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Metric approximation of set-valued functions of bounded variation

Elena E. Berdysheva *, Nira Dyn T,  Elza Farkhi T ¥,  Alona Mokhov

Abstract. In this paper we approximate univariate set-valued functions (SV7 ) of b "nded variation with
range consisting of general (not necessarily convex) compact sets. The approxim .¢ion .. ~=tors adapted to SVFs
are local operators such as the symmetric Schoenberg spline operator, the Be.. ~t-.n polynomial operator and
the Steklov function. All operators are adapted by using metric linear com**natio. - Error bounds, obtained
in the averaged Hausdorff metric, provide rates of approximation similar .o thos for real-valued functions of
bounded variation.

Key words: compact sets, set-valued functions, metric selections, met~ic .. -~ ombinations, metric integral,
positive linear operators.
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1. Introduction

The theoretical interest in the approximation of set-valuel func.. . (SVFs, multifunctions) is relevant to
various applications in fields where SVFs are used, such as econou.,~ optimization, dynamical systems, control
theory, game theory, differential inclusions, geometric modc . 1n particular, SVFs are relevant to the problem
of the reconstruction of 3D objects from their parallel 2D cross-. *~tions (see e.g. [9]). The 3D object determines
a set-valued function whose samples are the given crc .. *ions and whose graph is the 3D object. SVFs
corresponding to 3D objects are not necessarily continuou a .d in many cases can be of bounded variation only.

Approximation of continuous set-valued functio with -eneral compact images by adaptation of classical
approximation operators are studied first in [15, 1] ana -ec. ~tly in [5, 6]. Extensive research on approximation of
SVFs with range consisting of convex compact set< can be found in [15, 6, 11, 3]. The adaptation of the Bernstein
operator to set-valued functions using Minkowsk. 'inea: combinations is considered by Vitale in [15]. The
approximating functions in this case converge to the co. vex hull of the function to be approximated and hence
cannot approximate SVFs with range consis*' -~ of general compact sets. This effect is called convexification
in [4].

In [5, 6] approximation operators for c. “tinuou SVFs with general compact images based on metric linear
combinations and other adaptations ars invest.,, ~ ed, and corresponding error bounds in the Hausdorff metric
are obtained.

In this paper we study approxima.. > of & /Fs of bounded variation which are not necessarily continuous,
and derive error bounds measured n the « - raged Hausdorff metric. Our work extends the research on the
approximation of single-valued fv «. ~ns of bounded variation (see e.g. [8], [13]).

First we investigate the adaptations ¢ two types of sample-based approximation operators, namely, local
operators like the Schoenberg spu e operator (Section 3) and the Bernstein operator (Section 4). Both types
are adapted to SVF's by rer acin’, linear combinations of reals by metric linear combinations of sets, similar
to what was done in [5, 6] for c. ~tinuous SVFs. The third type of approximation we consider is a set-valued
analogue of the Steklov finct'on, auapted by replacing the Riemann integral by the metric integral of SVFs
introduced in [7]. The . ~tric mte’ cal is free of the convexification drawback, which is typical to the commonly
used Aumann integral of Sv <. .'he metric Steklov functions are investigated in Section 5.

2. Preliminaries

In this secti ,n we introduce some notation and basic notions related to sets and set-valued functions. We
also present no ‘ons of r zularity of functions in metric spaces, and discuss the new notion of the metric integral
of set-valued fun. “ions
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2.1. On sets

We denote by K(R?) the collection of all compact non-empty subsets of R%. All sets considered from now
on are from K(R%). By Co(R%) we denote the collection of all convex sets in K(R%). The convex hull of a set A
is denoted by co(A), the closure of A by cl(A), the interior of A by int(A) and the boundar~ of A by dA. The
metric in R? is of the form p(u,v) = |u — v|, where | - | is a norm on R?. An important fact is that all norms in
R? are equivalent, namely for two norms | - |a, |- |s there exist constants C** < C5°% su n . ~t for all u € R?

CPluls < |ula < C5Pluls. (1)

To measure the distance between two sets A, B € K(R?) we use the Hausdorff metric “asr { on p

haus(4, B), = max{lglgj{dlst(a, B),, IglEaBXdlSt(b, A)pl. (2)

s

where dist(a, B), = minyep p(a, b).
It is not difficult to see that the equivalence (1) induces a similar equivalen. between the corresponding
Hausdorff distances
C?Phaus(A, B)s < haus(A, B)o < C5"Phaus A, B)s, (3)

where haus(A, B). denotes the Hausdorff distance in (2) corresponding to t.. > met ic p based on the norm | 4.

Remark 2.1. In the following we introduce notions that were define: befe _ . lative to the Euclidean distance.
Here we extend these definitions to any norm-based metric on R®. Th — stens on is straightforward.
From now on, we omit indices indicating the underlying metric on ».* whe  .ne specific metric is not essential.

We denote by |A| = haus(A, {0}) the “norm” of the set. Tt is wel. known that K(R?) and Co(R?) are
complete metric spaces with respect to the Hausdorff metric [12, 1’
The set of projections of a € R? on a set B € K(R?) is

llg(a)={b€ B:la—. = ast(a, B)},
and the set of metric pairs of two sets A, B € K(R?) is
II(A,B) = {(a,b) e AXx B: « € I4(b) or beIlg(a)}.
Using the metric pairs, we can rewrite
haus(A4,B) =m' ~fla —.': (a,b) € II(A, B)}.
We recall here the notion of a metric chain and of a 1. *tric linear combination [7].

Definition 2.2. Given a finite sequence of = .. Ag,..., Ay € K(Rd), n > 1, a metric chain of Ao, ..., A, is an
(n + 1)-tuple (ao,...,an) such that (a;,a; ) € II(. "3, Ait1), 1 =0,1,...,n — 1. We denote the collection of all
metric chains of Ao, ..., An by

CH(Ao, .. ,An) = {(af ... Jn) : (ai,ai+1) (S H(Ai,AH_l), 1=0,1,...,n— 1} . (4)

The metric linear combination of the sc. Ao, .., A, € K(RY), n > 1, is

@)\Al = [Y:/\Zal : (ao7...,an) [S CH(A0,7AR)} .
i=0 Li=0

Remark 2.3. In [5] and [6 Ch. ] the definition of a metric chain is slightly different from the one in (4).
A wector (ao,...,an) satisfyn., w1 €1Ma,_  (a:), 1 < i < j, a1 €1Ma,y,(a), § < i < n—1, for some
j € {0,...,n}, is termed in 15, v, a metric chain of {Ao,...,An}. Note that in [5, 6] only the FEuclidean
distance is used.

The collection (4) includes !l th metric chains in the sense of [5, 6], in case (4) is defined with respect to the
Euclidean distance.

Note that the n =tric lin' ar combination depends on the order of the sets, in contrast to the Minkowski
linear combination of . *< - .ich is defined by

zn:AzAz_{zn:)\laz IaiGAi}, nzl
1=0 1=0

For a scvwuer .« f sets {A,}n2; the upper Kuratowski limit is the set of all limit points of converging
subsequences ‘. }72;, where a,, € Ay, , k € N, namely

limsup A, = {a : Hng ez, with klim Nk = 00, Jan, € Ap, such that klim On,, = a}.
—00 —00

n—oo
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2.2. Regularity measures of functions with values in a metric space

In this work we consider functions defined on a fixed interval [a,b] C R with values in a complete metric
space (X, p), where X is either R? or K(R?). In K(R?) the metric is the Hausdorff metric.
We denote by Lip(L) the collection of all Lipschitz continuous functions satisfying

p(f(x), f(y)) < Llz —yl, Y,y € la,b].

Next we recall the notion of the variation of a function f:[a,b] = X. Let x ={zo, .., . n}, a = 20 < 1 <
-+« < xn = b, be a partition of the interval [a, b] with the norm

Ix| = Oggaf,l(xiﬂ — ).

The variation of f on the partition x is defined as

n

V(X)) =Y plf (@), f(wi-1))-

i—1
The total variation of f on [a, b] is

V2(f) =sup V(f,X).

where the supremum is taken over all partitions of [a, b].
A function f is of bounded variation if V?(f) < co. We call functions ¢ bounded variation BV functions and
write f € BV]a, b].

The equivalence of the norms in R? (see (1)) and the ir ‘nceq ~ valence of the Hausdorff distances in
K(R?) (see (3)) implies the equivalence of the variations of functic ~s with values in R* or K(R%)

CEPVE(£)s <V (Fla = TOPV(S)s. (5)

Any function f:[a,b] = X is extended in this pap v vo . “inction defined on R in a way preserving its
variation, namely,

J o T - a,
f(w)={ fla, «<a<b, (6)
LY. x> b,

The Li-modulus of continuity of f is defined by

w(f,9),

up / p(f (@ + h), f(z))da.

1 b—a o< <5

In [13] it has been shown that for a 7.V firnctica f : R — R the estimate ff VIR (f)dz < 26 V2(f) holds. We
extend this important result to metri -spe e va aed functions, repeating the proof from [13] almost verbatim.

Lemma 2.4. For a BV function :R — a che following property holds

/ b VIR (F)dz < 26V, (f).

a

Proof. We have

b b b b+6 b—4§
/ VIR (f) = / VR (f)de — / VL (f)de = Vi_s(f)dt — Vi_s(f)dt
a a a a+d a—=§
~+45 a+d b+46
e / Vis(fdt < [ VE(de = 28V ().
b—4§ a—§ b—4§



2.8. SVFs, metric selections and the metric integral

Now we present some notions related to set-valued functions mapping [a, b] to K(R?).
The graph of a multifunction F' is

Graph(F) ={(z,y) : y € F(x), = € [a,b]}.

Note that the graph is a subset of R4T!. Tt is easy to see that if F' € BV([a, b] then Graph(F) is . bounded set.
F has a bounded range if || F(x)| < oo. We denote the class of SVFs with com? act raphs and bounded
variation by Fla, b].

For a set-valued function F : [a,b] — K(R?), a single-valued function s : [a,b] = R? s " that s(z) € F(x)
for all © € [a, b] is called a selection of F.

The Aumann integral of a multifunction F' is the set

z€[a,b]

b b
/ F(x)dx = {/ s(z)dx : sis any integrable selecti~n ot ﬁl .
a a )

It is well-known [2] that the Aumann integral is convex and compact for F = Fla,t , even if the values of F' are
not convex. This is the reason why the Aumann integral is not a candid "= fo. _ Z.pting integral approximation
operators to SVFs with general (i.e. not necessarily convex) compact sets . . nages.

A new set-valued integral, which is not necessarily convex, has be. .atroc iced in [7]. This integral is used
successfully for the approximation of SVFs from F|a,b] in Section

Here we present some definitions and results of [7] which are also »lid for any fixed norm-based metric
in R%. In particular, we recall the definition of metric selections a. 1 the m tric integral. Note that these notions
depend on the metric in R?. In [7] these notions are defined w. h res, _. to the Euclidean norm only.

Given a multifunction F : [a,b] — K(R?), a partition y — "~ ,z,} C [a,b], a =20 < --- <z, = b, and

a corresponding metric chain ¢ = (yo,...,yn) € CH(F(x0),.. F(xn)), the chain function based on x and ¢ is
_ Yis :EG[:IL;,;\ 1) =0,...,m—1,

o) ={ U ZEl 7

Definition 2.5. A selection s is called a metric sele ‘tio. of it is the pointwise limit function of a sequence
{Cxp.01 then of chain functions of F, with limg_, Ivul =9,
We denote the set of all metric selections of ¥ '~ S.

Note that (7) and Definition 2.5 imply that a metric selection s of a multifunction F' is constant in any open
interval where the graph of s stays in int(Craph(s ).

Result 2.6. For F € Fla,b], through a~y po. -t ir Graph(F) there exists a metric selection.
Moreover, any F € Fla,b] has a repres :nta’ion by metric selections, namely

1 ") = {sa(z): a € Graph(F)},
where s, denotes a metric select’ /n ." 1t passes through .
Result 2.7. Let s be a metric sc.ction of F € Fla,b]. Then
Vi (s) < Vi (F).
Moreover, if F' € Lip(L) .hen s € Tip(L).
Next we recall the defini, ~n of the metric integral.
Definition 2.8. F r a mu function F : [a,b] — K(R?) and for a partition x = {zo,...,zn}, the metric

Riemann sum of F' 1. define . by
n—1

(M)SXF = @(xprl — ml)F(mz)

i=0
The metric integru. ., F is defined as the Kuratowski upper limit of metric Riemann sums corresponding to
partitions w th 1 .. , tending to zero. We denote this integral by (m) fab F(z)dz.

By its definition. the set (m) fab F(z)dx is non-empty if F" has a bounded range.



Remark 2.9. It is easy to see from the definition of the metric integral that if F' is bounded so is its metric
integral, namely if |F(x)| < M for all x € [a,b], and F € Fla,b], then

b
'(M) / F(z)dx
The following result relates the metric integral of F' to its metric selections.

Result 2.10. Let F € Fla,b]. Then

(M)/abF(l')dl':{/abs(x)dl‘ : SES}.

<(b—a)M.

3. Local metric operators

In this section we adapt to set-valued functions certain local approximation «_erators for real-valued func-
tions. Let n € N, and let x = {xo0,...,2n} C [a,b], a = x0 < 1 < --- < a. — b, be « partition of the interval

[a,b]. For m < n, let ¢; : [a,b] = R, ¢ = 0,...,n have supports supp(¢;) C [Ti—n. Titm+1], With x; = zo for
i=-m,.,—l,zi=apfori=n+1,..,n+m+1andlet > ci(x) =1 for © € [Tm,Tn_m+1]. We consider
local approximation operators of the form Am f(z) = 3.7 ci(x)f(x:) e canu i the locality parameter.

For a set-valued function F' we define the adapted metric operatc s (s = [¢ 6])

n

AnF(z) =@Pei(@)F(z:) @€ [Tm, mil. (8)

i=0
Below we obtain a bound on the integral of the approximstion . ror
Theorem 3.1. For F' € Fla,b] we have
Tn—m+1 M ~ b
/ haus (F(x), AY F(2)) dz < 7(2m + 1D)Ix|V2(F),

Cm

where .
= sy el 9)
TE[Tm,Tn—, +11 =0
Proof. For a given j € {m,m+1,...,n —m}, tu. *orn..” (8) can be written as
j+m
AnF(z)= D a(@)F(z:), € lx;,z5).
i=j—m
Thus
j+m
haus (F(m), A%F(:r/) = naus \F(ZE), @ cz(a:)F(xl)> , T € [zj,Ti41)
i=j—m
Fix x € [z;,x;41]. First we estima e dist (y,. <, F(z)) for an arbitrary y € F(z). We have
+m Jj+m
ing (y» © Ci(l‘)F(%‘)> <ly— > cl@)p
i=j—m i=j—m

for any ¢ = (¢j—m,-.., i m) € H(F(zj—m),...,F(zj4m)). Denote by ¢° a chain satisfying ¢} € M) (),
ie. dist(y, F(zj)) = ’y — );)| ""hen

j+m j+m Jj+m

Jjtm \
dist <y, P L F, IE S a@y- S a@dd < S le@) [y — o
i=j—r i=j—m i=j—m i=j—m
jtm
< D la@I(Jy—¢5| + |95 — ¢7])
i=j—m
j4+m Jj+m
< > lei (2) [ haws (F (@), F(2;) +  max. |6} — &]| > lei@)]
i=j—m - i=j—m
) j+m
< (haus (F(2), F(x;) + Vil (F) 3 fes(a)].
i=j—m



Next we estimate dist (z, F(z)) for 2 € AY F(z) and for = € [v;,2;41]. Each element z € Zi;'im ci(z)F(x;)

is built upon a chain ¢ = (¢o,...,¢n) € CH (F(x0),..., F(zn)), i.e. z = Z;"im ci(x)¢i. Choosing f° € F(x)
such that f° I py(P5), we get

j+m j+m Jj+m
dist (2, F(2)) < |z = f°] <| Y cil@)pi — D cil@)f’| < > la@)| (Igs — ¢+ i — )
i=j—m i=j—m i=j—m
) Jjtm
< (haws (F(x), F(2;) + V20 (B) Y fei(a)]
i=j—m
Thus,
haus (F(x)7 AM F(w)) < C (haus (F(x), F(z;)) + Vil tm ()
S 6 (szjj+1 (F) + sz]]j—;:l (F)) 5 £ € [:2"7', ILJ‘_‘_l}.
Now
Tp—m+41 T pxga ) .
/ haus (F(mLA%F(a‘)) dz < C Z / 7 ("ot ) $ VR (F)) da
Tm j=m VT
<CIX| Y (Vi (e + Vi i (F))
j=m
. n—m Jj+m—1
=Y v 3 vzzm(m)
7o~ \ i=j—m
" n—1
<Cooe ) SO VE(E)
j=0
= (2 + D)V2(F).
Thus we finally obtain the claim of the theorem O

A direct conclusion from Theorem 3.1 is the follow.. g statement.

Corollary 3.2. Let {A%m}nzo be a sequen ¢ of v, »rators of the form (8), where Aflvfm corresponds to a partition
X" =A{z8,...,zn} and to functions ¢, i - 0,...," . Let, for each n, C™ be the constant as defined in (9). If
limp 500 C?|x™| =0, then

z% m—+1
lim [ aaus (F(z), AN F(z))dz = 0.
n—)")OJu/".
Remark 3.3. One can define | .. operators with supp(c;) C [Zi—m, Titm], ¢ =0,...,n, when z; = xo for
i=-—m,..,—1, zi =xn fori=n+1, n+mand Y jci(x) =1 for x € [tm_1,Tn_mt1], as in the next

example. The proof of Theorer . .. can be easily modified for this case and we get the estimate

*Tn- n+1 ~
/ haus (F(a:),A%F(a:)) dz < C 2m|x|V2(F),
Top—1
with C' = sup ; lc x)|. A corollary similar to Corollary 3.2 holds also in this case.
ZE€[Tm—1,Tn m+1] g

Example 3.4. The symmet ic Schoenberg spline operators for f :[0,1] = R are defined as

S S O B L |
1=0

n n

where Bay, . - 2 B-spline of degree 2m — 1 with integer knots and support [—m,m]. Since Bam-1 > 0, z € R,
these operato. = are positive. Clearly, they are local with the locality parameter m. Moreover, C = 1, since

Z Bom—1(x —¢) =1, z € R.

i=—00



The adapted metric operators are

M _ T . K m—1 n—m+1
Sn,mF(m)—ie:%Bszl(nm 'L)F(n)7 xe[ |

and Theorem 3.1 yields for F € F[0,1]

n—m-+1

haus(F(z), SymF(z))dx

< 2m7n+1V01(F)~

m—1
n

In this example we can extend F by (6) and the operators by

n+m .
oM _ — *
Sp.omF(x) = @ Bom—1(nz 2)F<n)

i=—m

to get the estimate

2 1
m + ‘/01(;‘\

/1 haus(F(z), gfymF(:ﬂ))dm‘ <

An ezample corresponding to the operators (8) of Theorem 8.1 rre tne Sch enberg-type operators of the form

Sumflo) = Y- Bantoa = ipf (1), = [0 =]

n n

where Bam, is a B-spline of degree 2m with integer knots and cwrmos "—m m 4 1].

4. Metric Bernstein operators

The classical Bernstein operator is defined for a fu. ~tic > f : [0,1] — R by the formula

an(l‘) = anyk\" M (g) , T E [07 1}7
k=0

where ,

Dkl ' = KZ) xk(l - m)"ik.

Recall that pnx > 0 for z € [0,i, "0 . Y7 _ pni(z) =1 for any € R. If f is continuous, the sequence
of polynomials B, f converges to f anifor.. v on [0,1]. The next important result, taken from [10, Ch.1], says
that although the Bernstein ope’ .. > is not local in the sense of the previous section, it possesses a certain
localization property.

Result 4.1. For each s = 7,1,2 ..., there exists a constant As such that for all x € [0,1] and § > 0 the
following estimate holds

Z Pnk(x) < A58,

ki |E—z|>6

For F: [0,1] — K(R®, une me..ic Bernstein operator of degree n (similarly to [6, Ch. 2]) is given by

n

BYF@) =AY, () F (%) - {an,k(x)fk : (for---1fa) €CH (F(O),F (%) ,...,F(l))},

k=0 k=0

where CH (F(0, F (L) ..., F(1)) is the collection of metric chains defined in (4).
This definition u: vhe metric Bernstein operator is slightly different from the one in [6, Ch.2] and in [5] due
to the chang ~ in ..o definition of metric chains (see Remark 2.3).



Theorem 4.2. Let F € F[0,1] and let M € R be such that |F(z)| < M for all z € [0,1], then for any L<hn<i
and each s € N we have

1 —_—
/ haus (F(x), B,i”F(x)) dz < Vi (F) <% n Qh) LM AR %0, (10)
0
In particular, for h = n~Ti% we have
1 S
/ haus (F(av)7 BTJLWF(J:)) dr < Cs,pn” T2, (11)
0

where Cs F is a constant that depends only on s and F'.
Proof. Fix j € {0,...,n— 1} and = € [£, ZX1]. We estimate haus (F(z), By F z))

Let, first, f € F( ) We denote by ¢* = (47, . .., ¢5,) a chain satisfying ¢} € L, & V(f), ie, dist (f, F (L)) =
|f = ;| . Then

f- ank )i < |f - ¢J|+ank )| — 7]
k=0

—dlst( (>)+ank 2)|¢; — ¢kl <ha ~ [ F(= » ( >)+ank x)|95 — Pil-

We extend the function F' to a larger interval [—h, 1 —|— h] by pute. ~ F(-) = F(0) for < 0 and F(z) = F(1)
for z > 1. Note that for k with [z — £| < h and h > L both pou.'= £ and £ lie in the interval [z — h, 2 + h], so
that |} — ¢r| < V"F(F) in this case. Thus, for the seconfq tomma Jbtam

dist (f,BM )

ank DI —dil < Y pesla ] A+ Y pr@le; — 6l

k: |17%|<h k: |17%|2h
SVIRNE) Y mas@+2M > pas(@)
ki lo—E) n ki lo—E|>h

< VIMF) 4+ 2T A0,

where we have used the facts that Z pn, ) S 1, |97 — oF| < 2]\7[, and Result 4.1. Thus,

ki |lz—% <h
dist (f, Bi‘fF(a:)) < har s <F(m),F <%)> L VIR 2M AR %0 (12)

Now, for g € BM F(x), we estimat dist(g, r .r)). By the definition of the metric Bernstein operator we have

9= pui(@)f
k=0

with some metric chain (f, f1,... fn) € CH (F(O),F (%) ,...,F(l)). Take f* € Ilp(y)(fj). We have

I 'n

dist(g, F(2)) <lg = £ 1= S ms@ =< D pasx@lfe =14+ D, pas@)fe— 7]

|k:u k: |z—£|<h k: |z—£|>h

For k satisfying |z — 7‘ <h h> %7 we have

* * x ]
fe - FI<U= Bl 18 = 11 < V) + s (F (1) F@)).
To estimat. v... ~~~nd term, we use Result 4.1 again:

Z Pok(@)|fi — F*| < 2M AL 20"

k: |zf |>h



Thus, we obtain

dist(g, F(z)) < haus (F(m), F (%)) + VM F) + 2M AL~ 0. (13)

It follows from (12) and (13) that
haus (F(m)7 B,yF(x)) < haus (F(m), F (%)) + ngfhh(F) + QMASh*%nfs_

For the first term, using haus (F(z), F (1)) < VUt/ngE) x e [Z,Z£L]] we obtain

j/n n
n—1 ,itl . n=l eG+D)/n
Z/ haus (F(:c),F (l)) de < Z/ VG (F
=0’ % n j=0"3/n
1= 1
i+1)/n i
=D VI = ).
j=0

To estimate the second term, we use Lemma 2.4 to get
1
/ VIR (FYda < 20V (P).
0
Summarizing, we obtain the estimate

1
/ haus (F(m), B%F(m)) dz < Vi (F) (é o) 4 2M AR R
0 .

s

“ a >0, weobtain h=2*n * = n*?*=Y and thus we require a € (0,1/2)

In a special case when we take h =n™

in order to guarantee that the second term in the estw. -ate .. tends to zero. In particular, h > % in this

case, and the first term has the order n~%. It is clear tha. ne best rate of convergence will be achieved when
—a _ os(2a—1) is -

n~% =n’e , that is when o = %5;. -

It is well known (e.g., [10]) that the optimal . ‘e ot convergence of the Bernstein operator for Lipschitz
continuous real-valued function on [0, 1] is n~2. In our 1heorem 4.2, we obtain the rate of convergence n~ 1#%

s

with an arbitrary s € N. Since 17%5; tends f. 5 « s tends to infinity, we can achieve the rate n=(279) with an
arbitrary € > 0.

5. Steklov functions

In this section we introduce ar d study ' .e metric set-valued Steklov functions. First we prove two basic
properties of Steklov functions w' . ~lues in RY.
In the following any function f : [a,0, + X is extended by (6) to R.

5.1. Properties of R*-valu. 7 St klov functions

For a function f: R — R? the 'erivative and the integral are applied to each component of f.
For an integrable sin te-v: .ued function f : R — R¢ the function defined by

1 z+6
fs(x) = —/ fdt, §>0, z€R,
26 z—6
is called the Steklov 1. ~ctic . of f. It is easy to see that the Steklov function fs satisfies

J4(@) = 55 (2 +0) = fw = ) (14)

almost ever '

The follo -in', result holds for V2(-)1, the total variation based on the £;-norm in R?. We recall the definition
of the f1-norm. luly = 0 us| for u = (u1,...,uq) € R

hare,



Theorem 5.1. For f : [a,b] = R?, f € BV[a,b] and p(u,v) = |u —v|1, u,v € R?, it holds
Vo (fs)r < VI (P

Proof. First we prove that V2(g)1 < f |¢’(z)|1dz for any function g : [a,b] — R? such that |¢’(z)|: is integrable.
Let g(2) = (91(2), - .., 9a(2)), then

Va9 =sup Y lglx;) — glzj 1)l = supZDm (z;) — gi(wj—
x 4

Jj=11i=1
where the supremum is taken over all partitions x = {zo,...,zZn},a =20 <21 < --- <. =0, of [a,b]. Thus
SUPZZWZ z;) — gi(wj—1 ‘<ZSUPZ|91 z;) — gi(z 1) _deab (9i)-
=1 j=1 i=1 X Jj=1 =1

Since V(g:) f lgi(z)|dx, i = 1,...,d, we finally get

d .
1 S;/a |9;(x)|dx:/a lg' (x)|10. (15)

To continue with the proof of the theorem we use (15), (14), and Ler me 2.4

b b
, g/ ()] 1da = 2%/ f(z +6) — f(z — 8)de « \17_/ VI (Prde < V().

“ a

For the variation V?(-), based on any norm | - |, in R% we conc. e

Corollary 5.2. For p(u,v) = |u — v|a, u,v € RY, there . “sts a constant C® such that for any function
f:la,b) = R, f € BVla,b], it holds
Vo (f5)a < COVE T a-

Indeed by Theorem 5.1 and (5) we get the claim of . . corc 'ary with C® = C5'Cy*.

The next results show that for a bounded vector-valt »d 1unction its Steklov function is Lipschitz continuous.
First we consider the /1-norm. The inequality

f(t dt

/ @t (16)

which is easily verified, explains our choi’ » of the orm. In what follows, Lip(£)~ denotes the Lipschitz class
based on the norm | - |q.

Lemma 5.3. Let f: R — R If |[f(9,)1 < M for all z € R, then

CeLipf), L= %
Proof. Consider
w+htd 1 [ats
Fot ) — (o 25/+H dt—?5/$_5 f(t)dt, h>o.
For h > 26, by (16) we get
|fs(z + h) — fs(z)]1 <2M < QMZ% = %h.

If h < 26, the intersection ¢. *he .ntervals (x — §,z + §) and (x + h — §,z + h + §) is non-empty, and therefore
1 z+6+h x—8+h
il + 1= foto) = o ( I foar).
z—0

Using the subst’.ution * = 7 + 20 in the first integral and (16), we obtain

[fs(x+h)— - (2)]- = (f(r+26)— f(r))dr

‘ z—38+h

x—0+h M
= = - < h.
} =), W) i<

Thus in botL. ca’ cs Iy
[fs(@+h) = fo(@)h < —=h.

10



The last lemma and (1) imply

Corollary 5.4. Let p(u,v) = |u — v|a, u,v € R, and let f : R — R? such that |f(x)|o < M for all z € R.
Then

M
fs € Lip(L)a, L= CQF
with C“ the constant from Corollary 5.2.

5.2. The metric Steklov set-valued function

Here we extend the definition of the Steklov function to SFVs with a bounded range . i g the metric integral.
In this subsection all the notions such as the metric integral, as well as the obu. ‘med 1. mlts, are based on
the metric p(u,v)1 = |u —v|1 = Zle |u; — vi|, without indicating it explicitly in *“e dis “ssion.

Definition 5.5. Let F : R — K(R?) have a bounded range. We define its met wc St klov set-valued function by

1 x4+
Fs(z) = 2—5(/\/1)/ S F(t)dt, zeR.

For F € Fla,b], it follows from Result 2.10 that

1 x+6 i
Fy(2) = L s5(2) = 7/ s(tydt:. e b, (17)
20 z—6
where S is the collection of all metric selections of F.
By Remark 2.9 and the definition of Fj, we have
Corollary 5.6. Let F € Fla,b]. If |F| < M for all z € [a,b] the |Fs(x)| < M for all z € [a, b).
The next result shows that the variation of the metric . <xiov tunction is bounded by that of F.

Proposition 5.7. Let F € Fla,b], then
Vi (Fs) < 700 ).
Proof. First we show that
haus(Fs(z), Fs(z), < . 2(F), =<z (18)
Consider

1 rzT6 x+5
haus(Fs(x), F5(z)) = haus ( (M)

1
BN F(t)dt , %(M)/ﬁé F(t)dt) .

Let yo € Fs(z) be arbitrary, then by (17) t' ere e =ts a metric selection of F', s € S, such that

y x+5
wes ),
1 z+é& 1 x+6 1 z+48
iq "+ —_— P iy i .
dist (yo, 25(/\4)/ \dt) dist (26 /xi& s(t)dt,{% /276 s(t)dt: s € S})

<|% / (1, dt - 25/ ’: [83(x) = Bo(2)] < Vi (%) < ViE(8) < VI (F),

Then

where the last two inequa’ cies are btained in view of Theorem 5.1 and Result 2.7.
Analogously, one car see “aat for any y1 € Fs(z)

1 x+5
dist (yl, %(M)/ F(t)dt) < VZ(F),
r—0

which establishes (18

Let now x = {Zo,.--,&n}, a =xo < 1 < -+ < &, = b, be an arbitrary partition of [a,b]. Using (18) we
obtain
—1
Lhaus (Fs(xit1), Fs(x:)) ZV T Vin (F) < V(F)
=0
and thus

V2(Fs) < V2(F).

11



Similarly to the case of vector-valued functions we prove that Fjs is Lipschitz continuous.
Proposition 5.8. Let F' € Fla,b], and let |F(z)| < M for all z € [a,b]. Then
M
Proof. As in the proof of Proposition 5.7 we have

haus(Fs(x), F5(z)) < ilelg |ss(z) — s5(2)].

Then the claim follows from Lemma 5.3. O

Another interesting relation between the regularity of Fs5 and F', known ior single-valued functions, is
extended to SVFs below.

Corollary 5.9. Let F' € Fla,b], then

h
w(F5,h), < me(F).

Proof. By (18) we have

b
w (Fs, h)L1 = sup / haus(Fs(z +t), F5(z))dz ~

b—a 0<t<h U a o<t<h

In view of Proposition 5.7 and Lemma 2.4 we get

hvb

w(Fg,h) b—q Ve

t-Vy(F)=

1 b
o < sup /VfJ“t(F)d:cS

1 b Lz
—a o<t<h v -G o<t<h

O
The next result provides a bound on the deviaticn of t. - metric Steklov multifunction Fs from F' € Fla, b].

Theorem 5.10. For F' € Fla,b] we have
b
/ haus(F(z), 7-(x))dz < 26V, (F).

Proof. First we show that for F' € Fla,b] a a zy = [a, b]
haus ®(zo). %5(xz0)) < VI (F). (19)

zg—0

First let yo € F (o) and let S(yy,y0) = 8 € 5 ¢ s(x0) = yo}. Using Definition 5.5, (17), (16) and Result 2.7 we
obtain

o +8 zo+d
dist(yo, F5(xo)) = dist /(.,\ é(M) F(t)dt | =dist | yo,q == s(t)dt: s€ S
\ X zg—0 26 zro—0

. 1 zo+6
< (st ( 10, {%/ s(t)dt : s € S(ﬂfo,yo)})
» 5

To—

xo+0 z9+8
/ s(a:o)dt—/ S(t)dt‘ 1s€ S(zo,yo)}

© 1
< svpif :
20 0—0 0—06

1 zo+6
<Nz i%/ |s(zo) — s(t)|dt : s € S(wo,yo)}

zg—0
1 zo+96 wots
< sup {%/ S Vools (s)dt: s € S(Zo,yo)}
220*
z0+6 zo+6
< sup {ngoja (s) NS S(Io,yo)} < ngoj(s (F)

Similarl for any ys € Fs(zo) one can guarantee in view of (17) the existence of a metric selection s € S

such that ys = = Jxoj; s(t)dt. Then
1 zo+8 I
dist(ys, F(20)) < lys — s(z0)| < 55 |s(xo) — s(t)]dt < V275 (F). (21)
zo—0

12



Inequalities (20) and (21) imply (19). Now by (19) and Lemma 2.4 we get
b b
/ haus(F(z), F5(z))dx < / VIR (F)dx < 20V2(F).

O

Remark 5.11. All the results of this subsection hold also in the case when Fs is defir~d with rcspect to any
norm-based metric in R?, possibly with other constants which can be derived, e.g., fror . (1

5.8. Metric Bernstein operators applied on Steklov SVFs

Since the Steklov operator is a smoothing operator, a natural idea how to apr _ -imate - discontinuous SVF
is to first smooth it by the metric Steklov operator and then to apply an app oximr ... ™ method designed for
continuous functions to the Steklov function. In this section we consider the co. "b’ iation of the metric Steklov
operator with the metric Bernstein operator and obtain an error estimate for +* -~ app:. -imation of functions from
the class F[0,1]. The error estimate we derive is not better than the one j . Theoi m 4.2. Indeed, the estimate
in Theorem 4.2 is arbitrarily close to the optimal one, so that it cannot .\ = essent ally improved for functions
of bounded variation. However, we find this combination interesting. ™ miy * ' _ useful for approximation of
functions that do not have bounded variation — the situation whe 2 the _"~ssical Bernstein operator is not
appropriate anymore. This is a subject of future research.

As in Subsection 5.2, we assume here that the underlying nor.. in " is the ¢;-norm. Nevertheless, the
obtained estimates, up to a constant, remain the same for any other nor. in R%.

The Steklov-based Bernstein operator for F' € F[0,1] is
n k
BM;F(z) = BY Fs(x) = "t — gy " P 0,1
nsb'(x) = By 6(@—?_90 k)7 (1-=x) 55\ b, (x)dz, x€0,1].
Using our previous results, we get

Corollary 5.12. Let F € F[0,1], then for each s € [ *ne h. ve

1
/ haus(BpsF(x), I ) ' < Copn” T2 + 20V (F).
0

In particular, taking 6 = O(Tf Hf?-*) and lett" _ < go to infinity, we obtain the rate n_(%_g) like in Theorem 4.2.

Proof. The estimate (11) applied to the b " multif nction Fs and Theorem 5.10 yield

1 1 1
/ haus(B%;F(x),F(m)) ,;c_</ }lUS(Bi\L/{(;F(a?),F(;(l'))d:E+/ haus (F;(z), F(z))dz
0 0 0

<cCoF n" T 426 Vo (F).

Note that the constant Cs r here depewu 's only on s and F. Indeed, the estimate (11) in Theorem 4.2 is a
consequence of (10) that inc) .de. only the total variation Vi (F) and the bound SUP,e(q,p [F'(7)]. Here we
apply (11) to the function F. B+ Corollary 5.6 and Proposition 5.7 both values Vg (Fs) and SUD, ¢ (4,5 | F5(2)]
are bounded by those of F', ana “us the constant in the estimate above can be taken the same for all values
of 4. Thus we obtain the :lair of the Corollary. O

Recalling that F; is Lips “itz ontinuous, we can apply known error estimates for Lipschitz continuous SFVs.
In [5], [6] it is shown .nat if F' ¢ Lip(£) on [0, 1], then for any « € [0, 1]

haus(BY F(z), F(z)) < 2— + cz:\/ (22)

when the unde: ving no m is the Euclidean norm. Here C is a certain constant.

By Propositio.. © ~ we have Fs € Lip(£) with £ = M where M is such that |F(x)] < M for all € [0, 1].
These estin e ~vith respect to the ¢1-norm. Thus (22) applied to Fs and (1) give

haus(BT]L”Fg(x), Fs5(x) — + G Jzll=z)



with certain constants C1, Cs.
Using the above result and Theorem 5.10 we conclude that

1
M C1 Cs
/0 haus (BW;F(JC),F(Q:)) N

Obviously, fol haus(B,'sF(z), F(z))dz tends to zero when § — 0 and /n§ — co. To gt the . ~timal rate of
1

convergence in the above estimate, we choose 6 = %/47 since in this case 1 = — ;- e see that the rate
n dyn  n
we obtain using this approach is worse than the one in Corollary 5.12.
Acknowledgements This work is partially supported by the Hermann Minkow. -i Cew. °r for Geometry at
Tel-Aviv University.

+ 20V (F).
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