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enized problem, we obtain the desired macroscopic and microscopic information. This

',\fm‘;?ﬁ‘e Maxwell wave equation problem depends on two variables in RY one for each scale that the original two-scale
Finite elements equation depends on, and is thus posed in a high dimensional tensorized domain. The
High dimension straightforward full tensor product finite element (FE) method is exceedingly expensive.
Optimal complexity We develop the sparse tensor product FEs that solve this two-scale homogenized
Numerical corrector problem with essentially optimal number of degrees of freedom, i.e. the number of
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mesh width. Numerical examples confirm our analysis.
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1. Introduction

We study the high dimensional finite element (FE) method for solving two-scale Maxwell wave equations in a domain
D c R? which is a Lipschitz polyhedron when d = 3 and a Lipschitz polygon when d = 2. The equation depends on the
macroscopic scale and a microscopic scale, and is locally periodic. We study the problem via two-scale convergence. In
the limit where the microscopic scale converges to zero, we obtain the two-scale homogenized equation. This equation
contains the solution to the homogenized equation which approximates the solution of the original two-scale equation
macroscopically, and the scale interacting corrector terms which provides the microscopic behaviour of the solution.
Solving the equation, we obtain all the necessary information. However, the two-scale homogenized equation is posed
in a high dimensional tensorized domain. It depends on two variables in R¢, one for each scale. The direct full tensor
product FE method is highly expensive. We develop the sparse tensor product FEs to solve this problem which requires
only an essentially equal number of degrees of freedom as for solving an equation posed in RY, i.e. the number of degrees
of freedom differs by only a logarithmic multiplying factor, for obtaining a required level of accuracy. The complexity
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is thus essentially optimal. We note that the numerical method in this paper can be equally developed for the case of
multiple scales but we restrict our consideration to the case of two scales to make the presentation concise.

As for any other two-scale problems, a direct numerical method using fine mesh to capture the microscopic scale is
prohibitively expensive. There have been attempts to develop numerical methods for solving multiscale wave equations,
and multiscale Maxwell equations with reduced complexity, though comparing to other types of multiscale equations,
multiscale wave and multiscale Maxwell equations have been paid far less attention.

For multiscale wave equations, in [1] Owhadi and Zhang build a set of basis functions that contain microscopic
information from the solutions of d multiscale equations. These equations are solved using fine mesh to capture the
microscopic scales. In [2], Jiang et al. employ the Multiscale FE method (MsSFEM) [3,4] to solve wave equations that
depend on a continuum spectrum of scales, using limited global information. The Heterogeneous Multiscale Method
(HMM) [5,6] is employed by Engquist et al. [7] using finite difference to solve two-scale wave equations that show the
dispersive behaviour at large time. Abdulle and Grote [8] employ the HMM to solve multiscale equation using FEs. The
approaches in these papers are general, but the complexity at each time step grows superlinearly with respect to the
optimal complexity level. In [9], Xia and Hoang develop the essentially optimal sparse tensor product FE method for
locally periodic multiscale wave equations; the complexity of the method only grows log-linearly at each time step. The
method is employed successfully for multiscale elastic wave equations in [10]. The sparse tensor product FE approach
for two-scale problems is initiated by Hoang and Schwab in [11] for elliptic equations, and is applied for other types of
equations in [9,10,12,13].

There has not been much research on efficient numerical methods for multiscale Maxwell equations. The traditional
method that constructs the homogenized equation by solving cell problems is considered in [14] (see also the related
references therein) where a set of cell problems are solved at each macroscopic point. The complexity is thus very
high. The HMM is applied for multiscale Maxwell equations in frequency domain in Ciarlet et al. [15]. Ohlberger et al.
considered a locally periodic two-sale harmonic Maxwell equation in [16] though the problem is assumed uniformly
coercive with respect to the microscopic scale. The HMM is analysed for the two scale homogenized problem using the
approach in [17]. The complexity of the method is equivalent to that of the full tensor product FE method for solving the
two scale homogenized equation. In [18], Chu and Hoang develop the sparse tensor product edge FE method for locally
periodic stationary multiscale Maxwell equations. It uses edge FEs [19] which discretize functions in the H(curl) spaces,
for the solution uy of the homogenized equation, and for the fast variable in the scale interaction terms. To obtain a
FE approximation with error O(271) in the energy norm for the solution of the multiscale homogenized equation, the
method requires only 0(L2%) degrees of freedom that is essentially equivalent to that needed for solving a macroscopic
scale Maxwell equation in a domain in R, and is therefore optimal. Chu and Hoang [18] construct numerical correctors
from the FE solutions. For two scale problems, an explicit error in terms of the FE error and the homogenization error is
deduced for the numerical corrector.

We develop the sparse tensor product FE approach for two-scale Maxwell wave equations in this paper using edge
FEs. We show that the complexity of the method is essentially optimal.

In the next section, we set up the two-scale Maxwell wave equation and derive the two-scale homogenized equation.
In Section 3, we study FE approximation for the two-scale homogenized Maxwell wave equation using general FE spaces.
In Section 3.1, we study the spatially semidiscrete problem where only the spatial variable is discretized. We follow the
framework of Dupont [20] for wave equations. The approach has been applied for the multiscale homogenized equations
of scalar multiscale wave equations in Xia and Hoang [9]. However, the application of the framework to two-scale Maxwell
wave equations requires substantial modification for the analysis of the convergence due to the corrector terms u; in (2.4).
In Section 3.2, we consider the fully discrete problem where both the temporal and spatial variables are discretized. The
convergence of the general discretization schemes in Section 3, and the full and sparse tensor product FE approximations
in Section 5 require regularity for the solution of the two-scale homogenized Maxwell wave equation. In Section 4, we
prove that the required regularity holds under mild conditions. In Section 5, we apply the discretization schemes in
Section 3 for the full tensor product and the sparse tensor product edge FEs. We prove that the sparse tensor product FE
method obtains an approximation with essentially the same level of accuracy as the full tensor product FEs but requires
only essentially the same number of degrees of freedom as for solving a macroscopic Maxwell equation in R¢, and is
thus essentially optimal. In Section 6, we construct numerical correctors from the FE solutions. We derive an explicit
homogenization error in terms of the microscopic scale. From this, we derive a numerical corrector with an explicit error
in terms of the homogenization error, and the FE error. Section 7 presents some numerical examples in two dimensions
that confirm our analysis.

Throughout the paper, by curl and V without explicitly indicating the variable, we mean the curl and the gradient
with respect to x of a function of x, or of x and t; and by curl, and V, we denote the partial curl and partial gradient of a
function that depends on x and other variables. Repeated indices indicate summation. The notation # denotes spaces of
periodic functions with the period being the unit cube in R?. The notation ¢ denotes various constants whose values can
differ between appearances. For functions depending on the time variable t and other variables, when we only wish to
emphasize the dependence on t, we only indicate the t dependence.
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2. Two-scale Maxwell wave problems
2.1. Problem setting

Let D be a Lipschitz polygon in R? or a Lipschitz polyhedron in R3. Let Y be the unit cube in R? for d = 2, 3. Let a and
b be continuous functions from D x Y to ngxnf’ which are periodic with respect to y with the period being Y. We assume

that a and b satisfy the boundedness and coerciveness conditions: for all x e D and y € Y, and all £, ¢ € R¢,
Ol|§|j < aj(x, ¥)&&, &g < BIENICI
al|” < by(x,y)&&,  by&igy < BIEIIS]

where « and § are positive numbers. Let ¢ be a small positive value. We define the two-scale coefficients of the Maxwell

equation a* and b* which are functions from D to R%x? as

2.1)

¢ (x) = alx, 2), b(x)=bhix, >).
& &
When d = 3 we define the space
W = Hy(curl, D) = {u € [(D)®, curlu € [*(D)}, uxv =0}, H=I*D)?
and when d =2
W = Hy(curl, D) = {u € [*(D)?, curlu € [*(D), uxv =0}, H=IL*D)>

where v denotes the outward normal vector on the boundary dD. These spaces form the Gelfand triple W C H C W’. We
denote by (-, -) the inner product in H extended by density to the duality pairing between W and W’. We note that when
d = 3, curlu® is a vector function in L?(D)? and when d = 2, curlu® is a scalar function in L*(D). Let f € L[2((0, T), H),
g0 € W and g; € H. We consider the problem: Find u®(t, x) € L?((0, T), W) so that

2,6
b%x)% + curl(a®(x)curlu®(t, x)) = f(t,x), (t,x)€(0,T)xD

ue(o’ X) = go(x)a uf(ov X) = gl(x)

with the boundary condition u® x v = 0 on (0, T) x dD. We will mostly present the analysis for the case d = 3 and only
discuss the case d = 2 when there is significant difference. For notational conciseness, we denote by H; = [*(D x Y). In
variational form, this problem becomes: Find u® € L2((0, T), W) N H!((0, T), H) so that

25,8
<b5(x)88; ,¢(x)>+fa5(x)curlu£(t,x)-curlc[)(x)dx: /f(t,x)~¢(x)dx (2.2)
D D

forall ¢ € W foralmost all t € (0, T). The equation is for the case d = 3; when d = 2 we need to replace the vector product
for curl by the scalar multiplication. Problem (2.2) has a unique solution u® € L%((0, T), W) H!((0, T), H)(H?*((0, T),
W’) that satisfies

I 2o,y + U o, ry iy + U 2o, mywry < €U lizo,mymy + 80 llw + g1 llH) (2.3)

where the constant ¢ only depends on the constants « and 8 in (2.1) and T (see Wloka [21]).
We will study this problem via two-scale convergence.

2.2. Two-scale convergence

We study homogenization of problem (2.2) via two-scale convergence. We first recall its definition (see Nguetseng [22],
Allaire [23] and Allaire and Briane [24]).

Definition 2.1. A sequence of functions {w?®}, C L?((0, T), H) two-scale converges to a function wqy € L*((0, T), D x Y) if
for all smooth functions ¢(t, x, y) which are Y periodic w.r.t y:

T T
lim/ /wg(t,x)¢(t,x, i)dxdt:/ f/wo(t,x,y)¢(t,x,y)dydxdt.
e=>0Jo Jp € o JpJy

We have the following result.

Proposition 2.2. From a bounded sequence in L>((0, T), H) we can extract a two-scale convergent subsequence.

The definition above for functions which depend also on t is slightly different from that in [22] and [23] as we take
also the integral with respect to t. However, the proof of Proposition 2.2 is similar.

For a bounded sequence in L*((0, T), W), we have the following results which are similar to those in [18] and [25] for
functions which do not depend on t. The proofs for these results are similar to those in [18] so we do not present them
here. As in [18], we denote by Hx(curl, Y) the space of equivalent classes of functions in Hg(curl, Y) of equal curl.
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Proposition 2.3. Let {w®}, be a bounded sequence in L?((0, T), W). There is a subsequence (not renumbered), a function
wo € L%((0, T), W), a function ro; € L*((0, T) x D, Hi(Y)/R) such that

. two-scale
w —> wo + Vym1 .

Further, there is a function w; € L*((0, T) x D, Hy(curl, Y)) such that

. two-scale
curlw® " — " curlwy + curl,w;.

From (2.3) and Proposition 2.3, we can extract a subsequence (not renumbered), a function uy € 1%((0,T), W), a
function w; € L?((0, T), L?(D, Hi(Y)/R)) and a function uy € L*((0, T), L*(D, Hy(curl, Y))) such that

ue OSSR Y, (2.4)

and

. two-scale
curlu®  —

curl ug + curlyu;. (2.5)
Let W; = [*(D, Hy(curl, Y)) and V; = L*(D, H(Y)/R). We define the space W as

W=Wx W; x V. (26)
For v = (v, {v1}, {v1}) € W, we define the norm

llvll= ”UO”H(curl,D) + llvy ”LZ(D,Fl#(mrl,Y)) + ”Ul”LZ(D,H;(y)y

Let u = (up, {u1}, {u1}) € W. We then have the following result.

Proposition 2.4. The function u = (uo, {u1}, {u1}) satisfies

32
— / / b(x. y) (uo(t. %) + Vyua(£. x.9) - (va0x. ) + Vyoi(x, ) dyd +
DJY
/ / a(x, y) (curl up + curlyuy) - (curl vo + curlyvy) dydx = ff(t, x) - vo(x)dx (2.7)
DJY D

for all v = (vg, {v1}, {b1}) € W, with the initial conditions
up(0, ) = g, Vyu(0,-,-) =0, (2.8)

and

ad
gft)/yb(x,y)(uo(t,x) + Vit x,)) - (vo(x) + v1(x, y))dydx

t=0
_ / / b(x. Y)g: - (v0(x) + Vyo1(x. y))dxdy (2.9)
DJY

for all vg € W and vy € V;; the derivative % is understood in the distribution sense.

We then have

Proposition 2.5. With the initial conditions (2.8) and (2.9), problem (2.7) has a unique solution. The whole sequences {u®},
and {curlu®}, two-scale converge to the solution of problem (2.7).

We prove Propositions 2.4 and 2.5 in Appendix A.
3. General spatially semidiscrete and fully discrete problems

We study FE approximation for problem (2.7) in this section. We first consider the semidiscrete problem where we
discretize the spatial variables. We then consider the fully discrete problem where both the temporal and spatial variables
are discretized.

3.1. Spatially semidiscrete problem

We consider in this section the spatial semidiscretization of the homogenized problem (2.7). For approximating ug, we
suppose that there is a hierarchy of finite dimensional subspaces

Wlcw?c...cwht...cw;
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to approximate u;, we assume a hierarchy of finite dimensional subspaces
W/ CcWEcC...CWl...Cc Wy

and to approximate u;, we assume a hierarchy of finite dimensional subspaces
VicVic...cvi...cV.

Let
WE=wWh x W x Vi

which is a finite dimensional subspace of W defined in (2.6). We consider the spatially semidiscrete approximating
problems: Find ut(t) = (ub, u}, ut) € W so that

82 82
/D /y [b(x, ») (atzué(t”‘)”yatz“%“”" yu) - (v + Vyot)

+a(x, y) (curl ug + curlyu?) - (curlvg + curlyv}) ]dydx = /f(t, x) - vh(x)dx (3.1)
D

for all v = (v}, vk, v}) € W Let g5 € WE, gl € W' which are approximations of gy and g; in W and in H respectively.

The initial conditions (2.8) are approximated by:
ug(0, -) = g5, Vyui(0,-,-) =0, (32)
We approximate the initial conditions (2.9) by

//b(xy( Oxy)—l—;vyu](Oxy)) (vo—i—Vn)dydx_/f (x, ¥)gi(x) - (vg + Vo) dydx

for all v € W and v} € Vi, ie.,

ouk ]
f /b(x,y) (—0(0, x) — gk + —Vui(0, x, y)) (vg + Vyv}) dydx = 0.
Using the coercivity of the matrix b(x, y), we get

duf 9
~000) = '-, -
ot 0) =& at

For v = (v, v1, v7) and w = (wp, wy, toq) in W, we define the bilinear forms

Vyuk(0) = 0. (33)

Alv, w) = / / a(x, y) (curl vo + curlyvy) - (curl wo + curl,wy) dydx,
DJY
and

B(vv W) = / / b(X, y) (UO + Vyb]) . (wo + Vyt‘O]) dde
DJY

Proposition 3.1. Problem (3.1) together with the initial conditions (3.2) and (3.3) has a unique solution.

The proof of this proposition is standard.
For each t € (0, T), let w'(t) = (w}, w}, wt) € W" be the solution of the problem

B(w(t) — u(t), v') + A(w'(t) — u(t), v") =0 (3.4)
for all v € WE. As the coefficients a and b in (2.1) are both uniformly bounded and coercive for allx € Dand y € Y,
problem (3.4) has a unique solution. Let g* = w" — u. We then have the following estimate.
Lemma 3.2. For " = w! — u where w' is the solution of problem (3.4) we have

la' @l = jnf Jluce) =o'y
Proof. From (3.4), we have

B(w" — u, w" — u) + A(w* — u, wt — u) = B(w* —u, v' —u) + A(w* — u, " —u)
for all v* € WE, From the coerciveness and boundedness of the matrices a and b we get the conclusion. O

When u is sufficiently regular with respect to t, we have the following estimates.
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Lemma 3.3. If 2 € C([0, T], W), then

oq" ) ou
H 4 <c sup inf |— — o
at L°((0,T),W) te[0,T] vlewl at w
If 35 € [%((0, T), W), then
3%qt . 3%u
‘ —Z <c inf w5 L .
at L2((0,T),W) vLELZ((O,T),WL) ot Lz((O,T),W)

Proof. If 4 < C([0, T], W) from (3.4) we have

d d d 9
B Lty — — A Lty — —u(t =0
(at (0) — o u(t).v )+ (at (0) = o u(t).v )
for all v € WL We then proceed as in the proof of Lemma 3.2 to show the first inequality. The proof for the second

inequality is similar. O

L L Lo L L L oL L L L L L
Let p* =u" — w", ie, p; = u; — wi, p; = u; —w; and py = Uz — wy.

Proposition 3.4. Assume that "ZT;‘ € L*((0, T), W). Then there is a constant ¢ depending on T such that for all t € (0, T)
H 3130

s

Proof. Slnce ¥ € [%((0,T), W), from (2.7) and (3.1) we have for all v" = (v}, vk, v}) € WE

t)+V, Pn ( + [|curl pg(t) churlypﬁ(t)”H1
an 82
3[’20 Yy 3t2 B qé B qul

a a
| Roew o
ot |,

+ ||curlpf)(0)||Hj| .

L 82
/ / [ X,Y) ( 52t Vo0 p1> - (v§ + Vyv]) + alx, y) (curl pg + curlyp}) - (curl vg + curlyvﬁ)] dydx

L 32
f/ x.y) ( ot2 s+ Vy— 32 ) . (vf) + Vynﬁ) dydx — A(q*, v").

From (3.4) we have A(q*, v) = —B(q", v*). Thus

L 82
/ / [ X, y) ( 52+ 2 3 p1> - (v§ + Vyv]) + alx, y) (curl pg + curlyp}) - (curl vg + curlyv%)] dydx

L 82
// X, ¥) ( 52 0 4+v,—t 8t2 —q5 - quﬁ> - (vg + Vyo]) dydx. (3.5)

Let vt = "L. We then have

Ps Ay 9py s L L L L
Sdr // [b( ( +Vy " ) ( o+ Vy— P ) + a(x, y) (curl pg + curlyp) - (curl pg + curlypl)] dydx

qo 3%q L L L 31’0 8p1
c v R v o 4y T
=52 TV e ~Hh Mo M T
#q5 2t 2 ap 8p
- \Y/ cy | =2 +v,—
=7 | o +Vy 8t2 q6 — Yy " + Yt "

for a constant y > 0. Integrating both sides on (0, t) for 0 < t < T, and using the coercivity of the matrices a and b, we
have

opt apt 2
H o +Vy 1(t) + ||cur1pg(t)+cur1ypﬁ(t)”H]
3°q; 82q1 L L ’ PG ] ’
<—|=—24v,—l gt -V +cyT sup |—2(t)+V 1(t)
V‘ TN 12((0.),Hy) " ceom | ot "ot
8 opt 2
+els, —2(0)+ Vv, atl(O) +c ||cur1pﬁ(0)+curlyp'i(0)||Hl .
Hy
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As this holds for all t € [0, T], we have

i) ot P c oy _ 9% ?
sup |20+ 9, i) < £|T% Lo 00 gy
tefo.1) || Ot at H y | ot Jat L2((0,T),Hy)
2 2
dpg ap} PG 3] L L 2
cyT sup |— t c 0 0 ¢ | curl p;(0) + curl,p? (0 .
torT sup | SO+ V0] - SO+ yaf()H1+ | curl p5(0) + curlyp§(0)],

Choosing y such that cyT = 1/2, there is a constant ¢ depending on T so that
2

op} oy
sup ||—(t)+ V,—(t)
[E[o,l?r] ot Y at Hy
0%qt a%qt 2 apk apt |?
- 1o L L 0 1 L L
<c \Y% —qg — V, c 0)+V ¢ ||curl p;(0) + curl 0 .
SClzz tW atz do — Vydi LZ((O,T),H1)+ 8t( )+ Vy 8t( ) " + ¢ |[curl pg(0) + curlypf( )Hm
Thus for all t € (0, T)
2
apk apk 2
H () + v, 8tl(t) + “curlpg(t)—}-curlypﬁ(t)”H1
Hq
9%qk 9%q 2 apk apt 2 2
=c ‘ 2 T Vg — 4~ Y H 2(0)+ Yy —-1(0)|  + |lcurl pg(0) + curl,p§(0)],, |-
Jat at 12((0,7)Hy) Jat H,

Consider Eq. (3.5) for t = 0. Let vj = 0, v} = 0 and v} = pt. We then have
/ / a(x, y) (curl p§(0) + curl,p}(0)) - curl,p’(0)dydx = 0,
ie, o
/ / a(x, y)curl,p’(0) - curl,p’(0)dydx = — / / a(x, y)curl p5(0) - curl,p’(0)dydx.
pJy pJy

Using (2.1), we deduce that | curl,p%(0)|,, < c |curlpj(0)|, . We then get the conclusion. [

||H1

Proposition 3.5. Assume that ‘;ZT;‘ € 1%((0, T), W), and that

lim |Igs — gollw =0 and lim |g] — gillu = 0. (3.6)
L—o0 L—>o0
Then

Aut —u Aul —
lim H (ug — uo) n ‘ v, (ub — )
Lo At oo,y It Nioogo.m )

L
+ ||cur1(u0 —Uo ||L°° o T ||curl ul)”LOQ((O,T),H]) } =0.

Proof. From Proposition 3.4, as u* — u = p* + ¢, we have

a(u — ug) At — ) | . i 2
H T T 19((0,T),Hy) ! ||curl(u0 — )+ curly(uy =) o1y,
» 1),

oqh 0%k 8p0 opt I° Ll

[ | 0+ 20|+ farol]
aq aqt 2

* H Bito + VyTE + 11" e 0.1y w)- (3.7)
190, ). Hy)

We show that lim;_, o ||qL||Loo((o’T)qW) = 0.As u € C([0, T], W), u is uniformly continuous as a function from [0, T] to W.
For § > 0, there is a piecewise constant (with respect to t) function #t € L*°((0, T), W) such that |[u — @0 1).w) < 6.

As u(t ) obtains only a finite number of W-values, when L is sufficiently large, there is v* € L*°((0, T), W!) such that
||u—v ”]_00 (0,T),W <5 Thus

lim sup inf |u(t)— v'|w = 0.
L—o0 tg(0,T) vhewWt
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We then apply Lemma 3.2. Similarly, we have from Lemmas 3.2 and 3.3

92 qo qu . 8q1
902 +Vy el —q0 yql =0, and Lle + Vot =0.

°0((0,T),Hq)

=0 ‘ 12((0.T).Hy)

Furthermore, we have that | curl p(0)||,, < |curluf(0) — curlug(0)| , + ||cur1 up(0) — curl w(0)|
due to (3.6) and Lemma 3.2. Similarly, we have

W which converges to 0

aph —0

lim Hpo(o +,21(0)

Hy

We then get the conclusion. O

3.2. Fully discrete problem

Following the scheme of Dupont [20], we discretize problem (3.1) in both spatial and temporal variables. Let At = %

where M is a positive integer. Let t,, = mAt. We employ the following notations of Dupont for a function r € C([0, T], X)
where X is a Banach space and r, = r(ty, -)

1
'my1/2 = E(rm+l + rm), Tmo = 9rm+l + (1 - 29)1‘”1 + 011,
0Tmy1/2 = (frme1 — T'm)/ At 37Tm = (fmy1 — 2rm + Tm_1)/(At ),

8[rm = (rm+l - rm—l)/(ZAt)~

We consider the following fully discrete problem:

Form=1,...,M find uy, = (ug . u} .. uj ) € W such that form=1,...,.M — 1
[ [ T2 520+ 5320 ) - (a5 9308) +
pJy
ax, y) (curlug , ;4 + curlyuf ) - (curlvg + curl,vi) ] dydx = /fmql/zl(t, x) - vh(x)dx, (3.8)
D

for all vt = (v}, vk, vi) € WL, For continuous functions r : [0, T] — X, let
ITllzec(0.1).) = omax ITms12lx, 10T lliooqo. 1)) = oMax, 19Tt 1720l

Let pt = ult —w

L
m m*

Lemma 3.6. Assume that u € H%((0,T), W), 2% ¢ 12((0,T). H), 2V,qt € I2((0,T), Hy). If 2% e [2((0,T), H) and

a2 a2 a3
3t3 Vyu1 € L%((0, T), Hy), then there exists a constant ¢ independent of At and u such that foreachj=1,2,...,M — 1

L 2 L 2 L 2 L 2
18ePg 12 11 + ||8tvy¥31,j+1/2||y1 + ||Cur1po,j+1/2||H + ||CUF1yp1.j+1/2||H]

2
c(AtY ( ) + c(
Hy

+ ||Vyfﬁ ”l%oc((O,T),HQ + ||8tpé,1/z||12-1 + IIBtVyPﬁJ/zIIf’] + ||cur1pﬁy1/2||,%, + ||curlypﬁ‘1/2||f,l>.

2 2

N 9
at?

32q0
Jt?

83110 2
ot3

83Vyu1
ot3

L2
+ 1196 lI7((0,1).1)
12((0,T),H7)

qu%

H ‘ 2((0,T),H)

Further, if < o “0 € I%((0, T),H) and " 7 Vylp € L?((0, T), Hy), then there exists a constant ¢ independent of At and u such that
foreach]_ 1,2,...,M—1

||8tpf),j+1/2||121 + ||3tvypli,j+1/2||£11 + ||CUF1P6,j+1/z||f, + ||Curlypli,j+1/z||£11

2
c(at)? (‘ >+c(‘
Hy

+ ||quﬁ||l%oc((o,r)_H1) + ||3tp6,1/2||12-1 + ||8tvypli,1/2||12-11 + ||Curlp6,1/z||12-1 + ||curlypﬁ‘1/2||il>.

CRAvATS 32 2

at4

82q0
ot?

84UO 2
at4

L2
+ 9o llioo0,71.1)
L2((0,T),Hy)

|

L
FTEARL

H ‘ 12((0,T),H)
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We prove this Lemma in Appendix B. We then have the following error estimates.

Proposition 3.7. Assume that u € H*((0,T), W). If = o 53 € L*((0,T),H) and 2 Vy“l € L%((0, T), Hy), then there is a constant
c such that

||8tu(L) - at”O”iO@((o,T),H) + ||3tvyuﬁ — 0:Vyuy ||iOC((o,T),H1)
+ llcurlug — curl iglloeo 1) ) + lcurlyuf — curlyis oo 14,

d3u 33V,u 9%qk
At |22 + At o + ‘ —q;’
9 | 2o I Nzqorny I 9 lizqor)m
82
7V L L V L
* 52 Wi + g llreoqo, 0,1y + I1Vyai llzoogo,my,1y)
t 12((0,T), Hy)

+ ¢ (I19ep6,1 /2 11 + 10 VypT 4 ;2 llmy + lleurl pG y olli + llcurlypl | o llay)

L L L L
+ 11045l zoo (0,1, + llcurl qg llioo (0,1, 1) + (”afqul llzoe 0,7,y + ”Curlyqlniw((O-T),Hﬂ) :

If a:% € 1*((0,T), H) and o Vy“‘ € L*((0, T), Hy), then there is a constant c such that

”8tu0 atuO”LOO((o T),H) + ”8t yul or yul”]_oc ((0,T),Hy)

+ llcurl ug — curl Uolljeo (0. 1),y + l[curlyuf — curlytty [ljoo 0,1y, 1y)

9%y 94V, u 0%qk
el |52 a5 * \ S
I 2011y I gy I 9 lizqo.r)m
82
" H a2 Vydi + llgg ooty + 1 Vyah oo 1.y
12((0.T),Hy)

+c (”atpé,l/z”H + ||3rVyP%,1/2||H1 + ”Curlp%),l/z”H + ”Curlypli_]/z”H])

L L L L
+ 19edo oo, ),y + lleurl g llzee oy 1y + (”atqul lzoe(co,y.1) + lcurlygy ||i°°((O.T),H1)) ~

Proof. We note that ut — u = p* + g*. The conclusions follow from Lemma 3.6. O
From this, we deduce

& Vy“l € L*((0, T), Hy), and if we choose ug = (ug ¢, uf 5, uf o)

a3
Proposition 3.8. Ifu € H>((0, T), W), % € I%((0, T), H) and
and u§ = (uf |, uf |, i ) such that

lim ( 19eug1 /5 — w1 olle + 13 Vyreh 4 5 — 3 Vyroh 1 ol + lleurlug |, — curlwg ;1

+ llcurlyuf 4 5 — curlyw} | 5, ): 0,
ie
{133)(||atpg,]/2||,1 + 119: VybT 10l + llcurl pg 4 5l + ||cur1yp§,1/2||H1) =0,
then
Jim (||8tu0 detto oo o 1,11y F 119 Vytss — B Vyus llzooo.1y 1)

+llcurl ug — curl g ||z g 1y, + lcurlyuf — curlyuy ||i<>c<(o_r),H1)) =0.

Proof. From the hypothesis and Lemma 3.3, we have that
anL

— =0.
at?

12((0,T),W)
As u € C([0, T], W), from the proof of Proposition 3.5 lim;_, o, ||qL||Loo((0.T),W) = 0. We have that

L—o00 ‘

”qLHiOO((oq'r),w) =< ||qL||L°°((0,T),W)
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S0
lim g} ]7o0 =0.
L 00 ”q ”L ((O’T),W)
Further, from (3.4), we have that
B(atwllfn+1/2 — atum+1/2, vL) +A(8twfn+1/2 — atum+1/2, vL) =0
for all v € WL, We thus have

||3rwﬁ1+1/2 — Oty 2llw < € Linf " — Bettms1/2llw-
vlewl
As Q12 = (&) for & € (0, T), we deduce that

ou
l19:q"II; <c sup inf [o' — —()llw.
e n.wW) t€(0,T) v-eWt at

As g—'[‘ € C([0, T], W), a proof identical to that for ||qL||Loo((0,T),W) in Proposition 3.5 shows that
: L
LILTO 19eq oo 0,7, w) = O-

We thus get the conclusion. O

4. Regularity of the solution

To derive an explicit error estimate for the full and sparse tensor product FE approximating problems in the next
section, we now establish the regularity of ug, uy and Vyu; with respect to t. The functions u; and u; can be written in

terms of uy from the solution of the cell problems. Let w* € V; be the solution of the cell problem

Vy - (b(x, y)(e* + V,u¥)) = 0 (4.1)
where ek is the kth unit vector with every component equals 0, except the kth component which equals 1. The
homogenized coefficient b° is defined as

ow? JwP
B (x,y) = /b x,y) ((S + —) ((S + —) dy. (4.2)
pq g ki ql )l pk Vi
Let N¥ € W, be the solution of the cell problem
curl,(a(x, y)(e* + curl,N*)) = 0. (4.3)
The coefficient a® is defined as
@ (x.y) = /Y (. ) (1 + (curl,N9),) (3¢ + (curl, NP)) dy. (4.4)
From (2.7), ug satisfies the homogenized equation
0 azllo 0
b (X)W(t, x) + curl (a”(x)curl ug(t, x)) = f(t, x); (4.5)

and uq and uq can be written as

uy = N'(curlug);, Vyus = uo-Vyw' — g1, Vyw't — go, Vyw'. (4.6)
We make the following assumption.
Assumption 4.1. The matrix functions a and b belong to C!(D, C2(Y))4*d.

With this assumption, we have

Proposition 4.2. Under Assumption 4.1, for all r = 1,....d, cur,N" € CY(D,H*(Y))* C C!(D,C(Y))’ and w" €
C'(D, H3(Y))’.

We refer to [18] for a proof of this proposition. We have the following regularity results for the solution ugy of the
homogenized equation (4.5).
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Proposition 4.3. Under Assumption 4.1, assume

f € H¥((0,T),H),
g1ew,

(b°)'[f(0) — curl (a®(x)curl go)] € W, (4.7)
(6°)"[2(0) — curl (a®(x)curlg;)] € H,
then
82 83 33
?uzo € L>((0,T), W), Wu;) € L>((0,T),H), and ﬁvﬂﬁ € 1°((0, T), Hy). (48)
Further, if
f eH(0,T), H),
g1eWw,
(b°)~1[f(0) — curl (a®(x)curl go)] € W, 9)
(6°)'1Z(0) — curl (®(x)curl g;)] € W,
(bo)‘l[%(o) — curl (a®(x)curl ((bo)~1(f(0) — curl (a®(x)curl g))))] € H,
then
33110 00 34110 o 34 N
g €L ((0,T), W), P ((0,T),H), and wvyul € 1°°((0, T), Hy). (4.10)

Proof. We use the regularity theory of general hyperbolic equations (see, e.g., Wloka [21], Chapter 5). From (4.7) we have

3% [ dug g of
0 0 _
b ﬁ <8[‘) +Curl (a Curlﬁ = E (411)
with compatibility initial conditions
au d du
SrO=geW. = =r2(0) = () [f(0) — curl (acurl go)] € W
and
9% [d%u 0%u 0%f
0 0 0 0\
b 32 <W> + curl (a curlw) =2 (4.12)
with compatibility initial conditions
82ug . 0 3 82ug o1, Of 0
W(O) = (b°)"'[f(0) — curl (a’curlgo)] € W an 587(0) = (b%) [5(0) — curl(a®curlg;)] € H.
We thus deduce that
0%u a3u
872" € [°((0,T), W) and ?3“ € 1°((0, T), H).

From (4.6) and Proposition 4.2, we deduce that
3

ad
ﬁvyul € L*((0, T), Hy).
Similarly, we deduce regularity (4.10) from (4.9). O

To derive explicitly the rate of convergence for the full and sparse tensor FE approximations in the next section, we de-

fine the following regularity spaces. Let #' be the space of functions belonging to L?(D, Hj(curl, Y)) (" H'(D, Ha(curl, Y)).
1

For 5 < s < 1, by~ interpolation, we define the space #°® which consists of functions w that belong to
[*(D, Hy(curl, Y)) (" H%(D, Hg(curl, Y)). We equip #* with the norm
lwllzs = w2 pscur, vy + 1w ks, fycur vy
We define $° as the space of functions w € L*(D, H;*S(Y)) (N H:(D, H;(Y)). We equip this space with the norm
lwllgs = w2 pi+sevyy + 1@ lkseo pier)-
We define the regularity space #* as
5 = H(curl, D) x #H* x §°.
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We define #! as the space of functions w € [*(D, H}(curl, Y)) which are periodic with respect to y with the period being
Y such that for any o € R? with |op| < 1,

Jleol
dx%

w € L*(D, Hj(curl, Y)).

We equip 7! with the norm

lwlp = Y

ageRd, |ag|<1

§leol

w
9x%0

L2(D,H}(curl,Y))

We can write #' as H'(D, Hj(curl, Y)). By interpolation, we define #° = H%(D, Hj(curl, Y)) for 1 <s < 1.
We define ' as the space of functions w € L%(D, HZ2(Y)) that are periodic with respect to y with the period being Y
such that for op € Rwith |ag| < 1,

9ol

dx%o

w € [*(D, HA(Y)).

The space $is equipped with the norm

lwigr= >

ageRrd, Jap|<1

gleol

w
ax%o

L2(D,HZ(Y)) .
We can write §' as H'(D, H2(Y)). By interpolation, we define the space $° := H*(D, Hy™(Y)). The regularity space S is
defined as
5 = H(curl, D) x #* x §°.
For the regularity of ug, we have the following result.
Proposition 4.4. Under Assumption 4.1, if D is a Lipschitz polyhedral domain, f € H'((0,T),H), 8o € H'(curl, D) and

g € W, divf e L*((0,T),L%(D)), div(b’g) € L*(D) and div(b°g;) € L*(D), there is a constant s € (3, 1] such that
up € L*°((0, T), H*(curl, D)).

Proof. Using Proposition 4.2, Eqs. (4.4) and (4.2), we have that a®, b° € C'(D)*4. As f € H'((0, T), H) and go € H'(curl, D),

we have that (b%)~'[f — curl (a®curl g°)] € H. The compatibility initial conditions hold so that 8;;" € [®((0, T), H). Thus

32

curl (curl ug) = f — b"% € 1°((0, T), H).
Let U(t) = a®curl ug(t). As div((a®)"'U(t)) = 0 and (a®)'U(t)-v = 0, there is a constant c and a constant s € (3, 1] which
depend on a° and the domain D so that

MU gspyz < cUlcurl UE) 2y + I1U0)1l2(py3)
so U € L((0, T), H5(D)?). As curl ug(t) = (a®)~1U(t) and (a®)~! € CY(D)4*, curlug € L°((0, T), HS(D)). We note that

BZUO
. 0 T

div (b ﬁ) = divf,

S0
t S
div(bug(t)) = f / divf(r)drds + tdiv(b°g;) + div(b°gy) € L>°((0, T), L*(D)).
0o Jo

From Theorem 4.1 of Hiptmair [26], we deduce that there is a constant s € (%, 1] (we take it as the same constant as

above), so that

lIuo(O)llsoyp < cClluo(t)leurt.ny + I1div(b°uo(t)) 2(py)-
Thus uy € L*°((0, T), H’(curl, D)). O

a2
Similarly, we can deduce the regularity for %

Proposition 4.5. Under Assumption 4.1, if D is a Lipschitz polyhedral dozmain, if the compatibility conditions (4.9) hold, and
if divf € L*((0, T), L*(D)), then there is a constant s € (3, 1] such that % € L°°((0, T), H(curl, D)).



V.T. Chu and V.H. Hoang / Journal of Computational and Applied Mathematics 375 (2020) 112756 13

Proof. From Eq. (4.12), we have

92u 9> d*uo
curl | acurl=—- | = —= —B"—= € I*°((0, T),H
( ot? ) ot2 ot4 (0. 1).H)
as % € L*((0,T), H) due to (4.9). Following a similar argument as in the proof of Proposition 4.4 we deduce that

curl 2% & [2%((0, T), H(D)*). We note that
82u0
clivboW = divf € L*°((0, T), L*(D)).

From Theorem 4.1 of [26], we deduce that % € L®((0, T), H¥(D)®). O

From these we deduce

Proposition 4.6. Under Assumption 4.1, and the hypothesis of Proposition 4.4, there is a constant s € (%, 1] so that
u e L°((0, T), H°).

Proof. From Proposition 4.2, we have curl N] belongs to cY(D, Hﬁ(Y)). Together with uy € L*°((0, T), H’(curl, D)), this
implies u; € L%((0, T), #°). Similarly, we have u; € L®((0, T), 93). O

Similarly, we have:

Proposition 4.7. Under Assumption 4.1, and the hypothesis of Proposition 4.5, there is a constant s € (%, 1] so that
Pu ¢ 1°((0,T). 7).

Remark 4.8. We have

dug(t t 92 dug(t £ 92
url to(t) :/ curlﬂ(S)ds—l—curlgh and Holt) :f ﬂ(s)ds%—gu
0 0

at ot ot ot?

t ps azuo tors 321,[0
curlug(t) = / / curl W(r)drds + tcurlgy + curlgy, and ug(t) = f / 8?(r)drds + tg1 + go.
0 0 0 0

Thus with the hypothesis of Proposition 4.5, together with go € H°(curl, D) and g € H¥(curl, D), we deduce that
%" € L*°((0, T), H’(curl, D)) and ug € L*°((0, T), H*(curl, D)). This implies also that u € L*°((0, T), #°).

5. Full and sparse tensor product approximations

We consider the approximations of problem (2.7) using the full and sparse tensor product FEs. For a polyhedral domain
Din R3 let 7' (I = 0,1,...) be the sets of regular simplices in D with mesh size h, = 0(2~!) which are determined
recursively where 7't is obtained from 7' by dividing each simplex in 77 into 8 tedrahedra. For a tedrahedron T € 77,
we consider the edge FE space

RT)={v: v=a+Bxx «pcR?.

When D is a polygon in R?, 7" is obtained from 77 by dividing each simplex in 7% into 4 congruent triangles. For each
triangle T € 7', we consider the edge FE space

R(T) = {v: v = <g;> + B <_x;1>, oy, a2, B GR}.

Alternatively, when D is partitioned into cubic meshes, we can use edge FE on cubic mesh instead (see [19]). For each
simplex T € 7!, we denote by P;(T) the set of linear polynomials in 7. In the following, we only present the analysis for
the three dimensional case as the two dimensional case is similar.

We define the FE spaces

W' = {v € Hy(curl, D), vl e RT)VT € 7'}, V!={veHY(D), vlr e P{(T)VT e T'}.
For the cube Y, we consider a hierarchy of simplices 7;{ that are distributed periodically. We consider the space of functions

WL = {v € Hy(curl, Y), v|r e RT)VT € T4}, Vi={veHLY), vlr e P(T)VT € TL}.
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We then have the following standard estimates (see Monk [19] and Ciarlet [27]). For % <s<1

inf Jlv = villugeon.) = (10l + llcurl vllspy), Vv € Ho(curl, D)) H¥(curl, D),
Ve

infl lv — villHy(cun,y) < Ch?(”UHHS(y)d + llcurlvlysyya), Yv € Hy(curl, Y) mHs(curl, Y).
vIEW,

ForO0<s<1

in‘fl lv = vill 2y < chillvllmsy, Yv € HY(D).
LS

5.1. Full tensor product FEs

As I2(D, Hy(curl, Y)) = [*(D) ® Hy(curl, Y) we use the tensor product FE space W! = V! ® W}, to approximate u;.
Similarly, as uq € L*(D, H;(Y)), we use the FE space Vl’ =Vl® V¢l¢ to approximate u;. We define the space

W= Wl W T

The spatially semidiscrete full tensor product FE approximating problem is: Find #*(t) € W* so that for all 3" € W
azﬂlé 32 —L =L =L
b(x,y) 37“) + ?Vyul(t) - (v§ + Vy07) dydx
DJY
+ a(x, y) (curl ig(t) + curlyij(t)) - (curl o5 + curl,v}) :|dydx = /D f(£, x) - v§(x)dx. (5.1)
To deduce an error estimate for the full tensor product approximation of (2.7), we note the following approximations

Lemma 5.1. For w € #* with s € (3, 1],

: ]
Imf{ lw —will2p iy (eurt, vy = chillw|lss.
w GW1

For w € §°, with s € [0, 1]

. I
inf Jlw — wll 2 g1y < chillwllgs.
wIEV1 #

The proofs of these results are similar to those for full tensor product FEs in [11] and [28], using orthogonal projection.
We refer to [11] and [28] for details. From this we deduce that for w € #° for s € (%, 1]
inf flw— wllw < chj[|w]l;s.
wlewl
We then have the following result for the spatially semidiscrete approximation.

Proposition 5.2. Assume that condition (4.9) and Assumption 4.1 hold, D is a Lipschitz polyhedral domain, divf €
L°°((0, T), L*(D)) and go, g1 belong to H*(curl, D). If g} and gt are chosen so that

lgs — gollw < chj and |Ig7 — g1llu < ch}, (5.2)
where s € (%, 1] is the constant in Proposition 4.5. Then
H a(fl’(') — Llo) 3(1_1% — u1)

v
ot Y9t

L*®((0,T),H) ‘
+ [lcurl(lig — uo)lleoo. .1 + lleurly (@ — u)llroo,1).1y) < chi.

Lo°((0,T),Hq)

Proof. From Proposition 4.7 and Remark 4.8, we deduce that u e L%((0,T), %), & e [*((0,T), %) and 2% ¢

- *oot 92
L°°((0, T), #%). From Lemmas 3.2 and 3.3, we have
9g" 2,1
Ig" |0, ryw) < chi, A <chj, and ‘ 72 < chy. (53)
ot L°((0,T),W) ot [2((0,T),W)
These together with
aph I g aph d aqh
—(0) = —(up(0) — up(0)) — —, V,—(0) = V, —(u5(0) — uy(0)) — V,—(0),
8t( ) 8t( 0(0) — uo(0)) o y m( ) yat(u1( )—wm(0)) -V, E)t( )

curl p(0) = curl (u5(0) — uo(0)) — curl g5(0),
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and (5.2), we have that
ad
e 2, <o

Bpl
—(0
o O,

and ||curl p0(0)||,., < ch;j. Thus the right hand side of (3.7) is not more than chfs. We thus get the conclusion. O

The fully discrete problem now becomes: For m = 1,...,M find ﬁfn = (uOm, 1_11 m,uﬁ m) € W! such that for

m=1,
/ / (x,y) (325, + V92 1) - (35 + V)
+a(x, y) (curl g ,, 1 /4 + curlyd} , 1 4) - (curl oG + curl,v}) | dydx = /;fm,m(x) - vg(x)dx (5.4)
for all v* = (9§, ¥4, 0%) € WL,

Proposition 5.3. Assume that condition (4.9) and Assumption 4.1 hold, D is a Lipschitz polyhedral domain, divf €
L>®((0, T), L*(D)) and g, g1 belong to H*(curl, D) where s e (%, 1] is the constant in Proposition 4.5. If the initial value ﬁﬁ
is chosen so that

||8tpé,1/2”H + ||3rVypﬁ‘1/z||H1 + ||Cur1pl(3,1/2||H + ||CUflyP§,1/z||H1 < c((At)* +h}),
then

I8¢t — Bettollzoeqqo 1) + 8 Vo5 — 1) [goeio 1y 1y
+||cur1(u0 - uO)”l“’((O,T),H) + ”Curly(ﬂli - ul)l'ioo((O,T).Hl) = C((At)z + hi)

Proof. The proof is similar to that of Proposition 5.2. We note that

L L
qo,m+1 — 9o.m

At

24

< sup at

te(0,T)

(t)

s
< ChL
H

||arq16,m+1/2||H =

due to (5.3). Similarly ||3tqu'i!m+]/2||H1 < ch. We then get the conclusion. O
5.2. Sparse tensor product FEs

The dimension of the full tensor product FE space Wt is 0(224L) which is prohibitively large when L is large. We
construct below the sparse tensor product FE space with dimension O(L2%) which produces an essentially equal accuracy
as for the full tensor product FE spaces, i.e. the FE error differs from that obtained from the full tensor product FE space by
only a logarithmic multiplying factor. For the sparse tensor product FE approximation, we require more regularity for u,
and u, than for the full tensor product FEs, in particular, we require that these functions possess the necessary regularity
with respect to x and y at the same time. We note that for the construction of the full tensor product FEs above, we
take the tensor product of all the basis functions of V' and W} to construct the FE space W' for uy, and similarly for the
space \_/1L. For the sparse tensor product FEs, each basis function in V! is multiplied by the basis functions of only a linear
subspace of WL, thus reducing substantially the dimension. To achieve this goal, we employ the following orthogonal
projection P! : [2(D) — V!, with the convention P~! = 0. The detail spaces are defined as

V= (P — P
We note that V! = Doty Vlo. Therefore the full tensor product FE spaces W} and V} can be written as

wi=| @ Vo |ewi and Vi=| @ V' | eV;

0<lp<L 0<lp<L

As introduced above, for the sparse tensor product FEs, each basis function in V' is multiplied by the basis functions of
only a subspace of WL, which is determined by the space Vo that the basis function belongs to. We define the sparse
tensor product FE spaces as

= P veew, ™ and V= P VooV, " (55)
0<lp<L 0<lp<L
and
W =w!e WVt
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The space WL is a subspace of WE with the dimension 0(L2%) which is far less than the dimension of W! which is 0(22).
We refer to references such as [28] for a detailed and extensive introduction on sparse tensor product spaces.
The spatially semidiscrete sparse tensor product FE approximating problem is: Find ﬁL(t) € WE such that :

32
/f[ X, ¥) <8t2 (t )+vyﬁ(r)>-(ﬁ3+vy6§)

+a(x, y) (curl fg(t) + curly (1)) - (curl b5 + curl, d}) }dydx = /f(x) - Dg(x)dx (5.6)

for all " = (ﬁé, f)%, AL) € WL To find an error estimate for the sparse tensor product FE approximation we note the
following results

Lemma 54. For w € #° withs € (3, 1]

1/2
inf (lw — w2 pycurtyy < LR Iwlls
w EW

forw e $° with s € [0, 1],

1/2
inf ”'LU —w ”LZ D,H] H9)! <c / hS”w”ﬁ
w EVL

The proof of these results follows from that for sparse tensor product approximation in [28] and [11]. Therefore, for
weH
inf Jlw—w Hlw < cL'2h ]l 4,5
wleWl

We then have the following result.

Proposition 5.5. Assume that condition (4.9) and Assumption 4.1 hold, D is a Lipschitz polyhedral domain, divf €
L>°((0, T), L*(D)) and go, g1 belong to H*(curl, D). If g} and gt are chosen so that

gk — gollv < L'k and ||gt — g1l < cLV/2h,

where s € (%, 1] is the constant in Proposition 4.5, then the solution of the spatially semidiscrete approximating problem (5.6)
satisfies
H (tiy — uo) AL — uy)

at at

+v

L°((0,T),H) L°((0,T),Hy)
+llcurl(iig — uo)llooo,rym + lleurly(@ — un)lleo, .y < cL'/hi.

The proof of this proposition is identical to that of Proposition 5.2.

The fully discrete sparse tensor FE product problem is: Form =1,..., M find ﬁ = (11§, U 1 0] ) € W! such that
[ [ [ @it + w02t - b+ 5380
DJY
+a(x, y) (curl g , 1 /4 + curly @y , 1 4) - (curl g + curl,v}) }dydx = /fm,1/4(x) - Dg(x)dx (5.7)
D

for all 3" = (L, oL, 6%) € WE,
For the fully discrete problem, we have the following result

Proposition 5.6. Assume that condition (4.9) and Assumption 4.1 hold, D is a Lipschitz polyhedral domain, divf €
L%°((0, T), L*(D)) and g, g1 belong to H*(curl, D) where s € (%, 1] is the constant in Proposition 4.5. If the initial value ﬁﬁ
is chosen so that

||atp6,1/2||L2(D) + ”atvyp’i,]/z lu, + ||Curlp6,1/2||L2(D) + ”Curlyp’i,]/z“Hl <c((At? + L1/2hi)7
then
”atﬁlé - 3[“0”1"_00((0,1')_[.1) + ”Vy(ﬁli - ul)”ioo ((0,T).Hq) + ”Curl(AL - uO)”[w((o T),H)
+ ”Curly(ﬁ1 Uy )||L°°((O T).Hq) <c((A ) L1/2h5)

The proof is identical to that of Proposition 5.3.
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6. Numerical correctors
We construct numerical correctors in this section.
6.1. Analytic homogenization error
We have the following homogenization error. This result generalizes the well known O(g'/?) homogenization error

in [29] and [30] to the case where the solution uy of the homogenized equation possesses low regularity. We present the
proof in Appendix C.

Proposition 6.1. Assume that gy = 0, g; € H(D)(W, f € H((0, T), H), uo, "aito and 362:;0 belong to L*°((0, T), H¥(curl, D))
for0 <s<1,N" e CY(D, C(Y)), curl N" € CY(D, C(Y))?, w" € C'(D, C(Y)) for all r = 1, 2, 3. There exists a constant c that

does not depend on ¢ such that
ouf 8”0 1V 8u1 < . )
at at Yor \7 e

Remark 6.2. Generally, the energy of a two-scale wave equation does not always converge to the energy of the
homogenized wave equation when go # 0. We therefore restrict our consideration to the case where go = 0. As shown
in [31], the corrector of a general two scale wave equation involves the solution of another two-scale equation in the
domain D. However, the scale interacting terms in (2.7) always form a part of the corrector.

+ chrl u — [curl up + curl yu, (-, . 7)] H < ceTis,
L%°((0,T),H) 3 L%°((0,T),H)

6.2. Numerical correctors

We now establish numerical correctors with an explicit error estimate. We define the operator /¢ : L'(D x Y) — LY(D)

U (P)(x) = /Y @(s[g] +et, {g})dt

for all functions @ € L'(D x Y). We note the following property.

as

Lemma 6.3. For each function ® € L'(D x Y) we have

/:ug(q))dx=//q§(x,y)dydx, (6.1)
De DJy

where Df is the 2¢ neighbourhood of D.

We refer to [32] for a proof. We first note the following result.

Lemma 6.4. Assume that "aito e L[®((0,T), H(D)*) and curluy € L*((0,T), H(D)*), N e CY(D,CA(Y))’ and w" €

CY(D,CA(Y)), r=1,2 3 Then

X 2
sup / }curlym (t, X, 7> — U (curlyuy(t, -, '))(x)’ dx < ce*
te[0,T1JD &

su / 9 \Y (t X X) ut 9 Vyu(t, -, -) ) (%)
—=Vyur (6%, =) = U | —=Vyw(t, -, -
te[Og] D ot yH & ot yH

The proof of this result is similar to that for the time independent case in Appendix B of [18], which utilizes the ideas
of the proof of Lemma 5.5 in [33]. We then have the following numerical corrector results.

and
2
dx < ce®.

Theorem 6.5. Assume that condition (4.9) and Assumption 4.1 hold, with g = 0 and divf € L>((0, T), L*(D)), D is a Lipschitz
polyhedral domain, and that g% is chosen so that ||gf — &8illy < ch] where s € (%, 1] is the constant in Proposition 4.5. Then
for the solution of the semidiscrete problem (5.1) using the full tensor product FEs, we have

ut auk 3
e (v (st
at at ot L0 T)H)

+ |leurlu® — (curlitg +u* (curlyi)) | oo .y < € (hz + gs%l)
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where c is independent of ¢ and the meshsize h;. For the semidiscrete problem (5.6) using the sparse tensor product FEs, if
”g% —&gilly < CLl/zhs, we have

a7 Yoty
ot Bt ot 159((0.T).H)

+ [eurlu® — (curl g +* (curlyiiy)) | oo 1y 1y = <L1/2hS gs%l)
where c is independent of ¢ and the meshsize h;.

Proof. With the hypothesis of the theorem, from Propositions 4.2 and 4.5, the conditions of Proposition 6.1 hold. We
then have from (6.1)

9 0 _ _ J _ _
u (atvyu]( ) — atvyu1(r)> L

< —
- ot

H

—Vyul(t) —

Hy
and

let® (curluo + curlyu; — curlig — curlyirf) |, < [curluo + curlyu; — curl ig — curly g, -

- ou® au0+av ( -)
= 1ot at ar MMV

We note that

out (ot} d
_ | =0 us il v/ -L
at (at + <8t yu1))

L%°((0,T),H) L%°((0,T),H)
dug 8116 H 0 . 0
- — + | =V, -, =) —U | =V,
‘ ot ot L°((0,T),H) ot 1) at L°°((0,T),H)
d 0 _ _
+ Z/Ig <5Vyﬂ]> —Z/{S <§Vyu€>
L%°((0,T),H)
From Proposition 6.1, we have
ou® u d .
77 _|_ —Vyuy(e - —) < cest,
) 9 Y
t t &/ oo,
From Proposition 5.2, we have
=L
ot ot 159((0.T).H)
From Lemma 6.4, we have
) . 0
—Vyuy(-, -, =) —U° (—Vym) <ce'.
ot £ at (0.T).H)
We note that
d 0 _ _ B a _ _
ut (avym) —u <§Vyu'i) atVyul atVyuﬁ < ch;.
Lo°((0,T).H L((0,T),H1)
Thus
ou® aut 0
- (70‘*‘“8 (*Vyﬁﬁ)) < ceFT 4 ch + ce° + chf < c(h] +£57).
ot ot ot [99(0.T).H)
Similarly,

[curlu® — (curldg + ¢ (curlyit})) ||L°°((O,T)

< |lcurlu® — curlug — curl yus(-, -, )||Loo 0,7),H) + ||curlu0—curlu0H (0.T).H)

Y4 & e =L
+ H curlyn(-, -, =)~ (curlyu1 HLOO((OY”H) + [l (curlyur) — u® (curlydh) || e 0.1
< ces 4 ch] 4 ce® + ch} < c(hj + gs%l).
We then have the desired estimate.
The proof for the semidiscrete sparse tensor FE solution is similar. O
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For fully discrete problems, we have the following results.

Theorem 6.6. Assume that condition (4.9) and Assumption 4.1 hold, with go = 0, g1 € H*(curl, D) and divf € L*((0, T),
L?(D)), D is a Lipschitz polyhedral domain (s € (%, 1] is the constant in Proposition 4.5). For the fully discrete full tensor product

FE problem (5.4), assume that ﬁﬁ is chosen so that
195,12l + 11095051 2], + [curlpG ol + [eurlpi o, < c(CAL? + HD),
then

&

at

At max
0<m<M

(tm) - 8H:l’(-),m+l/2 - us(afv}’ﬁﬁ,m-klﬂ)

+ ||curlu® — curl i — v (curl, i

H
)”iw((oi,r),m <c ((At)z +hi + Ss?) .

For the sparse tensor product FE problem (5.7), if ﬁﬁ is chosen so that

||8tpé,1/2||H + ”atvypﬁ,l/z”m + ||Cur1pl(3,1/2||H + ||Curlyp€,1/2||H1 =c ((At)z + Ll/zhi) )

then
At L B dik U (8, V, itk
quaj(M ¢ (tm) = Ol 1/ — U (B VYUl pyy)n)
+ ”Curl uf — curldf — u8(cur1yﬁ€)||im((0’r)’m <c ((At)z +L2K + 55%1) .
04 a2
Proof. From the compatibility condition % € L*((0,T),H) so % € C([0, T], H). To use the homogenization error in
Proposition 6.1, we estimate
1 8”0 allo 8110 T 82u0
—(u —-u — —(tm) = —(7) — —(tn) = ——(o)do,
At( 0.m+1 — Uo,m) o (tm) oL (7) oL (tm) e (o)

for a value t,, < 7 < t;;41. With the compatibility condition (4.9), we have that 3;% € [*°((0, T), H). Thus

31.10

Oy, my1/2 — —— (tm)

< CAt.
ot

H

sup
0<m<M

Similarly, using the smoothness of N" and w" for r = 1, 2, 3, we have that ;’%Vul € L*°((0, T), Hy). We note that

0 Vyu]’m+1 — VyuLm d 0
0t Vot my12 — gvylh(fm) == At yuq(tm) = &Vyul(f) - avyul(tm)

T 82
= / B?Vyul(a)dcr,
¢

m

for a value t, < 7 < tjyo1. Thus

< cAt.
Hy

sup
0<m<M

0
0 Vot my12 — aVym(fm)

We then get the result from Propositions 5.6 and 6.1. O
7. Numerical results

We present in this section some numerical examples for two scale problems that confirm our analysis. To identify the
detail spaces defined in Section 5.2, we employ Riesz basis and define the equivalent norms in the space L?(D). The Riesz
basis functions satisfy:

Assumption 7.1. For all vectors j € NJ, there exist an index set F C Nd and a set of basis functions ¢/* € [*(D) for k € I,
such that V! = span {¢/* : |jlo, <L ke P}.Forallg =3 _ ¢ cpeV!

2 2 2
o Y ek < Iglhp < Y lal,

liloo =l lloo=!
kell kell

where ¢; > 0 and ¢, > 0 are independent of ¢ and L
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From this assumption, ¢/* for all j and k € P form a basis for *(D); and (3"} _; 3", i)'/ is an equivalent
norm of [|@ll2py for ¢ = 32 i D4 cjk¢’™*. With this equivalent norm, the projection P' can be defined as P'¢ =
>l <tkei @*ci; and therefore the detail spaces are defined as V' = span{¢’* : |j|,, = I, k € F'}. Having identified the
basis functions in each of the spaces V!, we construct the sparse tensor product FE spaces as in (5.5). We refer to, e.g., [13]
for details.

Example. For the space L?(0, 1), a Riesz basis can be constructed as follows. Level 0 contains three piecewise linear basis
functions: ¥°! obtains values (1, 0) at (0, 1/2) and is 0 in (1/2, 1), ¥/°? obtains values (0, 1, 0) at (0, 1/2, 1), and ¥
obtains values (0, 1) at (1/2, 1) and is 0 in (0, 1/2). For other levels, the basis functions are constructed from the function
¥ that takes values (0, —1,2, —1,0) at (0, 1/2, 1, 3/2, 2), the left boundary function " taking values (-2, 2, —1, 0) at
(0,1/2,1,3/2), and the right boundary function 1//'73“ taking values (0, —1, 2, —2) at (1/2, 1, 3/2, 2). For levels j > 1
with F = {1, 2, ..., 2/}, the basis functions are y/!(x) = 272y (2x), y/*(x) = 2/2y(Dx —k+3/2) fork=2,...,2 — 1
and 2 = 2/2yright(2ix — 27 4 2). This basis satisfies Assumption 7.1(i).

A Riesz basis for the space L%((0, 1)¢) can be constructed by taking the tensor products of the basis functions in (0, 1)
with an appropriate scaling, see [34].

Remark 7.2. We note that the norm equivalence above are not necessary for the approximations in Lemma 5.4 to hold,
as explained in [12] and [18].

We consider a two scale Maxwell wave equation in the two dimension domain D = (0, 1)

bs 82 &
ot?

+ curl (a®curlu®) = f(t,x), in(0,T)x D

u®(t,-) x v=0, on dD, u(0,x)=0, uf(0,x)=0.
In the first example, the coefficients are

1 and bx.y) — (1+x1)(1+ %)
(14 x1)(1 4+ x2)(1 + cos?2 2wy )(1 + cos? 2my,)’ V= (14 cos? 2y, )(1 4 cos? 2my,)”

The exact homogenized coefficients are

alx,y) =

I S bx) — ﬁ(1+x1)(1+:<2).
(1 +x1)(1+x2) 3

a(x) =

We choose
4¢3
27201 4 x1)(1 4 x2)%1%2(1 — X))t + —————
_ 9(1 +x,)?
flx1,%) = 3

27/2(1 4 x1)(1 4 x2)%1%(1 x)r+L
1 2)X1X2 1 91 +x )

so that the solution to the homogenized equation is
1 — (X%l =x2)
07 (1 —xy)3 )
From the relation (4.6), we compute the solution curl,u; exactly as

4(1 4 cos? 2my1)(1 + cos? 2ys) 3
curlyuy = 5 — 1) (%2 —xq)t°.

In Fig. 1 we plot the errors ||ug — ﬁf)”H(curl,D) and ||curl uy — curl ﬁﬁ l;2(p) versus the mesh size for the sparse tensor product
FEs for (At, h) =(1/4,1/4),(1/6,1/8), (1/8, 1/12) and (1/16, 1/32). The result confirms our analysis.
In the second example, we choose

(14+x1)(1+x3) 1

alx,y) = , and b(x,y) = .
*x.y) (1 4 cos?2 2wy )(1 + cos? 2my;) *.) (14 x1)(14+x2)(1+ cos2 2wy )(1+ cos? 2my;)
In this case, the homogenized coefficients are
401+ x1)(1 4+ x2) V2

and bo(x) =

ao(x) = 9 1)
(T4 x1)(1+x2)
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Error of Up Error of u,
0 0
10 10
10" 107"
5 5
wm wm
107 107
10° 10" 10° 10° 107 10°
Mesh size h Mesh size h
Fig. 1. The sparse tensor errors |uy — ﬁél\,.,(mw) and |curlyuqy — curlyﬁﬁ lli2(p)-
Error of Uy Error of u
0 0
10 10
2 10” 2 10™
i} i}
1072 2 1 0 1072 2 1 0
10 10° 10 10 10° 10
Mesh size h Mesh size h
Fig. 2. The sparse tensor errors |ug — ﬁgHH(mw) and |curlyuy — curlyﬁﬁ li2(p)-
We choose
2V2%(1 =20t 431+ x1)(2% —x1 + 1)
(14+x2) 3
X1, X2) =
it ) 2\/§X1(1 — X1t 41’3(] +x1)(2%1 — X% + 1)
(14x1) 3

so that the solution to the homogenized problem is

Yo — (14 x1)%2(1 — x)t3
07 (1 4 X (1 = x)E3

and

4(1 4 cos? 2y, )(1 + cos? 27y;)
curlyu = 3

In Fig. 2 we plot the errors ||ug — ﬂé |l Hcurt,py and ||curlyuy — curlyﬁﬁ ll;2(p) versus the mesh size for the sparse tensor product
FEs for (At, h) = (1/4, 1/4),(1/6,1/8), (1/8, 1/12) and (1/16, 1/32). The result once more confirms our analysis.

- 1) (%, — x1)t3.
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Appendix A
We prove Propositions 2.4 and 2.5 in this appendix.

Proof of Proposition 2.4. Let g € D(0,T). Let vg € D(D), v1 € D(D, C,E,‘ZQ(Y))3 and v; € D(D, C°(Y)). Choosing a test
function of the form ¢(t, x) = (vo(x) + ev1(x, %) 4+ £Voy(x, %)) q(t) we obtain

T X P P P
[ [t Ete0- (vut) + svix, 5+ % 5+ Dyonte ) et
0 JD € g 3 €
T Pt P P
+ a(x, —)curlu(t, x) - (curl vo(x) + ecurlyvq(x, =) 4 curlyvq(x, 7)) q(t)dxdt
0 D & & &

T
=/ [f(t,x)- (vo(x)+eu1(x,5)+gvxn1(x,f)+vyul(x,f)) q(t)dxd.
0o JD & & &

Passing to the two scale limit, we have

T
/ / / b(x. y) (uo(t. %) + Vyur(t. %, ) - (vo) + Vyoi(x. ) ¢ (6)lyclede
0 DJY

T
+/ //a(x,y) (curlug(t, x) + curl yus(t, X, y)) - (curlvo(x) + curlyvy(x, y)) q(t)dydxdt
0 DJY

T T
= / / /f(t, X) - (vo(x) + Vyui(x, y)) q(t)dydxdt = / /f(t, X) - vo(x)q(t)dxdt.
o JpJy o Jo

Using a density argument, we find that this equation holds for all (vg, v, v1) € W. We now establish the initial conditions.
Let ¢ € C°°([0 T] x D) with ¢ = 0 when t = T. We have

T a¢
o(t, x)dxdt = —/ug(O,x)~¢(O,x)—/ fus(t,x)- E(t,x)dxdt

9
— /go ¢(0, xdx—f /ug (t,x) a(f(t,x)dxdt.
txdxdtﬁ//attx o(t, x) = /uO(Ox (0,x) — //uotx —(t, x)dxdt.

Thus uO(O x) = go. As { }‘8 is bounded in L?((0,T), H) so there is a subsequence that two-scale converges. Let
£ € I2((0, T), Hy) be the two scale limit. Let ¢(t, x, y) € C5°((0, T), Cg°(D, C°(Y))). We have that

aé—‘
0// (t,x) txfdxdte///g%txy ¢(t, x, y)dydxdt.
€~>

On the other hand
T X
/ dxdt / / (t,x) t, x, —)dxdt
at e
— / //(uo + Vyuy) - ¢(t X, y)dydxdt when & — 0.
DJY

Thus &(t, x,y) = g(uo + Vy,uq) so gvyﬂh =E&(t,x,y)— Buo € 1%((0, T), H; ). Now we choose ¢(t, x, y) such that it equals
0 only when t = T. Then

du® T 3

u -q)(t,x, f)dxdt = —/us(O,x)- (0, x, § )dx —/ fug(t,x) . B—(f(t,x, f)dxdt
&

— //go ¢(0, x, ydydx—/ // up + Vyuq) - ¢(t X, y)dydxdt.

On the other hand,

T
/ /a” (t,x) - $(t, x, fdxdt—>/ f/ duo | vym) #(t, x, y)dydxdt

//(uo (0,%) + Vyui(0, x,¥)) - ¢(0, x, ¥ dydx—/ // ug + Vyuy) - ¢(t X, y)dydxdt.

We thus deduce that V,u;(0,x,y) = 0.

On the other hand
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Let g € C*°([0, T]) with q(T) = 0. Let ¢(x) = vo(x) + sv1(x, ¥) + 6 Vvy(x, £) as above. We have
T 9%uf ("o . L ou dq(t)
[ o)aoa = [ 2 (2. oo [ 22.6) 240
_ L ou’ Ty aut \ dq(t) . Jou® \ dq(t)
_—<b = (0),¢>q(0)—/0 <b o >Tdt_—f[)bgl-¢q(0)dx—/o <b o > .

. / / b(x. Y)g1(x) - (v0(x) + Vyo1(x. y))a(0)dydx—

/ // <8u0 X)+ ; Vyuy(t, x, y)) - (vo(x)+ Vynl(x,y)) %dydxdt (A1)

when ¢ — 0. On the other hand, let g, be a sequence in C5°(0, T) that converges to q(t) in [?(0, T) when n — oo. As
bg%uS is bounded in L*((0, T), W’) so there is a constant ¢ > 0 such that

T aZue T aZus
b*—, t)dt — b® , t)dt
f0< 5 (o) /O< ERLOLIO)
As gy € C§°(0,T), when ¢ — 0,

T aZus

li b ——
sir(l) 0 { a2’

T
f ( / / b(x,y)(uo(r,x)+vym(r,x,y))-(vo(x)+vym(x,y>)dydx> g0t
0

:/ FYe) (// X, y)(uo(t, x) + Vyuy(t, x,y)) - (vo—i—Vyn])dydx) 2(6)dt
0

Passing to the limit when n — oo, we have

< clign — qll2¢0.7)-

$)an(t)dt =

T 2,6
. u
lim (b® —,
e—~0 Jo at?

T 82
¢)q(t)dt = / FYel </ / b(x, y)(uo(t, x) + Vyui(t, x,¥)) - (vo + Vym)dydx) q(t)dt. (A.2)
0 pJy

The right hand side of (A.2) can be written as

T
/ 83(3 / f b(x,y)(uo(t,x)-l—Vyu1(t,X,J’))'(U0+Vy01)dydx> q(e)de —
o 0t \at JpJy

T
/ 3(//b(X’Y)(”‘J(“‘)JFVyul(f,x,y))-(voJrVyrn)dde> dq(0) ;.
e dt

d
— / / b(x, y)(tto + Vyur) - (vo + Vyor)dydx|  q(0) —
ot DJY t=0

T
/ 3 (/ / b(x, y)(uo(t, x) + Vyui(t, x,¥)) - (vo + Vynl)dydx> wdt (A.3)

Comparing (A.1) and (A.3), we have

// X, ¥)uo(t, x) + Vyuy(t, X, y)) - (vo + Vyuq dydx // X, ¥)g1(x) - (vo + Vyvq)dydx.

Proof of Proposition 2.5. We show that when f = 0, gop = 0 and g; = 0, the solution of (2.7) is up = 0, u; = 0 and
u = 0.
Following the procedure in [21] Theorem 19.1 for showing the uniqueness of a solution of a wave equation, fixing
€ (0, T), we define

N N N
— uplo)do, t<s — w(o)do, t<s — u(o)do, t<s
wolt) = / o) L () = / 1) L wn(t) = / 1)
0, t>s 0, t>s 0, t>s.

We denote by b(ug + V,uy) the functional in (W x V;) which maps (vo, v1) € W x V; to

/ / b(uo + Vyu1) . (Uo + Vym)dydx.
DJY
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From (2.7), this functional belongs to H3((0, T), (W x V1)) so %b(uo—i-Vyul) e HY((0, T), (W x V1Y) C C([0, T], (W x V;)).
From (2.7), we have

J [0
= <b(u0 + Vyuq), (wo, m1)>
at \d (WxVy),WxVq

// ) (curlug(t, x) + curlyuy(t, x, y)) - (curl wo(t, X) + curlyws(t, x, y)) dydx

8110 8 dwg 0
// xy( 3 1)‘<8t +8Vym1)dydx.

Integrating over (0, s), we get

a 0
<8 b(uo + Vyu1) - (wo(s), m1($))> <a b(uo + Vyur)
t (WxVq)Y ,WxV;q t

allo d dwo 0
f /f ( atVym) ( T + — Y Vym1> dydxdt

- / //a(x,y) (curlug + curlyuy) - (curl wo + curlyws ) dydxdt

, (wo(0), ml(o))>

t=0 (WxVy),WxVy

/ 2dt f / b(x, y)uo + Vyw) - (o + Vyu)dydxdt—

/ 2dt// a(x, y)(curl wg + curl,wy) - (curl wo + curlywq )dydxde

dwg
at

3w1

s and u; = a“" . Using (2.9), we have

due to ug = ,Up =

=5 ] Byt 0 By 2, s )+ Syt ) +
%/I;/ya(x, y)(curl wo(0, x) + curlyw4(0, x, y)) - (curl wo(0, x) 4 curl,w4(0, x, y))dydx.
We thus deduce that ug(s, -) = 0, Vyuy(s, -) =0 Vs, curl wo(0, -) = 0 and curl,w(0, -) = 0. This means that
/Os curlug(o, -)do =0 and /OS curlyuq(o, -)do =0
for all s. Thus for all o, curlug(o, -) = 0 and curly(o,-) =0. O
Appendix B
We prove Lemma 3.6 in this appendix. From (3.4) and (3.8), we have

(34)
A(w', v') = A(u, v*) — B(w" — u, v}) /ftx v5(x)dx

9%u
f/b(x y)( at;’ atzvym) (vg + Vyv}) dydx — B(q", v").

Averaging this equation at t;, .1, t;; and t;,,_; with weights %, % respectively, and using (3.8), we get

1
4
/ / b(x, y) (32ub py + V02 ,) - (v + Vot ) dydx + A(BL, 1 0 0)

uomja  0?
// ( arn;/ +atzvyu1m1/4 - (vg + Vyo )dydx+B(qm]/4, oh).

Thus

/ / b(x, ¥) (92 D.m + Vy37P5 ) - (v6 + Vyoi) dydx + AP, 14 V")

9%u 92
/ / < gtr; 1/4 dfuo.m + (8 > Vytim /4 — V, 921y m)) (vg + Vyv}) dydx

// X ¥) (0205 m + V402 ds ) - (v6 + Vyo) dydx + B(qh, /40 ¥").
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We denote

3%Uo m,1/4 2

2
Som = BT fUo,m, Sim = o = Vylim,1/a — BEVyurm.

Let vt = §pt,. Using the following relationships:

1
3fzrm :E(atrm-%—l/z — &¢Tm-1/2), I'm,1/4 = E(rm+1/2 + Tm—1/2)

1 1
8¢Tm =5(atrm+1/2 + 0Tm_12) = Zt(rerl/Z — Tm—1/2),

we have

2AL f/ X,¥) atpo m+1/2 aprm 12+ Vy (atm m+1/2 atp] m 1/2))
- (0epG, mt1/2 T DG, m— 12+ Vy (Beph, my1/2 T 0P’ - 1/2)) dydx
ZAt// %) (url (o.me/2 +Pom-172) TCUTly (Prmi1/2 + Pimorya)
< (curl (ph mi1/2 = Pom_1/2) + curly (B mi1/2 = Pim_1/2)) dydx
= %/,;fyb(x, Y) (Som = 2Go,m + Go,m, 174 F51m = VyO2ai  + Vot 1/4)
) (3tpé,m+1/2 + 3tP(L),m71/2 + Vyatp’i,erl/Z + Vyatpg,mq/z) dydx.

We thus have

1
2At [B 3Py 172 %Pri1/2) — B (3P 1/2- 9ePhr_12) + A Prnsr 20 P ) — A(Pr1/2: P1yo) ]
< cllsom — 076, + q(L),m,1/4 +51m — Vy07 a5 + qul{.m_l/4”H1
L L L L
: ||8tpo,m+1/2 + 000 m—1/2 T VyOhi my1s2 T Vydhim_1/2 ”H1

C
< = (Isomlf + st + 19765, 195076y, 16 17415+ 19505 1)
+ C)’(”atpé,mﬂ/z”%; + ||atp’6_m71/2||i + ”Vyatpli,mﬁ/znzz-ll + ”Vyatpli,mq/z”lz-“)-
For 1 <j < M, summing this up forallm =1, ..., j, we deduce
B(atpjer]/z’ 3rp}+1/2) - B(atpﬁ/z, 8tpli/2) + A(pjaq/zs pjl"+1/2) - A(Pﬁ/z, pﬁ/z)

=

M-1
2At Z (”50 m”H + IIs1, m”H1 + ||3t qOm”H +11Vy at q] m”H1 + ||Q(L),m,1/4||}21 + ||quli,m,1/4||1211)
m=1

X |0

+ cy4Aim (&?,?}M 190Ph 2l + max ||atvyp§,m+1/2||£,l) + Cp2At (1385 1101 + 105101, ) -

From (2.1), we have

||8tpl('),j+1/2||i + ||8tvypli,j+1/2||12-11 + ||Cur1p6,j+1/2||:2-, + ||Curlypﬁ,j+1/2||:2-,1
¢ M-1
=< ;ZAt Z ||50n1||1-1 =+ IIs1, m”H] + ”8[ qO m”H + ||Vy3t q1 m”H] + IIQE,m,1/4IIf1 + ”quﬁ,m,l/4”lz-l])
m=1

L 2 L 2
+ cy4AtM (12?}1\/1 19D, m41/21lH + ]Q}naj(M ||8fvypl,m+1/2”H1)

+c (Hatpl('),l/z”%{ + ||8tvypli,1/z ||12-,{1 + ||Cu1‘lp641/2||%, + ”Curlyp’i,]/z”]Z{l) .
Arguing as in the proof of Proposition 3.4, choosing y sufficiently small, we deduce that

L 2 L 2 L 2 L 2
||8rpo,j+1/z||1-1 + ||3tvyp1,j+1/2||1-11 + ”Curlpo,jﬂ/z”H + ||Curlyp1,j+1/2||1-1{1
M-1

< c2At Z lIso.mllfy + lls1. m”h{1 + 1197 qO mllf + 1V,07 q1 m”]—]1 + IICI(L),m,1/4II;24 + ||VyCIﬁ,m,1/4||12-11)

m=1

¢ (18e5, 12 I1Z + 13cVywh I, + lleurl ph 3 1% + flcurlyp 117 ) -
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Following Dupont [20], using the integral formula of the remainder of Taylor expansion, we have,

At 32 L
075, = (At)_zf s 2 (tm + T)dz,
—At
and similarly,
At 2y L
_ 9°Vyq
A (Vyah ) = (AD) 2/ (At —|7]) a; Yty + 7)dr.
—At
Using Cauchy—Schwarz inequality, we have
qu
Z l2as mli AL < 5 | t;’ :
L2((0,T),H)
and 51m11arly, we have
M 2
4| 92
> 108Vl a1 < 3 | v |
ot 12((0,T),Hy)
We write

1[4 7| 33ug 1[0 7| 93
Som = — 1-2(1-= t dr — - 1-2(1-= t dt
om 4/0 ( ( At) g3 Ut TMT 4/_m ( At) g3 Ut T
1 [ 7| 33V, 1 [0 7| 33V, u,
Sim = — 1-2(1-= I, dr — — 1-2(1-= Y, dr.
Lm 4/0 ( ( At) gr (m T T)T 4/_m < At) gr (m T )T

Therefore

2 [m+1
Isomll? < cAt f

tm—1

and

2
33UO

at3

83Vyu1

2
o (0

Hy

7)

5 fm1
dr, |lsimlly, < CAff
H tm—1

We also have
L < max ||qk(t and ||V,q" < max [|Vyqt(t)|ly, -
||qO,m_1/4||H = e ||q0( Mu I yql,m_1/4||H1 = on [ yql( )”H]
We thus deduce
L 2 L 2 L 2 L 2
10eP6 j12 113 + 118 Vyp j1q 2115, + llcurlpg g o lli + ||Cur1yp1,j+l/2”H1

2
el arp d3up 3 Vyuy a%q5
ot3 ot3 ot?
|

+ (At)?
L2((0,T),H)

+
L2((0,T),H7)

L2((0,T),H)

L2 L2
+ Gl o,ry.my + 1V a1 oo, 1), 1y)
12((0,T),Hy)

+ ¢ (110061 2117 + 110 ynﬁ,l/zllﬁl + lleurl pg Il + IICurlypﬁJ/zllfﬁ) .
When
*ug
o €
we have

1[4 7| 9%ug
Som = — At — 3-2(1--= —{(t dz,
om =15 _m( Irl)( < At) o (m +7)dT

1[4 7| 3V,
=— At — 3-2(1--= Yt dr.
Sim = 5 7At( ITI)( < At) o (m+T)dT

34

[*((0,T),H) and — Vyu; € *((0,T), Hy),

ot

and

Therefore

) 3 fm+1
Iso.ml? < c(AD) /

tm—1

2 tm1
dr and [smllf, < C(At)3/
H

tm—1

34UO
ot4

34Vyu1

o14 dt.

2
()

Hy

()
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Thus we have

||atpé,j+1/2”i + ||atvyp%,j+1/2||12ﬁ + ||cur1péyj+1/2||,2, + [leurlp} j+1/2||1211

2 2
84110 31V, U an
<cl(at|— +(At)! ¢ + =2
I liz(o.1ymy I Azqommy N 9 lzqorm
82 L ? L2 L2
+ H ﬁqul + g0, 1,1y + 1 Va1 oo 0,1,y
2((0,T),Hy)

+c (Hatpé,l/z”[z-[ + ||3tVyp'i,1/2||12_11 + ||curlp6.l/2||ﬁ + ”Curlyp’i,]/z”[z-[]) .
Appendix C

We prove Proposition 6.1 in this appendix. We note that ° satisfies

9% [ou® u of
— 1| a* = = C.1
at2<at)+cur ( ar) at (1
with the initial condition 2-(0) = g; € W and 2 8t2 (0 = f(0) € H (due to gy = 0). We therefore deduce that
ou®

at

‘ 1O TW) (H

where ¢ only depends on the constants @ and § in (2.1). Thus % is uniformly bounded in L*°((0, T), W) for all . We
consider a set of M open cubes Q; (i = 1, ..., M) of size &1, where s; = 1/(1+5s), such that D C Ufi] Q;and Q;ND # @.
Each cube Q; intersects with only a finite number, which does not depend on ¢, of other cubes. We consider a partition
of unity that consists of M functions p; such that p; has support in Q;, Zfil pi(x)=1for all x € D and |V ;| < ce™*1 for
all x. Forr=1,2,3andi=1,..., M, we denote

Ui (t) = |/curlu0t x)dx, and V/( IQI / ug(t, X)r

(as ug € H(D)? and curluy € H5(D)?, for the Lipschitz domain D, we can extend each of them, separately, continuously
outside D and understand ug and curl ugy as these extensions (see Wloka [21] Theorem 5.6)). Let U; and V; denote the
vector (U], U2, U?) and (V}!, V2, V?) respectively.

We consider the function

5,30 = to(t, ) + eN” (x, g) Ui (0pi00) + &9 [ (x, §> (Vi) - i) |

+lgillv + ”f(O)HH)

[2((0,T),H)

The same argument as in the proof of equation (A.5) in [18] shows that for s; = s% we have

£ azui 0 azuo 1 & 1 & 1 0 1 %
o2 EYe + ||cur (a“curluf) — curl (a"cur uO)”Loc((o_T),w/) < cest (C.2)
1°°((0,7),W")
and
. . 0 d s
||curl (a®curl 5u1) — curl (a”curl au0)||Loc«0,T)_VW) < ceG+HD, (C.3)

Let 7°(x) be a function in D(D) such that t%(x) = 1 outside an ¢ neighbourhood of dD and sup,.p ¢|Vt®(x)| < ¢ where ¢
is independent of . Let D* C D be the ¢ neighbourhood of dD. Let

X X
wi(e,3) = uo(t, X) + e7" CON' (x, =) UT(0p(0) + eV [ 00w’ (x, =) (v (0)x) — g10r) | (C4)
& &
The same argument as in Appendix A page 266 of [18] shows that
s oué 811)
llcurl (uf — w11y < CETH, Haitl
From this and (C.2), we have
82w
Ib* = e bo atz % llogomywry < ceTH.
Using
ut 9%ug
b curl (a®curl u®) = b* — + curl (a®curl u
o+ eurl( ) = b0+ curl( 0)
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we have
32 ut — wt
bg% + curl (a“’curl(ue —wi))
0 8 Ug s 8
=b"—— —b L 4 curl(a® curl (u§ — wi)) + curl (a®curlug) — curl (a®curl ué -
at? ot?
As shown above, 3” is uniformly bounded in L*°((0, T), W) with respect to e. For wf, we have
Bwl allo . BUT
£x) = 20, N( ﬁ
8t( X) at( X) + et(x) X 8t()pj()

+ <8V‘L’S(X)wr (x, g) + et (X)V,w" ( > + T (xX)Vyw ( x>> (aavtr(t)pj( )= g1r>

8Vr
et (ou’ (x5 ( (Vi) - Vgn(X))

and

dws g . ouf L(X Ll X
T (t,x) = curlﬁ(t,x)—i—r (x)— ot Lt )pi(x )(scurlxN (x, g> + curl,N (x, g>)

r

U’
—i—a—tj(t) (eVTe(X)pj(x) + eT°(X)V (X)) x N" (x, g) .

9 aur vr aur B v
As ;‘to € Loo((o T), H(curl, D)), ||th(t);0j||1_2(p) =c ||#(t)Pj||L2(D) =c ||T[](t)VPj||L2(D) < ce™ and ||Ti(t)VPj||L2(D) =

3 . . . S ot
ce 5, curl 21 (t) and vy =g (t) are uniformly bounded in H with respect to ¢, ie. :

L*°((0, T), Ho(curl, D)). We have

1 8% 2wt At — w') ,
b°——(s) — b* —L(s), '(s))ds < ce™s s
/0< )= b 5o, ) ds < e sup

at

au® — wy)
as

dt.
H

(s)

We also have

t £ __ ap€
/ <curl(a°curl uo(s)) — curl (a®curl ui(s)), B(uasw])(s)> ds =
0

t
/ %(curl(aocurl uo(s)) — curl (a°curl u§(s)), (u° — wi)(s))ds —
0

&

t
/ <curl(a°curlauo(s))— curl (a®curl — o, L(s)), (uf — w s )> ds.
0 as as

Since uo(0) = 0 and uj(0) = 0, together with (C.3) we have that

as

/ <curl (a®curl ug(s)) — curl (a® curl u5(s)), Ei(tﬁ—wi)@> ds‘
0

< |{curl (acurl ug(t)) — curl (a® curl u§(t)), (u° — wi)(t))| —i—c/ e (1 — wé)(s)llw
0

<ce sup [ — w)b)llw-
0<t<T

Now we estimate

t & _ ap€
/ <curl (a®curl (ui(s) — wi(s))), 8(uwl)(s)> ds.
0 as

From [18] page 266, as ug and %o belong to L*°((0, T), H5(D)), we have that
.

—L(O)pill2pey < ce

U7 ()pill2pey < cell =992, U7 (O)V pjll 2(pey < cell73tss0/2 ot

We note that
curl (1 — w) = ecurl N’ (x, 5) U (P01 — T°(x)) + curl N7 (x, f) UT(O)p(X)(1 — 5(0))
& &

—eUl (D)%) x N' (x, g) +e(1— T (OVpi(x) x N (x, g) .

(1=s1+s15)/2

"1 is uniformly bounded in

(C5)
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We have

t & _ 2
/0 <gcurl (a’scurler (x, g) U7 (£)pi(x)(1 — rg(x))> , a(uw])(s)> ds

as
t
Sce/
0
&

! . Ll X\ 0t —wf)
fo <8curl< (1 — T (SNUI(OV (%) x N ( 8)),T(s)>dx

t a(us _ wS)
= cg/ ||Ujr(S)ij||,_z(Dg)3 —L
0

(u* — we)

ds < ce;
as

w

(s)

and

1-3s1+ss1 2s

< cee 2 = Ccgs+1
w

as (5)

1—-3sq1+ss
where we have used the fact that ||Ujr(x)V,oj||Lz(Ds)3 <ce o (see [18] page 266). For the other two terms in (C.5), we

have

o(u® — wy)

/0 <curl (aecurlyN’ (x, g) Uj (s)pi(x)(1 — ‘L'S(X))) , T(s)> ds
/ %/ag(x)curlyN’ (x, §) U; (s)pi(x)(1 — °(x)) - curl (u*(s) — wi(s))dxds —
/ / x)curl, Nr ) L0001 = 7°(x) - curl (' () = wis))ds
- / acurl,N' (x, f) U (0)p(x)(1 — 7 (o)eurl (' (6) — wi(6)) —
D &
fa’curl Nr( X) UT(0)p,(x)(1 — 7°(x))curl (1°(0) — wi(0)) —
U
/ / x)curl, Nr X, *) T( )0i(x)(1 — 78(x)) - curl (u®(s) — wi(s))ds.

We then have

‘ & r X r € o(u” —w )
fo <curl (a curl,N (x, g) UI(s)p0(1 — 7 (x))) s )> ds

aU;(s)

as

l[curl (u®(s) — wi(s))ll2py3ds
[2(D#)

Pj

t
= ||Ujr(t))0j||1_2(us)||curl(Ug(t) - wi(t))”LZ(Dﬁ + C/
0

< ceh sup |curl (u(t) — wi(t)ll2(py3-
0<t<T

Similarly, we have

' eryr ) e r X o(u® — wi)
./o <scur1 (a U; (S)pi(X)VTi(x) x N (x, g>) , Bs(s)> ds

<ceTs sup |lcurl (u°(t) — wi(E))ll2(py3-
0<t<T

Therefore,

t & _ ap€
/ <C“f1(a5curl<ui(s> — wi(s)). M(S)>
0

We then deduce

< cewi sup |lcurl (u(£) — wi(t)ll 2y
0<t<T

t 20016 __ € & __ apE
f <b£8(uw1)(s) + curl (a®curl (u® — wi))(s), M(s)> ds
0 0s? s

(U — wf)

! +ceTH sup ||cur1(u (t) — wi )HL2

LZ(D)3 0<t<T

25 s
< ce+cestl 4 ce+s sup
0<t<T

(t)
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Therefore

1/bf(x)a(”€ I U el VS / @ (x)curl (1 — w)(e) - curl (W — wé)(t)dx

2 at

25 s o(u® — wi)
S ce s+l + ce l+s sup -
0<t<T at

B —wt) A — w)
+/Db(x) 0 T 0yax

(note that u®(0) = wi(0) = 0). We have

‘ oue dws

(t)

+ce™s sup ||cur1 “(t )_wi(t))HLz(DP
L2(D) 0<t<T

ot O~

H

— ller*NT (x 5) 8—U"r(O) (x)
- Te/) ot Pi

+ (sVrSwr (x, E) +et®Vyw' (x 7) + *Vyw' ( X)) (aavtr(O)pj(x) —glr(x))

BV
tertu' (x f) ( SOV Vglr(x))

H
avjr a T
< ce+c || —(0)pj(x) — g1r(x) + ce | —-(0)Vp; — Vgir
ot ot u
As g1 € H'(D)?, the proof of equation (A4) in [18] shows that
vy s
—L(0)pj(x) — gur(x)| <& <ceTHs.
ot u
Further the argument in [18] page 266 gives
BVr
—LOWVpx)|  <ce
ot LZ(D)3
Thus
out dwt s s
0)— M0y <ce™s 4 el < coF
at ot u

Using (2.1) we get

Au — wt)

t)
at (©)

H

2
+ [ curl (uf(£) — wf ||
H

25 s a(uf — wy)
< ce5H 4 cg#1 max | ——— %
0<t<T ot

+ ce=T max [eurl (uf(t) — wi(t))]4.
H 0<t<T

From this we deduce that for all t € (0, T)

(t)

H o(u° — we)

- + |eurd (ue(e) — wi(e)], < e (C6)

H

We have

o aur
%u) = e(1—T°(X)N ( g) — (Op)

+ [—gwf(x)wf (x, g) +e(1 = 15(X))Vow" (x, Lf) (1 - X))V’ ( 8)] (83‘/;( )p(x) —g1,>

8Vr
Fe(1— T () (x g)( SOV p(x) — Veu)
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Therefore, using g; € H'(D)* we get

8Ujr

W(t)p

o(u — wy) i

ar )

<ce
H

(O)pj + cligillzep + ce | —=-(6)V o — Vel

LZ(DE )3 8

H 8Vr

L2( Dé

As 2 curl ug € L®((0, T), H¥(D)?), ar”O e [*((0, T), H(D)?) and g; € H'(D)?, the same argument of [18] page 266 shows
that

L2(D5)3

r

BU]r 1—-s1+s51
T(t)pj =g, 3 —L(t )0;j <ce z ,
t Z(Ds)3 t LZ(DE)E'
BVT 1-3s1+s51
PY: ( WV p; <cem 7, lgllepsyp = ce'’?.
2(D5)3
Therefore
8 us — u)'S 1—s1+ss 1—-3s1+ss
u(t) <ce— % ' dcee 5 4cel? <cew, (C.7)
at H
Thus
o(u® —uf) s
T](t) + [eurl (uf(e) — u§(t)],, < ce5+. (C.8)
H

We note that
X X s
”acurler (x, 7) Ujrpj H < ce, and HsNr (x, 7> X (Uj’ij)” < cee™¥ = cesH
e H e H
so from
X X
curluf = curlug + ecurl(N" (x, g) Uj (£)pj(x) + eUj (£)V pj(x) x N (x, E) +
X
curl N’ (x, 7) U; ()pi(x),
&
X s
lcurluf — [curlug + curl,N" (x, 7> U} pjlllzeo(o.1y.1y < CEFT.
e
As

_Ss
lI(curlug )y — (Uj pj)llreoo.1y.1) < €T,

(equation (A4) of [18]), we deduce that
X s
lcurl u§ — [curlug + curl,N" (x, g) curlup(x):1llg < ces+1. (C.9)

We further have

aauf(t)— aﬂ(ﬁ)‘l’ eN' (x 7) aaUtjr(t)pj(XH (8V w' ( )+v v ( )) <88Vt’ i) = g”)

avI(t
sw" (x, §> < it )V,oj(x) - Vg1,(x)> )

e at
As
8Ur BVT 8\/jr(t)
N ( , 7> —qt )0j 5 c, <c, Vpi| <ce™
e 8t at H
we have that
ou’ G v/ s
t) — — V < ) ;— < ST,
at() at() w <at()pj gir H_Cs
Using
v’ 9 s
()i - ”‘”( < 651 = cesi
at
we deduce that
oué allo 8U0 s
L0 — =20 = vy (x f)( at'(t)—gn(x)) seet (.10)




32

V.T. Chu and V.H. Hoang / Journal of Computational and Applied Mathematics 375 (2020) 112756

From (C.8), (C.9) and (C.10), we get

ouf dug

r . 8uOr
(0= 20— (- ;)( - (f)—gh)

. S
lcurlu® — curlug — curl,N" (-, —) curl ug(-)llyg < ces+1. O
e

+
H
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