where (15), (17) and the assumption (3) were employed.
Corollary 2. [Superconvergence] Under the assumptions of Theorem 3, there exists a positive constant C independent of h such
that

llup — Myully < Ch*|lull3 co. (68)

Proof. Using (33) and (60), we have
1 A(u — IMyu, IT7w
|uh—17hu|1 < — sup | ( h h h)|
C wpeUp |wh|1

it follows that (68).

< Ch?||ull3,005 (69)

Theorem 4. Assuming u € H&(Q)ﬂW“"(Q) and u, € Uy are the solution to (1) and WUFVM (9), respectively. If the
primary partition are regular (2) and quasi-uniform (3), and the diffusion and convection coefficients are constant, then there
exists a constant C > 0 independent of h, such that

llu — unllo < Ch* (July + [[ull3.00) - (70)

Proof. By the triangular inequality, (10) and (68), it holds
lu — unllo = llu — My + yu — upllo
< flu— Maullo + [[1MThtt — uplly < CA* (Jul, + [[ull3.00) - (71)

The proof is completed.
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Remark 4. Although the optimal L?>-norm convergence is established for the OWUFVM for 2D convection-diffusion
problems with constant coefficients, it may hold for variable coefficients also, as demonstrated by the numerical results
in Section 6.

Remark 5. The OWUFVM and analysis techniques developed in this paper can be extended to time-dependent
convection-diffusion problems. See [31] for similar results for 1D.

5. Discrete maximum principle

In this section, we briefly discuss the discrete maximum principle for the case of constant diffusion and convection

coefficients. Firstly, we assume the primary partition 73 is uniform, i.e. h = hy and hy =hy,forie N1 and j € N1 By
(9), we have
Alun, ¥p;) = alun, Yp;) + blun, ¥o;)) = (F, ¥ry), VP € 2. (72)

The left side of (72) results in a nine-points scheme as follows:

Aimtjoittiorj—t +Airjolivn—1 +Ais el T Airnjelic g

HAijuij + Aijo1Uij-1 + Aim Uiz + A jllivj + Aijtiga = F, ¥ey) (73)
where
D(1 — 1-—
Horr == 2P (1 = )+ et - ),
1-—
AH»l,jf] = — M[k]ﬁ(] — ﬁ) + I(z()l(] — (X)],
A== 200 oy koa(1
i—1j+1 = — m[ﬁﬁ( = B)+ kaa(1 — )],
D
Mg = = g o a1 = )+ ka1 — a)],
2 _ YY) 902 2 _
Ai’j:D[kl(Za 200 + 1)(—28 +2/3+1)+k2( 207 4+ 20 4+ 1)(28 2ﬂ+1):|’ (75)
2a(1—a) 21— B)
Aijo1 = M[k B(1— B)20” — 20 + 1) + kaar(1 — &)(2a® — 200 — 1)]
i-1= 50 1—a)p 1 2 ,
1
Aim1j= M[klﬂ(l - B)2B* — 2B — 1)+ koa(1 — )(2B° — 28 + 1)],
2ap1 ) 76)
Aip1j = 201 —a)ﬁ(l — ﬂ)[klﬂ(l BY2B* — 2B — 1)+ kaa(1 — )(28° — 28 + 1)].
Ay = L[k B(1— B)2a* — 20 + 1) + kya(1 — )20 — 200 — 1)]
T 2a(l— a1 - B ’ '
Here ki = , Y and ky hy.
Let g3(t) = 2t? — 2t + 1, and g4(t) = —2t%> + 2t + 1. If t € (0, 1), then we have
3. gt) 1 84(t)
g3(t) € [57 1)7 g4(t) € (15 5]7 g4(t) € [gs 1)s g3(t) € (17 3]' (77)
Noting «, 8 € (0, 1) and (77), we can obtain
M. Y Am=0forl=i—1,i,i+landm=j—1,j,j+1,
(IN). Ajj > 0,and A, <Oforl=i—1,i+landm=j—1,j+1,
(Im. Ajm <0form=j—1,j+1and Aj;j <O0forl=i—1,i+ 1, while k; satisfy
1= g(B) _ o _ o= ) gu@) 78)

BI— P~ - Pgs(e)

The constraint condition (78) is reasonable, since
maximum principle.

g4(a)
g3(a)

3(B)
g4(/3

> 0 is always right. By (I)-(Ill), we have the following

Theorem 5. Assume that 7y, is a uniform partition and the relation (78) holds. Let the diffusion and convection coefficients
be constant, then the optimal weighted upwind finite volume method (9) satisfies the discrete maximum principle.
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6. Numerical experiments

In this section, some numerical experiments will be provided to confirm the theoretical results. We compare three
numerical methods and compute their errors in L2 and H' norm. For the optimal weighted upwind finite volume method
(OWUFVM) and standard upwind finite volume method [17](SUFVM), we denote the standard Sobolev L> norm and H'
semi-norm of errors by ||u — uyl|, and |u — uy|,, respectively. For the modified upwind finite volume method [6](MUFVM),
the discrete norms, |[u — upllg, and |u — up|;y, are used which have defined in [6]. In addition, denote the rate of
convergence by Rate.

Consider the convection-diffusion problems:
—DAu+V -(bu)=f, in 2 =(0,1)x(0,1) (79)
u=g, onl =08

where b = (by(x, y), ba(x, ¥)) is convection velocity and D is a diffusion constant. In all examples, we take D = 1, 1073
and 1077, and the step size of primary mesh satisfies hi') = 3) = hforie N! and j € NI, which is chosen from h = %
toh= fls by refining the mesh uniformly.

Example. 1. Taking the constant convection velocity b = (2, 1) and the exact solution of (79)

u=1-— X304 Xty (80)
The boundary value can be given by u|;, and the right-side function is

f(x,y) =5(D — 1)e*=3/P 1 (3 — 2D)e*™.

In terms of the definitions in Section 2, we have

bih byh
Pey = R Pe, = R (81)
and o 1= and /31.’]._% = B with the following expressions
1 n 1 1 . 1 8 1 n 1 1 . 1 (82)
o = _— —_ — 5 = by b - - .
2 Pey 4 Pef 2 Pe 4 Pei

Example. 2. Taking the variable convection velocity b = (2 — x?y, 1 — xy?)T and the exact solution (80) also. Then the
boundary condition is u|, and right-side function is

f = [(5D + 4xy) — (2by + b)1e* ¥ ~>/P 4 [(by + by) — 2(D + 2xy)]e*™ — 4xy. (83)

Moreover, the Peclet’s numbers and weighted factors can be derived from (5) and (4).

Example. 3. In this example, we consider the following exact solution
1

54 exp(—80(+/x2 + y2 — 0.8))

with the variable convective velocity b = (2 — x3y?, 1+ x2y3)T and the plot of u shown in Fig. 4. The derivations of
right-side function, boundary value, the Peclet’s numbers and weighted factors are similar to Example 2.

u(x, y)

(84)

Fig. 4. Plot for the exact solution u in (84).
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Table 1
Errors and rates of convergence in L? norm for Example 1.
D= h SUFVM MUFVM OWUFVM
llu—upllo Rate llu — upllo,n Rate llu — upllo Rate
1/16 8.810e—03 - 2.734e—04 - 1.627e—03 -
1/32 4.149¢e—03 1.08 7.100e—05 1.95 4.067e—04 2.00
1 1/64 2.011e—03 1.04 1.808e—05 1.97 1.017e—04 2.00
1/128 9.899¢—04 1.02 4.561e—06 1.99 2.542e—05 2.00
1/256 4.911e—04 1.01 1.145e—06 1.99 6.355e—06 2.00
1/16 5.315e—02 - 5.143e—02 - 1.737e—03 -
1/32 2.800e—02 0.93 2.674e—02 0.94 4.240e—04 2.03
1073 1/64 1.435e—02 0.96 1.323e—02 1.02 1.046e—04 2.02
1/128 7.269e—03 0.98 6.230e—03 1.09 2.597e—05 2.01
1/256 3.657e—03 0.99 2.751e—03 1.18 6.471e—06 2.00
1/16 5.332e—-02 - 5.255e—02 - 1.737e—03 -
1/32 2.808e—02 0.93 2.789e—02 0.91 4.238e—04 2.04
1077 1/64 1.441e—02 0.96 1.436e—02 0.96 1.046e—04 2.02
1/128 7.295e—03 0.98 7.282e—03 0.98 2.596e—05 2.01
1/256 3.670e—03 0.99 3.667e—03 0.99 6.467e—06 2.01
Table 2
Errors and rates of convergence in H! norm for Example 1.
D= h SUFVM MUFVM OWUFVM
[u— uplyy Rate |u — uplq Rate |u — uply Rate
1/16 7.195e—02 - 1.296e—03 - 6.275e—02 -
1/32 3.622e—02 0.99 3.378e—04 1.94 3.137e—02 1.00
1 1/64 1.817e—02 1.00 8.609e—05 1.97 1.569e—02 1.00
1/128 9.100e—03 1.00 2.172e—05 1.99 7.844e—03 1.00
1/256 4.554e—03 1.00 5.455e—06 1.99 3.922¢—03 1.00
1/16 5.219e—01 - 5.132e—01 - 8.170e—02 -
1/32 3.832e—01 0.45 3.743e—01 0.46 4.081e—02 1.00
103 1/64 2.718e—01 0.50 2.602e—01 0.52 2.039e—02 1.00
1/128 1.870e—01 0.54 1.712e-01 0.60 1.019e—02 1.00
1/256 1.242e—01 0.59 1.034e—01 0.73 5.095e—03 1.00
1/16 5.280e—01 - 5.245e—01 - 8.170e—02 -
1/32 3.920e—01 043 3.909e—01 0.42 4.081e—02 1.00
1077 1/64 2.839¢e—01 0.47 2.835e—01 0.46 2.039e—02 1.00
1/128 2.032e—01 0.48 2.030e—01 0.48 1.019e—02 1.00
1/256 1.445e—01 0.49 1.445e—01 0.49 5.095e—03 1.00
Table 3
Errors and rates of convergence in > norm for Example 2.
D= h SUFVM MUFVM OWUFVM
llu — upllo Rate llu — upllo,n Rate llu —upllo Rate
1/16 4.582e—03 - 1.772e—04 - 1.663e—03 -
1/32 2.034e—03 1.17 4.439e—05 2.00 4.159e—04 2.00
1 1/64 9.589¢—04 1.08 1.109e—05 2.00 1.040e—04 2.00
1/128 4.659e—04 1.04 2.772e—06 2.00 2.600e—05 2.00
1/256 2.297e—-04 1.02 6.928e—07 2.00 6.499e—06 2.00
1/16 3.756e—02 - 3.725e—02 - 1.842e—03 -
1/32 2.004e—02 0.91 1.890e—02 0.98 4.550e—04 2.02
103 1/64 1.034e—02 0.95 9.067e—03 1.06 1.130e—04 2.01
1/128 5.255e—03 0.98 4.091e—03 1.15 2.814e—05 2.01
1/256 2.649e—03 0.99 1.707e—03 1.26 7.020e—06 2.00
1/16 3.773e—02 - 3.879e—02 - 1.839e—03 -
1/32 2.014e—02 0.91 2.042e—02 0.93 4.538e—04 2.02
1077 1/64 1.040e—02 0.95 1.047e—02 0.96 1.127e—04 2.01
1/128 5.283e—03 0.98 5.302e—03 0.98 2.807e—05 2.00
1/256 2.663e—03 0.99 2.667e—03 0.99 7.007e—06 2.00

As shown in Tables 1-6, the OWUFVM always has the optimal convergence in L> and H! norm with second and first
order, respectively. Comparing the results in Tables 1, 3 and 5, we note that SUFVM and MUFVM just have first-order rate
of convergence in L? norm with very small diffusion coefficient D = 10~7. However, the OWUFVM has fully second order
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Table 4
Errors and rates of convergence in H' norm for Example 2.
D= h SUFVM MUFVM OWUFVM
lu —uply Rate lu—upl1n Rate |lu —uply Rate
1/16 6.480e—02 - 8.083e—04 - 6.275e—02 -
1/32 3.249e—02 1.00 2.030e—04 2.00 3.137e—-02 1.00
1 1/64 1.627e—02 1.00 5.079e—05 2.00 1.569e—02 1.00
1/128 8.140e—03 1.00 1.270e—05 2.00 7.844e—03 1.00
1/256 4.071e—03 1.00 3.173e—06 2.00 3.922e—-03 1.00
1/16 2.998e—01 - 3.073e—01 - 8.160e—02 -
1/32 2.156e—01 0.48 2.073e—01 0.57 4.077e—02 1.00
103 1/64 1.499e—-01 0.52 1.334e—-01 0.64 2.038e—02 1.00
1/128 1.008e—01 0.57 7.996e—02 0.74 1.019e—02 1.00
1/256 6.534e—03 0.63 4.310e—02 0.89 5.095e—03 1.00
1/16 3.046e—01 - 3.246e—-01 - 8.160e—02 -
1/32 2.231e—01 0.45 2.307e—01 0.49 4.077e—02 1.00
1077 1/64 1.604e—01 0.48 1.632e—01 0.50 2.038e—02 1.00
1/128 1.143e—-01 0.49 1.153e—-01 0.50 1.019e—02 1.00
1/256 8.114e—02 0.49 8.148e—02 0.50 5.095e—03 1.00
Table 5
Errors and rates of convergence in > norm for Example 3.
D= h SUFVM MUFVM OWUFVM
llu —unllo Rate lu — unllo,n Rate lu —unllo Rate
1/16 1.202e—02 - 3.423e—02 - 6.042e—03 -
1/32 2.255e—03 241 2.708e—03 3.66 1.567e—03 1.95
1 1/64 7.315e—04 1.62 4.534e—04 2.58 3.459e—04 2.18
1/128 3.163e—04 1.21 1.093e—04 2.05 8.422e—05 2.04
1/256 1.491e—04 1.08 2.711e—05 2.01 2.092e—05 2.01
1/16 1.822e—02 - 2.193e—02 - 8.480e—03 -
1/32 9.754e—03 0.90 9.752e—03 1.17 1.915e—-03 2.15
103 1/64 5.173e—03 091 4.840e—03 1.01 4.617e—04 2.05
1/128 2.685e—03 0.95 2.305e—03 1.07 1.168e—04 1.98
1/256 1.380e—03 0.96 1.030e—03 1.16 2.929e—05 2.00
1/16 1.834e—02 - 2.236e—02 - 9.304e—03 -
1/32 9.816e—03 0.90 1.017e—02 1.14 2.107e—03 2.14
1077 1/64 5.213e—03 091 5.274e—03 0.95 4.619e—04 2.19
1/128 2.714e—03 0.94 2.723e—03 0.95 1.169e—04 1.98
1/256 1.403e—03 0.95 1.405e—03 0.95 2.931e—-05 2.00
Table 6
Errors and rates of convergence in H' norm for Example 3.
D= h SUFVM MUFVM OWUFVM
lu—uply Rate lu—upl1.n Rate lu —uplq Rate
1/16 4.185e—01 - 6.135e—01 - 3.996e—01 -
1/32 2.253e—01 0.89 1.279e—-01 2.26 2.248e—01 0.83
1 1/64 1.126e—01 1.00 3.036e—02 2.07 1.127e—-01 1.00
1/128 5.651e—02 0.99 7.532e—03 2.01 5.647e—02 1.00
1/256 2.830e—02 1.00 1.880e—03 2.00 2.825e—02 1.00
1/16 5.494e—01 - 5.463e—01 - 5.066e—01 -
1/32 3.584e—01 0.62 3.113e—01 0.81 2.325e—01 1.12
103 1/64 2.058e—01 0.80 1.675e—01 0.89 1.119e—-01 1.06
1/128 1.105e—01 0.90 8.329e—02 1.01 5.636e—02 0.99
1/256 5.856e—02 0.92 3.932e—-02 1.08 2.824e—02 1.00
1/16 5.542e—01 - 5.566e—01 - 5.523e—01 -
1/32 3.625e—01 0.61 3.237e—01 0.78 2.597e—01 1.09
1077 1/64 2.088e—01 0.80 1.823e—-01 0.83 1.119e—-01 1.21
1/128 1.127e—-01 0.89 9.846e—02 0.89 5.636e—02 0.99
1/256 6.114e—02 0.88 5.437e—02 0.86 2.824e—02 1.00

rate of convergence in L?> norm. Moreover, when the convection is strongly dominant, the convergent rate in H! norm, by
using SUFVM and MUFVM, is only close to half order shown in Tables 2 and 4. While OWUFVM keeps a fully first-order
accuracy, which is consistent with the theoretical results.
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7. Concluding remarks

In this paper, we have developed an optimal weighted upwind finite volume method for the convection-diffusion
equation on rectangular meshes. Rigorous analysis is established for the case of constant coefficients. This includes

e Optimal order error estimate in the H'-norm;

e Optimal estimate in the L>-norm, which is the most important result in this article;

e Discrete maximum principle for a uniform partition with condition (78), which ensures that OWUFVM will not
produce spurious oscillations.

These theoretical results are confirmed by various numerical experiments.
Further theoretical analysis for the case of variable coefficients will be reported in our future work.
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