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1. Introduction and preliminaries

Let E be a Banach space with the dual E*. We denote by J the normalized duality mapping from E to 25" defined by
K={* € E*: (x.f) = xI” = If*II*},

where (-, -) denotes the generalized duality pairing.

A Banach space E is said to be strictly convex if ||%|| < 1forallx,y € E with ||x|| = |lyll = 1and x # y. It is said to
be uniformly convex if lim,_, « ||X, — yn|l = O for any two sequences {x,} and {y,} in E such that ||x,|| = |ly.]| = 1 and
limp_ o || @H = 1.Let Ug = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided
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exists for each x, y € Ug. It is also said to be uniformly smooth if the limit (1.1) is attained uniformly for x, y € Ug. It is well
known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E. It is also
well known that if E is uniformly smooth if and only if E* is uniformly convex.

Recall that a Banach space E has the Kadec-Klee property if for any sequence {x,} C E and x € E with x, — x and
lx21l = lIx|I, then ||x,, — x|| — 0 as n — oo for more details on Kadec-Klee property; the readers is referred to [1-3] and
the references therein. It is well known that if E is a uniformly convex Banach space, then E enjoys the Kadec-Klee property.
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Let C be a nonempty closed and convex subset of a Banach space E and T : C — C a mapping. The mapping T is said to
be closed if for any sequence {x,} C C such that lim,_, X, = Xo and lim,,_, .c Tx, = Yo, then Txg = yo. A pointx € Cis a
fixed point of T provided Tx = x. In this paper, we use F(T) to denote the fixed point set of T and use — and — to denote
the strong convergence and weak convergence, respectively.

Recall that the mapping T is said to be nonexpansive if

ITx =Tyl < llx—yll. VxyeC.

It is well known that if C is a nonempty bounded closed and convex subset of a uniformly convex Banach space E, then every
nonexpansive self-mapping T on C has a fixed point. Further, the fixed point set of T is closed and convex.

As we all know that if C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric projection
of H onto C, then P is nonexpansive. This fact actually characterizes Hilbert spaces and consequently, it is not available
in more general Banach spaces. In this connection, Alber [4] recently introduced a generalized projection operator I1¢ in a
Banach space E which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined by

P(x,y) = IXI> = 2(x, Jy) + IylI* forx,y € E. (1.2)

Observe that, in a Hilbert space H, (1.2) is reduced to ¢(x, y) = ||x — y||?, x, y € H. The generalized projection IT¢c : E — C
is a map that assigns to an arbitrary point x € E the minimum point of the functional ¢ (x, y), that is, ITcx = X, where X is
the solution to the minimization problem

¢(x,x) = infp(y, x)
yeC

existence and uniqueness of the operator 1 follows from the properties of the functional ¢ (x, y) and strict monotonicity
of the mapping J (see, for example, [1,3-5]). In Hilbert spaces, ITc = Pc. It is obvious from the definition of function ¢ that

Iyl = 1IxID* < ¢, 0 < (Iyl + IxID?, Vx,y € E. (1.3)

Remark 1.1. If E is a reflexive, strictly convex and smooth Banach space, then forx, y € E, ¢(x, y) = Oifand only if x = y. It
is sufficient to show thatif ¢(x, y) = 0 then x = y. From (1.3), we have ||x|| = ||y||. This implies that (x, Jy) = ||x||> = || Jy|I>.
From the definition of J, we have Jx = Jy. Therefore, we have x = y; see [1,3] for more details.

Let C be a nonempty closed convex subset of E and T a mapping from C into itself. A point p in C is said to be an asymptotic
fixed point of T [6] if C contains a sequence {xn}~which converges weakly to p such that lim,_, » ||X; — Tx,|| = 0. The set of
asymptotic fixed points of T will be denoted by F(T). A mapping T from C into itself is said to be relatively nonexpansive [4,
781 if F(T) = F(T) # @ and ¢(p, Tx) < ¢(p,x) forallx € C and p € F(T). The asymptotic behavior of a relatively
nonexpansive mappings was studied in [4,7,8]. The mapping T is said to be ¢-nonexpansive if ¢(Tx, Ty) < ¢(x,y) for all
x,y € C.T is said to be quasi-¢-nonexpansive [9-11] if F(T) # @ and ¢(p, Tx) < ¢(p, x) forallx € Cand p € F(T).

Remark 1.2. The class of quasi-¢-nonexpansive_mappings is more general than the class of relatively nonexpansive
mappings which requires the restriction: F(T) = F(T).

In 2005, Matsushita and Takahashi [12] considered fixed point problems of a single relatively nonexpansive mapping in
a Banach space. To be more precise, They proved the following theorem:

Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty closed convex subset of E,
let T be a relatively nonexpansive mapping from C into itself, and let {«,} be a sequence of real numbers such that 0 < o, < 1
and lim sup,_, ., &n < 1. Suppose that {x,} is given by

xo=x€C,
Yo =] (anfxn + (1 — a)JTxy),
Hn = {Z € C: ¢(Za.Vn) S ¢(Z!Xﬂ)}v (14)

Wy={zeC:{x; —2zJx—Jxp) =0},
Xn+1 = Puyow,Xo, n=20,1,2,...,

where ] is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to Pr(r X, where Pg(r is the generalized
projection from C onto F(T).

Let f be a bifunction from C x C to R, where R denotes the set of real numbers. In this paper, we consider the following
equilibrium problem. Find p € C such that

f,y) =0, VyeC. (1.5)
We use EP(f) to denote the solution set of the equilibrium problem (1.5). That is,

EPf)={peC:f(p,y) 20, Vy € C}.
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Given a mapping Q : C — E*, let

fx,y) =(Qx,y—x), Vx,y € C.
Then p € EP(f) if and only if

(Qp,y—p) =0, VyeC.

That is, p is a solution of the above variational inequality.
Numerous problems in physics, optimization and economics reduce to find a solution of (1.5); see [13-19]. For studying
the equilibrium problem (1.5), let us assume that f satisfies the following conditions:

(A1) f(x,x) =0, ¥x € C;
(A2) f is monotone, i.e., f(x,y) +f(y,x) <0, Vx,y € C;
(A3)

limsupf(tz+ (1 —-0x,y) <f(x,y), Vx,y,z€C;
10

(A4) foreachx € C,y — f(x, y) is convex and lower semi-continuous.

Recently, some authors considered the problem of finding a common element in the set of fixed points of a relatively
nonexpansive mapping which is a generalization of nonexpansive mappings in Hilbert spaces and in the set of solutions
of the equilibrium problem (1.5) based on hybrid projection methods in the framework of real Banach spaces; see, for
example [9,20-22] and the references therein.

In [20], Takahashi and Zembayshi obtained the following result on the equilibrium problem (1.5) and a relatively
nonexpansive mapping.

Theorem TZ. Let E be a uniformly smooth and uniformly convex Banach space, and let C be a nonempty closed convex subset of
E. Let f be a bifunction from C x C to R satisfying (A1)-(A4) and let T be a relatively nonexpansive mapping from C into itself
such that F(T) N EP(f) # (. Let {x,} be a sequence generated by

Xxo=x€C,
Yn =]7](05ern + (1 - an)]Tan),
u, € C such that f(u,, y) + (y — un, Ju, —Jyn) 20, VyeC,

={zeC:¢p(z,uy < ¢(z Xn)}
W ={zeC: (X —z,Jx—Jxp) > 0},
Xny1 = Mynw,Xx

(1.6)

forevery n > 0, where ] is the duality mapping on E, {«,} C [0, 1] satisfies lim inf,_, o @y (1 — ay) > 0and {r,} C [a, co) for
some a > 0. Then, {x,} converges strongly to ITg)nep()X, Where ITrryngep(r) is the generalized projection of E onto F(T) NEP(f).

Recently, Qin, Cho and Kang [9] further improved Theorem TZ by considering a pair of quasi-¢-nonexpansive mappings
based on shrinking projection methods which was considered by Takahashi, Takeuchi and Kubota [23] in Hilbert spaces. To
be more precise, they proved the following results.

Theorem QCK. Let C be a nonempty closed and convex subset of a uniformly convex and uniformly smooth Banach space E. Let
f be a bifunction from C x C to R satisfying (A1)-(A4) and let T,S : C — C be two closed quasi-¢-nonexpansive mappings
such that ¥ = F(T) NF(S) NEP(f) # 0. Let {x,} be a sequence generated in the following manner:

Xo € E chosen arbitrarily,

G =C,
X1 = I, Xo,
Yo =] @nfxn + Bl Txn + VaJSXn), (17)

1
u, € C such that f (u,, y) + (y — up, Ju, —Jyn) 20, Vye(C,

Gi1={z€G ¢(Z Up) < ¢(Z Xn)},
Xnt1 = ch+1

where ] is the duality mapping on E, {r,} is a positive sequence and {«,}, {8} and {y,} are three sequences in [0, 1] satisfying the
following restrictions:

@an+B+ym=1
(b) lim infn%oo an,Bn > 0, lim infn‘)w QnYn > 0;
(c) {ra} C [a, 0o) for some a > 0.

Then {x,} converges strongly to ITsXxo.
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Note that Theorems MT, TZ and QCK are all valid in uniformly convex and uniformly smooth Banach spaces. The following
question naturally arises in connection with the above results on the framework of spaces.

Question 1.3. Can one weaken the restriction on the framework of spaces such that hybrid projection methods are still valid
for the equilibrium problem (1.5)?

On the other hand, common fixed point problems recently have been studied by many authors; see, for example,
[1,15,21,24-28]. Finding an optimal point in the intersection of the fixed point sets of a family of nonexpansive mappings is a
task that occurs frequently in various areas of mathematical sciences and engineering. For example, the well-known convex
feasibility problem reduces to finding a point in the intersection of the fixed point sets of a family of nonexpansive mappings;
see [29-31]. The problem of finding an optimal point that minimizes a given cost function over common fixed point set of
a family of nonexpansive mappings is of wide interdisciplinary interest and practical importance; see, e.g., [32-34].

In this paper, motivated by Theorems MT, TZ and QCK, we re-considered the problem of finding a common element in the
common fixed point set of a family of quasi-¢-nonexpansive mappings and in the solution set of the equilibrium problem
(1.5). Strong convergence theorems of common elements are established in a uniformly smooth and strictly convex Banach
space which also enjoys the Kadec-Klee property. Note that every uniformly convex Banach space enjoys the Kadec-Klee
property. Our main convergence theorem gives an affirmative answer to Question 1.3. The results presented this paper
mainly improve the corresponding results announced in Qin, Cho and Kang [9] and Takahashi and Zembayshi [20].

In order to establish our main results, we need the following lemmas.
Lemma 1.4 ([4]). Let C be a nonempty closed convex subset of a smooth Banach space E and x € E. Then, X, = IIcx if and only
if
(Xo =y, Jx —Jxo) =0 Vy e C.

Lemma 1.5 ([4]). Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty closed convex subset of E and
x € E. Then

o, [cx) + ¢(Icx, x) < ¢p(y,x) Vy e C.

Lemma 1.6. Let E be a strictly convex and smooth Banach space, C a nonempty closed convex subset of Eand T : C — Ca
quasi-¢-nonexpansive mapping. Then F(T) is a closed convex subset of C.

Proof. Letting {p,} be a sequence in F(T) with p, — p asn — oo, we prove that p € F(T). From the definition of T, we
have ¢ (ps, Tp) < ¢(pn, p), which implies that ¢(p,, Tp) — 0 as n — oo. Note that

@ ®n, Tp) = [Ipall® — 2(pn, J(TP)) + || Tpl|*.

Letting n — oo in the above equality, we see that ¢ (p, Tp) = 0. This shows that p = Tp.
Next, we show that F(T) is convex. To this end, for arbitrary p;, p, € F(T), t € (0, 1), putting p; = tp; + (1 — t)p,, we
prove that Tps = ps. Indeed, from the definition of ¢, we see that
@ (p3, Tps) = lpsll”> — 2(p3.J(Tps)) + I TpsI®
= lIpsll* = 2(tp1 + (1 — O)p2.J(Tp3)) + || Tps|1?
= |Ipsll* — 2t(p1,J(Tp3)) — 2(1 — £)(p2.J(Tp3)) + |1 Tps|1?
< lIpsli® + t (1, p3) + (1 = OP(pa, p3) — tlpall> — (1 = O)pa1?
= |Ipsll* — 2(tp1 + (1 — Op2.Jps) — lIpsll®
= |Ipsll* — 2(p3.Jps) — lIpsll®
= 0.
This implies that p3 € F(T). This completes the proof. O

Lemma 1.7. Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach space E. Let f be a bifunction from
C x C to R satisfying (A1)-(A4). Let r > 0 and x € E. Then

(a) ([13]). There exists z € C such that

1
f@.y+ Ty-zJ-j =0 VyecC
(b) (19,20]). Define a mapping T, : E — C by

Sx = {z ECT@Y =2l Wy € C}.

Then the following conclusions hold:
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(1) S, is single-valued;

(2) S; is a firmly nonexpansive-type mapping, i.e., forall x,y € E,
(Srx — S$ry, JSex — JSpy) < (Six — Spy, Jx — Jy)

(3) F(Sr) = EP(f);

(4) S, is quasi-¢-nonexpansive;

(5) EP(f) is closed and convex;

(6)

‘p(q» STX) + ¢(SI‘X5 X) S ¢(qv X)7 V q € F(ST)

Lemma 1.8 ([35]). Let p > 1and s > 0 be two fixed real numbers. Then a Banach space E is uniformly convex if and only if there
exists a continuous strictly increasing convex function g : [0, o0) — [0, co) with g(0) = 0 such that

A% + (1 = ylI” < AP + (1 = IyIP — wp(Wglx =yl
forallx,y € Bs(0) = {x € E : ||x]| <s}and A € [0, 1], where wy(A) = AP(1 — A) + A(1 — A)P.

The following lemma can be obtained from Lemma 1.8 immediately.

Lemma 1.9. Let E be a uniformly convex Banach space, s > 0 a positive number and B;(0) a closed ball of E. There exists a
continuous, strictly increasing and convex function g : [0, co) — [0, oo) with g(0) = 0 such that

N 2 N
Y x| < (@illxill?) — erag(lixi — xall) (18)
i=1 i=1

forallxy,x,...,Xy € Bs(0) = {x € E: ||x|| <s}and o1, ay, ..., ay € [0, 1] such that vazl o= 1.

2. Main results

Theorem 2.1. Let E be a uniformly smooth and strictly convex Banach space which also enjoys the Kadec-Klee property, C a
nonempty closed and convex subset of E and f bifunction from C x C to R satisfying (A1)-(A4). Let T; : C — C be a closed
and quasi-¢-nonexpansive mapping foreachi € {1, 2, ..., N}. Assume that ¥ = ﬁf’zl F(T) N EF(f) is nonempty. Let {x,} be a
sequence generated in the following manner:

Xo € E chosen arbitrarily,

G =C,

X1 = nclxl)v
N

Yn :]7] oo JXn + Zan,i]Tixn> s (T)
i=1

1
u, € C suchthat f(un, y) + —(y — Un, Ju, — Jyn) >0, VyeC,
T,

n
Cop1 ={z € Gyt Pz, up) < P(z, x0)},
Xnt1 = Ic,, X0,

where {on 0}, {on,1}, - ... {an N} are real sequences in (0, 1), {r,} is a real sequence in [a, co0), where a is some positive real
number and ] is the duality mapping on E. Assume that the control sequences satisfy Z]"V:o anj = landliminf,_, o oy 00n; > 0,
Vie {1,2,..., N}. Then the sequence {x,} converges strongly to ITzxo, where ITy is the generalized projection from E onto F.

Proof. First, we show that G, is closed and convex for each n > 1. It is obvious that C; = C is closed and convex. Suppose
that G, is closed and convex for some integer h. For z € Cp,, we see that ¢(z, uy) < ¢(z, xp) is equivalent to

2z, Jxie = Jug) < llxell® = fuil®.

It is easy to see that C,q is closed and convex. This proves that G, is closed and convex for each n > 1. This in turn shows
that ¢, Xo is well defined. Putting u, = S;, yy, from Lemma 1.7 we see that S;, is quasi-¢-nonexpansive. Now, we are in a
position to prove that ¥ C G, for eachn > 1.Indeed, # C C; = C is obvious. Suppose that # C Cp, for some h. Then, for
Yw € F C Cp, we have
d(w, up) = ¢(w, Sy, yn)
=< ¢(w, yn)

N
=9¢ (le (ah,ojxh + ZOlh,i]TiXh>>
i1
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2

N
lwl® = 2(w, anoJxa + Y o JTixn) +

i=1

N
anoJxn + Zah,i]TiXh
i=1

N N
< [lwll® = 2ano(w, Jxn) — 2 Y anifw, JTixn) + cnollxnll* + Y eonil Tixal|?
i=1 i=1
N
= anod(W, xn) + Y _ o ip(w, Tixn)
i=1
=

N
anop(w, Xy) + Z an,i(w, Xp)
=1

= ¢(w, xy), (2.1)
which shows that w € Cp41. This implies that # C C, for each n > 1. On the other hand, from Lemma 1.5 we see that
¢ (Xn, X0) = ¢(I1c, X0, X0) < P(w, X0) — P(w, Xn) < P(w, Xo),

foreach w € ¥ C C, and for each n > 1. This shows that the sequence ¢ (x,, Xp) is bounded. From (1.3), we see that the
sequence {x,} is also bounded. Since the space is reflexive, we may, without loss of generality, assume that x, — p. Note
that C, is closed and convex for each n > 1.1t is easy to see that p € C, for each n > 1. Note that

& (Xn, X0) < @(p, Xo)-
It follows that

(P, Xo) < liminf(xy, Xo) =< limsup ¢ (xa, Xo) < P(p, Xo)-

n—oo

This implies that
lim ¢ (xn, X0) = ¢(p, Xo).
n—oo
Hence, we have ||x,|| — ||p]| asn — oo. In view of the Kadec-Klee property of E, we obtain that

lim x, = p. (2.2)

n—oo

Next, we show that p € F(T). By the construction of C,, we have that G4 C G, and x,11 = I, X0 € G,. It follows that

O Xn1, Xn) = ¢ (Xny1, I, Xo)
< ¢Xnt1, X0) — ¢ (I1c,Xo, Xo)
= @(Xny1, X0) — @ (Xn, Xo).

Letting n — oo, we obtain that ¢ (x,+1, X;) — 0.In view of x,,, 1 € C,1, we obtain that

@ Xnt1, Un) < @ Xny1, Xn).

It follows that
lim ¢(xp41, up) = 0.
n—oo

From (1.3), we see that

lunll = llpll asn — oo. (2.3)
It follows that
| Junll — llJpll asn — oo. (2.4)

This implies that {Ju,} is bounded. Note that E is reflexive and E* is also reflexive. We may assume that Ju, — x* € E*. In
view of the reflexivity of E, we see that J(E) = E*. This shows that there exists an x € E such that Jx = x*. It follows that

G Xni1, Un) = [Xnp1ll® = 2(xag1, Jun) + [[11a)?
= [|Xn+1 ||2 — 2(Xpy1, Jun) + ”]un”z-
Taking lim inf,_, o, on both sides of equality above yields that
0 > [Ipl* —2(p. x*) + [IX*|I?
Ipl* = 2(p. Jx) + 1| JxII?
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= |Ipll> — 2{p, Jx) + |Ix]I*
= ¢(p,x).

That is, p = x, which in turn implies that x* = Jp. It follows that Ju, — Jp € E*. Since (2.4) and E* enjoys the Kadec-Klee
property, we obtain that

Ju, —Jp— 0 asn — oo.

Note that J~! : E* — E is demi-continuous. It follows that u, — p. Since (2.3) and E enjoys the Kadec-Klee property, we
obtain that

lim u, = p. (2.5)

n—oo
Note that

1X: — unll < llxn — pll + llp — uall.
It follows that

lim [|x, — un|| = 0. (2.6)
n—o0o

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

lim || Jx, — Jua|l = 0. (2.7)
n—oo
Let s = suppsofllxall, ITiXall, IT2Xall, - . ., ITnXx|l}. Since E is uniformly smooth, we know that E* is uniformly convex. In

view of Lemma 1.9, we see that

d(w, uy) = ¢(w, Srn}’n)
E ¢(w:}/n)

N
=¢ (wvj_l (an,ojxn + Zan,i]Tixn)>
i=1

2

N
||w||2 — 2{w, ayoJxn + Zan,i]Tan> +
i=1

N
QnoJXn + Zan,i]Tixn
i=1

N N
lwl® = 2006w, Jxn) =2 etn i{w, JTixa) + nollxall® + Y nill Txall* — ctn.0tn 18 (1 Jxa — JT1xall)
i=1 i=1

IA

N
= dn o (W, Xa) + Y tnip(w, Tixa) — tn 00t 18 (| JXn — JT1%ul])
i=1

N
ono® (W, Xn) + Y (W, Xn) — otn 0tn 18 (| Jxa — JT1xnll)

i=1
o (w, Xp) — o001 (1 Xy — JT1Xgll). (2.8)

IA

IA

It follows that
an,Oan,lg(”_lxn _.]Tlxn”) < ¢(w7 Xn) - ¢(w7 un)- (29)
On the other hand, we have

d(w, xp) — dp(w, uy) = ||Xn||2 - ||un||2 = 2{w, Jxn — Jun)
< l1xn — unll(UIxall + lluall) + 2Mlw | Jxn — Juall.

It follows from (2.6) and (2.7) that

o(w, x,) — p(w, uy) > 0 asn — oo. (2.10)
In view of (2.10) and the assumption liminf,_, o on,0(1 — ap,1) > 0, we see that

gUlJxn — JT1xa|l) —> 0 asn — oo. (2.11)
It follows from the property of g that

[[J%n — JT1x,]| = 0 asn — oo. (2.12)
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Since x, — pasn — ooand] : E — E* is demi-continuous, we obtain that Jx, — Jp € E*. Note that

N Jxnll = 1Pl = Hxall = PN < 1%2 — P
This implies that

lim || Jx, || = [l Jpll. (2.13)
n—oo

Since E* enjoys the Kadec-Klee property, we see that
lim || Jx, — Jpll = 0. (2.14)
n—oo

Note that

1JTixn — Jpll < 1JT1xa — Jxall + || Jxn — JpI.

From (2.12) and (2.14), we arrive at
lim || JTix, — Jpll = 0. (2.15)
n—oo

Note thatJ~! : E* — E is demi-continuous. It follows that T;x, — p. On the other hand, we have

NTixnll = llplll = NJTaxall = 1Pl < 1JT1xa — JplI-

In view of (2.15), we obtain that ||T;x,|| — ||p|| as n — 0. Since E enjoys the Kadec-Klee property, we obtain that
lim ||T1x, — p|| = 0. (2.16)
n—oo

It follows from the closedness of T; that T;p = p. By repeating (2.8)—(2.16), we can obtain that p € ﬁiN:] F(Ty).
Next, we show that p € EF(f). From (2.1), we arrive at

d(w, yn) < d(w, x,). (2.17)
In view of u, = §,,y, and Lemma 1.7, we arrive at
@ (Un, yn) = ¢(STHJ’n7YH)
< ¢(w,yn) — ¢(w75rn.)’n)
< ¢(w, x;) — d(w, Srnyn)

= ¢(w, X)) — p(w, Up). (2.18)
It follows from (2.10) that ¢(u,, y,) — 0asn — oo. From (1.3), we see that ||u,|| — [[ynll — 0asn — oo. In view of
u, — pasn — oo, we arrive at
lyall = llpll = 0 asn — oc. (2.19)
It follows that
lJyall = lIlJpll = 0 asn — oo. (2.20)

Since E* is reflexive, we may assume that Jy, — f* € E*. In view of J(E) = E*, we see that there exists f € E such that
Jf = f*. It follows that

G (n, Yn) = llunll® = 2(tn, Jyn) + llyall?
= llunll® = 2(un, Jyn) + Il ynll®.
Taking lim inf,_, o, on both sides of equality above yields that
0 = lIpI* = 2(p.f*) + IF*II?
= |pl*> = 2(p. Jf) + ILIf1I?
= lpll* = 2(p. J) + IfI?
=o¢®.f).

That is, p = f, which in turn implies that f* = Jp. It follows that Jy, — Jp € E*. Since (2.20) and E* enjoys the Kadec-Klee
property, we obtain that

Jyn—Jp— 0 asn — oo.

Note that J~! : E* — E is demi-continuous. It follows that y,, — p. Since (2.19) and E enjoys the Kadec-Klee property, we
obtain that

Yp— D asn— oQ. (2.21)
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Note that
lun = yall < llun = Il +1Ip = ynll-
It follows from (2.6) and (2.21) that
lim |uy —yall = 0. (2.22)
n—oo
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim || jup — Jyall = 0.
n—oo
From the assumption r,, > a, we see that

i Il Jun = Jynll
m ——— =

n— 00 Tn

0. (2.23)
In view of u, = S;,y,, we see that
1
f(un’ .V) + ?(y - una]un _]}’n> > Oa Vy e C.
n

It follows from the condition (A2) that
| Jun — Jynll > l

n n

lly — unll Y —up, Jug — Jyn) = —f(Wn,y) = f(y,un), VyeC.

By taking the limit as n — oo in the above inequality, from the condition (A4) and (2.23) we obtain that

f(yv,p) <0, VyeC.

ForO <t < landy € C,definey, = ty + (1 — t)p. It follows that y; € C, which yields that f (y;, p) < 0. It follows from the
conditions (A1) and (A4) that

0 =f(ytayt) = tf(yt!y) + (1 - t)f(ytap) = tf(yt?y)
That is,
f(yfv J’) > 0.

Letting t | 0, from the condition (A3), we obtain that f(p,y) > 0,Vy € C. This implies that p € EP(f). This shows that
p e F =N, F(T) NEP(f).
Finally, we prove that p = IT#Xo. From x, = I, Xo, we see that

(Xn — z,JXg — Jxn) =0, Vz e C,.
Since £ C C, for eachn > 1, we have
(Xn — w, Jxo —Jx,) >0, YweF. (2.24)
Letting n — oo in (2.24), we see that
(p—w,Jxo—Jp) >0, YweF.
In view of Lemma 1.4, we can obtain that p = IT#xq. This completes the proof. O
IfT; =T foreachi € {1, 2, ..., N}, then Theorem 2.1 is reduced to the following results.
Corollary 2.2. Let E be a uniformly smooth and strictly convex Banach space which also enjoys the Kadec-Klee property, C a

nonempty closed and convex subset of E and f bifunction from C x C to R satisfying (A1)-(A4). Let T be a closed and quasi-¢-
nonexpansive mapping. Assume that ¥ = F(T) N EF(f) is nonempty. Let {x,} be a sequence generated in the following manner:

Xo € E chosen arbitrarily,
¢ =¢C,
X1 = Ilc,Xo,
Yo =1 (anfxa + (1 — an)JTxy),
1
u, € C such that f (u,,y) + r—(y — Up, Jup —Jya) 20, VyeC,

n
Coir1 =1{z € C:p(z,up) < Pz, x)},
Xnt1 = e, %o,
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where {«,} is a real sequence in (0, 1) such that liminf,_, o o, (1 — @) > 0, {r,} is a real sequence in [a, o0), where a is some
positive real number and ] is the duality mapping on E. Then the sequence {x,} converges strongly to ITsxo, where I is the
generalized projection from E onto &

Remark 2.3. Corollary 2.2 improves Theorem TZ in the following aspects.

(a) For the framework of spaces, we extend the space from a uniformly smooth and uniformly convex space to a uniformly
smooth and strictly convex Banach space which also enjoys the Kadec-Klee property (note that every uniformly convex
Banach space enjoys the Kadec-Klee property).

(b) For the mappings, we extend the mapping from a relatively nonexpansive mapping to a quasi-¢-nonexpansive mapping
(we remove the restriction F (T) = F(T), where F(T) denotes the asymptotic fixed point set).

(c) For the algorithm, we remove the set “W,” in Theorem TZ.

For a special case that N = 2, we can obtain the following results on a pair of quasi-¢-nonexpansive mappings
immediately from Theorem 2.1.

Corollary 2.4. Let E be a uniformly smooth and strictly convex Banach space which also enjoys the Kadec-Klee property, C a
nonempty closed and convex subset of E and f bifunction from C x C to R satisfying (A1)-(A4). Let S and T be two closed and
quasi-¢-nonexpansive mappings. Assume that ¥ = F(T) N F(S) N EF(f) is nonempty. Let {x,} be a sequence generated in the
following manner:

Xo € E chosen arbitrarily,
G =C,
X1 = I¢, X,
Yo =" (afxn + BuJTxn + YaJSkn),
1
u, € C such that f (uy, y) + y — up, Ju, —Jyn) 20, VyecC,

Cn+1 = {Z € Cn . ¢(Z un) = d)(Z Xn)}
Xn+1 = g, ,Xo,

where {a,}, {Bn} and {y,} are real sequences in (0, 1), {r,} is a real sequence in [a, 00), where a is some positive real number
and ] is the duality mapping on E. Assume that the control sequences satisfy o, + Bn + yn = 1, liminf,_ o o8, > 0 and
liminf,_, o anyn > 0. Then the sequence {x,} converges strongly to I1xq, where IT is the generalized projection from E onto
F.

Remark 2.5. For the framework of spaces, Corollary 2.4 mainly improves Theorem QCK from a uniformly smooth and
uniformly convex space to a uniformly smooth and strictly convex Banach space which also enjoys the Kadec-Klee property
(note that every uniformly convex Banach space enjoys the Kadec-Klee property).
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