Journal of Computational and Applied Mathematics 228 (2009) 182-187

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

A dynamic IS-LM business cycle model with two time delays in capital
accumulation equation

Lujun Zhou*, Yaqiong Li

College of Mathematics and Econometrics, Hunan University, Changsha, 410082, PR China

ARTICLE INFO ABSTRACT
Artic{e history: In this paper, we analyze a augmented IS-LM business cycle model with the capital
Received 20 January 2008 accumulation equation that two time delays are considered in investment processes

Received in revised form 7 June 2008 according to Kalecki’s idea. Applying stability switch criteria and Hopf bifurcation theory,

we prove that time delays cause the equilibrium to lose or gain stability and Hopf
bifurcation occurs.

Time delays . :
Asymptotically stable © 2008 Elsevier B.V. All rights reserved.

Stability switch
Hopf bifurcation
IS-LM model

Keywords:

1. Introduction

Since time delay was first considered in the investment processes in [13], lots of literature such as [9,12,15,28,29,23-
26,6,7] have incorporated time lag into the dynamic economics and considered the impacts of delayed time on the whole
economic system.

Furthermore, time delay has also been introduced into the extended IS-LM (the related IS-LM model with some extension,
e.g. [27,21,22,2,16,17,20]), for example, De cassare and Sportelli [5] investigated the equilibrium point’s stability and the
existence of the limit cycle of a IS-LM model by introducing a fixed time delay into the tax revenue, Cai [3] and Zhou and
Li [30] both discussed an IS-LM model with a time lag in the capital accumulation equation although with a little different
extension in the latter, Neamtu [18] presented an IS-LM model with the same lag into the tax revenues and the capital
accumulation equation, they all analyzed the qualitative behavior of the model via Hopf bifurcation or stability switch
criteria, while Fanti and Manfredi [8] considered an IS-LM model with distributed tax collection lag and showed that it
could display from stability to stable oscillations, and finally to chaotic motion.

In this paper, we consider the generalized IS-LM model with time delay proposed in [3], but with two distinct time lags in
the capital accumulation equation and use the analytical approaches presented in [19] to analyze the qualitative behavior of
the model. To our knowledge, there are few papers discussing the dynamic IS-LM model with two time delays in investment
processes.

Our aim is to show that the time delays in the capital accumulation processes could cause the equilibrium to lose or gain
stability and cycles in dynamic macroeconomics.

The outline of the paper is as follows, in the next section, we construct the IS-LM model and analyze its qualitative
behavior, finally we conclude the paper in Section 3.
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2. The model
2.1. Assumptions of the model

As a combination of the standard IS-LM model (Torre [27])
Y =ad(Y,r) —SY,n),

P = BU(Y, ) — M), M
and the Kaldor model
Y = a((Y,K) — S(Y, K)), 2)

K=I(Y,K)— 8K,

Gabisch and Lorenz [10], Boldrin [2] investigated the augmented IS-LM model
Y =a((Y.K.r) = S(Y.1),

P =AY, 1) — M), =
K=I(Y,K,r) — 8K,

furthermore, Cai [3] studied the following augmented IS-LM with Kalecki’s time lag in the capital accumulation, which
assumed that saved part of profit is invested and capital growth is due to past investment decisions:

Y =a((Y.K,1) = S(Y. 1),
K=1(Y(t—T),K,r) — 8K,

where I, S, L, K, Y, r, M, T respectively represents investment, savings, liquidity preference (demand for money), capital
stock, gross product, interest rate, constant money supply, time delay. « > 0, 8 > 0 are respectively the adjustment
coefficients in the markets of goods and money, § > 0 means the depreciation of the capital stock, Y(t), Y'(t) denote the
derivative %.

Actually in sys. (4), investment in capital accumulation equation depends on the income at the time investment decisions
are made and on the capital stock at the time investment is finished, while in Section 3.1 of Zak [28], Zak investigated the
Solow growth model with time lag, and considered that investment depended only on the capital stock at the past time
and that the capital stock depreciated at the same gestation period, which it takes to produce and install capital goods

(i.e. ‘time-to-build’ models, see [14,23,24,29]):
K(t) = sf(K(t — 1)) — 8K(t — ), (5)
with f as production function, s constant saving rate, the saved part of neoclassical product function sf is invested.
Here, we would assume that the investment function in capital accumulation depends on the income and the capital
stock both at the past time, and also at the different gestation period, i.e.investment function,
I(Y,K, 1) =5L(Y,r) + LK) =LY —1), 7)) + LK - 1) =L —1), r®) + BK({ — 12),
where —1 < B4 < 0is propensities to investment I, (K) with respect to capital stock, 0 < Sy = s; < 11is saving rate, 77, T,
are time delays,
and capital accumulation equation,
K(©) =LY (t = 1), 1(©)) = (8 = BOK(t — 1),
so the fixed price disequilibrium augmented IS-LM model we discuss would be
Y(0) = all;(Y(0), (1)) + BiK(t) — 1Y (D)],
r(t) = BILY (1), (1)) — M], (6)
K@) =LYt —11),r(t) — (6 — BOK(t — 1),

clearly, when t; = 0, system (6) is the same as system (4) except that we assume the different investment function and
saving function.

2.2. Qualitative behavior of the model

2.2.1. The equilibrium point
It's easy to know that the equilibrium point (Y*, r*, K*) is the solution of

5 — S
MWJS=L—§iHﬁ
L(Y*, ™) =M,

$1
K* = =Y*.

8



184 L. Zhou, Y. Li / Journal of Computational and Applied Mathematics 228 (2009) 182-187

2.2.2. Linear stability analysis
The linearization of the system in a neighborhood of the equilibrium (Y*, r*, K*) yields:

Y(£)\' Y(t) —Y* Y(t—1) —Y* Y(t— 1) —Y*
(r(t)) = (r(t) —r*) + 2 (r(t—rl) —r*) + 13 (r(t—rz) —r*) , (7)
K(t) K(t) —K* K(t — 1) — K* K(t — 1) — K*

a(ly —sy) ol op 0 0 O 0 0 0
m=( By B 0), m=(0 o o), m=[0 o0 o |,

0 I, 0 Iy 00 0 0 —(6—51
where Iy = %}(Y*, ™) >0, = %‘(Y*, r*) < 0,Ly = 2L(v*,r*) > 0, L = 3£(Y*, r*) < 0.So the characteristic equation
of system (7) is det(Al — 7 — ne~™1* — pze~2*) = 0, which leads to
D(x, 71, 72) = R(W)e ™2 +Q(A)e ™™ + P(1) = 0, (8)
where

RO = (8 — BN — (a(ly — 1) + BLOA + aBL(Iy — s1) — aBLyly] = 1A% + 1A + 19,12 > 0,
QW) = —apilyr +apiBlyly = q1A +qo, ¢1 > 0,q0 > 0,
P(L) =A% — [aly —s1) + BLA + [a(y — s1)BL: — aBLLylh — aBiBlLy = 1> + poA* + p1h +po, Ppo <O.

22.3. Thecaset;i =17, =0
So the characteristic polynomial is

D(%,0,0) = R() +Q(4) + P(t) = 1% + (p2 + 12)A> + (1 + @1 + 1A + (Do + Go + o) =0, (9)
according to the Routh-Hurwitz criterion, the equilibrium point is stable if and only if

(Hy) p2+r1r2>0, (p2 +12)(P1 +q1 +11) — (Do + qo +10) > 0.

2.24. Thecaset; = 0,75 #0
Let t; = 0in (8), the characteristic equation becomes
D(x,0,7,) = R(We™2 +Q(%) +P(L)
= (A + 11k +10)e 2 + 2% + pod® 4+ (p1 + qD)A + po + do
= 0. (10)
According to the works of Beretta and Kuang [ 1] we should find the imaginary solutions of Eq. (10). Let A = wi be these
solutions. As D(0, 0, 0) = po + qo + o # 0 under assumption (H,), i.e. the imaginary axis cannot be crossed by real values.

We suppose that w > 0. We find roots A = wi of (10), because A = —wi is also a root of (10). Substituting it into (10) and
separating the real and imaginary parts, we have

P(wi) + Q(wi)) _ (=p2@* + po + qo) (—120* + 10) + [(p1 + Q1w — @’ Inw
R(wi) (—=rw? +19)? + (rw)? ’ (11)
P(wi) + Q(wi) _ —(=p2@® + po + qo)riw + [(p1 + q1)w — @] (=120 + 19)
R(wi) (—rw? +10)2 + ()2 '
A necessary condition to have w as a solution of (10) is that w must be a root of the following equation:
F(@) = [P(@)) + Q(@)]* — [R(wi)?
= o® +[p; = 2(01 + @) — 1310 + [(1 + q1)* — 17 + 2ror2 — 2p2(Po + Go)]@® + (Po + q0)* — 1§
= 0. (12)

Let u = w?. Then

cos(wty) = —Re <

sin(wty) = Im (

F(u) =u® +Au®> + Bu+C =0, (13)

where A = p5 — 2(p1 4 q1) — 13, B = (p1 + q1)> — 17 + 2ror2 — 2p2(po + o), € = (po + G0)* — 1.
Using the results of [5] we assume that

(Hz) anyoneof A>0,C <0;B<0,C <0;A<0,B>0,C<0,A>0;A<0,B=0,C=0;B<0,C=0;

(H;) anyoneof A < 0,B>0,C>0,A <0;A<0,B>0,C=0,A%> > 4B;
(H) A<0,B>0,C<0,A <0;
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(Hs) anyone of A>0,B>0,C>0;C >0,A > 0;

. .. 2 ’ 3 X
where the discriminant A = F®QE 4 IEOF ' — 4 for the reduced form (13), and obtain that

i. if (Hy) holds, Eq.

(

(13) has only one positive real root w;
ii. if (Hs) holds, Eq. (

(

(

)
) has two distinct real positive root w,, ws (setting w, < w3);
) has three distinct positive real root w, < wy < ws;

) has no positive real root.

iii. if (Hy) holds, Eq.
iv. if (Hs) holds, Eq.

Remark. To the simplicity, we assume w1, w;, w3 in the above three different cases only for the same monotonicity of F
around the points but not the same roots of Eq. (13).
We should know that a solution w of Eq. (13) is also a solution of the characteristic equation (11) if and only if 7; =

w n € N,¢ € [0, 2x]. From the Lemma 2.1 and Lemma in Cooke and Grossman [4] or Ruan and Wei [19], we
could easily get

Lemma 2.2. For Eq. (10),we have

i. if (Hy) holds and 7, = rzl,n, then Eq. (10) has only one pair of purely imaginary roots +wi.

ii. if (H3) holds and t; = rin, 123’”, then Eq. (10) has two pairs of purely imaginary roots +w,i, £ wsi.
iii. if (Hy) holds and t, = rzlyn, rzz’n, rzn, then Eq. (10) has three pairs of purely imaginary roots wii, £w,i, £wsi.
iv. if (Hs) holds, then Eq. (10) has no purely imaginary roots where

. 1 cos—1 1 (—p2w? 4 po + qo) (—120? +19) + [(P1 + q) @1 — Wilrion N Zfli’
' 1 (=0} +10)? + (r1w1)? w1
2 = 1 oot (=P23 + Po + qo) (=123 +10) + [(P1 + Q1) w2 — w31, N 2”7”
' (0} (—"260% +10)? + (rwy)? (0}
1:2311 _ l cos— 11— (—pzw§ + Do + QO)(—"Z(D§ +r10) + [(p1 + q)ws — w§]r1w3 " 2”l
T (=i +19)? + (rws)? w3

Lemma 2.3. Let t denote an element of either the sequence {‘Kzl,n} or {rzz,n} or {f23, ), then the following transversality condition
are satisfied:

dRe()\
N { e() — sign F'(?) = sign(30* + 240 + B),
dr, =15
dRe(A dRe(A dRe()
n { e®) > 0, sign { e®) < 0, sign { e®) > 0. (14)
a0 Jo=g, % lo=g, % fo-g,

Proof. From [5], we know that the results of the first line is true, and also F(w) is increasing at wy, ws, decreasing at w,,
therefore (14) is set up.

Lemma 2.4. For Eq. (10), we have the following

i. If (Hy) and (H,) hold, then when 1, € [0, r21’0) all roots of Eq. (10) have negative real parts, and when 7, > r21,0 Eq. (10) has
at least one root with positive real part.
ii. If (Hy) and (H3) hold, then there exist k witches from stability to instability when the parameters such that tio < ri 0 <

T << Ty < Tys < T < Tax < Tyr_q all roots of Eq. (10) have negative real parts when
T € (rin, rin+]), ri_] =0,n=-1,0,....k— 1. Whent, € [rin, rzzyn), n=0,1,...,k— land t, > 123’,{ Eq.
(10) has at least one root with positive real parts.

iii. If (Hy) not hold but (Hs) hold, when the parameters such that ©5, < 734 < T3, <,..., < T3}y < Ty1_1 < Ty < Ty
there may exist k switches from instability to stability, that is when t, € [t;,, T3 ,,) and 1, > 73, 1, 7;_; = 0,n =
—1,0,...,k—2Eq.(10) has at least one root with positive real parts. When t, € [rzzyn, rin), n=0,1,...,k—1,allroots

of Eq. (10) have negative real parts.
iv. If (Hq) and (Hy4) hold, then there exists at least one stability switch.
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Proof. i. As(H;)and (H,) hold, then the equilibrium of the Eq. (10) is stable and the Eq. (10) has complex root with negative
real parts for 7, = 0, and also for t, = rzlo Eq. (10) has purely imaginary roots and the real parts of the root changes

continuously increasing with increased 7, because of mgn{dRe(’\) } > 0, then for ; € [0, r2 o) all roots of Eq. (10)

|r2 'L’

have negative real parts and Eq. (10) has at least one root with posmve real parts when 7, > 'L'Z’o.
ii. Because w3 > w;, and ‘L'zi . Mﬂl = 2,3 are the two corresponding sequences for the time delay 1,
’ 1
then 3k, 7}, — 73, ; = &£ < & = ¢}, | — 1}, and also (H;) and (H,) hold, then the equilibrium is stable

w3 w2

for 7, = 0. Therefore necessarily 723,0 < r{o (or the multiplicities of roots with negative real parts could become
two for (14) when 7, is decreased, it’s impossible. c.f. Cooke and Grossman [4]), when the parameters are such that
T30 <Tho <Ta1 <s--er < Tap_y < Tap_1 < Tyx < T34_1.We know that there exist a lot of stability switches and the
stability of the equilibrium of change a finite of times at most, eventually it becomes unstable.

iii. the proof is the similar as ii.

iv. If (Hy) and (H,4) hold, then the equilibrium of the Eq. (10) is stable and Eq. (10) has three pairs of purely imaginary roots
w1, Wz, w3, and (14) is hold, so there exist at least one stability switch at 121’0 or 123’0. O

=

According to the above analysis and the theorem in Hale [11], we obtain the following results:

Theorem 2.1. When the conditions corresponding to Lemma 2.4(i., ii., iii.) are satisfied, then
i. The equlllbrlum (Y*, K*) is locally asymptotically stable when t, € [0 12 o) and a Hopf bifurcation occurs at (Y*, K*) when
Ty = TZ,O‘
ii. The equilibrium (Y*, K*) is locally asymptotically stable when t, € {0} U (t3,, 7:23,n+1)’ 122’_1 =0,n=-1,0,...,k—2,a
Hopf bifurcation occurs when t, = rz”fn U ti,H, m=2,3,n=0,1,...,k—2.
iii. The equilibrium (Y*, K*) is locally asymptotically stable when 7, € [‘L’zz,n, ri”), n=0,1,...,k—1,aHopfbifurcation occurs
whent, =)y, m=2,3,n=0,1,...,k— 1

2.25. Thecaset; #0,7, # 0
Next, we return to the Eq. (8) with 7; > 0 and 1, in stable regions. Regard t; as a parameter, following Ruan and Wei [19],
we have

Lemma 2.5. If all roots of Eq. (10) have negative real parts for 7, > 0, then there exists a t{(z;) > 0, such that when
0 < 71 < 1{(%) all roots of Eq. (8) have negative real parts.

Proof. Since the left hand side of Eq. (8) is analytic in A and 7, following the Theorem 2.1 of Ruan and Wei [19], when t4
varies, the sum of the multiplicities of zeros of the left hand side of Eq. (8) in the open right half-plane can change only if a
zero on or cross the imaginary axis. O

Theorem 2.2. Assume (H,) holds true.

i. If (Hy) holds, then for any 7, € [0, rz o), there exists a t{ (z,) such that the equilibrium of system (6) is locally asymptotically
stable when t; € [0, 7] (12)).
ii. If (Hs) holds, thenforany t, € (3, 75 ,,1), T3 _; = 0,n = —1,0, ..., k—1, there exists a ;' (t2) such that the equilibrium
of system (6) is locally asymptotically stable when t; € [0, t](12)).
iii. If (Hs) holds, then for any T, > 0, there exists a T (t2) such that the equilibrium of system (6) is locally asymptotically stable
when 7; € [0, 77 (12)).

Proof. i. and ii. According to i. and ii. of Lemmas 2.4 and 2.5, we could easily get the results.
iii. If (Hy) and (Hs) hold, then we know that for any 7, > 0 all roots of Eq. (10) have negative real parts, so following
the Lemma 2.5, there exists a 7;(t2) > 0 such that all roots of Eq. (8) have negative real parts for 0 < 77 < 7/ (12).
]

It’s clear that Hopf bifurcation occurs at 71 (z2) if it holds the conditions of Lemma 2.5 or Theorem 2.2. And also there may
exist a lot of stability switches. If we let 7, in unstable region, then there may exist no ; (t2) such that when the system (6)
is unstablein 0 < 7; < 7{(12), it’s stable in 7{ (1) < 1.

3. Concluding remarks

We investigated the IS-LM model with two time delays in the capital accumulation equation and concluded that when
one time lag influences the qualitative behavior of the economic system, the other also changes the behavior. Therefore, for
policy makers, they should seriously consider more time delays in the economic system and their impacts on the economic
system.

From all the aforementioned economic model we could know that they are all fixed price disequilibrium dynamic models.
For future research we could consider flexible price or Phillips curve in the dynamic economic system and the influence of
time delay on the whole system.
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