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1. Introduction

In this paper, we focus on formulating two kinds of subgrid eddy viscosity models for the incompressible Navier-Stokes
equations. For subgrid models, it is admitted that there exists a scale separation between large and small scales. These
models can be viewed as a viscous correction for large scale fluid flows. For the laminal fluid flows, the added SGS viscous
terms should not affect the large scale structures of fluid flow fields and should tend to vanish. These SGS models are flexible
and effective for high Reynolds number fluid flows and can suppress the spurious fluctuations of flow fields.

It is well-known that, for most problems of fluid flows, the numerical algorithms capturing all scales of fluid flows are
impossible and there exist several scales that span from the large scales to the small Kolmogorov scales which can hardly be
resolved by state-of-the-art computers for most engineering problems very efficiently. For most low viscosity flows (high
Reynolds number flows), the nonlinear transport term dominates the fluid flows and the coercivity constant of the second-
order dissipative term in NSEs goes to zero. Then, the spurious oscillations will spread throughout the entire computational
domain. It will become very difficult for the generally used pure Galerkin methods to solve these problems. In the numerical
simulations of scientific and engineering applications, the eddy viscosity models are often utilized to solve the convection-
dominated NSE by researchers and engineers, which have been achieved many successes in engineering practice [1]. These
kinds of models are firstly proposed in [2], developed in [3], and introduced a dissipative mechanism in [4]. At present, these
models have been further improved by various numerical methods [5-7]. In their models, the scale separation is based on
L? and elliptic projection from two-level finite element spaces. For the convection term, the stabilization term is mainly
from subscale velocity deformation tensor. Recently, Hughes et al. have proposed a variational multi-scale method (VMM)

* This work is supported by Chinese NSF (Grant No. 10971166) and the National Basic Research Program of China (Grant No. #2005CB321703).
* Corresponding author.
E-mail addresses: yanzhxj@gmail.com (Y. Zhang), heyn@mail.xjtu.edu.cn (Y. He).

0377-0427/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2009.12.051


http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
mailto:yanzhxj@gmail.com
mailto:heyn@mail.xjtu.edu.cn
http://dx.doi.org/10.1016/j.cam.2009.12.051

594 Y. Zhang, Y. He / Journal of Computational and Applied Mathematics 234 (2010) 593-604

in which the diffusion acts only on the finest resolved scales. There are different ways of how to define coarse and small
scales according to VMM framework [8]. It must be mentioned that the referred SGS methods can be regarded as VMM.

In this paper, we will give two SGS models to stabilize the flow fields and suppress the spurious oscillations from resolved
small scales by virtue of an elliptic projection and a L? projection. The SGS terms are easily implemented, and do not need
complex computational methods. Meanwhile, these models are easily extended to engineering applications.

The P,/P; finite element pair is adopted to approach velocity-pressure fields. Then we show its well-posedness and
derive optimal error estimates. For low Reynolds number fluid flows, the results indicate that this method has a convergence
rate of the same order as the standard Garlerkin method. For high Reynolds number (Re) fluid flows, we give some
comparisons with the classical benchmark solutions. By the numerical tests, it is shown that the proposed subgrid correction
models can simulate the high Reynolds fluid flows very effectively and can numerically correct computational results.

The outline of this paper is organized as follows. In Section 2, we give the NSEs and the corresponding functional settings.
In Section 3, the SGS viscous terms are introduced into NSEs and the standard Galerkin discretization of the Navier-Stokes
problem are given. In Section 4, we show the results of the error estimates. Some numerical results are presented in Section 5,
which show the correctness and efficiency of the methods. Finally, we give some conclusions.

2. Navier-Stokes equations and functional settings

Let 2 C R? be a polygonal domain with Lipschitz continuous boundary I" = 3£2. We consider the stationary
Navier-Stokes equations

—vAU+Vp+@-Viu=f, ing
divu =0, in 2 (1)
u=20, onl

where u = (uq, uy) represents the velocity vector, p is the pressure, f is the body force and v > 0 stands for the viscosity.
We introduce the following functional settings

X = H, (£2)%, V= {veX,divv =0}, Y = (12(2))?,
Q=L3(R)= {q e*(2) :f quzo}.
2

We denote by (-, -) and || - ||o the inner product and norm in L?(£2) or L>(£2)?. The space H*(£2) or H*(£2)? denotes the
standard Sobolev spaces with norm || - ||y and semi-norm | - |. The space H(} (£2) or H(} (£2)? is equipped with the following
product and norm

(W, v) = (Vu, Vo), July = (W, )"
The space H~'(£2) is the dual space of H(} (£2) equipped with the norm

|z, v)|

lzll-1 = sup .
IVvllo

veH} (2)

For convenience, we introduce the following bilinear form a(-, -) on X x X which is coercive in X: There exists a constant
0 < Cyp < 1such that

a(u,u) = ((u,u)) > G||Vull2, YueX, (2)
and d(-, -) on X x Q defined by
dv,q) = (q,divv), YveX, qeQ.

The trilinear term is defined by
1
b(u; v, w) = (- Vv, w) + 5((div uv, w)

= %((u Vv, w) — %((u -Vyw,v), Vu,v, welkX,
which is the skew-symmetric form of the convective term. It is easy to gain
b(u; v, w) = —b(u; w, v). (3)
Also, we have the following estimates [9]
Ib(u; v, w)| < N[IVullolIVvllo[Vwllo, Vu,v, weX, (4)

where N is a positive constant depending only on the domain £2. For a given f € (H™'(£2))? the weak form of
Eq. (1) reads as:
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Find (u, p) € (X, Q) such that
va(u, v) + b(u; u,v) —d(v,p) = (f,v), YvelkX,

d(u,q) =0, VqeQ. (5)
The Lax-Milgram theorem and the inf-sup condition [10]
d(v, q)
sup = Billallo, (6)
vex [Vullo

where f; is positive constant, guarantee that there is a unique solution of (5).
For the finite element analysis, we need some existence, uniqueness and regularity properties of the solution for the
Navier-Stokes equations.

Theorem 2.1. Given a functionf € (H™'(£2))?, there exists at least one solution (u, p) satisfying the Navier-Stokes problem (5)
and

ueX, peQ, (7)
(see [10,11]). In addition, if f and v satisfy the following uniqueness condition:
NIIfll=1 < Gov?, (8)

then the Navier-Stokes problem (5) has a unique solution (u, p) € X x Q (see [10,11]).
Finally, if f € H'(£2)? and (8) hold, then the solution (u, p) satisfies that

viuls +lipllz < cliflls, 9)

(see [9]), where c is a general positive constant depending on the domain 2, which stands for different values at different
occurrences.

If we restrict the domain £2 to be a convex, polygonal domain in a 2-dimensional plane, Theorem 2.1 is invalid. So, for
the current polygonal domain, we make the following regularity assumption of the solution (u, p) of Eq. (1):

Assumption 2.1. When the domain £2 is a convex, polygonal domain in a 2-dimensional plane, we assume that (u, p)
satisfies

ueXNH(2)%, peQnNH (). (10)
Iff € H'(£2)? and (8) hold, then the solution (u, p) satisfies that
viiulls + lIpll2 =< cllf I, (11)

where c is a positive constant depending on the domain §2, which stands for different values at different occurrences.

If we implement the finite element discretization for the Navier-Stokes equation (1), the computational domain will
become a polygonal domain. Under this case, we will use regularity results of Assumption 2.1 to carry out the related analysis
in the rest sections.

3. Discretization of Navier-Stokes equations and Subgrid model

We give a family tj,, which is a triangle or quadrilateral partition of §2, assumed to be regular in the usual sense [11]. The
diameter of the cell K is denoted by hy. The mesh parameter h describes the maximum diameter of the cells K € 1.
We introduce the finite-dimensional subspace X, and Qj,

Xn = {vp € (C°(2)* N X : vpl € P2(K)*, VK € 14},
Qn:={qn € Q : qulx € P1(K), VK € 73},

where P;(K) denotes the set of polynomials of R? of degree < I on the cell K. We define the discrete analogue of the space
V denoted by V},

Vi == {vn € Xy : d(vp, qn) =0,V qr € Qu}. (13)

Then we assume that, for the finite element space (X, Q;), the following approximation properties hold: For (u,p) €
(H¥(2)’NX,HX(2)NQ),

(12)

inf {||u — vallo + hllV (@ — vp)[lo} < ch®Juls,
vp.,EXh ) (14)
inf |Ip — gnllo < ch”|pl>.
qn€Qn
Meanwhile, the velocity-pressure pair in (Xp,, Q;) satisfies the following discrete inf-sup condition [12]
d(vn,
(v, qn) > B0 (15)

inf —_—
€ vpex;, [qnllol Vunllo
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Remark 3.1 ([12]). We define a projection operator for all elements in X. For all u € X, we define P; ,u € R; so that
((P1,hu5 'U)) - ((uv U)), Yve R17 (16)

which has the following properties

IPravllh < cllvlli, YveX, (17)
IV = Pipvllo < cllVollo, VveX, (18)
lv—Pipvlls < chllvlla, YveH*(2)*NX, (19)
lv—Pipvlls < chvlli, 1<1<k YveH(2)’NX, (20)

where Ry = {v € (C°(2))2NX : v|x € P1(K)?, ¥ K € 1;}. The projection operator P; j is called as the elliptic projection
operator.

We know that, for high Reynolds number fluid flows, when the fluid convection dominates fluid flow fields, under
the non-adequate resolution of meshes, the flow field will become very unstable. When the mesh scales cannot resolve
the smallest scale in fluid flows, we must add some term into Navier-Stokes equations to smear out the effect from the
unresolved scales. Here, we chose the following subgrid stabilization term to control the effect from the unresolved scales

M@, v) =a(V(U —Pyp)u, VI — Py p)v), Yu,velX, (21)

where « is the user-selected stabilization parameter and typically, « = h* (sis a real number). This subgrid stabilization term
is based on the elliptic projection. An analogous SGS model is used to solve the convection-dominated convection diffusion
problems in [13]. But, the proposed SGS model in this paper is different from the SGS model in [13]. The SGS model in [13]
is based on two-grid finite element spaces and our model is constructed from.

The above SGS term M(-, -) is defined according to the elliptic projection. Now, we give another definition based on the
L? projection. Let Qip:X —> Ribea I? projection. For all u € X, Q1,5 is defined such that for all v € Ry,

(Qu,nu, v) = (u, v). (22)
So, we can define another simple SGS term as follows
Mi(u, v) = (VU = Qupu, VI — Qrp)v), Vu,v€X, (23)

where «; = h® (s is a real number).

Lemma 3.1 ([13]). P, and Q, ;, are the orthogonal projections with respect to the H' and L? inner product. The, for any w € X

VP”,w = Ql,th. (24)

Using the stabilization term Eq. (21), we give the following stabilization finite element discretization form of the
variational form (5): find (up, qn) € (Xi, Qp) satisfying

va(up, vy) + b(up; up, vp) — d(vp, pn) + M un, vr) = (f, vr), Vv € Xp,

d(Uh, qh) = 07 th € Qh.

Under the inf-sup condition (15), the formulation (25) is equivalent to the following problem [11]: find u; € V}, such
that

(25)

va(up, vg) + b(up; up, v) + Mg, vp) = (f, vp), Y, € Vi (26)

Theorem 3.1 ([11]). Suppose the uniqueness condition (8) holds. Under the condition (15), then the variational form (25) has a
unique solution (uy, pp) € (Xu, Qn).

4. Error analysis

The basic principle of subgrid method focuses on enhancing the numerical stability of solving discrete Navier-Stokes
equations. For this purpose, we will analyze the numerical scheme (25) by H! and L2 estimates of velocity and L? estimate of
pressure. The following given analysis is classical [9,13,14]. To derive error estimates of the finite element solution (uy, py),
we first give the following lemma.

Lemma 4.1. The finite element approximation of velocity for (25) is stable

1
V[ Vuplly + 2|V — Py punlly < —Cnfui], (27)
0

o

where Cy is the constant of (2).
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Proof. The result is easily obtained by setting v, = uy, pp = q in (25) and Cauchy Schwarz, Young’s inequalities. O

Theorem 4.1. Assuming the uniqueness condition (8) holds, then we have

, N?
VIV (= up)[[§ 4+ 2| VA = Pyp)(u—up)[§ < C w}fg/h [VIIV(U —wp)lg + ~ (Vullo + IVunllo) 1V (u — wi) 15

L1
+allV{ = Prullg + | VU = Pug) = wh>||é} +C inf Zllp = alo, (28)

where C is independent of v, o and h.
Proof. First, we know that the true solution satisfies the following equation
va(u, vp) + b(u; u, vy) — d(vp, p) — d(u, gn) +M(u, va) = (f, va) + MU, vn), VY vp € Xn, gn € Q. (29)
By subtracting Eq. (25) from Eq. (29):
va(u — uy, v) + b(u; u, va) — b(up; tn, va) — d(vn, p — pn) — d(U — Up, gn) + MU — up, va) = M(u, vy),
Y o, € X, qn € Qn. (30)

Now, letu — up = n — ¢y, with n = u — wy, and ¢, = up — wy, where wy, is the any function in Vj,. Taking v, = ¢y € Vj, in
Eq. (30), we obtain:

va(n, ¢n) + M(dy, o) = va(n, ¢yn) + b(u; u, ¢p) — b(up; up, ¢p)

+M(@n, ¢n) — d(¢n, p — qn) — MU, ), VY qn € Qn. (31)
To bound the nonlinear terms, we rewrite these terms as follows:
b(u; u, ¢n) — b(up; up, ¢n) = b(u; n, ¢r) + b(N; un, dn) — b(Pp; Un, Pn). (32)

By using Eq. (4), Young's inequality, Eqs. (27) and (8), we have:

Ib(us u, ¢n) — b(up; up, gn)| < N([Vullo + IIVunllo)IValloll Vénllo + NI Vurllol Venllg
CN? , , 1 5
< T(IIVullo + IVurllo)“IVallg + ZV”V(f)h”o- (33)

A

To bound the linear terms in the right-hand side of Eq. (31), by the Cauchy Schwarz inequality and Young’s inequality, we
get

lva(n, o)l < vIVallollVello < vIVal§ + %VIIV%II?,, (34)
|d(@n, p — qw)| < vlip — anllg + %VIIV%II%, (35)
IM(n, pn)| = VU = Prinllol VI = Pru)énllo
< %IIV(I — Pru)gullg + VA = PLanllp, (36)
and
IM(u, gn)| < |V = Pypullg + %IIV(I — Pra)gnllg. (37)

Combining Eqs. (33)-(37) with Eq. (31) gives

N2
VIVRIIG + 2 V(I = Py w)gnlly < C{Vllvﬂllg + = UVullo + Vi l0)*'VnlIg + eI VA = PLwnlig

1
+all VU = Py pulls + Slp = anlg - (38)

The final result is easily obtained by using the triangle inequality
VIV —un)l§ + 2V =P —upll < COIVU — w)l§ + 2 VU = Pyp) (U — wp)llg
+ V[ Vnlls + 2[VT = Pr)énll). O (39)
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By choosing the proper parameters « and h, and using Eq. (14) and Remark 3.1, we can obtain the following corollary:

Corollary 4.1. Under the assumption of Theorem 3.1, Remark 3.1 and the regularity assumption of (u, p) € (H*>(£2)?> N X, H?
(£2) N Q) in Theorem 2.1, there exists a constant C independent of « and h such that:

2 2 40,12 1 1\ Coa 2 20,12
VIV @ = u) g + 20V = Pt —un) Iy < Ch*luld | v = (14 = ) o |+ ~hpf3 + Cal?ful3, (40)
In particular,
V(@ —upllo < Ch*, if o =h (41)

Now, we give the estimation of the discrete pressure in the following theorem:

Theorem 4.2. Supposing the uniqueness condition (8) holds, then the error estimate of pressure field satisfies
D= pallo < C(v+ DIV —up)llo + IV —up)ll§ + VA = Pyp) @ —up)llo
+allVU = Pipulle) + C inf |Ip —gnllo, (42)
qh€Qn

where C is independent of v, o and h.

Proof. Setting the error of the velocity e = u — uy, and introducing an approximation of the pressure p, € Qy in Eq. (30), we
have:

d(vh, pn — pn) = d(vh, p — Pr) — va(e, vy) — (b(u; u, va) — b(up; up, va)) — M(e, va) +M(u, v), ¥ vy € Xp. (43)
From Eq. (4), the nonlinear terms are bounded as:

|b(u; u, vy) — b(up; up, vp)| = |b(u; e, vp) + b(e; u, vy) — b(e; e, vp)|
< C(IIVello + IVullo) | Vello I Vorllo- (44)

To bound the linear terms in the right-hand side of Eq. (43), we apply Cauchy Schwarz inequality and Remark 3.1, the term
M (u, vy) is bounded as in the inequality (36). From Eq. (44), we have

|d(vh, pr — P)| = C{llp = Pullo + v Vello + (IIVello + [ Vullo) [ Vello
+al[VUI = Pypello + VI — Pyp)ullo} [ Voallo. (45)

Meanwhile, the inf-sup condition (15) implies that there exists a velocity v, € X;, such that
d(vh, pn — pn) = Bl Vonllollpn — Pallo- (46)

In view of (46), we get

~ 1 |d(vn, pn — Pn)|
Ip—pullo < Ip = Pallo + B~ ' — . (47)
IVurllo

By Eqgs. (45) and (47), we obtain the conclusion
IIp = prllo < Cllp = Prllo + Cw||Vello + I Vell§ + [ Vellol| Vullo + | VU — Py pello + a | VU — Py p)ullo). (48)
Namely
P —prllo = C((v+ DIV —un)llo +all VU — Prp) —up)llo + e[ VU — Prpullo
+ V@ —up)[2) +C inf [Ip—gullo. O (49)
dh€Qn

Corollary 4.2. Form Theorem 4.1, the approximation result (14), and Corollary 4.1, we have

1
Ip = pullo < C(W* +a2h). (50)
In particular,
Ilp—pullo < Ch*, if a =h?, (51)

where C is independent of «, h.



Y. Zhang, Y. He / Journal of Computational and Applied Mathematics 234 (2010) 593-604 599

In order to derive the L? estimate for the velocity, we consider the linearized dual problem of the Navier-Stoles Eq. (1): given
£ € [2(£2), find (¢, @) such that

va(p, v) + b(u; v, ) + b(v; u, ) + M(¢, v) —d(v, 9) +d(p,q) = (§,v), V(v,q) € (X,Q). (52)
Assuming that, for any £ € [2(£2)?, there exists a unique pair (¢, ¢) € (H*>(£2)> N X, H'(£2) N Q) satisfying
oll2 + llelln < Cli&llo. (53)

Now we give the [? error estimate in the following theorem.

Theorem 4.3. Supposing that the assumption of Theorems 4.1 and 4.2 hold, the dual problem (52) satisfies Eq. (53). We have

lu —unllo < Ch(1 4 a)||Vello + Cl|Vell§ + Cah® + Chllp — phllo, (54)
where C is independent of « and h.
Proof. Setting e = u — up, and subtracting Eq. (29) from Eq. (25), we can get:

va(e, vy) + b(u; u, vy) — b(up; up, vy) — d(vn, p — pr)
—d(e, qn) +M(e, vy) —M(u,vy) =0, Vv €Xp, Van € Qn. (55)
Taking &€ = e, v = e,q = p, — p in Eq. (52) and subtracting Eq. (55), then we gain:
lelly < [va(¢ — vn, e)| + |b(e: u, ¢) + b(u; e, ¢) — b(u; u, vy) + b(up; un, vy)| + |d(e, ¢ — qp)|
+ |d(¢ — Up, D _ph)| + |M(¢ — U, e) + M(“v vh)'
< ClIVello + llp = pullo + «llVUI = P1n)ello) V(@ — vi)llo + Cllg — gnlloll Vello
+a|VI = PypullollVU — Prp)vnllo + |b(e; u, @) + b(u; e, ¢) — b(u; u, vy) + b(up; up, vp)l. (56)

Let (@, §) € (Xu, Qu) be the best approximation of (¢, ¢) € (H2(£2)2NX, H'(£2)NQ), we have the following approximation
properties:

I — Bl < Chllplla. .
lp — @llo < Chllgll;. (57)

Setting (v, qn) = (5, @) and using the Cauchy-Schwarz inequality and the above approximation properties, Eq. (56)
becomes:

lelg < Ch(lIVello + lIp — prllo + @IV — Pruello) @112 + Chllell11[Vello
+a| V(U = Puullo V(U — Pundllo + [b(us e, @) + b(e; u, ¢) — b(us u, @) + b(un: up, §)]- (58)
Using Remark 3.1 and (57), the consistent error term in the right-hand side of (58) gives

allV{ = PiwulloIVU = Pr)dllo = al VU — Prpullol V(@ — &) + V(d — Prid)llo

< |V = Pipullo(l¢ — @l + 6 — Pundlls + IP1aodp — Pradlln)
< Cahllul,(16 — ¢l + 6 — Pradll +clid — llv)
< Cal?llullzll¢ll, < Cah?[lulls]@ll2. (59)

To bound the nonlinear terms in (58), we rewrite these terms as follows:
b(u; e, @) + b(e; u, ) — b(u; u, @) + b(uy; un, §)
= b(e;e, ) +bu; e, — @) + be; u, ¢ — §) +b(e; e, ¢ — §). (60)
Using Egs. (4) and (57), we gain
Ib(u; e, @) + b(e; u, ¢) — b(u; u, §) + b(ur; un )| < C[[Vellglipll + ClIVulol Vellolig — Slls + ClIVelglid —
= C(IVello + W Velloligl2- (61)
Combining all the bounds and Eq. (53) gives the final result
lello < Ch(v + @)[|Vello + Chllp — pallo + Cah®|uls + C(| Vello + h)[|Vello

< Ch(1+ )| Vello + C||Vellg + Cah® + Chlp — pullo- O (62)
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Corollary 4.3. The statement of Theorem 4.3, the results of Corollaries 4.1 and 4.2 imply that

Il — unllo < C(h* + a2 h?). (63)
In particular,
lu—upllo < Ch*, if & =h?, (64)

where C is independent of « and h.

Theorem 4.4. If the subgrid term Eq. (23) is adopted, we have the following error estimates

llu — upllo + R(IV (@ — up)llo + lIp — prllo) < GH°, (65)
where oy = h? in Eq. (23) and C; is independent of o and h.

Proof. The proof is analogous to proofs about the subgrid term Eq. (21). O

5. Numerical tests

In this section, we assess the given two kinds of SGS model by several tests and validate the error analysis results.
Meanwhile, we apply the given SGM model to the nonstationary NSEs and implement the simulations of the High Reynolds
number flows.

Firstly, we give the algorithm used to deal with the nonlinear term and the SGS eddy viscosity term for the stationary
NSEs. For the nonlinear term, the Newtonian iterative method is adopted [9]. Given (uz_l, pﬂ‘l) € (Xn, Qn), we find
(up, Pp) € Xn, Qu) (¥ (vn, gn) € (Xp, Qn)) satisfying

va(uy, vy) — d(n, pj) + d(uh, qn) + M(up, ve) + b(up: up ™", va) + b(uj s uj, va)
= (f, ) + by~ 5wy~ vn). (66)
In order to calculate the SGS term (21) based on the elliptic projection, we can rewrite the SGS term as follows
M (up, vp) = a(V(I — Py p)uy, V(I — Py p)vp)
= a(V(I — Py p)up, Vup) — a(V{I = Py p)uy, VP pon)
= a(Vuz, Vvh) — a(VPLhug, Vvh). (67)

In the framework of the Newtonian iteration, this elliptic SGS term is described by
MU}, vy) = a(Vull, Voy) — a(VPy il ', V). (68)

The term P, ,,uz_l is obtained by the solution of the Laplace equation approximated by piecewise linear functions, although
a transformation relation between L? projection and elliptical projection is offered.
If the subgrid term M (u}, vy) in Eq. (66) is substituted by M,;(u}, vs), the subgrid term can be rewritten by

Mi(uy, va) = a(V(up — Quaup), V(v — Q1,nn)). (69)
In the framework of Newtonian iteration, the > SGS term is calculated by
Mi(uy, v) = a(V(uj — Quatth "), V(v — Q1pvn)). (70)

Since Qq j is the L? projection, QLhuﬁ’] and Q; nv, can be denoted directly in the R; finite element space [14].

5.1. Example of a exact solution

It is essential to investigate the SGS model (21) and (23) for low viscosity fluid flow and validate the flexibility and
convergence rates of this model. So, we need to choose a true solution. We consider Eq. (1) on the domain £2 = [0, 1] x [0, 1],
with a body force obtained such that the following true solution is given by u = (uy, uy),

up =2x(x— 1)°y(y — D@y — 1),
U = =29*(y — D*x(x — D(2x — 1), (71)
p=y —-x.

The viscosity v = 0.01. The mesh scales h € {1/20, 1/30, 1/40, 1/50}. The iterative tolerance is 10~%. In Figs. 1 and
2, we show the convergence orders by log-log plots. It is shown that the convergence orders of the elliptic projection SGS
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Fig. 1. L? convergence order of velocity field by a log-log plot.
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Fig. 2. H' convergence order of velocity field by a log-log plot.

method are up to 2.88761 and 1.8844 for L? and H' norms of velocity fields, respectively. The convergence orders of the
L? projection SGS method are up to 2.89829 and 1.89358 for L> and H'! norms of velocity fields, respectively. From Figs. 1
and 2, it is exhibited that the numerical results agree with the exact solution very well. According to these results, we know
that the SGS terms for low Reynolds number fluid flows do not act on the large scale structures. Meanwhile, the obtained
results support the theoretical analysis. On the other hand, the computational results by L* SGS model are better than those
by elliptic SGS model.

5.2. Lid-driven cavity fluid flows

The drawbacks of usual Galerkin methods for convection dominated problems are well known and well documented [6].
In this part, the proposed models are applied to simulate the benchmark lid-driven cavity fluid flows of high Reynolds fluid
flows and try out the correctness of the models. The investigations are to show that the SGS models give high quality, coarse
mesh solutions compared with the benchmark, fine mesh results of Ghia [ 15]. The computational domain £2 = [0, 1] x [0, 1]
and the top boundary velocity (u, v) = (1, 0), and the other three boundaries are non-slip boundary conditions. The iterative
tolerance is 107, The Reynolds numbers Re = LU /v = 1000 and the mesh scale h = 1/40. It is known that if we do not adopt
the subgrid models, it is impossible to implement simulation successfully on this kind of coarse mesh [6]. The comparisons
of the numerical solutions (the SGS numerical solutions and Ghia benchmark solutions [15]) are shown in Fig. 3. From the
results, it is clear that the given SGS methods perform very well and are comparable to the results obtained by Ghia on a
more refined mesh. Another important result is that the CPU cost of L? SGS model accounts for about 70% CPU cost of elliptic
SGS model. From this point of view, the L?> SGS model is superior to the elliptic SGS model.
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Fig. 3. The numerical solutions and the benchmark solution.
5.3. Fluid flows around a cylinder by high Reynolds numbers

In this part, we investigate the two-dimensional under-resolved fluid flow around a cylinder by the proposed SGS models.
In this kind of fluid flows, the flow patterns are affected by the interaction of the fluid flows with two parallel planes and
the surface of the cylinder. This problem is very useful to validate the SGS models by vortex street patterns. The success and
failure of the SGS models simulations are useful for real fluid flows and engineering applications.

The height of the channel H = 1 and the width W are equal to 6 or 8 for Re = 10* and Re = 105, respectively. The origin
of the cylinder is at (x, y) = (1, 0.5) and the radius R is equal to 0.15. The time-dependent inlet flow velocity profiles are
given by

:ul(o, y,t) = —6y(y — H)/H>,

uy(0,y,t) =0,
and the boundary condition of the outlet is set as
au
— =0.
on

The boundary conditions of the two parallel planes and the cylinder surface are set as the non-slip boundary conditions. If
the diameter D of the cylinder is chosen as the characteristic length and the mean velocity Uy,eq, Of inlet as the characteristic
velocity, the Reynolds number is defined by Re = UpeqnD/ V.

The comparisons among three kinds of SGS models (Current model, Guermond-Marra-Quartapelle (GMQ) model [5]
and by Kaya-Layton-Riviere (KLR) model [6,7]) are investigated for fluid flows around a cylinder. These investigations will
address the actions of SGS models on large scale flow structures. Now, we introduce the GMQ model and KLR model. The
GMQ model is based on the two-level Lagrange finite element setting, which is defined by [5]

SGMQ(U;’, ‘U;’;’) = Cp Z RV |K| / VU’; . VU}I;’,
K

Kety

where |K| is the measure of K, ”I: = (1 — Py)up and v,ﬁ’ = (1 — Py) vy, (Refer to [5] for the details of the functional settings
and the definition of the operator Py). The KLR model is also based on two-level finite element space, which is defined
by [6,7]

Sk (€, vr) = a((Vup, Vup) — (gu, Vor)),
where gy is the L? projection of Vu"

(gy — Vup, ly) = 0.

« is a user-selected stabilization parameter and typically, « = @ (h) (Refer to [6,7] for the details of the functional settings).
In the numerical computations, the iterative scheme is adopted to implement these two subgrid models [6].

In order to implement the Galerkin method (finite element direct numerical simulation (FEDNS)) under the current
computer capability and limited hardware resources, the Reynolds number is set to equal 103. By this Reynolds number,
we give the comparison results among referred four different methods. The time interval At = 0.001. The mesh scale
h = 1/50 for Galerkin method and h = 1/16 for these two kinds of SGS models. The mesh scale of Galerkin method
is enough to resolve the small scale of current flow structures (h oc Re~'/2) [2]. From Figs. 4 and 5, it is very clear that the
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Fig. 4. The contour patterns of pressure fields (¢t = 1): (a) Galerkin method (GM); (b) Current model by elliptical projection; (c) Current model by L?
projection; (d) GMQ model; (e) KLR model.
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Fig. 5. The contour patterns of horizontal velocity fields (t = 1): (a) Galerkin method (GM); (b) Current model by elliptical projection; (c) Current model
by L? projection; (d) GMQ model; (e) KLR model.
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Fig. 7. The vortex shedding patterns by elliptic SGS model: (a)t = 8; (b)t = 9;.

proposed subgrid models in this paper predicts the flow structures best, compared with the other two subgrid models based
on the Galerkin benchmark solutions. From these results, it is proved that the GMQ and KLR subgrid models introduce an
overly strong local dissipation into the flow structures, but the current subgrid model presents a suitable local dissipation
behavior. The analogous results are addressed by the investigations in our recent paper [16].

In order to assess performance of the current SGS models, the very high Reynolds number (Re = 10°) are chosen to
implement the computations of complex flow phenomena. In Figs. 6 and 7, the snapshots of vortex shedding are given.
It is obvious that under these very high Reynolds numbers, the flow structures are complex and develop into the two-
dimensional turbulence. The vortex filaments are clearly visible. These results demonstrate that the proposed SGS models
are effective and flexible.

6. Conclusion

In this paper, we investigate two kinds of subgrid models to simulate high order Reynolds number fluid flows by a P2/P1
finite element pair. The theoretical analysis of this method is based on some regular assumptions. The analysis guarantees
that the proposed SGS terms do not act on the large scale structures of fluid flows. In fact, these methods can be regarded as
a kind of large eddy simulation method. The stability and the error estimates are established.The proposed SGS models
are simple and easily implemented. According to computational results, the SGS models provide some creditability to
engineering applications. The current numerical tests are based on P, /P; polynomial interpolations. From a computational
view, it is clear that the L? SGS model is superior to the elliptic SGS model for numerical aspects. In future, these SGS models
will attempt to implement some simulations and research for transient 3D high Reynolds fluid flows.
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