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1. Introduction

In this paper, we consider coupling elliptic transmission problems on a multi-component domain with nonlocal interface
conditions on parts of the boundary of the components. The study of such problems could be motivated physically by the
occurrence of various nonstandard boundary and coupling conditions in modern physics, biology and engineering [1-3]. A
typical physical example is the stationary problem for radiative-conductive heat transfer in a system on opaque bodies [1,2].
Mathematical results in this direction were first obtained in [3]. Later, many works were devoted to the solvability of such
problems. A survey concerning the mathematical theory of heat transfer in conducting and radiating bodies can be found
in[1].

Some one dimensional problems of this type was studied numerically in [4-7]. The two-grid method was proposed
in [8,9], independently of each other, for a linearization of nonlinear elliptic problems. The two-grid finite element method
was also used by Xu and many other scientists (see the reference in [ 10]) for discretizing nonsymmetric indefinite elliptic and
parabolic equations. By employing two finite element spaces of different scales, one coarse and one fine space, the method
was used for symmetrization of nonsymmetric problems, which reduces the solution of a nonsymmetric problem on a fine
grid to the solution of a corresponding (but much smaller) nonsymmetric problem, discretized on the coarse grid and the
solution of a symmetric positive definite problem on the fine grid. This method was also used for location and parallelization
for solving a large class of partial differential equations [11,12]. There are many other authors who have used this method
for many different applications; see [13-15] among others.

The two-grid approach in the present paper is an extension of the idea in [ 10], where it was used to decouple a Shrodinger
system of differential equations. The system of partial differential equations is first discretized on the coarse grid, then
a decoupled system is discretized on the fine mesh. As a result, the computational complexity of solving the Shrédinger
system is comparable with solving two decoupled Poisson equations on the same grid.
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Fig. 1. Domains £2; and £2;.

However, here we want to illustrate the two-grid idea in a new direction, namely we use the two-grid discretization method
to decouple the multi-component domain problem to several elliptic equations, each of them solved on its own domain. For clarity,
we use a simple model problem of linear elliptic equation on two disjoint rectangles.

In some industrial applications such as crystal growth, radiative heat transfer in materials that are conductive, gray and
semitransparent, situations are relevant in which a transparent medium is enclosed by or several opaque, of diffusive gray
bodies, for example rectangles in the 2D models in [2,16].

Also, our analysis should provide some insights on how a multiscale idea can be applied to multi-component domain
problems when for example, some of the domains require very fine mesh. Finally, for nonlinear problems, iterative processes
are often used to overcome the nonlinearities, see for example [ 17,4] and the resulting linear problems have the form (1)-(5).

In this paper we consider a system of two elliptic equations, each of them solved on its own rectangle. The two
problems are coupled with nonlocal interface conditions on parts of the rectangles’ boundary. First, the original system
is approximated on the coarse mesh and then a decoupled system is discretized on the fine grid.

The rest of the paper is organized as follows. In Section 2, we introduce the model problem, used to illustrate our method.
In the next section, we discuss the convergence property of the FEM. Two-grid algorithms are proposed an analyzed in
Section 4. In the last section we present results of numerical experiments, showing the effectiveness of our method.

In the next section, by C we denote a positive constant, independent of the boundary value solution and mesh sizes.

2. Two-rectangle model problem

As a model example we study the elliptic problem, defined on the disjoint rectangles 2, = (ay, b,) X (c,, dy) with
boundaries 9£2,, n = 1, 2, see Fig. 1,

0 L ou” 0 Lou” FrW = () € 2 (1)
——(p"— )= —q"— )+ =f", (x, ,
ox b ox ay d ay Y "
u'(x, cp) = u"(x,dy) =0, a, <x<by, (2)
u'(a,y) =0, ¢ <y<d, Uy =0 <y<d, (3)
1 du' 1 1 a2 2 2
P b1 9) S (br.y) +5 ' By, ) =/ PO M@ mdy, ¢ <y <dy, (4)
(%]
2 du? 2 2 « 1 1
—p (az,y)g(az,y)ﬂLS Wu(az,y) = @ ,mu (by,mdn, <y =d,. (5)
8

Throughout the paper we assume that the input datum satisfy the usual regularity and ellipticity conditions in §2,,,
n=1,2,

P, q", 1" € Lo (82y),
0<pg<p"xy), O0<qy=<q'(xy),
s" e Loo(Cn, dp), (/)n € Lo ((c3-p, d3—p) X (Cn, dp)).

In the real physical problems (see [1,2]) we often have s", ¢" > 0, n =1, 2.

—_~ o~
0 N
= =
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We introduce the product space L = {v = (v, v?) | v" € [,(£2,), n = 1, 2}, endowed with the inner product and the
associated norm

1/2
) = W', v )p@) + @, )@, vl = (v, v),?,  where

", V", (20 :/ u"v"dxdy, n=1,2.
ol

We also define the spaces H™ = {v = (v', v?) | v" € H™(£2,)}, m = 1,2, ... endowed with the inner products and
norms

1/2

(U, V)gm = ', vVpmoy) + @, v¥)um(ey), [vlgm = (v, v)gm (H° = L), where

m J du" dom
n n —_ —
W, v pmg, = E ( oxioy 1" Xy z) , n=1,2, m=1,2,....
L ($2n)

In particular, we setH(} ={w=0vY)eH |v"=00nT,,n=12}, m=1,2,...,where I} = 327 \ {(b1,y) |

y e (cr,dy)}and Iy = 962, \ {(a2,y) | y € (c2, d>)}, see Fig. 1. Finally, with u = (u', u?) and v = (v!, v?) we define the
following bilinear form:

a(u,v) =a'@', v +a’@? v?) + b'@W? v") + b ', v?), 9)
where
aul gv! ou' gv! 4
a‘<u‘,v1)=/ <p1”+q +r1u1v1)dxdy+/ S' ' (b1, y)v' (b, y) dy,
2 0x 0x ay ay €1
u? dv? u? 9v? d2
22, %) = / <p2”+q +r2u2v2) dxdy + / L@, Y2, y) dy,
2 0x 0x ay ay o

dq dy
b (2, ! f / 0. M@z, v’ (b, y) dndy,

d2 dq
b, v? f / 91y, ! (b, 1)V (2, y) ddy
and the linear form

c(v) = EW?) + 2 (v?), wherec"(W") = | f"v"dxdy, n=1,2.
QH

Lemma 1. Under the conditions (6) and (8) the bilinear form a(u, v), defined by (9), is bounded on H' x H'. If besides it, the
conditions (7) are fulfilled, this form satisfies the Gdrding’s inequality on H(}, i.e. there exist positive constants m and « such that

a(u, u) + «lull? > m|ull?;, YueH,.

H>
Proof. Boundedness of a follows from (6), (8) and the trace theorem

luilly 00 < Clltillgg,)-

From (7) and Poincaré inequality we immediately obtain

2
/ 3”1 )\ dedy = collul?
i X collullzy,
i +q; 8y Yy = Co H1

where ¢ is a computable constant depending on input data. The remainder terms of a(u, u) can be estimated by ¢ ||u||}211 +
% ||u||f using well known estimate
C
luill 00 < el VUil iy + E”ui”Lz(Qi), e >0.
In such a way, result follows for sufficiently smalle. O
The weak form of the problem (1)-(5) is defined as follows: find (u!, u?) € H' such that
a(u,v) = c(v), YveH,. (10)

Using Theorem 17.11 from [ 18] we immediately obtain the next assertion.
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Theorem 2. Let the conditions (6)—(8) hold and f = (f1,f,) € L,

pnv qn(xv Y) € Wolo(Q)v Sn S W;o(cnv dn)v (Pn € Wolo((C‘:;,n, d37ﬂ) X (Cns dn))v
for n = 1, 2. Let 0 is not the eigenvalue of the corresponding spectral problem for (1)-(5). Then there exists the unique solution
u € Hy N H? of the problem (1)-(5) and a priori estimate ||ul|> < C||f ||, holds.

3. Finite element method solution

The discretization of £2; U £2; is generated by the uniform mesh @" = @" U @,
aﬁ = {(xi’yj) :Xi = an + (l_ 1)hn; l = 15 "'7NH7XN,1 = bﬂ7
yj:Cn+0_l)kn7j:]7~-~sMn’yMn:dn}7 n=1,2.
Now, we consider a standard piecewise linear finite element space V, = Vh1 X th C H!, associated with @". Namely, we

use linear triangular elements, see Fig. . With Eg , s=1,...,6 wedenote the sixth elements, associated with the grid node
(xi, y))- Let {@]'} isabasis of V[, n = 1, 2, &, = (@)}, D7). We seek the finite element solution u, = (u}, uf), uj € VJ!, n =
1, 2, in the form

N1 My Ny My
wy =D Y UL xy), Gy =) Y ULeE (xY). (11)
i=1 j=1 i=1 j=1
Then the finite element approximation of problem (9) is defined as follows: Find uy € V}, such that
a(up, vy) = c(vy), VYup € V. (12)

The error analysis of the above finite element discretization can be achieved by standard techniques, see e.g. [19].
Theorem 3. Under the assumptions in Theorem 2, solution uy, of the finite element scheme (12) satisfies error estimate
lu — upllps < CR**|luflyz, s =0, 1.
Proof. From (10) and (12) follows
a(u —up,u—up) =a(u —up, u—vp), Yoy €V,

whereby, using Lemma 1

lu = wilifs < Gille = unllip inf flu = vnlly + Collu — wl?. (13)
Vh h
Further we have
u— up,
=l = sup LU & (14)
geL ||g||L

For given g € L we determine wy € Hj such that:

a(v, wg) = (v, g)1, Vv €H,. (15)
Hence, for all w, € Vj, we have

(U —up, @)1 = a(u — up, wg) = a(u — up, wg — wp) < Cllu — upllyr lwg — wpllyt,
whereby follows

C .
lu — upllL < sup (7”” — Ul inf Jlwg — wh||H1> . (16)
gel \ gL wp€Vh

Using approximation properties of finite element spaces [19] and Theorem 2 we obtain

inf |lwg — wplly1 < Chllwgllyz < Chligl:- (17)
wpeVh

From (16) and (17) follows
llu — unllL < Chllu — uplly (18)
whereby using (13) for sufficiently small h we obtain

lu—upllyr < C inf [u — vpllyr < Chllully:. (19)
vpeVy

Error estimate in H°-norm immediately follows from (18) and (19). O
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The finite element problem (12) reduces to a system of linear equations with unknowns U,??j.
In practice we lump the mass matrix by nodal-point integration, that is we get nonzero contributions only for diagonal
elements of the local (element) mass matrix. In fact mass-lumping removes the extra terms and simplify the computations.

For right hand side of (12) we use the product approximation formula. With integrals of known function ¢ and unknown
solution U we deal as follows: forn =1, 2

Mp—1

dn 1 Yi+1
f ¢"CmU"Cmdn ~ 2 3 UGy + UG )] f ¢"(-. n)dn. (20)
¢ Yi

n I=1 1

The remaining integral can be computed exactly, depending on the function ¢". We choose approximation preserving the
second order of convergence rate.

In such a way, instead of (12) we obtain perturbed problem:
ap(up, vp) = cp(vn), Yup €V (21)

where the bilinear form a; and linear form cj, are obtained from a and ¢ using numerical integration. The resulting discrete
approximation of (1)-(5) is as follows

U= (AU, A’U) =F = (F', F?), (22)
where
By B proapn Gn4gn
J L]
Wiy = = Uy = 3 U +< ot ) Ul
n n n ij
Q) Q) . .
kz’u,]+1 Iz’u,"J s on=1,2i=2... ,N—1,j=2,..., M —1,
n
213I\‘J ) 261 Q140! sl
AU = — hzl’]U»ln—u’L ( 2 + e +r +T Uy, j
1 & 1 )
~ . N1.j
QI\1’1»] 1 QIJ]J Mz '
TR Unyjr1 — e N1] 17 Z ¢, 1U1 poJ=2,. -1,
1 1
2P, 20 Q2 +Q’ 25? Q2
2 = Liy2 2 _ Slip
AU); = — 2 U21+<h2 +—— e +r Jrh—2 ]Ul_j 2 —U7 4
é12 9 Mi—1
- sz 1j— 1_ Z‘pjlulglll’ j=2,...,My—1,
2

U,-’?lzuf,jzuNz,jzungnzo, n=12i=1,...,Ny,j=1,..., My,

Ui" = up(x;, yp), F! = = f"(x;, y;), and the coefficients 13”,13", Q”, é”, ", s", 9", f", n = 1,2, can be computed exactly or
numerlcally For example,

1
"dxdy, t "dxd
A h kn (/ /) o exac hnkn ( Eij+ Eij> Y
n

5 6
Py = P, P midpont approx. Gy =Q
. 1
3 (pi_j + Pl ) trapezoidal approx. - @+

P,n] = ,'n,u‘» Q,nj = Q,'r:lj+1, 1’;‘11 = rn(xiv J’j), 5;] = Sn(yj)v

and ¢ is equal to:

1-1

1[I k k
n n n
5/ ©"(y;,&)dE  or 2<§0]1+1 +<P ;) or (‘P;l+1+2‘pjl+‘pjl 1)
Y

for exact computation, midpoint or trapezoidal approximation, respectively.

If the input data of (1)-(5) are sufficiently smooth, the finite element scheme with numerical integration (21) keeps the
same order of convergence as the scheme with exact integration (12).
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Theorem 4. Let the assumptions of Theorem 3 hold and let f", p", q", r" € C'(£2,),s" € Cl[cy, dnl, @™ € C'([c3-n, d3_n] X
[cn, du]), n = 1, 2. Then the solution uy of (21) satisfies error estimate

lu = upllg < Ch.

Proof. From (10) and (21), analogously as in the proof of Theorem 3, one obtains
a(u — up, u —up) = au — up, U — vp) + [c(Un — tp) — Ca(vn — Un)]
— [aup, vo — up) — ap(Un, vy — up)l,  VYou € Vp.

From this, using Lemma 1 we have

lu—unll?: < Cillu—upllyr inf [lu—vpllyr + Collu — upll} + Cs(e + B) <||u — upllgr + inf flu— Uh”HT)» (23)
vphEeVy vhEV)

where denoted
c(wp) — cp(wp)
a=|c—cl* = sup ————, B = lla(up, -) — an(up, )™
wpeVp ”u)h”H1

Further, from (23) follows

lu — upllZy < C (Ui‘e‘5h lu = vullZy 4+ o® + B> + [lu— uhnf) : (24)

Letg € Land let wg € Hj N H? satisfies (15). Hence,

(u—up, &)1 = a(u — up, wg — wp) + [c(wy) — cp(wp)] — [aup, wp) — ap(up, wp)l

Cllu — upllpr lwg — willyr + (@ + B) (lwn — wellgr + lwglly) -

IA

Taking infimum on wy, € V}, and using representation (14) we have

lu — unlly < C(hllu — upllyr + o + B). (25)
By direct estimation we obtain
2
a < Ch Y M e (26)
n=1
and
2
B =D (10" ler@y + 19" ety + I lcr@y + 18" etiendnt + 10Nt st istcnan ) (27)
n=1

Result follows from (24)-(27). O

Remark 1. If f", p", ", " € C*(2y), ¢" € C2([c3-n, d3-n] X [Cn, dn]),s" € C*[cy,dn], n = 1,2, thena, B = O(h?),
whereby

lu = upllyo < Ch.

Let us introduce the space L, of discrete functions U = (U, U?), U" = {Ul-;' |i=1,...,Ny, j=1,..., M} satisfying
Uty =Uj; = U§, ; = Uy, = 0. We define the following inner product
Ny Mp—1 Ny—1My—1
U W), => Y UiW, hyiki+ Y Z UZWE hyika,
i=2 j=2 i=1 j=2
where denoted fiy y, = h1/2, i, 1 = hy/2and fi,; = hyforn=1,2, i=2,..., N, — 1. We also define discrete norms
1/2
Ui, = U, U,/

and
Np—1My—1 Np+1—nMy—1 :|

||U||H1—||U||Lh+2[2 > OFUN ik + D Y (DF U By i ke

i=1 j=2 i=3—n j=1
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where D and D} are upward finite differences:
n n n n
UH-]] Ul] _ D un D+U~n _ Ui,j+l Uz] _ D un

+rmn o
Dx Uij - hn i+1,j° y "ij kn ij+1°

The following analogue of Lemma 1 holds.

Lemma 5. Let the functions p", q", 1", s" and ¢", n = 1, 2 be continuous. Then the bilinear form a,(u, v) is bounded on H,} X H,}.

If besides it, the conditions (7) are fulfilled, this form satisfies the Gdrding’s inequality on L, N H,}, i.e. there exist positive constants
m and « such that

an(U, U) + «l|UIIE, = mllUIIZ:, YU € Ly 0 Hy.

By direct computation (comp. [20]) one verifies the next assertion.

Lemma 6. For vy € V),

lvnll, =< llonlleand flvally: < lloally-

Now we are ready to prove the following superconvergence result for finite element scheme (21)-(22).

Theorem 7. Let the assumptions of Theorem 3 hold and let p", q" € C3(£2,), f", " € C2(£2,), s" € C*[cn, dn], 9" € C*([C3-n,
ds_p]x[cn, da]), U™ € C4(£2,), n = 1, 2, whereu = (u', u?) is the solution of (1)-(5). Then the solution uy, of (21)-(22) satisfies
error estimate

lu = uplly < CH.

Proof. Let u = (u', u?) be the solution of (1)-(5) and uy = (u}, u)—the solution of finite element scheme (21)-(22). Then
the error z = (z!, z%) = u — uy, satisfies equation

AZ =W, (28)
whereZi’; =Z"(x;, y), ¥" = g4 g pn=1,2 and

d ou" N 0 ou" ~
_ —pnpt - 4o
"= [a (5 ) -orronn + (7)o@ )} |

(%3,¥5)
n=12i=2,....Ny—1,j=2,...,M, — 1,
Nl] O j:2,...,Mn—1,
g/1%j=0, j=2,...,Mn_1,
$r=0 n=121i=2...,N—1j=2,....M—1,

0 ou! 2 (. ou! 0 ou! n
‘1/] — . = P1D7 1_ 177 . 17 —D- 1D+ 1
" [BXQ’ )+h1< P ax>+ay<q ay) y @00

(XNg-Y5)
2 dy MZ —2
hi gpz(yj’ 77)112((12’ n)dﬂ - 7 Z (pjlu (a27y] ]: 25 e 7M1 - 15
1 Jep 1
32 d [ o 2 p2p+i? ) 0u? + 3 (o D (02D ?)
1) ax \Pox ) T U TP ) T \ Ty y (&5
(X1,})
2 a 1 1 2 K ~1,.1 .
+17/ @'y by, mdn — — 3 Gu' by, =2, M= 1,
2 Jq 2 1=
From (28) follows
M;—1 My—1
a(Z.2) = (AZ,2)y, = (¥, D)y, < 1WI2, + 112117, +{Z (za ) ko + Z }
=

1 Mi—1 My—1
1 2 2
+16£L§2 () W2y + > | *h kz],

j=2
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hence, for sufficiently small ¢, using discrete Poincaré inequality and Lemma 5:

Mi—-1 Mpy—1
IZ| 1<c[||wnLh+ Z ) Bl + Z h2k2+||Z||Lh:| (29)

Using Taylor expansion we easily obtain

~ M1—1 My—1 1/2
2 [Z ()" h2ky + Z h2k2:| = 0(h?). (30)

=2
From Lemma 6 follows
1Zllz, = llu — unlly, < Clllhu — upll;,

where I}, is interpolation operator [19] from H'! into V},. Using Remark 1 and interpolation properties of finite element space
Vi, (see [19]) from here we have

1Z 11, < C (lu—uplle + 1T — ull) = O(h?). (31)
The result follows from (29)-(31). O

4. Two-grid FEM decoupling algorithms

Let define a new mesh (coarse mesh) @ = 57 UE’;, analogically to @" with mesh steps: H, > h, and K, > k,, n =1, 2.
The mesh @" we will call fine mesh. As before, we consider a standard piecewise finite element space Vy (with basis @),
associated with @". Let Ul = [U(x;, y1), UM (X1, ¥2), - .., UM (X3, Yma—1), UM (X3, M), n=1,2,i=1,...,Ny.

Algorithm 1

step 1. Find Uf from (22) on the coarse mesh @'
step 2. For all @, € V;, on the fine mesh @":
(a) Find i’th € Vh such that a’ (i1}, <I>h) =cl(®)) — b, o).
(b) Find &1} € V7 such that a®(ii, @7) = ¢*(®7) — b? (i1}, P}).
Note that at step 2 the problems in £2; and _(22 are computed consecutlvely and separately. Now, Algorithm 1 can be

improved in a successive fashion, organizing an iteration process, such that at each step to account the last computed values
of Uy and U3.

Algorithm 2
step 1. Find &, n = 1, 2 from Algorithm 1, il " := i!
step 2. Fork = 2, 3, ... and all &, € V;, on the fine mesh o
k k < 2(k—
(a) Find ul( e vial (", th) =cl(@]) —b'@" ", o).
(b) Find uz"" € v2 2", ®2) = (@) — (1, , ®2).
The proofs of the next theorems are based on the ideas in [10].

Theorem 8. Under the assumptions in Theorem 2, i1, for n = 1, 2, computed with Algorithm 1 has the following error estimate

" = Gllyy < Chy + Ky +H + KD, n=1,2.

The next theorem shows that u”("), k = 1,2, ...canreach the optimal accuracy in H!-norm, if the coarse mesh step size

H, (K;) is taken to be hﬁ/ *+2) (kﬁ/ (k+2)). As the dimension V}, is much smaller than Vy, the efficiency of the algorithms is then
evident.

Theorem 9. Under the assumptions in Theorem 2, ﬁz(k) forn = 1, 2, computed with Algorithm 2, has the following error estimate
fJul — uh(k)||H <CHM2 4+ K%, n=1,2, k=>0.

Consequently,
" — a5 Nl < CG + K+ HEZ K54, n=1,2,

n(k)

Namely, 1, k > 1 has the same accuracy as I}, in H'-norm, if H, = hﬁ/(kﬂ) and K, = kz/(kH) n=1,2.
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Table 1
Error and CR in different norms, standard one-grid procedure.
Mesh 29 2,
H K max 12 H' max 12 H'
1/4 1/5 1.81 8.61e—1 4.55 2.57e—1 1.30e—1 5.93e—1
1/8 1/10 2.04e—1 7.34e—-2 4.27e—1 1.32e—1 5.61e—2 6.13e—1
1/16 1/20 3.23e—-2 8.08e—3 1.77e—1 3.13e-2 1.24e—2 1.54e—1
(2.6545) (3.1825) (1.2707) (2.0802) (2.1730) (1.9941)
1/32 1/40 7.33e—3 1.77e-3 5.05e—2 7.72e—-3 3.00e—3 4.18e—2
(2.1414) (2.1921) (1.8078) (2.0175) (2.0562) (1.8785)
1/64 1/80 1.79e-3 4.25e—4 1.33e—-2 1.92e-3 7.37e—4 1.08e—2
(2.0326) (2.0566) (1.9275) (2.0063) (2.0208) (1.9481)
1/128 1/160 4.45e—4 1.05e—4 3.46e—3 4.80e—4 1.83e—4 2.75e—3
(2.0085) (2.0189) (1.9417) (2.0004) (2.0086) (1.9817)
x10°
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Fig. 2. Numerical solution (left) and error (right) for H = 0.1, K = 0.02, Algorithm 1, step 1.

5. Numerical examples

The test example is problem (1)-(5), witha; = 1,b; = 2,¢; = 0.2,d; = 0.8,a, = 3,b, = 4.5,c; = 0,d, = 1and
zero Dirichlet boundary conditions. The coefficients are:
p'xy) =, gy =sinx+y), 'y =x+y, s =2by,
Py =x+y,  Cry=x1+y), rxy)=x—-y SO =2a+y),
p'm =QR+nH2+y), e =0+n+y).
In the right hand side of Eqgs. (4), (5) we determine f"(x, ), n = 1, 2, in such a manner that u = (u', u?),

u'(x,y) = 2[cos(10my — 1) + 11(x — a1)*(y — c1)(d1 — ),
u?(x,y) = 2[cos(4ry — 1) + 11(x — b)*(y — ©2)(d2 — ¥),

is the exact solution of the problem (1)-(5). In the examples, the coefficients 13, IV’, Q and Q are computed using midpoint
approximation, while for the right hand side we use trapezoidal rule approximation. Mesh parameters are H; = H, =
H,K; = Ky = K for the coarse mesh and hy = h, = h, k; = k, = Kk for the fine mesh. The results are given
in H' (| - || ”ﬁ)’ 1? and max discrete norms and the convergence rate (CR) is calculated using double mesh principle:

E" = |lup — ull,CR = log, [E"/E%]. All computations are performed by MATLAB 7.10. The generated linear systems of
algebraic equations are solved, using MATLAB libraries function ‘mldivide’.

Example 1 (One-Grid Procedure). We compute the FEM solution (22) for the test problem on uniform mesh @', i.e. we apply
only step 1 of Algorithm 1. Errors and convergence rates in corresponding discrete norms are given in Table 1. In Fig. 2
numerical solution and error are plotted for H = 0.1, K = 0.02.

Example 2 (Algorithm 1). We chose h = H*/? and k = K*/?, in order to test the accuracy of the solution, computed with
Algorithm 1. For the solution uf, (az, y;) at step 2a we use a linear interpolation. The results listed in Table 2, show that
iy — u||H}} ~ O(H?® + K3) = 0(H? + K3 + h? + K?), i.e. agree with the assertion of Theorem 8.



B.S. Jovanovic et al. / Journal of Computational and Applied Mathematics 236 (2011) 364-374 373

Table 2
Error and CR in different norms ||i} — u"||, h = H? k=K3, Algorithm 1.
Mesh 2, 2,
H K max 12 H' max 12 H!
1/4 1/5 8.19e—2 2.96e—2 6.17e—1 1.08e—1 4.40e—2 6.07e—1
1/8 1/10 1.75e—2 4.10e—3 9.76e—2 1.29e—2 4.88e—3 7.40e—2
(2.2233) (2.8492) (2.6598) (3.0619) (3.1716) (3.0371)
1/16 1/20 1.44e—3 3.43e—4 1.18e—2 1.54e—3 5.89e—4 8.94e—3
(36022) (3.5803) (3.0429) (3.0712) (3.0508) (3.0489)
1/32 1/40 2.18e—4 4.34e—5 1.49e—3 1.94e—4 7.31e—5 1.12e—3
(2.7309) (2.9825) (2.9885) (2.9878) (3.0093) (3.0024)
Table 3
Error and CR in different norms forh < H z ,k < K 2, Algorithm 2.
Mesh 29 2,
H K max 12 H' max 12 H'

k =2, h~ H?, k ~ K?— fixed for all fine mesh iterations

1/4 1/5 1.85e—2 491e—3 1.58e—1 1.93e—2 7.89e—3 1.18e—1

1/8 1/10 1.14e—3 2.71e—4 9.43e—3 1.23e—3 4.72e—4 7.18e—3
(4.0201) (4.1785) (4.0660) (3.9767) (4.0643) (4.0429)

1/16 1/20 6.96e—5 1.67e—5 5.84e—4 7.69e—5 2.92e—5 4.46e—4
(4.0320) (4.0211) (4.0148) (3.9973) (4.0118) (4.0103)
k = 3, h >~ H°/2, k ~ K*/?—fixed for all fine mesh iterations

1/4 1/5 3.56e—3 8.95e—4 3.08e—2 3.96e—3 1.53e—3 2.32e—-2

1/8 1/10 1.84e—4 3.31e-5 9.69e—4 1.21e—4 4.68e—5 7.13e—4
(4.2688) (4.7576) (4.9920) (5.0296) (5.0283) (5.0264)
k =4, h ~ H3, k >~ K3—fixed for all fine mesh iterations

1/4 1/5 7.14e—4 1.73e—4 6.03e—3 7.84e—4 3.02e—4 4.60e—3
k=5,h~H"?, k~ K"/?—fixed for all fine mesh iterations

1/4 1/5 1.41e—4 3.43e—5 1.20e—3 1.57e—4 6.01e—5 9.17e—4

Table 4
Error and CR in different norms for h < H% ,k<K kzi2 Algorithm 2.

Mesh 2, 2,

H K max 12 H' max 12 H!
k=2

1/4 1/5 1.73e—-2 493e—3 1.58e—1 1.92e—2 7.89e—3 1.18e—1

1/8 1/10 1.21e-3 2.76e—4 9.45e—3 1.24e—-3 4.71e—4 7.18e—3
(3.8376) (4.1609) (4.0638) (3.9560) (4.0653) (4.0427)

1/16 1/20 7.24e—5 1.68e—5 5.84e—4 7.72e—5 2.92e—5 4.46e—4
(4.0635) (4.0369) (4.0159) (4.0051) (4.0114) (4.0104)
k=3

1/4 1/5 3.52e—3 8.96e—4 3.08e—2 3.97e-3 1.53e—-3 2.32e-2

1/8 1/10 1.78e—4 3.20e—5 9.68e—4 1.22e—4 4.68e—5 7.13e—4
(4.3046) (4.8100) (4.9937) (5.0255) (5.0286) (5.0264)

Example 3 (Algorithm 2). Here we will demonstrate the efficiency of Algorithm 2.

e Two-grid computations. In order to check the convergence rate, each ﬂZ(k), n = 1, 2 are computed with fixed fine mesh

step size h = H*2/2 k = K*2/2 for all 1, ..., k iterations. The results, errors in different discrete norms and

convergence rate, are shown in Table 3. We can see that ||il;(k) —u"|| B ~ 0(h? + H**?), which agree with the statement

of Theorem 9.

e Multi-grid computations. Algorithm 2 can be performed in more efficient manner. Now, at each iteration we use a different
fine mesh step sizes, determined such that at k-th iteration h = H**?/2 and k = K*®+2/2 k = 1,2, .. .. For example,
if we compute up to k = 5, the mesh step sizesare fork = 1: h = H¥? k = K3? fork =2 : h=H*> k= K?, ...,
fork =5:h = H"? k = K"/2. At iteration k = 1 the interpolation for u? (a,, ;) is linear, while for @i (a,, y;) atk > 1
a cubic spline interpolation is used. The results, errors in different discrete norms and convergence rates, are shown in
Table 4. In this case the statement of Theorem 9 is also validated.
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Conclusions

The main advantage of Algorithms 1, 2 is that we reach a high accuracy of the numerical solution, solving the whole
(global) problem (in £2; U £2,) only once—on the coarse mesh, then the problem is separated into two local problems
and we solve them separately and consecutively on the fine mesh, increasing the convergence. Therefore, on the base of
this technique one can design parallel and adaptive algorithms for such problems. This study can obviously extended to
elliptic and parabolic problems with polygonal and curvilinear domains. Also, a nonlinear two-grid decoupling method can
be developed to nonlinear differential problems on disjoint domains of type [1,2], see [4] for some results in this direction.

Based on the above approach, we can design the following type of parallel algorithms: first solve the standard finite
element discretization of the whole problem (on £2; U £; U --- U £,) on a relatively coarse grid, and then correct the
residual by some discretizations on fine grigs of the local problems separately, each on its own domain £2;, i = 1,...,n.
As a consequence, the global problem only needs to be solved on a coarse grid once and it does not to have to be coupled
with the subsequence parallel local solvers. However, the local solvers will interact each other because of the boundary
conditions (4)-(5).
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