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Time-varying nonlinear optimization (TVNO) problems are considered as important issues
in various scientific disciplines and industrial applications. In this paper, the continuous-
time derivative dynamics (CTDD) model is developed for obtaining the real-time solutions
of TVNO problems. Furthermore, aiming to remedy the weaknesses of CTDD model, a
continuous-time zeroing dynamics (CTZD) model is presented and investigated. For po-
tential digital hardware realization, by using bilinear transform, a general four-step Zhang
et al discretization (ZeaD) formula is proposed and applied to the discretization of both

CTDD and CTZD models. A general four-step discrete-time derivative dynamics (general
four-step DTDD) model and a general four-step discrete-time zeroing dynamics (general
four-step DTZD) model are proposed on the basis of this general four-step ZeaD formula.
Further theoretical analyses indicate that the general four-step DTZD model is zero-stable,
consistent and convergent with the truncation error of 0(g#), which denotes a vector
with every entries being O(g#) with g denoting the sampling period. Theoretical analyses
also indicate that the maximal steady-state residual error (MSSRE) has an O(g*) pattern
confirmedly. The efficacy and accuracy of the general four-step DTDD and DTZD models
are further illustrated by numerical examples.

Zhang et al. discretization
General ZeaD formula

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In numerous scientific disciplines and industrial applications, time-varying optimization problems have been widely
encountered, and such problems are fundamental and essential [1-10]. Since nonlinear optimization is an important
subtopic of optimization problems, researches on this are abundant and many of which have been applied in the engineering
fields such as system control [11-13] and signal processing [ 14-17]. Various algorithms have been proposed and analyzed
for nonlinear optimization problems solving [ 10-27]. For example, in [11], a decomposition scheme is proposed to solve
parametric non-convex programs. Such a scheme consists of a fixed number of proximal linearized alternating minimizations
and a dual update per time step. The proposed approach is attractive in a real-time distributed context and the performance of
the optimality-tracking scheme can be enhanced via a continuation technique. In[13], a self-triggered algorithm is presented
to solve a class of convex optimization problems with time-varying objective functions. The algorithm predicts the temporal
evolution of the gradient by using known upper bounds on higher order derivatives of the objective function. The method
guarantees convergence to arbitrarily small neighborhood of the optimal trajectory in finite time and without incurring
Zeno behavior. In [17], based on prediction and correction steps, Simonetto et al. proposed two algorithms with a discrete
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time-sampling scheme. Considering the correction step consists either of one or multiple gradient steps or Newton steps,
the two algorithms are termed gradient trajectory tracking (GTT) and Newton trajectory tracking (NTT) algorithms. The two
algorithms behave as 0(g?) and in some cases as O(g#) with g denotes the sampling period. Furthermore, in [16], online
algorithms are developed to track solutions of time-varying constrained optimization problems. Resembling workhorse
Kalman filtering-based approaches for dynamical systems, the proposed methods involve prediction-correction steps to
provably track the trajectory of the optimal solutions of time-varying convex problems and improve the convergence speed
of existing prediction—correction methods when applied to unconstrained problems. However, most of these algorithms
and methods are dedicated in solving static nonlinear optimization problems, which means that they may not possess the
capability of handling time-varying nonlinear optimization (TVNO) problems [20-22]. The main difference between TVNO
problems and static nonlinear optimization problems is evidently that TVNO problems change with time. This difference
makes the time derivative play an important role in obtaining accurate real-time solutions for TVNO problems.

Traditional numerical algorithms such as the Newton-Raphson iteration (NRI) and other methods [10,18-20] are
designed intrinsically for static optimization. Generally speaking, these methods are under the assumption that the
optimization problems do not change during the computational time. Thus, the calculated solutions are directly used in
the optimization problems after the calculation. Comparing to the traditional numerical algorithms, the neural dynamical
approach is superior because of the potential real-time application advantages such as self-adaption, parallel processing,
distributed storage and hardware applications [28,29]. In this paper, the derivative dynamics approach is exploited as an
intuitive one while the zeroing dynamics approach is exploited for potential predictive power [30-32]. More specifically
speaking, a continuous-time derivative dynamics (CTDD) model and a continuous-time zeroing dynamics (CTZD) model are
generalized, developed and investigated for TVNO problems.

For potential digital hardware realization, it is necessary to discretize the continuous-time dynamics models. Fortunately,
a new class of finite-difference methods and formulas termed Zhang et al. discretization (ZeaD) has been proposed, named
and applied by Zhang et al. since 2014 after nearly 8-year search and preparation [33]. It is worth pointing out that ZeaD
formulas can be used for stable, convergent and accurate discretization of neural dynamics (i.e., derivative dynamics and
zeroing dynamics) and other continuous-time ordinary differential equation (ODE) systems [33].

The rest of this paper consists of five sections. Section 2 presents the general formulation of nonlinear optimization. Then
the CTDD model is developed. Since the performance of CTDD model is related to the initial state and perturbations, the
CTDD model may not solve TVNO problems in a robust manner. Aiming to remedy this weakness, a CTZD model is then
developed. In Section 3, for potential digital hardware realization, a general four-step ZeaD formula is proposed for the
discretization of the CTDD and CTZD models. The design procedure is also presented in Section 3. The design procedure
guarantees that the general four-step ZeaD formula is zero-stable, consistent and convergent with the truncation error
of 0(g?). Based on the general four-step ZeaD formula, the CTDD and CTZD models, the general four-step discrete-time
derivative dynamics (general four-step DTDD) model and discrete-time zeroing dynamics (general four-step DTZD) model
are proposed, respectively. Then in Section 4, further theoretical analyses are conducted, and the characteristics of the
proposed general four-step DTZD model are investigated. We further find out that the general four-step DTZD model
has a truncation error of O(g#), which denotes a vector with every entries being O(g#), and that its maximal steady-state
residual error (MSSRE) also has an O(g*) pattern. Furthermore, numerical results of TVNO examples illustrate the efficacy
and accuracy of the proposed DTDD and DTZD models in Section 5. Finally in Section 6, the conclusion along with the final
remarks of this paper is presented. Before proceeding, a summarization of the main contributions of this paper is worth
listing out.

(1) For the first time, by using bilinear transform, a general four-step ZeaD formula having O(g?) truncation error is
proposed and investigated in this paper. Such a general four-step formula can be used for the stable, convergent
and accurate discretization of neural dynamics and other continuous-time ODE systems.

(2) By adopting the general four-step ZeaD formula to discretize CTDD and CTZD models, the general four-step DTDD and
DTZD models are proposed in this paper. Both general four-step discrete-time dynamics models solve TVNO problems
successfully. Note that the general four-step DTDD model is sensitive to the initial state and shows a residual error of
0(g?), and the general four-step DTZD model is robust and has a residual error of 0(g*).

(3) The stability and convergence results of the general four-step DTZD model for TVNO problems solving are proved,
with the MSSRE of the model having an O(g*) pattern.

(4) Numerical experimental results synthesized by the general four-step DTDD and DTZD models are presented, which
further substantiate the efficacy and accuracy of the general four-step DTDD and DTZD models. These results
collaborate well with the theoretical analyses.

2. Problem formulation, continuous-time models and general ZeaD formula

In this section, the problem formulation of TVNO is presented for further investigation. Based on this problem formulation,
the CTDD model and CTZD model are developed. Then, the general ZeaD formula is presented to lay the foundation of the
general four-step ZeaD formula.
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2.1. Problem formulation
The problem formulation of the TVNO is as follows:

min @(x(t),t) € R, t € [0, ], (1)
X(t)eR"

where the time-varying nonlinear mapping function ¢(-, -) : R" x [0, tf] — R should be second-order differentiable and
bounded. The real-time optimization solution is denoted by x(t) € R". Such solution is ought to be found in real time and
guarantees that the TVNO function (1) achieves its minimum value for all time t.
In order to obtain the real-time solution of TVNO problem (1), we define a differentiable nonlinear mapping function as
de(x(0), 1) [iﬂ o9 W]T

vXxt),t) = —— = s e
(x(£), £) ox(t 0x1 0X3 0Xp

)
= [W](X(t), t)’ wz(x(t)v t)7 RN I//ﬂ(x(t)7 t)]T S Rn7

where 9¢/0x; = dp(x(t), t)/dx;(t) = Yi(x(t), t), withi = 1,2, ..., n, and superscript T denotes the transpose operator of a
matrix/vector. Furthermore, we define the time-varying set:

2% = {x*(t) | dp(x"(¢), t)/9x"(t) = 0},
for time t € [0, t¢]. It is worth pointing out that, in order to obtain the desired solution x*(t), which can guarantee the
minimization of TVNO problem (1), ¥(x(t), t) should be set to zero.
2.2. CTDD model

When considering of obtaining the real-time solution of TVNO problem (1), the derivative dynamics approach is an
intuitive attempt. More specifically speaking, in order to achieve the desired solution x*(t) that can maintain ¥(x(t), t) = 0,
for time t € [0, t¢], the derivative of the gradient ¥(x(t), t) with respect to time ¢ should be zero, and we have

de(x(t), )  0®(x(t),t) Iw(x(t), t)dx(t)

dt ot ox(t) dt
. dx(t 2
= (1), 0+ O, @
=0,
where the Hessian matrix H(x(t), t) and the time-derivative vector ¥ (x(t), t) are defined respectively as follows:
H(x(t), t)
[9Y1 9 oy [ Pe Ve P¢ ]
X1 0X> 0Xn 0X10X7  0X10X3 0X10X,
W W Vo 0’ 3% 9%
_ | 9x1  0x; Xy | — | 9x20%;  9x20%; 0%, | ¢ gren,
W O WY ’p e
L ox; 0x; 0xn 4 L oxp0x;  9%,0%; 9% 0y J
. AW(x(t),t)  %p(x(t), t
B (x(0). ) = (x(t), t)  0%(x(t).t) .

at T ax(t)ot

Note that v; and x; denote the ith element of ¥(x(t), t) and X(t), respectively. Assuming that Hessian matrix H(x(t), t) is
nonsingular for any t € [0, t;], the CTDD model for TVNO problem (1) can be formulated as [2,3,7-9]:
. 3% (x(t), t)
X(t) = —H7Y(x(t), t)———=" with x(0) = x*(0). 3
(®) (0, 0= s (0) = x'(0) 3)
According to Lemma 1 [3], assume that Hessian matrix H(x(t), t) is positive definite, the solution of Eq. (3) corresponds to
the real-time theoretical solution of TVNO problem (1).

Lemma 1. With x(t) € R" and n > 2, assume that the n-variable bounded function ¢(x(t), t) has the second order
continuous partial derivatives in the neighborhood of point p* = X*(t,) = [X](tp), .. ., x:(t,)]" at time instant t,, which satisfies
dp(x(t), t)/axi(t)lt:tp, X(tp)=p* = 0, withi = 1,2, ..., n.If the corresponding Hessian matrix H(p*, t,) is positive definite, then
@(x(t), t) achieves its minimum at point p* of time instant tp.
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Note that the CTDD model does not possess the nature of exploiting the error-feedback information throughout the real-
time solution process. Moreover, supposing the initial state x(0) is not selected appropriately, more specifically speaking if
w(x(0), 0) # 0, ¥(x(t), t)would remain nonzero during the whole computing process. Furthermore, even ifx(0) is accurately
found, potential perturbations or computational errors may lead to a result that ¥(x(t),t) # 0 for all t > 0. Thus, in
viewpoint of control, this nature of not utilizing error-feedback information may cost the CTDD model (3) its robustness
over perturbations and computational errors [3]. Therefore, a new method utilizing both derivative information and error-
feedback information simultaneously is required.

2.3. CTZD model

In this subsection, the formulation of CTZD model is presented. It is worth pointing out that, according to our previous
work [31-34], when comparing with derivative dynamics models, zeroing dynamics models not only have higher accuracy,
but also have better robustness for obtaining the real-time solution for TVNO problem (1), because it exploits error-feedback
information as well as the time-derivative information [3].

For monitoring and controlling purposes during the solving process of TVNO problem (1), we firstly define a vector-valued
indefinite error-function:

e(t) = [ea(t), ea(t), ..., en(t)]" = W(X(t), 1), (4)

where e;(t) = ¥;(x(t), t), withi =1, 2, ..., n, denotes the ith element of e(t). It is evident that the convergence of solution
X(t) toward the desired solution x*(t) can be achieved when the error function e(t) converges to zero. In order to make every
element of e(t) converge to zero, based on our previous work on zeroing dynamics, the CTZD design formula can be obtained
as follows:

de(t) o odex(),0)
o = O, ie, = = —e(R(X(D), 1), (5)

where the value of design parameter A > 0 should be selected accordingly for numerical stability, since it is used to scale the
convergence rate. Besides, @(-): R" — R" denotes a vector activation function array of dynamics and ¢(-) is used to denote
the element of @(-). It is worth mentioning that CTZD design formula (5) is asymptotically stable (specifically, exponentially
stable), which is proven in our previous work [30-33]. Besides, generally speaking, any monotonically-increasing odd
activation function ¢(-) can be used for constructing the dynamics model and different choices of activation function ¢(-)
may lead to different convergence performance. In this paper, the activation function applied to construct the CTZD model
is the simple linear activation function:

¢lin(u) =1u
After we expand CTZD design formula (5), the following differential equation is obtained:

H(X(t), DX(t) = =A@ (B(X(t), ) — Pe(X(t), t). (6)

Then, the above dynamics could be rewritten as below:

X(t) = —H7(x(t), t) (AD(T(xX(t), 1)) + Fe(X(t), 1))

» dp(x(t), t) 2p(x(t), t)
—H (x(t),t)(k(b( ax(0) >+ ax(0)ot ) (7)

and the CTZD model we finally obtained can be formulated as [2,3,7-9]:
dp(x(t), t) | Fe(x(t), t)
ox(t) ox(t)ot
where x(t) denotes the state of the dynamics and starts with randomly-generated initial condition x(0) € R".

X(t) = —H(x(t), t) (x

2.4. General n-step ZeaD formula

Based on our previous work [33], the general n-step ZeaD formula can be concluded as

1 n+1
fe= g (Z aJk_n+i) +0(g"), 9)
i=1
where nrepresents the amount of the steps of ZeaD formula (9); a; denotes the coefficients, withi = 1, 2, ..., n+1; g denotes

the sampling period; O(g?) denotes the truncation error; f; denotes the value of f(t) at time instant t; = kg, ie., fr = f(te);
fi = f(ty) for simplicity; k denotes the updating index. For example, the general four-step ZeaD formula can be proposed as

fo= Asfier1 + dafic + ﬂafk; + a2fc—2 + a1fi—3 +0(g"): (10)

however, the coefficients are remaining to be determined in Section 3.
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3. General four-step ZeaD formula and discrete-time models

For potential digital hardware realization, it is necessary to discretize the CTDD model and CTZD model. In this section, a
general four-step ZeaD formula is designed, and both general four-step DTDD model and DTZD model are proposed.

3.1. Definitions of convergence of discrete-time models

Before proceeding, it is necessary for us to list the following important definitions of convergence of discrete-time models.
From these definitions, we acknowledge that a discrete-time model must satisfy convergent conditions.

Definition 1. An n-step method anoaff’<ﬂ-j = gzyzo Bjsk+j can be checked zero-stability by determining the roots of
characteristic polynomial p(y) = ijoajyf. If the roots of p(y) = 0 are such that all roots lie in the disk, i.e., |y| < 1, with
|¥| = 1 being simple, then the n-step method is zero-stable. In addition, the zero-stability is sometimes called Dahlquist
stability or root stability.

Definition 2. An n-step method is said to be of consistency with order p, if its truncation error is O(gP) with p > 0 for the
smooth exact solution.

Definition 3. An n-step method is convergent, i.e., X{t—¢)g) — X*(t), forall t e [to, ], as g — 0, if and only if the
method is consistent and zero-stable (please see Definitions 1 and 2). In other words, consistency plus zero-stability leads
to convergence. In particular, a zero-stable consistent method converges with the order of its truncation error.

3.2. General four-step ZeaD formula design

For the readability of this paper and the integrity of the structure, the important achievements during the design
procedure of general four-step ZeaD formula are presented in the following theorem and corollary.

Theorem 1. The general four-step ZeaD formula can be proposed as

f = (a1 + 3is1 — (40 — 2)fi + (6a1 — 1fi — (401 — )fi—z + Q13 (11)
k= )

g
where symbol = denotes the computational assignment operation, and the effective domain of a, is 1/12 < a; < 1/6. This

general four-step formula is convergent with the truncation error of 0(g>).

Proof. From Section 3.1, we can conclude that as an n-step method, formula (11) is convergent if it is both consistent and
zero-stable. The design procedure of formula (11) is illustrated in the remaining part of this subsection.
Firstly, the mth-order Taylor expansion [34] can be presented as

2 m
fiwr =fe+gfet+ Sht o+ mﬁ"” +0(g™ 1. (12)

In order to obtain the general four-step ZeaD formula with the truncation error of 0(g#), the following Taylor expansions of
Jir1 fe—1, fe—2 and fy_3 are given as

. gz .. g3 g4
ferr = i+ ghe+ S+ e+ S fc+ o(g”), (13)
. g2 .. g3 g4
fier =fe —gfe + ?fk — Efk + ﬂfk +0(g°), (14)
. . 4g3.. 204..
fia = fi = 2+ 28 — Sfo+ S F o+ 0(e”) (15)

and
. 9g?. 9g3. 27g%..
fie—3 = fu — 3gf + Tfk - Tfk + Tfk + 0(g>). (16)
By substituting (13)-(16) into (10), the following equation can be obtained:

bofi + bigfi + bag?fi + bsg’fi + bag*fi + 0(g°) = 0(g"*"), (17)
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where bo = as-+ay4+asz+a+aq, b] = as—az—2a;—3a;—1, bz = (15/2+a3/2+2(12+9(11/2, b3 = (15/6—(13/6—4(12/3—9(11/2
and by = as/24+as3/24+2a,/3+27a,/8.1f p = 4 and general four-step ZeaD formula (10) is consistent and has a truncation
error of O(g*), the conditions below must be satisfied:

bo=as+as+a3+a,+a; =0

bi=as—a3—2a;,—3a;—1=0

b, =as/2+a3/2 4+ 2a; +9a,/2 =0 (18)
bs =as/6 —as3/6 —4a;/3 —9a;/2 =0

by = as/24 + a3/24 4 2a,/3 + 27a,/8 = 0.

By solving (18), we obtain the solution as

0 — 1
T2
a 1
2 =3
2
3
a3:—§ (19)
5
a4:6
1
aszz.

Therefore, we can obtain the characteristic polynomial of (10) as follows:

p(y)=3y*+10y> —18y*+ 6y —1=0, (20)

of which the roots are —4.7028, 1, 0.1847 4 0.1917i and 0.1847 — 0.1917i with i denoting imaginary unit. It does not
satisfy the zero-stability since one root lies outside of unit disk. Thus, there are no coefficients that can guarantee p = 4 and
four-step ZeaD formula (10) has a truncation error of 0(g*).

If p = 3 and general four-step ZeaD formula (10) has a truncation error of 0(g?), the conditions below must be satisfied:

bp=as+as+az+a+a;=0
b] =a5—a3—2a2—3a1 —1=0
b, =as/2+as/2 4+ 2a; +9a,/2 =0 1)
b3 = a5/6 — 03/6 — 4(12/3 — 9(11/2 =0.
By computing the solution of (21), we obtain
as =a;+3
1
ag = —4a; + -
2 (22)
a3 =6a; — 1
1
a, = —4a; + 5
Besides, from the above computation process, we obtain by = a; + 1/12. Then Eq. (17) can be formulated as
<a1 " %) ¢'F; +0(g%) = 0(g"). (23)

Evidently Eq. (23) holds true. Thus according to Definition 2 in Section 3.1, we obtain a general four-step ZeaD formula which
is consistent and with the truncation error of 0(g>).

Furthermore, according to Definition 3 in Section 3.1, we need to further investigate the zero-stability of general four-step
ZeaD formula (10) to have a better understanding of its convergency. General four-step ZeaD formula (10) can be rewritten
as

Asfirt + Qafi + asfic1 + Gafiz + ifics = ghe, (24)

which gives us the characteristic polynomial of (24) as below according to Definition 1 in Section 3.1:

p(y) = asy* + asy® +asy? + ay +ap. (25)

In order to investigate the roots of Eq. (25), by adopting bilinear transform y = (1 + wt/2)/(1 — wt/2) [35], the following
equation can be obtained:

C(wr>4+c<wr)3+c<wt)2+c <wr)+c —0 (26)
A\ 3\ 2\ \5 o=0.
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Table 1
Collection of four-step ZeaD formulas with various values of a;.
a; Formula
_ (@13 Vier1—(4a1 = 3 (601 — Dfy 1 —(4a1 — § V-2 Fa1fi—3
1/12 <a; <1/6  fr = Z
28fi 11+ — 301~ 13fk_2+6fi
1/11 fo= fie+1+9k flés; fk—2+6fk—3
_ B +3fi— 1201 =7fi—2+3fk—3
1/10 fk= 308
; 8ficp 1+ —6fi_1—5f_2+2fi
1/9 fo= it 1+ fklslg fie—2+2fk—3
Mfiey 16182 +3fc
1/8 fo= fi+1—6fk 214gfk 2+3fk—3
1/7 fio = 20fje41—3f—6fk—1—17fk—2 +6fk—3

42g

After substituting solution (22) to Eq. (26), we obtain ¢y = 0,¢; = 2,¢; = 4,c3 = 2/3 and ¢4 = 16a; — 4/3, which means
Eq. (26) can be reformulated as

164 4 (a)r)4+2<wr>3+4(a)r>2+2<a)r)+0_0
'3\ 3\ 2 2 2 T
According to Routh’s stability criterion [36], we can conclude that
1 1

—_ << .
12 6

Based on solution (22) and Taylor expansions (13) through (16), we have

(a1 + 3ferr — (4ar — i + (6a1 — V)fiq — (401 — 3z + @1fis

fi+ (a1 + ) g4 + 0 :;’ 1 =
8Jk a )8 Jk g .
= 2 =fe+ (@ + = ) & f +0(g")
g 12
After rearranging Eq. (27), the general four-step ZeaD formula can be presented as
fi
(@14 3err — (4ar — 3 + (641 — Vi1 — (401 — §fiz + a1fic—3
= 2 (28)
1
— |+ = )& f +06g?),
12
or
fi

(a1 + 3 is1 — (401 — 3)fi + (6a1 — 1fiy — (401 — £)fi—z + Q1fis
g

+ 0(g?).

where 1/12 < a; < 1/6. Apparently we can see that the truncation error of (28) is —(a; + 1/12)g3'f;: = 0(g?). In addition,
the collection of four-step ZeaD formulas with different values of a; is shown in Table 1. Thus, the proof is completed. O

Corollary 1. The truncation error of general four-step formula (11) becomes smaller when a, approaches toward 1/12.

Proof. From Eq. (28), we can see it clearly that as the expression of truncation error being —(a; + 1 /12)g3'ﬁ:. Since the
effective domain of parameter a; is 1/12 < a; < 1/6, it is evident that when the value of a; approaches toward 1/12, the
truncation error of general four-step ZeaD formula (11) becomes smaller. Thus completes the proof. O

3.3. General discrete-time solutions

Due to potential digital hardware realization such as digital computer and digital circuit realization, the development for
discrete-time models is necessary. In this section, based on the CTDD model and CTZD model, both general four-step DTDD
model and DTZD model are proposed by adopting general four-step ZeaD formula (11).
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Firstly, let us consider the following discrete-time TVNO problem with computational time interval [ty, t,+1) < [O, t¢]:

min (/)(Xk+1, tk+1) € R, (29)
Xje+1€R?
where <p(xk+1, tk+1) is generated or measured from the smoothly time-varying signal <p(x(t), t) by sampling at time instant
t = (k 4+ 1)g (which is denoted as t;,1). Besides,g > 0and k = 0, 1, 2, ... denotes the updating index.

In the real-time solution process of TVNO problem (29), computation has to be performed based on the present and/or
previous data. For example, at time instant t;, during the computational time interval [¢, t;+1), we could only use known
information such as x(t), ¢(x(tx), ty) and its derivatives, instead of unknown information such as ¢(Xg+1, ty+1) and its
derivatives. Thus, the objective is by utilizing the present and/or previous data to find the unknown vector x;,; of the
unknown function ¢(Xy.1, ty+1) during [ty, ti+1), such that (29) achieves its minimal value at each time instant. Note that,
at the start of the computation with ty = 0, we could not compute x(0) based on previous data; thus x(0) can be randomly
generated or directly set as x*(0), where x*(0) denotes the theoretical solution of (29) at start time instant t.

3.3.1. General four-step DTDD model
Firstly in this subsection, in view of general four-step ZeaD formula (10) in an element-wise manner, the following
formula can be obtained:

X
(@4 X — (4ar — 3%+ (631 — X1 — (401 — §)Xe—2 + A1Xe3 (30)
g
+ 0(g?).
According to Section 2.2, after adopting formula (30) into CTDD model (3), we obtain
(a1 + 3)Xes1 — (4ar — 3% + (6a — 1)Xi—1 — (4ay — §)Xe—z + A1X4—3
i ¢ (31)
. _ 0% o(Xk, t)
= —H (%, tg) o
0X 0ty
which can be formulated as
[ —Aa+ 5 6a; — 1 —4a; + §
Xep1 = | ———= X — | —— | X1 — | —— | X2
ay + 3 a + 3 a + 3
(32)

a 1 1 .
- T | X3 — T | 8H ™ (X, te) Le(Xe, ty).
a + 3 a + 3

Thus, the design procedure of DTDD model is completed.

3.3.2. General four-step DTZD model
According to Section 2.3, in order to obtain the accurate discretization, general four-step formula (30) is adopted to
discretize CTZD model (8). Therefore, we have

(a1 + X1 — (4a1 — 3% + (6a — 1)Xe—q — (4ay — §)Xe—2 + G1Xp—3

£ ) (33)
0 Lt ad , b
+ 0% = —H (% 1) [ 2 (X, k) P(Xk, tk)
0Xy 0Xy 0ty

which can be formulated as

—4a; + 1 6a; — 1
Xer1=—| —1 | Xk — T | Xk-1
a1+ 3 a1+ 3
—4qa + 1 a
- 1716 X2 — : T | X3 (34)
a; + 3 a + 3

1 (X, t 32o(xy, t
- - ) g e, tk)<k P b) | 500 ")>+0(g4),
a; + 3 Xy X 0ty
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or

_4a1 + 1 a
- 2 | Xz — ! T | Xe—3 (35)
aq —+ 3 ai + 3
1 1 . 4
- = ) H (%, ) (R (X, ) + 2 (X, 1) + O(g?),
a + 3

where design parameter h = Ag is used to scale the convergence rate of general four-step DTZD model (35).
Thus, the design procedure of general four-step DTZD model is completed.

4. Further theoretical guarantee for general four-step DTZD model

Based on the three definitions listed in Section 3.1, we have the following theoretical results about general four-step DTZD
model (35).

Theorem 2. The proposed general four-step DTZD model (35) for time-varying nonlinear optimization is zero-stable, consistent
and convergent with the truncation error of 0(g*) when 1/12 < a; < 1/6.

Proof. According to Section 3.3.2, general four-step DTZD model (35) can be written as

—4a, + 3 6a; — 1
Xev1 =—| ——71 | Xk — T | Xk-1
a+ 3 a+ 3
_401 + % aq
—\ 77 ) Xk—2— T | Xk-3
a + 3 a + 3

1 .
- ( ) H™' (X, ) (R® (X, ) + g8 (X, 1)) + 0(g?),

1
al+§

where apparently the truncation error is O(g*). In addition, according to Definitions 1 and 2 in Section 3.1, based on the
design procedure of general four-step ZeaD formula (10) and general four-step DTZD model (35), it is known that general
four-step DTZD model (35) is zero-stable and consistent with the truncation error of 0(g4) when 1/12 < a; < 1/6.Therefore,
according to Definition 3 in Section 3.1, we know that general four-step DTZD model (35) is zero-stable, consistent and
convergent with the truncation error of 0(g*) when 1/12 < a; < 1/6. Thus, the proof is completed. O

Theorem 3. Consider discrete-time TVNO problem (1). The steady-state residual error (MSSRE) limy_, oo || ¥ (Xk+1, tkr1)ll2 Of
general four-step DTZD model (35) is O(g*), where || - ||» denotes the 2-norm of a vector.

Proof. Let X}, , € R" denote the theoretical solution of TVNO problem (1). According to Lemma 1 from [3], we know that
W(X;, 1, tkr1) = 0. Furthermore, from Theorem 2, it can be concluded that X1 = X}, ; + 0(g*) when k is large enough.
Therefore, the following equation can be obtained:

lim %1, ter)llz = lim [ @(Xg,, +0(g), tier1)]l2-
k— 00 k— o0
By using Taylor expansion, we obtain

Jim (e, )l = 120G tien) + HXE 1 by 1)0(g*) + 0(g)1l2

= [[H(X}, . tr1)0(g*) + O(g®)]l>.

Considering that H (x’;kJrl , te1) IS @ constant matrix at a certain time instant, we further have
lim (X1, ter1)ll2 = 0(g?).
k—o00

Thus, we complete the proof. O
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Fig. 1. Trajectories of ¢(Xy1, ty+1) and X1 of TVNO problem (36) synthesized by both general four-step DTDD model (32) and general four-step DTZD
model (35) witha; = 1/9 and h = 0.05.

5. Numerical experiments and verifications

In order to verify the efficacy and accuracy of general four-step DTDD model (32) and general four-step DTZD model (35),
numerical experiments are conducted. Without lose of generality, these experiments are carried out in MATLAB version 7.6.0
environment with a personal digital computer [34].

5.1. Example 1: TVNO problem solving by DTDD model and DTZD model

In this subsection, for illustrative and comparative purposes, one same example of TVNO problem (1) is synthesized
by general four-step DTDD model (32) and general four-step DTZD model (35) simultaneously. Furthermore, in order to
investigate the robustness of these models, several experiments are started with various initial states.

The continuous-time form of the example of TVNO problem (1) can be expressed as

min @(x(t), t)

X(t)eR4
— () 10sin (TE)Y AT
= <X1( )+ 10sin (E)) + (Xz( )+ Z)
2
+ <x3(t)—exp <—%>> 4+ 0.025(t — 1)x3(t)x4(t) (36)

T <x1(t) Tin (sin (%) 4 1)) <x2(t)+ sin (é) T cos <é>)

2
— () + (al0) + sin()s() + <x4(t> +exp (—%)) ,

and, according to expression (29) in Section 3.3, the corresponding discrete-time form is expressed as

min ¢ (Xer1, fes1) € R
Xj4+1€R?

Firstly, general four-step DTDD model (32) and general four-step DTZD model (35) are applied to solve TVNO problem
(36) withg = 0.05 s, h = 0.05 and a; = 1/9. The corresponding results are presented in Fig. 1.

In Fig. 1(a), the red dotted curve and the blue solid curve denote the values of ¢(Xy1, ty+1) corresponding to the
solutions of TVNO problem (36) synthesized by general four-step DTDD model (32) and general four-step DTZD model (35),
respectively. Note that the numerical experiments of both DTDD model (32) and DTZD model (35) start with the same initial
state vector Xo = x(0) = [1, 2, 3, 4]T with the time duration being 30 s. Then according to our previous work [3,33], the
state vectors of the second and the third sampling nodes are computed by using the Euler-type discrete-time model since
the model requires just the state vector of one preceding sampling node. After the state vectors of the first four sampling
nodes are acquired, both general four-step DTDD model (32) and general four-step DTZD model (35) are adopted to solve
the TVNO problem (36).

From Fig. 1, it is easy for us to obtain an intuitive understanding that: when the initial state x(0) does not satisfy
x(0) = x*(0), although both general four-step DTDD model (32) and general four-step DTZD model (35) are adequate for
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Fig. 2. Trajectories of residual error ||e(tx+1)|2 of TVNO problem (36) synthesized by both general four-step DTDD model (32) and general four-step DTZD
model (35) with a; = 1/9 and h = 0.05.

Table 2

MSSRE data synthesized by both general four-step DTZD model (35) and gen-
eral four-step DTDD model (32) for solving TVNO problem (36) when initial
states satisfy x(0) = x*(0) with a; = 1/9 and h = 0.05.

g=0.05s g =0.005s g =0.0005 s
DTZD 1.6144 x 10~ 2.2714 x 107° 2.5334 x 10713
DTDD 6.9452 x 1074 4.8745 x 1076 6.6863 x 1078

solving TVNO problem (36), general four-step DTZD model (35) is more accurate. More specifically speaking, as shown in
Fig. 1(a), the value of ¢(Xy. 1, tys1) synthesized by general four-step DTZD model (35) remains to be smaller than the value
of o(Xy+1, tkr1) Synthesized by general four-step DTDD model (32).

In order to have a better understanding of the real-time convergence of general four-step DTDD model (32) and general
four-step DTZD model (35), we investigate the residual error ||e(ti+1)ll2 = [10¢0(Xkr1, ter1)/0Xkr1ll2 = | P (Xpew1, tka1)ll2 5 aS
the optimization of TVNO problem (1) can be achieved when ||e(t,+1)]|2 iS convergent to zero.

The trajectories of residual error ||e(ty+1)[l> when the initial state x(0) does not satisfy x(0) = x*(0) are illustrated in
Fig. 2.

As seen from Fig. 2(a), when g = 0.05 s, the residual error of general four-step DTZD model (35) converges to near zero,
while the residual error of general four-step DTDD model(32) does not converge to zero and remains relatively large, which
is being around 3.28. Moreover, from Fig. 2(b), we can see that when g = 0.005 s there is an evident enhancement of the
performance of general four-step DTZD model (35), while the residual error of general four-step DTDD model (32) still does
not converge to zero.

Secondly, to further investigate the performance of both discrete-time dynamics models when x(0) = x*(0), a few more
experiments are conducted and the corresponding results are presented in Table 2 and Fig. 3. Specifically, Table 2 presents
the corresponding maximum steady-state residual error (MSSRE). From Fig. 3, when the initial state is delicately selected to
satisfy x(0) = x*(0), the residual error | e(t,;1)||> of general four-step DTDD model (32) converges to near zero after a short
time of oscillation, but general four-step DTZD model (35) shows to be more accurate. More specifically speaking, as seen
from Fig. 3(a), the residual error ||e(ty1)||» of general four-step DTDD model (32) is of order 10~* when sampling period
being g = 0.05 s, and in Fig. 3(b) the residual error is of order 10~% when sampling period being g = 0.005 s. It is shown
that the residual error | e(ti1)]||2 of general four-step DTDD model (32) is of order O(g?) when the initial state x(0) satisfies
x(0) = x*(0).

As to the performance of general four-step DTZD model (35), from Table 2 we can see it clearly that the MSSRE of general
four-step DTZD model (35) is of order 107> when g = 0.05 s, of order 10~ when g = 0.005 s and of order 10! when
g = 0.0005 s. We can draw the conclusion that the MSSRE of general four-step DTZD model (35) is of order O(g*), and this
conclusion collaborates with Theorem 3 in Section 4. It can be also seen from Table 2 that the MSSRE of general four-step
DTDD model (32) shows a pattern of 0(g?).

Furthermore, from Figs. 1 and 2, it is evident that general four-step DTDD model (32) is sensitive to the initial state, while
general four-step DTZD model (35) is robust.
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Fig. 3. Trajectories of residual error ||e(ty1)||> of TVNO problem (36) synthesized by both general four-step DTDD model (32) and general four-step DTZD
model (35) when x(0) = x*(0) witha; = 1/9 and h = 0.05.

Table 3
MSSRE data of general four-step DTZD model (35) with different values of a,
and h = 0.05.
a; g=0.05s g =0.005s g =0.0005 s
17 3.6688 x 10~° 2.8024 x 1079 3.0990 x 10~13
15/112 1.9130 x 107> 2.6918 x 10~° 3.0326 x 10713
1/11 1.5343 x 1075 2.1588 x 1079 2.6126 x 10713

Finally, to further investigate the influence of parameter a; over the performance of general four-step DTZD model (35),
general four-step DTZD model (35) is exploited to solve TVNO problem (36) with the value of a; being a; = 1/6,a, = 1/7,
a; = 15/112,a; = 1/11 and a; = 1/12. Without lose of generality, the numerical experiments begin with the same
randomly generated initial state. The corresponding results are presented in Fig. 4 and Table 3.

From Fig. 4(a) and (b) we can obtain an intuitive conclusion that there exists notable enhancements of the performance of
general four-step DTZD model (35) as a; approaches 1/12. More specifically speaking, from both Fig. 4(a) and (b) we can see
it clearly that although the residual errors of all three DTZD models have an O(g*) pattern, the DTZD model with a; = 1/11
has both the highest accuracy and convergence rate, while the DTZD model with a; = 1/7 has the lowest accuracy and
convergence rate, and the performance of the DTZD model with a; = 15/112 is between these two DTZD models. From
more detailed MSSRE data that are listed in Table 3, we can see that after all three DTZD models reach the steady state, there
still exists a small difference between the MSSRE data of these three DTZD models. From Table 3, we can draw the conclusion
that all three DTZD models have a residual error being the order of O(g#) and general four-step DTZD model (35) has a smaller
MSSRE as a; approaches toward 1/12. This conclusion collaborates with both Theorem 3 and Corollary 1. Furthermore, as
shown in Fig. 4(c) and (d), general four-step DTZD model (35) does not converge when a; = 1/6 and a; = 1/12, which
collaborates with Theorem 1 that the effective domain of parameter a; is 1/12 < a; < 1/6.

5.2. Computational complexity

In this subsection, we present the computational complexity of general four-step DTDD model (32) and general four-step
DTZD model (35) for solving TVNO problem (36), including computational complexity analyses and numerical comparisons.

For the convenience of comparisons on the performance of computational complexity, we present the classical Euler-type
DTZD model for the time-varying nonlinear optimization [2,3] as

Xir1 = Xk — H'(Xee, (M@ (X, tc) + g ¢(Xe, b)), (37)

which is convergent with the truncation error of 0(g?). For the n-dimension time-varying nonlinear optimization, Xy,
W(xy, t) and W, (xy, t;) are n-dimension vectors, and H(Xy, t;) is an n-dimension square matrix. Excluding the same matrix-
inverse operation, the multiplications of Euler-type DTZD model (37), proposed DTDD model (32) and proposed DTZD model
(35) are n® + 2n, n? + 6n and n® + 7n per updating, respectively. The additions of Euler-type DTZD model (37), proposed
DTDD model (32) and proposed DTZD model (35) are n? + n, n? + 3n and n? + 4n per updating, respectively. Besides, the
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Fig. 4. Trajectories of residual error ||e(ty1)||> of TVNO problem (36) synthesized by general four-step DTZD model (35) with h = 0.05 and different values
of a;.

main multiplications and additions come from the same matrix operation of the above three models for a high dimensional
time-varying nonlinear optimization, which are n? and n? —n, respectively. It means that the main computational complexity
of these models originates from the problem itself. In this sense, the slightly more multiplications and additions of proposed
DTDD model (32) and proposed DTZD model (35) can be ignored.

To substantiate the above analyses, we apply Euler-type DTZD model (37), proposed DTDD model (32) and DTZD model
(35) for solving TVNO problem (36). Average computing time per updating generated by the three models is considered in
numerical experiments, which are presented as Table 4. In order to guarantee the accuracy of the results, we run the program
in the same environments of hardware and software and take average testing values. The results are presented as Table 4. We
can observe from Table 4 that the data of average computing time per updating generated by the three models are similar,
coinciding with the above analyses.

According to the computational complexity analyses and numerical comparisons, we know that proposed DTDD model
(32) and proposed DTZD model (35) are similar to Euler-type DTZD model (37) in terms of computational complexity for
solving the time-varying nonlinear optimization, but they (i.e., the former) can achieve computing precision superior to
Euler-type DTZD model (37).
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Table 4

Data of average computing time per updating generated by Euler-type DTZD model (37), proposed DTDD model (32) and proposed DTZD model (35) with
ao = 1/9 and different g.

Model g=0.01s g=0.02s g=0.03s g=20.04s g=0.05s

(37) 9.55x 10™° s 9.75x 107° s 9.49 x 107° s 9.84x107° s 9.80 x 10° s

(32) 988 x 105 s 1.02 x 107*s 1.02 x 10~*s 1.02 x 10~*s 1.03 x 10~*s

(35) 1.00 x 10~*s 1.03 x 10~*s 1.05 x 10~*s 1.06 x 10~*s 1.05 x 10~*s
1.2 10°
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Fig. 5. Robot trajectories synthesized by model (39) and residual error &(t1) of model (39) with h = 0.05 and different values of g.

5.3. Example 2: Real-time motion control of robot manipulator

In this subsection, the real-time motion control of a two-joint planar robotic manipulator, is investigated and solved
by the above-mentioned general four-step DTZD model (35). Firstly, the discrete-time kinematics equation of two-joint
planar robot manipulator at the position level is given as f(0;) = ri, where f(-) is the kinematics mapping function with
known structure and parameters with 0, = 0(t;). Besides, 9, € R? is the joint angle vector and r; € R? is the end-
effector position vector. In view of robotic control, the following problem is to be solved at each computational time interval
[t ter1) = [kg, (k+ 1)g) < [O, t¢]:

. 2
min ||rgx — rell3,
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where rq, denotes the desired path vector at time instant t;. Besides, the above TVNO problem can be rewritten as

T
| ¥ )
AL

n ‘2 — Tk (38)

Moreover, the real-time optimization solution of TVNO problem (38) at time instant t; is denoted by 0} € R?. Such solution
is ought to be found during each computational time interval and guarantees that TVNO problem (38) achleves its minimum
value for each time instant .

Furthermore, according to general four-step DTZD model (35) and in view of kinematics, we have the following model,
which can solve TVNO problem (38) successfully.

—4a; + 3 6a
B = — (12) b - (1> 0y
a; + 3 a + 3
_4a] + 1 a
-\— N P ! ol (39)
a; + 3 a + 3

(a +1 ) (’k]k) (hfk T — l‘dk)+g]kl‘dk) +0(g%),
1

where J; stands for J(0y) for convenience purposes and J(8;) € R?*? denotes the Jacobian matrix of the two-joint planar
manipulator at time instant .
The end-effector is controlled to track a Lissajous curve, which is expressed as

i
1.5 4 0.2sin <?)

Tk =
3 2t
\2f+0‘25ir1< T, T )

Moreover, since d(ryry/2 — rirq)/00 = Ji(ry — ra), we define a residual error &(ti41) as &(tir1) = g q (st — Faig)ll2-
Apparently, the joint angle vector 0, converges to the real-time optimal solution 0}, , when residual error &(ty4q)
converges to zero.

Discrete-time model (39) with a; = 1/9 is employed to solve this problem, and the corresponding results are presented
in Fig. 5. In all three simulations, the initial joint states are set as 8o = [0, = /3]", the parameter h = 0.05 and the task
duration tr = 40 s. Numerical results are presented in Fig. 5. Specifically, Fig. 5(a) shows robot trajectories synthesized by
model (39). Fig. 5(b), (c) and (d) show the residual error of model (39) with different g. From Fig. 5(a), we can see that it is
evident that model (39) completes the task successfully. Furthermore, the residual error &(ti,) is of 107> when g = 0.05 s,
of 107° when g = 0.005 s and of 10~ !> when g = 0.0005 s, respectively. Apparently, the residual error £(t,,) has an 0(g*#)
pattern as well.

(40)

k+

6. Conclusion

In this paper, for solving TVNO problems, a CTDD model and a CTZD model have been developed and presented. Then,
a general four-step ZeaD formula using bilinear transform has been proposed and investigated. This new general four-step
ZeaD formula is consistent, zero-stable and convergent with the truncation error of O(g3). Based on this general four-step
ZeaD formula, the discrete-time dynamics models have been developed and investigated for potential digital hardware
realization. Through theoretical analyses, the fact that the MSSRE of general four-step DTZD model has a pattern of O(g*) has
been theoretically proved. Moreover, the efficacy and accuracy of both general four-step DTDD and general four-step DTZD
model when solving for TVNO problems have been illustrated through numerical experiments. Note that the DTDD model is
sensitive to the initial states and its residual error shows a pattern of O(g?), and the general four-step DTZD model is robust
with the residual error having a pattern of 0(g*).
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