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1. Introduction

We consider an optimal control problem related to implicit parabolic equations of the form
M@®uwe +Au =F(), ulse =0,  u(0) = uo. (1.1)

Here, £2 is an open, bounded domain of RY, d = 2, 3, with Lipschitz boundary 92. In the above context, H, U are Hilbert
spaces related to the standard pivot construction U € H ~ H* C U*, with continuous and dense embedding (say
eg. H = [2(2),U = H& (£2)), U* denotes the dual of U, M(.) : H — H is a selfadjoint positive definite operator,
A(.) : U — U*isalinear and continuous map, F(.) € U* and ug € H.

The main distinction between Eq. (1.1) and standard parabolic equations is that the time-derivative of the solution is
not given explicitly. However, under suitable assumptions on the operators M(.), A(.) the above equations are typically
equivalent to “regular” equations of the form

M(tu, +A)u =F(t),  ulpe =0,  u(0) = up. (1.2)

The equivalence of problems (1.1) and (1.2) is studied in detail in the books of [1,2] (see also the references within).

There are many physical examples of implicit parabolic equations (see e.g. [3,1,2]), including several examples related
to degenerating parabolic equations. Classical parabolic equations also take the form of (1.1) when a time-dependent
change of variables is applied. Typical examples are the diffusion on surfaces which are in motion, and the Lagrange or
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characteristic Galerkin formulation of the convection-diffusion equation (see e.g. [4-6]), which is the main motivation for
studying approximations of the above types of equations.

The natural setting for implicit parabolic equations, involves time-dependent norms, often called Hilbert scales (see e.g.
[1,2]). We will be using spaces of the form H(t) = (H, ||.llnw), Ut) = U, |I.lluw)- Here, ||, II-llueq) denote time-
dependent norms, and in most cases can be viewed as “weighted” norms of L(£2) and H(} (£2) respectively. The temporal
regularity of functions with values in H(.), U(.), U*(.) are denoted in a standard fashion, i.e., [*[0, T; U(.)], H'[0.T; U*()],
[[0, T; H(.)] etc.

The optimal control problem considered here is to minimize a tracking type functional,

T T
K(u,g) = (1/2) / lu — 212, dt + (@/2) / lgl3,dt (13)
0 0

subject to Eq. (1.1), with F(.) = f(.) 4+ g(.), i.e., minimize the functional (1.3) subject to,
M@®Ow+ADu=f+g, ulse=0,  u(0)=u. (1.4)

Here g denotes the control variable, z is the target, and f, ug are given forcing and initial data terms. The physical meaning
of the tracking optimal control problem under consideration, is to influence the behavior of the system in order to match
the solution u of Eq. (1.4) to a given target z, by using a control function g which acts as a distributed body force. The cost
(objective functional) is a quadratic functional which measures the distance between the solution u and the target z, while
o > 0 can be viewed as a penalty parameter. The second term of (1.3) is used to obtain a bounded control function.

There is an abundant literature concerning the analysis of various optimal control problems having states constrained
to evolutionary PDEs. We refer the reader to the books of [7,8,3,9,10] and the references within, for various theoretical and
numerical aspects of distributed optimal control problems. However, there are only few results concerning error estimates
for finite element approximations of related optimal control problems. Fully-discrete estimates for a distributed optimal
control problem related to the heat equation were given in [11,12]. In [13], a fully-discretized optimal control problem
is defined and rigorously analyzed in the context of a general state constrained convex control problem, related to linear
parabolic PDEs with possible non-selfadjoint elliptic part. In an earlier work [14], a distributed optimal control problem
related to a quasi-linear parabolic PDE was studied. Some results related to a posteriori analysis of optimal control problems
constrained to linear parabolic PDEs are developed in [15,16]. Results related to other type of controls, in particular Neumann
and Robin types of controls, are also applicable in the case of distributed controls. In [ 17] a Neumann boundary control is used
to minimize the terminal-state tracking functional constrained to linear homogeneous parabolic PDEs, while in [ 18], a variety
of estimates for Neumann boundary control problem having states constrained to linear homogeneous parabolic PDEs are
shown. In [19] (see also [3]), a semi-group approach is developed to study various optimal control problems, having states
constrained to linear homogeneous parabolic PDEs, and error estimates are presented for finite element approximations.
Finally, error estimates of arbitrary order for the semi-discrete approximation of Robin boundary control problems having
states constrained to semi-linear parabolic PDEs are presented in [20].

The scope of this work is the analysis and finite element approximation of distributed optimal control problems having
states constrained to implicit parabolic equations. In particular, we prove the existence of an optimality system of equations,
under the assumption that Eq. (1.4) possesses parabolic structure. Then a semi-discrete (in space) approximation scheme
and a fully-discrete scheme which is discontinuous in time, and conforming in space are formulated and analyzed. The
main goal is to show that under certain structural hypotheses on the operators, the error estimates of the corresponding
optimality system have the same structure to the estimates of the uncontrolled implicit parabolic equations (see e.g. [21]).
The main features of these estimates can be summarized as follows:

e The error estimates are derived under minimal regularity assumptions on the given data, on the energy norm for both
state and adjoint variables. For the state variable, we also obtain estimates at arbitrary time-points. These estimates are
applicable when higher-order elements are being used, provided that the natural parabolic regularity is valid for the
solutions of the optimality system.

e The operators A(.) are not assumed to be selfadjoint, contrary to many previous works. For the semi-discrete (in space)
approximation the operators A(.) do not need to be strictly coercive. The dependence of various constants appearing in
the estimates, on the coercivity and continuity constants are being tracked.

e The fully-discrete scheme is based on the discontinuous (in time) Galerkin approach which allows the use of different
subspaces at each (or at every few other) time steps. In the examples presented here, re-meshing is also necessary in
order to avoid the degeneracy of the parabolic PDE.

e The parameter « is carefully tracked and does not appear at any exponential.

The rest of the paper is organized as follows. After, introducing the necessary notation and structural assumptions on
the operators due to the presence of time-dependent norms, inner products, etc., we present two examples of implicit
parabolic equations in Section 2. In Section 3, the continuous optimal control problem is analyzed and an optimality system
of equations is obtained. In Section 4, the semi-discrete (in space) scheme is presented. The estimate of Section 4, generalizes
the error estimates of [22] to implicit parabolic equations of the form (1.1). In Section 5, fully-discrete error estimates are
obtained for the optimality system by using techniques of [21] (which were developed for the uncontrolled problem) and
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a boot-strap argument. The result of Section 5, extends to the implicit parabolic case, the previously developed estimate
for optimal control problems related to abstract linear parabolic equations (see e.g. [23] and the references within). Finally,
we present convergence rates for two examples which fall into this category. To the best of our knowledge these estimates
are new.

2. An overview of implicit parabolic equations

For an excellent overview of implicit parabolic equations, we refer the reader to [1,2] and the references within. To
formulate the weak problem associated to the implicit parabolic equation (1.1), we introduce time-dependent norms. In
particular, the time-dependent (non-selfajdoint) nature of operator A(t), is characterized by introducing equivalent (time-
dependent) norms on U, of the form ||u||f,(t) = |u|f,([) + |u|,2m). Here, |u|y() denotes a semi-norm on U (the principal part),
while |u|p) = (M(t)u, u)y is a norm on H, endowed by the symmetric positive operator M(t). Occasionally we adopt the
notation, [u|y) = ||ulln(. The bilinear forms induced by A(t) and A*(t) are denoted by a(t; u, v) and a*(t; u, v) respectively,
where A*(t) is the adjoint operator of A(t). The notation of the above operators, bilinear forms, norms will be abbreviated
to A(), A*(), a(s . D, Il Il llue) etc. We will also assume that the following dense and continuous embeddings hold:
U(t) C H(t) C U*(t). The embedding constants are also assumed to be independent of time. The following structural
hypotheses on operators M(.), A(.), are needed.

Assumption 2.1. The operators M(t) are assumed to satisfy:
1. The operators M(t) are nonnegative, selfadjoint and there exist constants c(t) > 0 such that (M (t)u, u)y > c(t)|u|f,.

2. (Smoothness) For every t > 0 there exists a symmetric bilinear form w(t; ., .) satisfying
d
3 & VHo = W Vno + W vke + wEu ), Yuve H'[0, T; HI.
In addition, there exists C,, (independent of time) such that

w(t;u, v) < Cululun vlue-

Remark 2.2. Assumption 2.1.1 guarantees that for t > 0, (M(t)u, v)y is actually an inner product, which is denoted by
(.. JH(n- Hence, H(t) is a Hilbert space with underlying set H and denoted by (u, v)n¢) = (M(t)u, v)y. Assumption 2.1.2
implies that Eq. (1.1) is parabolic in nature. Note that if u, v € U the weighted inner product should be replaced by the
weighted duality (., .)y=().u¢) in Assumption 2.1.2.

A consequence of the structural hypothesis on M(.), is that the norms on H(t) vary continuously with respect to t. In
particular, we quote the following lemma from [21, Lemma 2.2].

Lemma 2.3. Let v, v, € Hand s < t then, e6~0 < |v1|,2_,(t)/|v1|f,(s) < e gnd

Cu

|(V1, v2)He — (W1, V)| < (€ — )C e v luep v2lui, b b €[5, L.

An assumption on the equivalence of norms in U(t) follows.
Assumption 2.4. For every 0 < t < T there exists C; > 0 such that foralls, t > Owith |t —s| < T,

1/¢, < lullue
u =

<(C, Yuel.
lullue)

Finally, we quote the basic continuity and coercivity assumptions on the bilinear form and data.

Assumption 2.5. 1. Continuity of bilinear form: There exist 0 < ¢, < C, such that

1/2 1/2
la(t; u, v)| < (Ca|u|2U(t) + Ca|u|12-1(t)) (Ca|v|2u([) + Ca|v|12-1(t)) , Vu,vel.

2. There exists a weighted dual norm of U(.) (denoted by U*(.)) such that

1/2
F(©, )] < IFO)x (Calulf ) + Caltlye)
3. Coercivity: There exist constants ¢, > 0 and C,, € R such that

2 2
alt; u, u) > ¢y lulyy — Gy lulpy, YueU.

The bilinear form associated to the adjoint operator, will be also assumed to satisfy similar continuity and coercivity
properties and in particular that corresponding constants c;, C;, C;‘j, C;,‘ are comparable to ¢, Cq, ¢,, C, respectively. In
particular, for the examples examined here, the important quantity is the ratio ¢,/c,, and the following relation holds
ca/Cy X ci/cy.
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Utilizing the above notation and assumptions, the natural weak formulation of (1.4) can be stated as follows: Given,
f € I?[0,T; U*(.)],g € L?[0, T; H(.)], ug € H, we seek a function

ueU=I%0,T: UC)]NHTO,T: U*()]
such that

T T
(™), v(T)ue) + / (=@, vou() + aC; u, v)) = (U, v(0))n() +/ (F(),v) YvelU. (2.1)
0 0

A few remarks with respect to the unique solvability of (2.1) in U follows. Under the above hypotheses on the operators,
it is not evident that u, € L?[0, T; U*(.)] (it is however true that (M(.)u(.)); € L?[0, T; U*(.)]). Therefore, to formulate the
optimal control problem but especially to derive error estimates, we will assume that the PDE has the expected parabolic
structure in terms of regularity.

Assumption 2.6. (Parabolic regularity)

o Letf e I?[0, T; U*(.)],g € [2[0, T; H(.)], up € H there exists unique u € U satisfying (2.1).
o Ifuy e U,f,g € I?[0,T; H(.)] thenu € H'[0, T; H(.)].

Remark 2.7. The above regularity assumption is the minimal one to guarantee the presence of time-derivative at the natural
energy space and typically corresponds to additional assumptions on the time-differentiation of the operators M(.), A(.).
Note also that if in addition to Assumption 2.5, the operators A(.) are regular and selfadjoint (see e.g. [2, Chapter 3] or [1,
Chapter 5] for related results), then there exists a unique solution u € L*°[0, T; H(.)] N L?[0, T; U(.)], with (M()u(.)); €
12[0, T; U*(.)], even dropping the assumption of strict positivity for operators M(.) (the case of pseudoparabolic equations).
However, in this work, we restrict ourselves to PDEs that possess at least the minimal parabolic regularity.

2.1. Examples of implicit parabolic equations

Finally, we close this preliminary section by stating examples of parabolic equations, which take the form of implicit
parabolic equations after a time-dependent change of variables, and are related with dynamic moving mesh finite element
methods.

2.1.1. The convection-diffusion equation in Lagrangian coordinates
Recall that the classical convection-diffusion equation takes the form
u +V.Vu—€Au =0, ulr =0, u(0, x) = up.

In most interesting cases, the value of € is small compared to the given velocity field V resulting to many significant
computational and analytical difficulties. A popular strategy to address these problems is to consider the equation in a
Lagrangian variable. In particular, let V denote a numerical approximation of V, and assume that x = y (t, X) describes the
change of variables defined by the flow map associated with V,ie., x(t,X) = \~I(t, x(t, X)) with initial data x(0, X) = X.
Then, if u(t, X) = u(t, x(t, X)) the convection-diffusion equation takes the form

iy + (V= V).(FTVyil) — €(1/)) divy JF'F T Vxil) = 0
where F;j = 0x;/0X; is the Jacobian of the mapping x = x (t, X) and ] = det(F). Recall, that] =] div(V) and hence
i) = (Ji); —J div(V)i.

Therefore, if div (V) # 0 we obtain that the Lagrangian description of the convection-diffusion equation takes the form of
an implicit parabolic equation, with

M()u = Ji,
and
A = —div (V)] + (V= V).(F T Vxit) — edivx (JF ' F T Vyi).

The above description generalizes various characteristic Galerkin schemes (see e.g. [5,6] and the references within). The
variable X is typically referred as the referential or Lagrangian variable while x denotes the Eulerian variable. Using the ODE
J =] div (V), it easy to show thatif 0 < co < J(0,.) < Co then coe~2I4VaVlot < j(¢ ) < Cye2ldivaVilioer,

The above formulation is related to Lagrangian and dynamic moving mesh finite element schemes as follows (see e.g. [4,
Section 2] and the references within): Recall the classical finite element construction uses a reference simplex, denoted by
Kanda mapping x : K — K, determined byx=xX) = Zﬂi(x)x,»,x € I%, where K is the arbitrary cell. Here {x;}; denote
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the nodes of K, {X;}; the nodes of K and f,» the Lagrange (referential) basis functions. Then, the finite element approximation
up(t, x) is given by

up(t, x(X)) = Zi,—(X)ui(t) = Zl,—(x)ui(t), X eKk.

In the above relations, {u;(t)}; denote the values of u; at the nodes and [; = 7,- o x ! are the basis functions on K.
When the grid points (nodes) are allowed to move, say x; = x;(t) then

x=x(t.X) =Y LXx(), and x(t,X) =Y LoOu()

where v;(t) = x;(t) denotes the velocity of the ith node. Assume that K(t) = x(t, k) is the time-evolved mesh cell, and
let [i(t,.) : K(t) — R be defined by [i(t,.) = ii o x~!(t, .). Then, we may define the approximate velocity V on K(t)
by V=xo x ~! which implies that \~I(t, x(t, X)) = x(t, X). This construction, states that when x;(t) = V(t, x;(t)), then
x is the flow map associated to V and in addition, V is the isoparametric interpolant of V on K. In particular, we have

V(t, %) = Y, lit, )V(E, x(1)).

Remark 2.8. It is evident from the structure of the underlined PDE, that if V is a good approximation of V then various
constants arising during energy arguments will remain under control. However, we emphasize that while the Jacobian of
the transformation satisfies F(0, X) = I, its condition number depends exponentially on various quantities of V and the
numerical scheme needs to be re-initialized every few time steps. This is also important in order to maintain the positivity
of J(t, .) and hence the parabolic structure of the PDE. Therefore, the re-initialization process implies that different subspaces
need to be used every few other steps which give rise to discontinuous Galerkin approximations. For a detailed discussion
and error estimates for the uncontrolled problem related to the above formulation we refer the reader to [4] (see also the
references within).

2.1.2. Diffusion on manifolds

A more general example of diffusion on manifolds also falls into the category of implicit parabolic equations. We
consider the diffusion on a cell membrane, S(t) C R3, which is transported by velocity V = V(t, X) in an ambient fluid
(see e.g. [21]). Standard finite element schemes need to construct triangulations (meshes) in each time step, which is
computationally expensive. An alternative approach which avoids triangulating on S(t), is to construct a scheme which
computes on a reference configuration. Following the notation of [21], let S; denote the reference configuration, and let
x(t,.) : S, = S(t) C R? denote a mapping which relates the reference configuration and S(t). For example, we may take S,
to be S(0) or even the unit sphere S2. Assume that S, is locally parameterized by coordinates X € U C R?, and let o denote
the diffusion constant. Then, the diffusion equation takes the form,

ue — (1/Ddiv x (o] (F'F)™'Vxu) = 0,
where F denotes the 3 x 2 matrix with components F;;, = 9x;/0X,, and ] = /det(FTF) is the determinant of the first
fundamental form, which satisfies

Je =JU —n xn) - (V,V)

where n(t, X) denotes the normal to S(t). The above equation is an implicit parabolic equation, which can also take the form
(1.1), with

M()u=]Ju
and
AWOu=—(I—n xn) - (V,V)u] — divx(cJ(FTF)~'Vxu).

In this case, it is easy to see that if 0 < ¢; < J(0,.) < C; then ce2I1VxVliot < (¢, ) < CyeIVaViot \which establishes
the positivity of M(.) of Assumption 2.1 and hence the parabolic structure of our problem (the rest of assumptions will be
checked in Section 4).

3. The continuous optimal control problem

3.1. Existence of an optimal solution

First, we define the set of admissible solutions and the notion of the optimal pair (denoted by 444 and (u, g) respectively).

Definition 3.1. Given £2, T > 0,ug € H,f € %[0, T; U*(.)] and target z € %[0, T; H(.)], z| = 0, the pair (1, g) € Aqq is
called an admissible pairifu € U, g € L*[0, T; H(.)] and (u, g) satisfy (2.1).

Definition 3.2. Let T > 0,uy € H, f e %[0, T; U*(.)],z € L?[0, T; H(.)]. Then (u, g) € sy is called an optimal pair if
K(u,g) < K(v,h) V(v,h) € Ag.
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The target z is typically smoother in many applications. For example z can be the solution of another implicit parabolic
equation, and hence to possess higher regularity. For example we may assume that z € U. Using standard techniques we
may prove the existence of an optimal solution, in the sense of Definition 3.2.

Theorem 3.3. Let T > 0,uy € H,z € I?[0, T; H()], f € L?[0, T; U*(.)], and let U(.) C H C U*(.) be dense embedding of
Hilbert spaces with embedding constants independent of time. Assume that |.|y(,), |.|u() are equivalent to |.|y and |.|y respectively
and let U C H with compact embedding. Suppose that Assumptions 2.1 and 2.4-2.6 are satisfied, and let ti € U, be the solution
of (1.4), when g(.) = 0. Then, there exists an optimal pair (u, g) € Aqq.

Proof (Sketch:). Note that Ay # 0, since (i1, 0) € Aqq due to the solvability assumption, and that K (u, g) is bounded below
by 0. We denote by (u,, g,) € +¢ a minimizing sequence for the optimal control problem, and note that (u,, g,) satisfy
(2.1) and by definition, the tracking functional implies that,

2 2
||un||,_z[0,T;H(_)]» a”g"”Lz[O,T;H(,)] <C<oo,
while the parabolic regularity Assumption 2.6(a) guarantees that

lunll2i0. 7.0 llnelli20,7;u% () < € < 00

Hence, there exists a subsequence (still denoted by (u;, g,) € +4) Which converges to an element (u, g), in the following
sense:

u, — u weakly in I?[0, T; U(.)], g, — g weakly in [?[0, T; H(.)]
Uy — U weakly in L2[0, T; U*(.)], u, — u weakly *in L*°[0, T; H()].

Recall, that U(t) C H(t) C U*(t) with dense and continuous embeddings with constants independent of time, and that the
norms ||.||g¢) = |.|u¢) and semi-norms |.|y ) are equivalent to the H norm and U semi-norm respectively. Therefore, the
compact embedding U C H and a well-known compactness result for L?[0, T; B] spaces (see e.g. [24]), implies that

u, — u strongly in %[0, T; H].
Therefore, we may pass the limitinto (2.1), which proves that (u, g) € Aqq. The weak lower semi-continuity of the functional

finishes the proof. O

3.2. An optimality system of equations

Adjusting the technique of [25,30] to the time-dependent norm framework of implicit parabolic equations, we prove that
the optimal solution pair satisfies the first-order necessary conditions. First, we show the existence of a Gateaux derivative
at any direction.

Theorem 3.4. Let uy € H = H(0), z € %[0, T; H()], f € I%[0, T; U*(.)] be given and suppose that Assumptions 2.1 and
2.4-2.6 hold. Define a mapping g — u(g) from L*[0, T; H(.)] to L*[0, T; U(.)], where u(g) denotes the solution of (1.4), with
u

g € I%[0, T; H(.)] given. Then, there exists a Gdteaux derivative (g—g) - h in every direction h € 1%[0, T; H(.)], denoted by
w=wh) = (%g) - h, satisfying

M()w)e +A()w = h(¢), wlr =0, w(0,x) = 0. (3.1
In addition, w € H'[0, T; H()].
Proof. The proof is standard due to the linearity of the operators. O

Using standard techniques, we can show that the optimal solution (u, g) € 44 can be located by requiring the Gateaux
derivative of Theorem 3.4, to be equal to zero. Next, we derive an explicit formula of the first-order necessary condition.

Theorem 3.5. Suppose the assumptions of Theorem 3.4 hold, and let w = w(h) denote the Gateaux derivative of Theorem 3.4
at direction h € L?[0, T; H(.)]. Then, for every h, € L2[0, T; H(.)],

T T
/ (hy, W = / W, Wn)
0 0

where { € U satisfies the weak formulation

T T
/ (W vouo + 1Y, v) +a (g, v) = =¥ (0), v(0)y +/ (ha, V)u,)
0 0

for every v € [2[0, T; U(.)] NH'[0, T; U*(.)]. In addition, ¥ € H'[0, T; H(.)].
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Proof. We begin by noting that the integral fOT (¥, h)n(, can be formally computed from (3.1), by using Assumption 2.1 and
in particular that M(.) is selfadjoint and w(0, x) = 0,

T T
/ W, Wu = / (h, ¥)uo)
0 0

T
= (w(T), ¥ (T)ue) +/ (—(IU, Yo +als w, llf))
0
Tr d
= (w(T), ¥ (T))u) +/ (-a(uh Yuw + (we, Yy +ul; w, ¥) +al; w, ¢)>
0

T T
_ / (wes W)y + 1w, ¥ + s w, ) = / (has Wi
0 0

Here we have used that once more Assumption 2.1. The last equality establishes the desired result, after noting that M(.)
is selfadjoint, w(.; w, ¥) = w(.; ¥, w), and using integration by parts. Note that all integration by parts performed are
justified due to regularity properties of ¥r,w. 0O

Now we are ready to justify the existence of an optimality system of equations (first-order necessary conditions).
Theorem 3.6. Given T > 0,ug € H,z € L?[0, T; H(.)], f € %[0, T; U*(.)], and let assumptions of Theorem 3.4 hold. Let (u, g)

denote an optimal pair (in the sense of Definition 3.2). Then, fOT(w +ag, Wy =0, forallh € 12[0, T; H(.)], and where v is
the solution of:

T T
/ (W, w0 + 15 ¥, v) + a9, ) + (P (0), v(0)u =/ U=z, v)u(),
0 0

forevery v € I?[0, T; U()] N H'[0, T; U*()].

Proof. Suppose that (u, g) is an optimal pair, denote by (DK @, g)) - h the Gateaux derivative of the functional K (u, g) on the
direction h. Then, we easily compute

DK (u(g), g) fT < <Du> ) /T
2% ). h= - -h h
( Dg ) 0 e Dg HQ) o 0 ® Moy

T T
= / (u—z, W + Ol/ (&, Mh(,),
0 0

where w = w(h) is defined in Theorem 3.4. Using Theorem 3.5, for hy = u — z € L?[0, T; H(.)]

T T
/ (u—2z, why = / W, Wugy
0 0

Combining the last two equalities, we obtain

(DK(u(g),g)) .

T
h= . h s
o /0 W + ag. D,

which establishes the conclusion after noting that (%(gg)’g)) -h=0,Vhel?[0,T;H()]. O

Therefore, using the optimality condition to replace, the control from the state equation, the optimality system takes the
form, for all v € [?[0, T; U()] N H'[0, T; U*(.)],

T
@), v + / (= vy + 0 1, v) = (o, (O + / (.0 — (1) (W Ve,
(32)

/ (W, vme + 1G ¥, v) +a (¥, v) + ¥ (0), v(0)k) —/ (U —z,v)y)

where vy, ¢(T) = 0are giveninitial and data terminal data, and f, z denote the forcing term and target function respectively.
The above system corresponds to the weak form of the following coupled system of implicit parabolic equations:

MOwe+AQu=Ff—1/)y  u0,x) =ug
-M®OY)+BOY =u—z  Y(T)=0
where the operator B(.) is induced by, (Bvq, v2) = a*(, ; v1, va) + u(.; vy, vp), forall vy, v, € U.Itis evident that the choice

of the L? norms into the functional (1.3) leads essentially to an algebraic optimality condition which results to a simpler and
more computationally attractive system.

(3.3)
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4. The semi-discrete (in space) optimality system

We prove the existence of semi-discrete (in space) approximations of arbitrary order and derive semi-discrete (in space)
error estimates for the optimality system based on the operator theoretic approach of Brezzi-Rappaz-Raviart (see e.g.[26]).
Within the context of optimal control problems, the Brezzi-Rappaz-Raviart theory was first used in [27] for a boundary
control problem related to the stationary Navier-Stokes equations. In order to apply this theory, we need to obtain estimates
for a model (uncoupled) implicit parabolic PDE. Contrary to the work of [20], an auxiliary term is included to the model
implicit parabolic PDE, in order to overcome the lack of “strict coercivity” of the bilinear forms.

4.1. The discrete optimality system and projection estimates

To simplify the analysis, we set H(0) = H = [*(£2) and U(0) = U = H, (). First, we introduce the finite element
subspaces U, of U = H& (£2) which satisfy the standard approximation properties, constructed over a triangulation Ry
using piecewise polynomials of degree | > 0. We emphasize that Uy, are constructed independent of time, and are subspaces
of U = H(}(Q), while the time-dependent norms capture the structure of the time-dependent operators. Then, the semi-
discrete (in space) approximations of the optimality system (3.3) can be written as follows. Given, f € I*[0, T; U*(.)],
uo € H = H(0), we seek uy, ¥, € H'[0, T; Uy] such that for every v, € H'[0, T; U],

T T
Wr(T), v (M) + / (= (un, vrney + al; up, vn)) = (Uno, va(0)y +/ (s on) — (1 @) (Wrh, vi)H(
0 0 (4.1)

T T
/ (W vroe) + 1 Yh, vi) + G W, o)) + (Yr(0), vr(0)y = / (Un — z, V)H(),
0 0
where u,o denotes a suitable approximation of the given initial data ug and ¥, (T) = 0.

Remark 4.1. Note that finite element subspaces are constructed in a standard fashion, using standard finite element basis,
while the underlying time-dependent subspaces are only implicitly defined through the time-dependent norms and inner
products.

Before proving the existence, stability properties and error estimates of the proposed discretization (4.1), we define
the L? projections (with time-dependent) norms, which will play a crucial role in the subsequent analysis. We denote the
“weighted” projections P, (t) : H — Uj by:

Py(t)v € Uy, M(@)(v — Pp(t)v), vp)y =0 Vo, € Up. (4.2)

The generalized “weighted” L? projections will be also needed in order to derive error estimates for the time-derivative. We
denote by Q,(t) : U* — Uj, the projection which is defined by,

Qn(H)v € Up, M) (Qn()V), va)y = (v, vp)uxu  Yvn € Un. (4.3)
Since U C H(t) C U* and H(t) is the weighted space with inner product (u, v)y = (M(t)u, v)y, the projection Qx(t)
can be viewed as an extension of P,(t). Therefore, if u € H then P(t)u = Qu(t)u. In the presence of the structural

hypotheses of Section 2 and in particular of the norm and semi-norm equation equivalences (see Section 2), we obtain
standard approximation properties for the projections Py, Q.

Proposition 4.2. Let {Rp}k-0 be a quasi-regular family of triangulations of the domain £2, and for eachh > Olet U, C U =
H(} (£2) be a classical finite element space constructed over Ry, containing piecewise polynomials of degree | > 0, on each triangle
K € Rp. Suppose also that there exist constants Co(t) > 0, C1(t) > 0such that the following (semi)-norm and norm equivalences
hold

luluoe 0 < llullue < lullee®®, and [ulyee 1 < [ulye < [uluoe™™.

Then,
1. If u € U N H™1(82), there exists C = C(I), such that

lu = Pa(O)ullne = llu — Qu(Oulluey < CePO fulyi g)h™*".
2. If the triangulations {Ry,}n~o are quasi-uniform then there exists C = C(l) such that the following inverse inequality holds:

lunlue) < (C/h)eCOT O luy|lyey  Vuy € Up.
3. If the triangulations {Rp}n-o are quasi-uniform then there exists C = C(l) such that

u—Py(Oulue = lu — Qu(Oulyey < Ce?OOTCO |0 o B Yue UNHT(2).

(3] () HH1(2)

Proof. The proof follows in a verbatim way [4, Lemma 3.4]. O
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Remark 4.3. Proposition 4.2 states that the classical approximation properties for the weighted L? projection hold in both
weighted [? and H' norms, and various constants are quantified. The constants Cy(t), C;(t) can be explicitly computed
in most interesting applications. Note also that an estimate on the dual norm can be derived based on Proposition 4.2. In
particular, recall that U = U(0) = HJ(£2), H = H(0) = [*(£2). Then foru € H*' N U and for v € U*, vy, = Py(t)v € Uy,
using Proposition 4.2,

U= QU Ve sup (u = Qu(Ou, v — VW@
0£vel Ivllue 0vel lvllue

Co(t)
CeCO(t)|u|Hl+1hl+le0 [v[ih

IA

[vlue
Ce2C®M+C1(®) Uy K2

IA

by using the semi-norm equivalence.

4.2. Semi-discrete error estimates for a model problem

In order to obtain estimates for the coupled optimality system of equations, we first establish estimates on a model
problem, which satisfies the strict coercivity assumption. In particular, we consider the uncontrolled implicit parabolic
equation g(.) = 0, and we prove semi-discrete error estimates, under minimal regularity assumptions. The auxiliary weak
problem is stated as follows: Given f € L?[0, T; U*(.)], up € H = H(0), we seek u € L?[0, T; U(.)] N H'[0, T; U*(.)] such
that for all v € L?[0, T; U()]INH'[0, T; U*(.)],

T T
(@), v(M)uer) + / (=@, vue) +aC; u, v) + @, V)ugy) = @0), v(0)y + / fovlgsu- (4.4)
0 0

Remark 4.4. The constant n > 0 will be specified later, and depends on the data ¢4, Co, ¢, G, Cp..
Similarly, the semi-discrete (in space) problem of the uncontrolled auxiliary problem takes the form: we seek u, €
H'[0, T; U] such that for all v, € H'[0, T; Uy,

T
Wp(T), ve(T)H(r) + / (= (un, vdney + als un, vi) 4+ n(Up, vi)u())
0

T
— W (0), vy (0 + / TR (45)
0

The subsequent result will be used to uncouple the optimality system. The key idea is to derive an estimate on the energy
norm ||. ;20 7.y, Which is independent of estimates on time-derivative u;. The proof is based on L? projection techniques,
and follows [4, Theorem 3.1]. For completeness, we state the relevant result and quantify various constants in terms of the
ratio cq/c,. The quantity ¢,/c, plays important role in applications such as the Lagrangian moving mesh formulation of
convection-diffusion equations (see e.g. [4]).

Theorem 4.5. Let U, C H(} (£2) be a finite dimensional subspace satisfying the assumptions of Proposition 4.2 and suppose that
Assumptions 2.1, 2.4 and 2.5 hold. Suppose that f € L?[0, T; U*(.)], up € H, and let u, u;, denote the solutions of (4.4)-(4.5)
respectively. Then, for n > C, + (C,/2) + (¢, Cq/ca), the following estimate holds for the error e = u — up. There exists an
algebraic constant C > 0 such that:

2 2 2 2
slelo o0y + € Caleolelbprpyy = C (16O + (Caca/cy + ¢ Co/len g re
2 2
+ (e, + cy)|ep|L2[0’T;U(.)])

with e, () = u(.) — Py()u(.). Here Py (t) denotes the weighted L? orthogonal projection.
Proof. Subtracting (4.5) from (4.4), we obtain the orthogonality condition

T
(M), vn(Mnur) + / (—(e, vy + al.; e, vp) + ne, vau)) = (€(0), va(0))y. (4.6)
0

Decomposing the error as e(.) = u(.) — up(.) = u(.) — Pp(Hu(.) + Py(Ju(.) — un(.), denoting e,(.) = u(.) — Pr(u(.),
en(.) = Pp()u(.) — uy(.) and setting v, = e, we obtain

T T
(en(T), en(T))u(r) +/ (—(en, endne) + al; en, en) + nlen, enn)) = (en(0), ex(0)(o) —/ a(.; ep, en).
0 0
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Here we have used the properties of P,(.). In particular, we emphasize that by construction, e,(t) € U, a.e.t € (0, T], and
since Uy, is independent of time, ey, (t) € Uy too. Hence fOT (ep, ent)n() = 0. Using Assumption 2.1, we obtain

Tr 1d 1 T
len (D) + / <—5a(€h, enu() + EM('; ey, en) + a(.; ep, ep) + 77|€h|;24(_)) = len(0) [0y — / a(.; ey, ep),
0 0

which leads to (by Assumption 2.4)

T T
(1/2) (lea(D [y ry — len ()17 0)) + ¢ /0 lenlf, + (1 — Gy — (Cu/2) /0 lenlfi

T
2 2 \1/2 2 2 \1/2
= / (Ca|ep|u(.) + Ca|ep|H(,)) (Ca|eh|u(,) + Ca|eh|H(.))
0

Using the identity ab < (1/48)a® + 8b? and selecting § > 0 to hide the ¢, fOT lenlf, to the left, we obtain

T T
(1/2) (lex () 2er, — len(O)13) + (€, /2) / lenl2, + (71— G — (Cu/2)) / lenl2,
0 0

T T
< / (@126 lep 3, + (Cutal 26 Nep 2, + (€ Caf260) f lenlZ,.
0 0

Multiplying the last inequality by two, selecting » such that 2n — 2C, — C,, — (¢, Ca/cq) = (¢, Co/Cq), and using triangle
inequality we obtain the desired estimate. O

Corollary 4.6. Let the assumptions of Theorem 4.5 hold. Then,

1o rauy = € (1O g, + lolrg r )
where C is a constant depending only on the ratio ¢;/c,, Cq, Gy, Cp.
Proof. Using standard algebra, the estimate of Theorem 4.5 and triangle inequality. O

We close this subsection by proving an error estimate for the time derivative, based on the generalized L projection
techniques.

Theorem 4.7. Suppose that the assumptions of Theorem 4.5 hold, and denote by C, the stability constant of the projection Qx(.)
with respect to U(.) norm, i.e.,

lQnOulluey < Gllulluey, and  lu = Q(ulluy = Gllullug,)- (4.7)
Then,

”ef”fZ[O,T;U*(.)] E C (”ut - Qh(')ut”f2[0_1-zu*(')] + ”e”iZ[O,T;U(.)]>
where the constant C depends on Cy, C,,, C,,, Cy, G, and the ratio cq/c,,.

Proof. Working similar to the proof of Theorem 4.5 and integrating by parts the resulting orthogonality condition, we obtain

T
/ (e, U)o+, + 1005 €, vn) + 0 € o) (e vy = O, (48)
0

for all v, € H'[O, T; Uy]. Note that e, € H'[0, T; Uy ]. Then adding and subtracting Q,(.)v € U, and using (4.8),

T T
/0 (e, V)us(),ux() = /0 (e, v — Qu()v)uxe),uc) + (€ QD V)usxe),u)

T T
= / (er, v — Qu(DV)usue) — / ((; e, Qu(Iv) +a(; e, Qu()v) + nle, G(Iv)n(,) .
0 0

for all v € L?[0, T; U(.)]. Here, at the last equality we have also used the fact that Q,(.)v(.) € H'[0, T; Uy]. Indeed, the
stability inequality (4.7), the definition of Qy(.), implies that Q,(.)v(.) € U, and hence (Qy(.)v(.)); € U, since Uy is
independent of time (by its construction). For the first term on the right-hand side, note that up:(.) and Qp(.)u; belong
to Uy, and hence

T

T T
/ (ec, v — QO V)usyu) = f (U, v — Q(OHVYusyue) = / (e — Qu(Due, v — Q) V)us),u()-
0 0 0
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Combining the last two equalities, we obtain,

T T
/ (e, Vius()uo) = / (ur — Qrn(Dur, v — Qu()V)ux().u()
0 0

T
—/ (n(s e, Qu(Iv) +a(s e, Qu()v) + nle, G(Iv)u()) -
0

Holder’s inequality, and various norm equivalences imply that

T T
/0 (ec, V)ur()u =€ (/0 lue = Qu(uelluxey v — Qu(Hvllucy

T
+ / Culleluo1Qn(Ivlluey + llelluplQn(Hvlluc) + 77||e||H(.)||Qh(~)U||H(.)>
0

< C(Jlue — Qu(Hue li2i0,m:ux )1 llv — Qu( DVl 20,720
+ ((Cu + mllell 2o rmey + lellizo.r.uon) 1ROV ru0y) -
Using the stability inequality (4.7), and taking the supremum over v € L?[0, T; U(.)] we obtain the desired estimate. O
Various estimates of symmetric form can be derived by combining the last two results. Recall, that the quantity of interest
with respect to the size of the various constants, is ¢, /c, .

Theorem 4.8. Suppose that the assumptions of Theorem 4.5, and Theorem 4.7 hold. Then, the following estimate is true:
”e”ZZ[O,T;U(A)] + ”et ”fZ[O,T:U*(A)] E C (le(o)|12-1(0) + ”ep”f2[0.-r;u(‘” + ”ut - Qh(')ut ”52[0,7-:[]*()]) )

where the constant C depends on Cy, C,,, C,,, Cy, Cy and the ratio ¢, /c,, cg/cy.

Once, we have obtained error estimates on the natural energy norm under minimal regularity assumptions for the
auxiliary problem, we are ready to rewrite the optimality system into the operator framework of Brezzi-Rappaz-Raviart.
First, we quote the main result regarding the Brezzi-Rappaz-Raviart theory, specialized to our needs. For more details the
reader can consult [26].

4.3. The Brezzi-Rappaz-Raviart theory

The problems considered are of the following type. Suppose that X, % are Banach spaces and we seek x € X such that
X+T9x =0, (4.9)
where T € L(Y, X), § is a C> mapping from the solution space X to the data space Y. We call a solution a regular solution
if x + 7§, (x) is an isomorphism from X to Y. Here §, (or D4) denotes the Fréchet derivative of §(.). We also assume that
there exists another Banach space Z, contained in ¥, with continuous embedding, such that
Gy(x) € L(X,Z) Vx e X. (4.10)

Approximations are defined on a subspace X;; C X based on an approximating operator 7, € £L(¥%, X). The discrete
problem is to find x, € X such that

Xn+ Th§xn = 0. (4.11)
The approximation operator 7 needs to satisfy the following properties.
lim [|(7h — T)yllx =0, Vy €Y, (4.12)
and
Ag}) 7% — T llez,x) = 0. (4.13)

Recall that if Z C Y with compact embedding then (4.13) follows directly from (4.12). Next, we state the main theorem.
In the following statement D4 denotes the second Fréchet derivatives.

Theorem 4.9. Let X, Y be Banach spaces. Assume that 4 is a C> mapping from X to Y and that D*§ is bounded on all bounded
sets of X. Suppose also that (4.10)-(4.13) hold and that x € X is a regular solution of (4.9). Then there exists a neighborhood
O of the origin in X and for h < hg small enough, a unique function x, € X such that xy is a regular solution of (4.11),
Xh — X € O. Moreover, there exists a constant C independent of h such that

llxn = xllsc = Cll(Th = T)G X llx- (4.14)

Proof ([26, Theorem 3.3, pp. 307]). O
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Remark 4.10. The main advantage of using the above framework to the linear optimality system, is that it facilitates the
decoupling of the forward and backward in time PDEs in the presence of non-selfadjoint operators. Note also that the
estimate has a symmetric structure, and relates the error of the coupled optimality system to the error of the model
(uncoupled) PDE.

4.4, Brezzi-Rappaz-Raviart framework of the optimality system

In order to apply Theorem 4.9, we need to recast the optimality system, into the Brezzi-Rappaz-Raviart framework. For
this purpose, we set H = [?(2),U = H(} (£2) and let H(.), U(.) denote the underlying time-dependent spaces, induced by
the operators M(.), A(.).

X =1%*[0,T; UINH'[0,T; U*], Y =I*[0,T;U*]NH
X=X xX, Y=Y xY.
All the above spaces are endowed with the natural time-dependent norms, e.g.,
a3 = calulbyg .y + CaltlBig oy + el r0e,
+ CaW'ZZ[o T;U()] + Cﬂll/fle[o T:H()] + Hl/ff”é[o,r;u*(.)]
1w o u) 1 = Wil ey + 1Ty + W2lPogo ey + 1¥2 -

We define the operator 7 € £(Y, X) such that for given data (fl, ul,fz, fﬂz) €Yy, (i, fﬁ) = 7(f1, ﬁ1,f2, @2) is the unique
solution of the problem,

T
@(T), v(T)ue) + / (@, voue) + aC; i, v) + m @@, v)ue)
0
T
= (fll, v(0))y +/ <A1, U> Yv € LZ[O, T;U()]N H][O, T; U*(.)], (4.15)
0 U*(),U()
T
(2, 0T + f (@ vmo + (s P, 0) + @G 0, 0) + 1 vn )
0
= —((0), v(O)y +/ (oo v) Vu € 1[0, T; U()] NH'[0, T: U* ()], (4.16)

U*(),.u0)

The parameters 17y, 1) 1, will be chosen as indicated in the proof of Theorem 4.5. The mapping § is defined by: Given (i, 1//) €X
then (i, 1//) (f], u1,f2, 1//2) € Y ifand only if forall v € ?[0, T; U(.)] N H'[0, T; U*(.)]

T R T R
/0 <f1, v>u*(.>,u<.) = —/0 ((f, v)urue) — (/) (@, v + m(, U)H(.))
(W1, v(0)() = (uo, v(0))

/oT <f2 U>u*(.),U(<) T /OT <(ﬁ ~ 20+ na(V v)”“))

(2, v(D)uer) = 0.
Clearly the pair (u, ¥) € X is a solution of the optimality system (3.3) if and only if

W, )+ 7§, ¥)=0.
It remains to define the approximating operator 7,. We denote by U, (independent of time) a finite element subspace of
H(} (£2) satisfying the assumptions of Proposition 4.2, and let X, = H'[0, T; Uy]. Then,

Xh = Xh X Xh,
and for (fy, i1, fo, fia) € Y, we define T4 (fi, &y, fo, ¥2) = (@in, ¥n) € X if and only if

T
(Un(T), v(T))ner) + / (— (tip, Uht)H(_) + a(.; Qty, vg) + 01 (ln, Uh)H(.))
0

T
— (@, v (@) + f (F vn) Vop € H'[0, T; Uy, (4.17)
0 U*(),U()

T
— (W2 (T, vp(T))uer) + / <(1ph’ v )H() + LG Yhy on) + @ G5 P, va) + 2 (P, Uh)H(.))
0

T
— —((0), vy (O + / (f. v Vou € H'[0, T; Uy, (4.18)
0

U*().u0)
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Recall that the approximations are constructed on U, C H(} (£2) independent of time. Similar to the continuous case, the
discrete optimality system now takes the operator form

(un, ¥n) + Tn§(Un, Yn) = 0.

A few remarks about the structure of the operators 7, 7,  follows:

Remark 4.11. The operator 7 contains a forward and a backward in time implicit parabolic equations and it is essentially
uncoupled. All coupling terms are contained in operator §. The estimate on 7~ — 7}, corresponds to two (uncoupled) estimates
for the two auxiliary problems (a forward and a backward in time) for suitable choices of 771, 1,. The addition and subtraction
of the term 7;(., .)n(, into (4.15) and (4.16) is to guarantee the strict coercivity of the bilinear forms.

Theorem 4.12. Let U, C Hg (£2) be classical finite element subspaces satisfying the standard approximation properties of
Proposition 4.2, and f € 1[0, T; U*()], up € L2(£2), z € I*[0, T; H(.)] are given data. Let U(.) C H C U*(.) be dense
embedding of Hilbert spaces with embedding constants independent of t, and let the norm and semi-norm equivalences of
Proposition 4.2 hold. Suppose also that the operators M(.), A(.), A*(.) satisfy Assumptions 2.1 and 2.4-2.6. Furthermore, let
(u, ) € X is a regular solution of the optimality system (3.2). Then, there exists a neighborhood of the origin @ such that
for h < hg small enough, (up, ¥,) € Xy is a unique solution of the discrete optimality system (4.1), and

I, ¥) — (un, Yu)llx — 0 ash— 0.
In addition, if u, ¥ € L?[0, T; HF1(2) N U()] N H'[0, T; H=1(£2) N U(.)], then there exists constant C > 0, depending on
(1/@), Cq, Cy, Cy, Gy and the ratio ¢, /c,, such that,

I, ¥) = (un, Yw)llx < Ch*'D'(u, ¥)
where D! (u, ¥) denote norms of the expected higher parabolic regularity L*[0, T; HT1(2) NU()]NH'[0, T; H=1(2) NU()].

Proof. It is clear that g is a smooth polynomial map from X to Y. Note also that D?§ is bounded on all bounded sets of X;,
and recall that Theorems 4.5 and 4.7 imply that

1T — T2, 1, fo, Yl — O ash — 0,

for appropriate choice of parameters 71, 1,. Indeed, 7 — 73 essentially compares two uncoupled problems, a forward and
an backward in time. Hence, we may apply the estimate of the model problem, with an appropriate choice of n; = 1 where
n is specified in Theorem 4.5, for the forward in time model problem to obtain an estimate of the form Theorem 4.8, while

the backward in time problem can be treated similarly. Let (u, ), (i, 1/7) € X and note that the derivative D4 is defined as

DG (u, ¥) - (&, ¥) = (fi, i1, fo, Y1) if and only if

T T }
/ fi, vvrouo = —/ <—(1/05)('/’, Vu + m@, U)H(.))
0 0

(i1, v) =0
T T y
/ (. Viuvruw = —/ ((ﬁ, Ve + m(y, v)H(.))
0 0
(Y1, v) = 0.
For sufficiently small ¢ > 0, we set Z = [*[0, T;L[*(£2)] N H'[0, T; H"'(£2)] x H(2), and Z = Z x Z. Here, Z is
endowed with the time-dependent norm |[|v||3 = ||v||fz[0 rior T ||vt||f2[O reue(- Since [2(£2) C H~'(£2) with compact

embedding, using a standard compactness result in P[0, T; B] spaces (see e.g. [24, Theorem 2.1, pp. 271]), we obtain that
12[0, T; [>(£2)] N H'[0, T; H-'(22)] C I%[0,T; H'(£2)] with compact embedding. Therefore, Z C Y with compact
embedding, due to the time-dependent norm, and semi-norm equivalences. Moreover, notice that DG.(u, 1) € Z due to
regularity properties of il, ¥. Hence, we have verified the assumptions of Theorem 4.9, which clearly imply the desired
estimates. O

Remark 4.13. The above result indicates that the optimality system exhibits the same approximation properties to an
uncontrolled model problem, provided that the constants involved to norm equivalences stay under control. However, in
many interesting cases such as the Lagrangian moving mesh formulation of convection dominated problems or the dynamic
mesh approaches of problems related to the diffusion on manifolds (see e.g. [4,21] and the relevant discussion within) these
constants grow exponentially in terms of various physical variables (see also the relevant discussion in Section 2) unless
re-triangulation of the mesh is performed in every few time steps. Hence, similar to the uncontrolled case, fully-discrete
schemes based on the discontinuous Galerkin (in time) approach are needed to properly model the change of subspaces at
every other (or every few) time steps.
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5. Fully-discrete error estimates

In this section we consider approximating optimal control problems which are related to implicit parabolic equations of

the form

M@®Owe+Btu=F, ulr=0 u0,x =u(0). (5.1)
Here, we will assume that the operator B(.)u : U(.) — U*(.) induces a strictly coercive bilinear form b(.; ., .) in the sense
of Theorem 4.5. In particular, the associated bilinear form b(.; ., ) has the following structure:

b(;u, v) = aC;u, v) + nU, VIng.
The optimal control problem considered in this section, is to minimize the tracking functional (1.3) subject to Eq. (5.1)
with F = f 4 g. It obvious that the analysis of Sections 3 and 4 is also applicable in this case, while the parameter 1 can
be quantified in terms of constants Cy, C,, C,, and the ratio ¢,/c, similar to Theorem 4.5. Then, the optimality system of
equations take the form, for all v € L?[0, T; U(.)] N H'[0, T; U*(.)],

T
(™), v(T)u() +/ (—(U: v)u) +al;u, v) + n(u, U)H()) — (ug, v(0))n
0
T
_ / (=(1/e) W Vyey + '+ V)0 0r00) (5.2)
0
T T

/ (0 00m0) + (5 ¥ 0) 0 Wty + 1 ¥ 1) + (W (0), vy = / (=2, Vo).

0 0

Below, we discretize the corresponding optimality system in both space and time, using a discontinuous Galerkin approach.
The proposed scheme is discontinuous in time, but conforming in space and the time-discretization is defined in the
neighborhood @ of Theorem 4.12 where the corresponding semi-discrete approximation (of arbitrary order) in space was
defined. Given a quasi-uniform partition0 = t° < t! < ... < tN = T of [0, T] with 7 = max; 7/, ¢! = (' — t"~") and
subspaces Uy of U, satisfying the standard approximation properties (see e.g. [28]) the DG method constructs approximate
solutions uy, ¥, € Uy where

Uf = {up € [0, T; U(.)] such that up|gn-1 0y € P[t", t"; UF]}.
Here P [t"1, t"; U1 denotes polynomials of degree k with respect to time and values in U;. Then the fully-discrete
formulation, is to seek uy, ¥, € U}, such thatforeveryn=1,...,Nand v, € Plt" 1t upl,
[Tl
@", vy + / : (—(un, va)u() + aC; up, va) + n(Up, vu(,))
th—
t”
—W" LV ey = / 1 (=(1/@)Wh, vy + - vduu0)
th—

th

=Y, v heeny + / ((Whs vredncy + a5 Yn vn) + 0(h, vu) + 1Cs Yh, vh)

¢n—1

(5.3)

tn

1(Uh —Z, Up)H()-

+W@L VT ey = /

th—
Note that by convention the functions are assumed to be left continuous with right limits, and we denote by u", the value
of up(t") = ux(t") and by u'} the value of u; (¢} ). The exact solution are assumed to be C[0, T; H(.)] (see also the parabolic
regularity Assumption 2.6), so the jump in the error at t" is denoted by [e"] = [u"] = u/, — u". We refer the reader to [29,
Chapter 12] for an excellent exposition of the discontinuous (in time) Galerkin methods (see also the references within).

Remark 5.1. The existence of discontinuous Galerkin approximations can be proved easily for low-order schemes. For
example, recall that when k = 0 (piecewise constants in time), the discontinuous Galerkin scheme reduces to the implicit
Euler scheme. Alternatively, for the arbitrary k, we first obtain a priori estimates on uy, ¥, at the energy norm and at arbitrary
time-points, working similar to the subsequent Theorems 5.4 and 5.7, and then we proceed by following the approach of [ 25,
Section 3] based on the definition of a fully-discrete optimal control problem. Below, we focus on the derivation of error
estimates.

Next, we derive error estimates of arbitrary order for the above optimality systems of equations. The proof solely relies
on suitable projection techniques (see e.g. [21] for the uncontrolled problem) since the lack of regularity for the time-
derivative of the discrete problem due to the discontinuities, prohibits the use of the operator theoretic framework of
Brezzi-Rappaz-Raviart which was used in the semi-discrete (in space) approximation. These projections, will also allow
us to handle the time-dependent norms and inner products associated to our problem. Below, we state the main definitions
(see alsoe.g. [21]).

Definition 5.2. 1. We denote by P,(t) : H(t) — Uy the standard weighted [? projection from H(t) onto uy,
ie, (Po(O)v, vue = (v, vV vn € Uy,
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2. We denote by cPl,fC the local weighted L? projection, by {Pﬁ’c D CE" Lt H()] — Pt™ 1, ¢"; U] that satisfies
(Pv)" = P,y (t")v(t") and

tn
f 1(v — J’I"Cv v =0 Yop € [t % Ul
th—

where we have used the convention that (#Pv)" = (L) (t").
3. We denote by & ”"’C the projection which consists of all local & ”1"“ projections, i.e., {P"’C : C[0, T; H()] — Uy, satisfies
e‘/’ﬁ)cv € uh and (J)IHOCUN(W 1) = O?C(Uhtn l,tn]).

Remark 5.3. For the adjoint equation, the projections of Definition 5.2 (denoted by 0"’“ b e‘/”oc b etc) should be modified

to handle the backwards in time evolution. In particular, in addition to relation ftn (v — P, v = OV €

P [t " Uyl we should impose the matching condition at the left end-point. However, note that the approximation
properties of both projections are exactly the same, and hence we occasionally use the same notation for both situations.
For the basic properties of the above projections we refer the reader to [29,4] and the references within.

Now, we are ready to prove the main estimate at the energy norm. Throughout the rest of this section we will be tracking
the dependence of various constants on the ratio ¢,/c, and on the parameter cr. The proof uses techniques from [21, Theorem
4.3] suitably adjusted for the optimality system.

Theorem 5.4. Suppose that Assumptions 2.1 and 2.4-2.6 hold, and let u, ¥ € L?[0, T; U()] N H'[0, T; U*()], up, ¥n € Up
denote the solutions of optimality systems (5.2) and (5.3) respectively. Denote by e = u — up and r = ¥ — Y. Then for n
satisfying n > 4C, + 4(Cucq/cy) + 6C, + 2C, the following estimate holds:

T N-1 N
1€ 12, + (/) 20, + / (lelize, + A/ r O o) + SN + DI
0 i=0 i=1
T T
< Cmax{1, (1/a?)} U (10 = Pyl + 1 — PO ,) + f Iyl de
0 0
N—-1 ) ) )
+ 3 min [ (G/e e IIP 1T = PORE . g 10 = PO}
i=0
N
+ 2
i=1

min { (G/T'e ) I = Py (02, o 10 = POYE R | + |e°|§,<o)}
where C depends on the ratio ¢,/c,, and on the constants Cg, C,,, Cy, Cy, Cy.
Proof. Subtracting (5.3) from (5.2) we obtain the orthogonality condition, foreveryn = 1, ..., Nand v, € £ [t" 1, t"; url,

tn
(", v p(ny + / ) (—(e, vy + al.; e, vp) + ne, ()
t

t!
="V D1y = —(1/(1)[ 1(f, Un)H()
th—

tn
=@ Ve + / ] ((ry vdne) + a* (i ryvn) + 0, vue) + 1T, vp))
th—

tn

-1 -1
+(ri 5 v_r:_ )H([”*l) = / 1(67 vh)H(.)'
th=

We decompose the errore = (y — D"’Cy) + (.l""’fy Yn) = e, + ey, and using the properties of & ""’C ,and in particular that
n
ftﬂq(ep, Une)n() = 0, since vy € Peq[t""1, t"; UJ'], we obtain,

1

[n
(eps V" Hem +/ 1 (—(en, vroncy + a(; en, vp) + nen, vuey) — (e v Dy,
-

" t"
= (= Pamu ™ )0 Do, = [ (g e v) = 1/ [ v
th— th—
Setting v, = ey, in the above equation, and using Assumptions 2.1 and 2.4,

tl’l
(1/2)le B + / (eylenliy + (1= Clenli) + (1/Dleh = e
th—
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[n
—1,2
=< (1/2)ley [y + / (a(; ep, en) + n(ep, ennc) + (1/2)1(.; en, ep))
tn—1

(U = Pau™), &, — (1/a) f (. ency. (5.5)

The inequality ab < (1/48)a® + §b?, with appropriate § > 0, and Assumptions 2.1 and 2.4, imply that
tn

/t (aC e, en) +nep, enu) + (/210 e, en)) < f (e /2lenl) + (/2¢) el )

tn

+ /t (((Caca/2e)) + (1/2)) lepliic, + ((6,Ca/2€a) + (Cu/2) + (0/2)) lenlfy(,) -

n—1
Finally for the coupling term, decomposing r = r, + r, wherer, = (I — °’°C Dy, = {PL"C»”lp — Yy, We write
fr;—l —(1/a)(r, en)ncy = ftfm —(1/) ((rp, enncy + (7, €n)n(,) and note that
" "

/ (Ve eney| < / (1/e®n) In, + 0/ DlenlZ) -
[n—l [n—l

Hence, collecting that last inequalities into (5.5), we arrive at
[Yl
(]/2)|62|121(tn) + / ) ((Cy/2)|eh|%](_) +((m/4) — C, — (¢,Ca/2¢q) — (Cp“/z))|eh|1z-1('))
th—
tn
+ /21y M1y < (/21 o) + / (€@/2e)lesli, + ((Caca/26)) + (1/2)) lepliy )
th—

t" th
(= Pacu™ ), € g, + / /a2l — (/) / (. e, (556)
tn—l [n—l

It remains to treat the inner product term on the right-hand side of Eq. (5.6). Note that 62_1 € U,':_1 and hence
((d = Pepu™ 1), e Dyn-1y = (I — Papu(e™™ ), ep" — el Dyt
< 10 = Pa)u(@ D oy + /D12 s
while an alternative bound is obtained by
(I = Pa—pu("™ ), e D1y = Pul = Pa—)u(€™), ey Dy,
< NPl = Pa-)ue" Dllys ey b Ny

IA

t'
(C(Clr C) /T (Pall = Pa)u(t™ N2, ir, + (€3 /4) / lenl,-
-1

Here, we have used the inverse estimate for functions on #[t"~!, t"; U}'] and the norm equivalence assumption, which
states that

" t"
2
lefs 113 enery < G/ / lenll? gn-1, < C(Ce» Gu)/7" / lexllF-
n—1 th

Now we turn our attention to the backwards in time equation. Decomposing the error of the adjoint variable asr = r, + 1,
withr, = (I — PLP)yr,r, = P1¢Py — 4, and working similarly to state variable, we obtain

[n
— (s Ve + / 1 (s vy + a5 thy o) + 1, Thy OR) + 0, VRHC))
th—

tn

(rh+ ) U+ )H(t” 1+ () Ty V")p(eny — /n :

n—

tﬂ
(a(s 1y, vn) + w1y vR) + (T, VH()) + f 1(67 VRH(,)-
th—

Setting v, = rj, and using Assumptions 2.1 and 2.4 and the inequality ab < (1/48)a®+8b?, for appropriate § > 0 analogously
to the primal variable, we obtain

— /2 By + /DI 2 sy = A/ ey



K. Chrysafinos / Journal of Computational and Applied Mathematics 231 (2009) 327-348 343
tn
+ / 1 ((cy /2Ly + (/4 — Cp = (¢, Caf2¢a) — (B/CW)) Imnliig,))
tn—

tn
< f (€2 /2¢) Il + ((Caca/26,) + (1/2) + (Cu/2)) Il
tn—1

" t
+ (= P (D), ") + / /mllepll3, + / s TH()- (5.7)
tn—1 tn—1

The inner product term on the right-hand side of (5.7) can be treated similarly to (5.6). Multiplying (5.7) by (1/«), adding
the resulting inequality to (5.6) and summing from 0 to N, we obtain the desired estimate, after noting the coupling terms

ft,,n 1 ( (/) (rn, en)n(y + (1/a)(en, Th)nc. )) are cancelled due to the symmetric property of operators M(.). O

Remark 5.5. The key feature of the proof is to exploit the presence of the weighted L? norm in the functional and the
symmetric property of the operator M(.) in order to cancel the terms with the alternative sign.

Since, we have obtained an estimate on the energy norm |.|2(o r,y() for both the state and adjoint variable, the
optimality system is now essentially uncoupled. Hence, using a classical “boot-strap” argument, we may obtain estimates at
arbitrary time-points, working with each equation separately by applying the techniques of [21, Theorem 4.3]. Recall, that
a convenient choice of test functions in order to obtain stability and error estimates at arbitrary time-points, is to multiply
the equation by xjo,r)Un, X[0,r €n respectively. However, this choice is not available unless t is a partition point. To overcome
this difficulty, approximations of such functions need to be constructed. For implicit parabolic equations, this is done in [21,
Section 3.1]. The main advantage of this approach within the context of optimal control problems, is that we do not require
any additional time-regularity. Below, we state the main results. To simplify the presentation, we consider the interval
[t" 1, t") and let t € [t" 1, t").

Letu € 2 [t" 1, t7; Uy 1. Then, we define the discrete approximation it of (-1 ,yusuchas: &i € #[t"~ Ten; Up] satisfying

tn

a(t" " = u(™ ") and /
t

n—1

t
(@, V)u = / W, Ve, Yo € Pt " UM
tn—1
The following lemma establishes bounds in L*[t"~!, t"; H(.)] and L?>[t"~', t"; U(.)] norms respectively.

Lemma 5.6. The mapping u — i1 in P [t""!, t"; H(.)] is linear, continuous and there exists a constant C; depending only on k
such that

Nl 21 en;p ) < (1 + Ckec"f)”u”LZ =1 H()]
In addition, let the inverse hypothesis constant Ci,, (h) be defined by

[tplu

Ciny(h) = max sup  sup
0=n=Ny el reen-1,mm) |uh|H(t)

Then, there exists a constant C depending only on Cy, C,, such that

|u|L2 en=lenu)] = C(Ck, l’-) (C |u|L2 [en=1enu()] + Tcmv(h)|u|L2 [en=1 ¢ H. )])
Proof. See [21, Lemma 3.2 and Corollary 3.4]. O

Theorem 5.7. Suppose that the assumptions of Theorem 5.4, and Lemma 5.6 hold. Then, there exists a constant ¢ depending on
C(Cr, Cy, Gy, 4/Cat Ciny (h)) and on constant C of Theorem 5.4 such that for e, = J’ffcu — uy, the following estimate holds:
tn

T
len(®) 5, + f ¢ylenlf, < Cmax{1, (1/a)} (|e°|,i(o) + / Ia = @ulf,
0 0

i=0

N—1 T
+ Y min { /TN P (T = POYE) e 10— POUE) B | + / = whm(.)) :
0

Proof (Sketch:). The proof follows closely the proof of [21, Theorem 4.3], suitably modified to handle the adjoint variable
term ¥ — v, on the right-hand side. Since, we have already obtained an estimate on |.||;2(o .}, the estimate at partition
points follows easily from (5.5). It suffices to bound |e(t) |y, for t € (t"~', t"]. Similar to the proof of Theorem 5.4, we
decompose the error intoe = (u — J’ﬁ’“u) + (J’f.f’cu — up) = e, + e to obtain the orthogonality condition,
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tn

(e, Ve +/ 1 (—(en, vi)uy + al; en, v) + nen, vaue)) — (en !, VT D pn-1y

tn

[n
(= Pau(™ ), o gty — f (aC; €. v1) + n(ep, i) — (1/) / W — ¥ v
1 rn—]

th—
Integrating by parts in time, and using Assumption 2.1, we obtain,

tn
/[ 1 (Cene, vi)ue) + al; en, va) + n(en, vidue) + (. en.vn)) + (ep.' —ep !, v Dy

n—
tTl

n
= ((I = Pppu(™™ 1), v Dyenn) —f (aC; ey, vn) + 1(ep, vIH()) — (1/01)/ ¥ = ¥n, vnh)-
1 tn—1

tn—
Setting v, = €y, where &, denotes the discrete approximation of xx-1 ;ex, we obtain

t "
. ~ -1 -1 _n—1
[_1(ehtaeh)H(.)+/ ]u(.,eh,eh)+(e;’+ —ep el Dy

n tn—

tn
= ((I = Pa—pu("™ "), e pyn-1) — / 1 (a(.; ep, @) + nep, en)nc,))
th—
[n

tn
- (1/a)f Y — Yn, eue) — / (a(; ep, ) + nen, enn,)) -
tn—1 tn—1

Using once more the smoothness Assumption 2.1, we finally arrive at

[n

G ens @) = (1721 1 ey + (1721l T o,

n—

[n
(1/2)len(®)r) —(1/2>f u<.;eh,eh)+/
-1 t

[n
= (I = Popu(t"™), e ygn-1) — / 1 (aC.; ep, &) + nlep, &)
=
[n

["
- (1/“)/ Y — ¥n, eue) — / (a.; ep, @) + nen, en)u)) -
tn—1 tn—1

It remains to bound the terms involving the bilinear form a(.; ., .), the linear form w.(.; ., .) and the inner products (., .)n(,).
This is done in [21, Theorem 4.3], by using Assumptions 2.4 and 2.5 combined with the estimates of Lemma 5.6 to bound
terms of &, in terms of e;. The jump terms can be handled similar to Theorem 5.4. It remains to bound the inner product
term containing the adjoint variable. For that purpose, note that Cauchy-Schwarz (with § > 0) and Lemma 5.6 imply

" " "
(1/a) / = Wnllao lenllne, = @/e) [ Y — Wnlly, + (1/48e) / Nl
th— th— th—

t" th
< O/ [ 10—l + (@ Gen/asa) [ el
th— n—

Choose § > 0 such that ((1 4 C,e%#7)/48a) = C, /4. The remaining part of the proof follows identical to [21, Theorem 4.3].
O

Corollary 5.8. Under the assumptions of Theorem 5.4, and Lemma 5.6 the following estimate holds:

" T
le®7e, + / Calelf ) < Cmax{l,(l/a2>}<|e°|£,(0) + lep ()5, + / Ia = @Pully,
0 0

N-—1 T
+ ) min {(ck/r"“cy)||Pi+1(1 = POY(E) G iy 10T = P,->u(tf>|i(t,-)} + (1/a?) f Iy — whhi(.))
i=0 0

Here, ¢ depends on C(Cy, Cy,, Cy, \/CaTCiny (h)), the ratio cq/c, and on constant C of Theorem 5.4.
Proof. The proof follows using standard algebra and triangle inequality. O

So far, we have obtained estimates under minimal regularity assumptions for the fully-discrete optimality system of
equations, in terms of the projections defined in Definition 5.2. We complete this section, by recalling a result from [4,
Corollary 4.8] which expresses the error of the projection {PZ’C in terms of the local projections P,’;’C and hence to the standard
weighted L? projection.
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Lemma 5.9. Let the spaces {H (t)}tT:0 satisfy Assumptions 2.1 and 2.4, and the inverse hypothesis assumption of Definition 5.2.
Then, there exist constants Cy, C; depending upon Co = Co(k, %) and C; = C;(k, Cy, €%, eT) (where C is an algebraic
constant) such that the projection J’L"C : C[0, T; H(.)] — Uy, of Definition 5.2 satisfies,

k+1

I k+1
llu = Pyullloo < Co max (llu = Palt")ulsepen-t,en peny) + 7 a1 . peny)

N 1/2 N 1/2
+C1y/Ca(1 + CutCiny () (Z llu — m(r")unfz[tn1,tn;u(tn)]> + (Z D ||fz[tn1,tn;u(tn)]>
n=1

n=1

when u®*+?D e [*[0, T; H] N L?[0, T; U], and similarly

N 1/2 N 1/2
1 2 k+1 k+1) 2
llu — #ulll, < G (Z llu — Pna”)uug[[n1,twn)l) + T (Z e >||Lz[tn1,tn;mfn)]>
n=1

n=1

n=1

N 1/2 N 1/2
+C1v/Ca(1 + CutCiny () (Z llu — Pn(r”)unfz[tn1,tn;u(tn)]> + (Z D ||fz[tn1,tn;u(tn)]>
n=1

Here, u**" denotes the (k + 1)th time-derivative, and
T

T T
2 2 2 2 2 2
Hull, = sup Nu®e + & / e®Rgds,  Mulll = / )12, + ca / Ju(s) |13, ds.
€(0,T] 0 0 0

N

Proof. See [4, Corollary 4.8]. O
6. Convergence rates

Below, we demonstrate the applicability of the results of Sections 4 and 5, in the situation of the examples of Section 2.
Specifically, we state semi-discrete (in space) error estimates for example 2.1.2 (diffusion on manifolds), and fully-discrete
error estimates for example 2.1.2 (convection-diffusion equation in Lagrangian coordinates, with appropriately chosen
regularization parameter ). Here we follow the exposition of [21, Section 6].

First, we consider semi-discrete (in space) error estimates for the optimality system related to example 2.1.2. For that
purpose, note that the corresponding time-dependent bilinear forms, inner products, etc are defined by:

(u, U)H([) = (M(t)u, U)Lz(Sr) = / UU]
S

-

and
a(;u,v) = / (e (VO (FTF)"'Vu— (I —nxn) - (V,V)uv)].
Sr

Then, recall that
Je=JUd —nxmn) - (V,V),
soif 0 < ¢y <J(0,.) < Cp, we obtain
coe ™ < J(t,.) < e, with C = 2|| ViV 0.
In order to verify Assumptions 2.1 and 2.4, note first that the semi-norm is defined by
lulg, 5/ o (Vu)' (FTF)~'vuJ
Sr
and that the bilinear form
n(;u,v) = / uwj; = / uv(l —mon) - V,V,
Sr Sr

satisfies Assumption 2.1 with C,, = 2||V, V|| . The norm equivalence on U(.) can be found in [21, Relation 6.2]. Finally, the
continuity and coercivity constants, are given by (see also [21, Section 6]),

Cq =0, Ca = 2| ViVl 10, ¢y =0, Cy = 2{|VyV||pee.

The constants appearing in the adjoint bilinear form a*(.; u, v) also maintain the same structure, in particular, we point out
that the corresponding ratio c,/c, ~ 1. Combining Theorem 4.12 and the approximation properties of Proposition 4.2, we
obtain the following estimate.
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Theorem 6.1. Suppose that {Ry}n-o be a quasi-uniform family of triangulations of S,, and let U, C H(} (£2) be a classical
finite element space constructed over 7y, by using polynomials of degree | > 0 on each triangle. Then, under the assumptions of
Theorem 4.12, there exists a neighborhood of the origin © such that for h < hg small enough, (uy, ¥) € Xy is a unique solution
of the discrete optimality system (4.1), and

”(U, I)[/) - (Uh, Wh)”x -0 aSh — 0.

In addition, if u,v € I*[0,T; H™'! N U()] N H'[0,T; H* ! N U(.)], then there exists constant C > 0, depending on
ViV, Cq, Cu, (1/a?) similar to Theorem 4.5 such that,

Il ¥) = (un. ¥i)llx < CR*'D'(u, ¥).
Here D'(u, ) depends only on norms of u, .

Remark 6.2. The above estimate states that the error for the semi-discrete solution of the optimality system, is as good
as the approximation theory enables it to be. Recall, that the Brezzi-Rappaz-Raviart theory compares the estimate of the
optimality system to an estimate of a strictly coercive model problem.

For example 2.1.1 (convection-diffusion equation in Lagrangian coordinates) we begin by identifying various spaces and
constants appearing in our model. First note that we are interested in deriving fully-discrete error estimates in Lagrangian
coordinates (t, X) and hence in order to apply our theoretical results we will need to add a regularization parameter n(., .)x()
to satisfy the strict coercivity of the bilinear form. This is similar to the moving mesh characteristic Galerkin approach of [5,
6]. The spaces H(t) will be taken to be the weighted inner product (in Lagrangian coordinates), i.e.,

o = [ e,
2
The continuity of the bilinear form M(.) is understood in the sense
/ a0 X)dX = / udx = / ah(em XA, X)dX,
2r 2 2

where u : 2 — Ris fixed and u"(t, X) = u(x(t, X)) denotes the representation of u in the Lagrangian configuration on
interval (t"!, t"]. The weighted semi-norm (principal part) of H! is defined by

1l =/Q |F~" Vx| dX.

Note that performing a changing of variables to the Eulerian coordinates, the last integral equal to f o | V,u|?dx. The bilinear
form a(.; ., .) is identified by

a(.; i, v) = / (—divx(V)ﬂD + (V=V).(F"Vxi)v + e(F*Tvxa).(F*Tvxa))J.
2r

For Assumption 2.1, recall that J satisﬁesj =] divx(\?) so in the interval (t"~!, t"], we easily obtain that

eIl =" < 1 gy (1T < el @loe e

Hence, if the reference configuration on each time interval (i.e. the initial condition for the ODE in (t"~!, t"]) is selected to
satisfy X(tf:],x) = X, which implies](tfﬂ, .) = 1 then we easily obtain (see [4, Theorem 4.9]) that

cOlEl} g, < (O, B = MO, ),
with c(t) = e 14vxWlec=t"") The norm equivalence on U(.) (Assumption 2.4) and the constant C, can be found in [4,
Theorem 4.9]. Finally for constants of Assumptions 2.1, 2.4 and 2.5, take the form (see [4, Theorem 4.9])

G=2e ¢ =¢/2 G =|divi(Vo + V- V| /e
and

Co=max{1,G},  Cu=ldivi(W)lloo,  GCinu(h) = C(2, )47 Cy/h.

Theorem 6.3. Let Uy, be a finite element subspaces constructed by piecewise polynomials of degree | in a way to satisfy the

classical approximation theory properties as stated in Proposition 4.2. In addition, let T = max;—;__y t' with T = (' — ti™1)
be a quasi-uniform partition of the time-interval [0, T]. Suppose that the hypotheses of Theorem 5.7 and Lemma 5.6 hold and let

the initial value u) satisfy ||u, — Po(0)ii(0) || ;2(q,) < Ch™(|E(0) || yi+1g,)- Then, for n > 4)|div (V) || oo 4 IV — V|2, /e, there
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exists a constant C depending upon C, [|div y(V)||oo, IV — V|12, /e, eldvaWlior ¢, C, and /et /h such that the approximate
solutions of the discrete optimality system computed by the discontinuous Galerkin method satisfy

& — @l ll2 + (1)l = Palllz < Cmax{1, (1/a*)} {i1C + TG + e(1+ t/h) (WG + 741Cy)
+ K ((h+ min(h/v/7T, h*/T/€)) G5 + Ve(1+1/h)Cs) } .
In addition, at arbitrary points, the following estimate holds:
18— Tnlloe < Cmax{1, (1/a?)} x {747 (G + V(1 + T/)Cy)
+ h'((h+min(h/y/T, B2 /T3/€)) Cs + +/e(1 4+ T/h)Cs) }

where,
N 1/2 N 1/2
G = (Z W@ genr gy |+ [ 22 19 i agen s gmepromy
n=1 n=1
N 1/2 1/2
G = ( [Tl A Z (Rl PR BN
"j 12 N 1/2
G = ( 1 [ A——— Z (72 FR R
"; 1/2 ) 1/2
Ci= (Z [l - Z (72l P I
n=1
G = 112'32%] [Ulpoogen-1 en. 12y + 121"33\] |1/’|L°°[t"-1,[";H’+1(rz)Ja
N 1/2 N 1/2
G = Z |U|L2”n 1m0 + Z h/_/le[tn—l’tn;Hl-H(Qr)]
n=1 =
G = DX I N yoogen1 e yeny + max, W( D oo gen1,enspieny-

Here i®tD, 4 *&+1 denotes the (k + 1)th time-derivative of i, Y respectively.

Proof. The proof follows by combining Theorems 5.4 and 5.7 and Lemma 5.9 and standard algebra. For the jump terms we
refer the reader to [4, Corollary 4.10]. Finally, note that G, (h) < C(£2,)(1/h). O

Remark 6.4. The above estimate is applicable for a variety of choices of discretization parameters t, h. One of the main
features of this approach is that the estimate is still valid even if € is relatively small in terms of 7 and h. In the case, of fine
meshes, i.e.,, h < ¢ then the estimate can be simplified. Finally, we would like to point out that the constant C does not
depend on exponential terms of (1/«), and hence the estimate remains valid even in the case where « is small.
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