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1. Introduction

Media with multiple continua where each continuum interacts with other continua often entail multiple scales and
high contrast. For example, fractured media can have multiscale and high contrast due to complex material properties
and geography of fractures. Therefore, numerical simulations in this type of media can be expensive and require model
reduction. This can be achieved by computing effective properties in each coarse block using the solutions of local
representative volume element (RVE) problems. In multi-continuum approaches [1-5], equations for each continuum are
written separately with so-called interaction terms. Therefore, one deals with a system of coupled multiscale equations.

There have been several methods to solve multiscale equations without computing effective properties and establishing
homogenized equations. The multiscale finite element method (MsFEM) [6] solves local cell problems in coarse blocks with
fine mesh to obtain basis functions that capture small-scale information. The generalized multiscale finite element method
(GMSFEM) [7-9] follows the outline of MSFEM but adds some degrees of freedom in each coarse block by building the
snapshot spaces and solving local spectral problems in the spaces. There have been significant attempt to employ these
methods and their variations to solve multiscale multicontinuum systems. We mention the applications of the GMsFEM
in [10], of the constraint energy minimizing (CEM) in [11], and of the non-local multi-continuum method (NLMC) in
[12-14]. These methods are known to effectively handle the multiple scales and high contrast features in multi-continuum
media. However, they do not take into account periodic or local periodic structures of the media of interest and sometimes
introduce high computation cost when the microscopic scale requires very small fine mesh sizes. In this paper, we
establish an efficient algorithm for obtaining homogenized equations taking into account microscopic periodicity for a
two-scale dual-continuum system with optimal computation complexity.

Homogenization of multiscale multicontinuum systems have not been paid much attention. We contribute in this paper
the first rigorous results on homogenization of a two scale two continuum system where the interaction between the
continua is scaled as 1/€? where € represents the microscopic scale of the medium. We derive the homogenized problem
from the two-scale asymptotic expansion [15-17]. We show that for this scale of the interaction term, we obtain the same
limit for both continua. Other scaling regimes of this term give rise to other limiting behaviors which will be studied in
our forthcoming publications. The effective coefficients of the homogenized equation are established via the solutions
of cell problems which are systems of equations of a similar form as the two continuum system. Since the two scale
coefficients depend on both macro- and micro-scale variables, a different set of cell equations needs to be solved at each
macroscopic point. The number of equations to be solved is thus very large. Solving them using the same fine mesh at
every macroscopic point is extremely expensive.

Another main contribution of the paper is the development of a hierarchical approach to solve these cell problems
to obtain the effective coefficients for the multi-continuum system for a large number of macroscopic points, using an
optimal number of degrees of freedom, without sacrificing the accuracy. It solves cell problems for a dense hierarchical
network of macroscopic points with different levels of resolution. The problems at those points belonging to a lower level
in the hierarchy are solved with a higher level of accuracy. For the solution at a macroscopic point at a higher level in
the hierarchy which is obtained with a lower level of accuracy, we use solutions at nearby macroscopic points that are
solved with a higher level of accuracy to correct the error. We show that this hierarchical FE approach obtains the same
level of accuracy at every macroscopic point as that obtained when every cell problem is solved with the highest level of
resolution (we will refer to this as the full reference solve below), but uses only an essentially optimal number of degrees
of freedom that is equal to that required to solve only one cell problem at the finest level of resolution (apart from a
possible logarithmic factor).

The hierarchical finite element method has been developed to solve the cell problems and compute the effective
coefficients for other multiscale equations. In [ 18], the method was developed for the effective coefficients of deterministic
two-scale Stokes-Darcy systems in a slowly varying porous medium. In [19], they use the hierarchical algorithm for a two-
scale ergodic random homogenization problem without assuming microscopic periodicity. In this paper, we follow the
framework of these papers, but we utilize the hierarchical approach to compute homogenization coefficients for a two-
scale dual-continuum system where the interaction terms are scaled as O(Eiz). The interaction terms give the interesting
cell problems (2.4) in the form of a system of coupled equations.

The paper is organized as follows. In Section 2, we set up the multiscale multi-continuum system; and we derive the
homogenized equations from two-scale asymptotic expansion. In Section 3, we outline the hierarchical finite element
algorithm for solving the cell problems at a dense network of macroscopic points. We give a rigorous error estimate that
shows the algorithm has the equivalent accuracy as the full reference solve, at essentially optimal computation cost. In
Section 4, we present numerical examples that verify the theoretical results. We compute the effective permeabilities
using the hierarchical solve and the full solve. We find that the effective permeabilities obtained from these two
approaches are essentially equal, with a very small relative error between each other. Finally, in Section 5, we rigorously
prove the homogenization convergence for the two-scale multi-continuum system. The paper ends with the conclusions
in Section 6.

Throughout the paper, by V, we denote the gradient with respect to x of a function that depends only on the variable
x, or the variables x and t. By V,, we denote the partial gradient with respect to x of a function that depends on x, t and
also other variables. Repeated indices indicate summation. The notation # denotes spaces of periodic functions.
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2. Problem formulation
2.1. Homogenization of multi-continuum systems

In multi-continuum approaches, equations for each continuum are written separately. We denote by u; the solution for
ith continuum. In the general case where each continuum interacts with every other continuum, we have the following
system of equations introduced in [10]

€ aule(t’ X) H € € € € € M
C”(X)T = div(x{ (x)Vu; (t, x)) + QF (ui(t, x), ..., ux(t, x)) +¢qi, in 2
where £2 ¢ R? is a domain (d = 2, 3), k{ are the multiscale permeability and C;; are the multiscale porosities, g; are
the source terms, and the functions Qf of (uy, ..., uy) are exchange terms (see [1-5]) that describe the interaction of
continua; € represents the microscopic scale of the local variation.

In this paper, we consider a dual-continuum system. Let Y be the unit cube in RY. Let Ci(x, ¥), ki(x,y) (i = 1,2) be
continuous functions on £2 x Y which are Y-periodic with respect to y and g be a function in L?(£2). We assume further
that there is a constant ¢ > 0 such that forallx € 2,y €Y

Gilx,y)=c, wlxy)=c, Qxy)=c. (2.1)
We define the two scale coefficients as
X X b%
Ci(x) = Ciilx, g)’ ki (X) = Ki(x, g), Q°(x) = Q(x, g)'

We consider in this paper the case where the interaction terms are scaled as 0(1/€?); this case has the most interesting
cell problems in the form of a coupled system. We consider the multiscale dual-continuum system

oug(t, . 1
500" — i Va6, 1) + 5 (e, ) — w0 ) + )
2.2
us(t, . 1 ’
500" 280 _ i V(e ) + 5 G (E, ) — w5t ) +

with the Dirichlet boundary condition u§(t, x) = u$(t,x) = 0 for x € 052, and with the initial condition u{(0,x) = g,
u5(0, x) = g, where g; and g, are in [?(£2). We consider the following two-scale asymptotic expansion of ug and us,.

X X b X
u(t, x) = uqo(t, X, g) + euq(t, x, E) + -, us(t, x) = uy(t, X, E) + €euy(t, X, E) + -,

where the functions uq;(t, x,y) and uy(t, x,y) are periodic with respect to y. Performing the two-scale asymptotic
expansion, from (2.2) we obtain

d(uo +euqg +---)
ot

. 1 . 1 1
= (divy +g divy )(x1(Vx + EVy)(Ulo +eup+--0))+ :ZQ(Uzo + €l — Ugp — €Uy + )+ q,

O(upo + €l + -+ +)
ot

. 1 . 1 1
= (divy +g divy )(x2(Vx + EVy)(Uzo +euy +--0)) + :ZQ(Ulo + €Uy — Uy — €Uy + )+ q,

11

(2.3)

Ca

For the O(e %) terms, we obtain,

divy(Kl(X! J’)Vyulo(tv X, y)) + Q(X, J’)(uzo(ta X, y) - ulo(tv X, y)) =0
diVy(Kz(X, J’)Vyuzo(t» X, y)) + Q(X, y)(ul()(ta X, y) - Uzo(t, X, y)) =0.

From this, we have
- / k1 Vyliqg - Vyliedy + f Q(ux — ugo)uipdy =0
Y y

- / k2 Vylizg - Vylzedy + f Q(u10 — uno)uzedy =0
Y Y

Adding these two equations, we obtain

/Klvyulo - Vyuqody + / k2 Vyllzg - Vylzedy + / Q(uz — ugp)’dy = 0.
y Y y
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This implies Vyuio = 0, Vyuye = 0. i.e. ujp and uyo are independent of y, and ujo(t,x) = uno(t,X) = up(t,x) as
Q(x,y)>c>0Vxe 2,y eY.For the O(e~!) terms in (2.3), we have,
divy(x1 Vyuqo) + divy (k1 Vugg) + divy(k1 Vyug) + Q(uzg — ug) =0
divy(k2 Vytpo) + divy(kz Vgg) + divy(ka Vytin) + QU1 — tpq) = 0.
Since uq9 and u,g are independent of y, we have
divy(x1Vyur1) + Q(uz1 — uq1) = —divy(x1 Vi)
divy (k2 Vyta1) + Q(urg — tz1) = — divy (k2 V)
Thus up; = %%?Ni and uy; = %LX?NE where Ni(x, -) € HX(Y)/R, and Ni(x, -) € HX(Y)/R are solutions of the cell problem

divy(k1(x, y)(e' + V,N1)) + Q(x, y)(NL — NI) =0

] . . . . (2.4)
divy(k2(x, y)(e' + VyN3)) + Q(x, y)(N; — N;) = 0,
where el is the ith unit vector in the standard basis of R%. For the 0(¢°) terms in (2.3), integrating over Y, one has
au,
/Cn*odJ/=/lex(Klvuo)d}’+/d1Vx(K1V Uqy dJ/+/Q(U22 —Up dJ/-I-/qdy
Y
au . .
fczz ot Zldy = / divy(12 Vuo)dy + / divy(re2 Vyuar)dy + / Q(u1z — up)dy + / qdy.
Y Y Y Y Y
Adding these two equations, one obtains the homogenized equation
au
</ Clldy—l—/czzdy) Bito = div(k]Vug) + div(k Vug) + / 2qdy in £ (2.5)
Y Y Y
where the x-dependent permeabilities are defined as
Ni(x, y) INS(x. y)
(0 = / k(% V)85 + 0y, g(x) = / ka(%, )85 + —2 2 )dy (2:6)
¥ ayi y ayi

We will show later that the matrix Klu( X) + K;‘U(x) is symmetric and positive definite. We will also show that the initial
condition for ug is

116(0, x) = (C11)81(x) + {Ca2)82(x) 27)
o (C11) + (C2) '

where (G;) = fy Gi(y)dy fori =1, 2. Eq. (2.5) together with initial condition (2.7) has a unique solution (see, e.g., [20]).

2.2. Uniqueness of solution to the cell problem

We write the system (2.4) in the variational form as

f k1%, Y)VyNi(x, y) - Vyp1(y)dy — / Q(x, y)(N5 — N})gi(y)dy = — / Kki(x, y)e' - Vypi(y)dy
Y Y Y (2.8)

[t i) Vyn)y — [ QU N = Nty = = [ et e’ 9,0y

y y y

where ¢1, ¢ € H(Y). Let W be the space H,(Y) x Hi(Y)/(c, ¢), ¢ € R. The space W is equipped with the norm
(@1, )= IVy@1ll2v) + IVy@2llizyy + 191 — P2ll 2y

For x € £2, we define the bilinear form B(x; -,-): W x W — R as

B(x: (1. 2. (Y1, ¥2)) = / (% V)V, 3) - Vo )y + f (% Y)Yy $20) - Vyaly)dy
Y Y

+ / Q. Y12, ) — Balx, Y)W1(%, ¥) — ol )y
Y

for (¢1, ¢2) € W and (1, ¥,) € W. From (2.1), we deduce that the bilinear form B is uniformly coercive and bounded
with respect to x € £2, i.e. there are constants ¢; > 0 and ¢; > 0 such that

B(x; (¢1, ¢2), ($1, ¢2)) = c1ll(b1, $2)II%, and  B(x; (¢1, ¢2), (¥1, ¥2)) < c2ll(@1, @)1, Y2l
for all (¢q, ¢2) € W and (1, ¥,) € W. Adding the two equations in (2.8), we obtain

B(x; (N1, N, (1. ) = — f (% Y)E - Yy (y)dy — / X, Y)E - Vya(y)dy
Y Y
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Theorem 2.1. Problem (2.8) has a unique solution (N}, Ni) € W.

Proof. The conclusion follows from the boundedness and coerciveness of the bilinear form B and the Lax-Milgram
lemma. O

3. Hierarchical finite element algorithm

Computing effective coefficients «;*(x) requires the solutions of the cell problems (2.4) at many macroscopic points
which can be very expensive. We develop in this section the hierarchical FE method which computes the solution of the
cell problems at a dense network of macroscopic points using only an essentially optimal number of degrees of freedom
which is equal to that for solving one cell problem (apart from a multiplying logarithmic factor). We assume that the
coefficients are sufficiently smooth with respect to the macroscopic variable x. We make the following assumption.

Assumption 3.1. There is a constant C > 0 such that for all x, X' € £2,
lle1(x, -) = k1 (X', lleyy < Clx = X1, llea(x, -) = k2 (X', lloeyy < Clx = X1,
and  [Q(x,-) — QX )llie(yy < Clx —X/|.

Remark. The main necessary condition for our proposed method to work is that the two scale coefficients possess
Lipschitz (or Holder) smoothness with respect to the macroscopic variable. However, this assumption is reasonable as
the macroscopic properties of the media normally vary smoothly.

3.1. Overview of hierarchical algorithm

We develop an efficient hierarchical finite element algorithm to solve the coupled cell problem (2.4) numerically and
to approximate the effective properties «;(x) in (2.6) for a dense network of macroscopic points x € £2. We follow the
algorithm introduced in [18].

We outline the algorithm as follows.

Step 1 : Build nested finite element spaces. We employ Galerkin FE to obtain an approximation of the solution
(N}, Nj) € W of (2.4) for each macroscopic point x € £2 using FE spaces of different levels of resolution. We assume
that there exists a hierarchy of FE spaces Vo C V; C --- C V. C H;(Y) where the integer index L denotes the resolution
level. We assume further the following approximation properties: for w € Hﬁ(Y),

S0 V(W = Bl + 27w = Bllizery < €27 wlyagy), (3.1)
L—

where the constant C is independent of L and L

Step 2 : Build a hierarchy of macrogrids. We solve the cell equations at different macroscopic points x € §2 with
different levels of accuracy. We use the solutions solved with a higher accuracy level to correct the solutions obtained
with a lower accuracy level. We achieve this by solving the cell problems at different macroscopic points using different
FE spaces in the hierarchy in Step 1. This can be done by constructing a hierarchy of macro-grid points. We construct a
nested macro-grid, 7o C 77 C --- C 7, C £2 as follows. First, we build an initial grid 7o with a proper grid spacing H, the
maximal distance between neighboring nodes. We then inductively construct 7;, a refinement of 7;_, with grid spacing
H2~!. Then, we define the hierarchy of macro-grids, {So, Si, ..., S.} as So = 7o, S1 = 71\So, and for each [ > 1, we have

5= T,\(U sk>.

k<l
We call the nodes in the lowest level grid Sy the anchor points. In this way, we obtain a dense hierarchy of the macro-grids.
That is, each point x € S; has at least one point from one of the previous levels, X" € |_J,_, Sk such that dist(x, ') < O(H27h.
Figs. 1 and 2 show an example of 3-level hierarchy of macrogrids 7, S;, | = 1, 2, 3, constructed in 2 = [0, 1]%.

Step 3 : Calculating the correction term. We relate the nested FE spaces and the hierarchy of macrogrids for our
algorithm. We first solve the cell problems at anchor points using the standard Galerkin FE with FE space V. That is,
for the points in the coarsest macro-grid Sy, we solve the cell problems with the finest mesh. More precisely, we find
Ni(x,-), Ni(x, ) € Vi, such that

Blx: (N, L), (1. 2)) = — f (%, Y)e - Vybr(y)dy — [ 2%, )e! - Vyaly)dy

Y Y
for all ¢4, ¢, € Vi. Proceeding inductively, for x € S; (I = 1, ..., L), we choose the points {x1, X3, ..., X} € (Uy_;Sr) so
that the distance between x and each point in {Xq, X3, ..., X,} is O(H2~"). This is possible from the assumption for the

hierarchy of macroscopic points above. We define the Ith macro-grid interpolation by

n
FIND =Y GNi(x;, ),
j=1
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(a) To (b) Ta (©) T2

Fig. 1. 3-level nested macrogrids.

(a) So (b) S] ((3) 52

Fig. 2. 3-level hierarchy of macrogrids.

where the coefficients ¢; satisfy Z” 16 = 1 (k = 1,2). We refer to the Ith macro-grid interpolation of Galerkin
approximations as I,"(N,i) = Zj 1 c]Nk(xJ, -). We solve the following problem: Find N{'C(x, ), N;C(x, -) € Vi such as

B(x: (N}, N} ). (¢1. ¢2)
== 226 [ (a0 = il TN ) B9y = D [ ka0 = s el - 5,n 01y
— "y =y

n - 1 (32)
-> / (k2(X, ¥) — 2(X;, V) VyN5 (X5, ¥) - Vyha(y)dy — Zq / 12(%, y) — k2(Xj, y))e' - Vya(y)dy
= Y

+ZC;/ (%, ) — Q% YN (%1, ¥) — N3(%:. YN 1(¥) — b2(y))dly.

for all ¢4, ¢ € V;_;. Note that right-hand side data is all known since we have already computed {Nk(x], ~) !, inductively
using finer mesh spaces at macro-grid points in (|, _, Sr). We let

be the FE approximation for Ni(x, -) where k = 1, 2. A main goal of this paper is to prove that the approximation (3.3)
for N,';(x, -) has the same order of accuracy compared to the approximation we obtain by solving (2.8) using the finest FE
space V; at all macroscopic points. We also prove that we reduce the computation cost with the approximation (3.3) to
the optimal level.

Remark. In the following, for simplicity, we use a simple 1-point interpolation to compute the correction term (I\iic, I\EC).
More precisely, for x € S; we choose x" € (|, _, Sr) such that dist(x, x') < O(H271). We let

XN = Ni(x, ), k=1,2
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be the macro-grid interpolation. The FE approximation is
Nix, )= Ni(x )+ Nj(x ), k=1,2.
Remark. Note that as the level | goes higher, we use coarser FE spaces for the corresponding finer macro grids. This

balance guarantees that although we use coarser FE spaces, the FE error is still optimal, but with much less computation
cost.

3.2. Error estimates

We require that the coefficients «; and Q satisfy Assumption 3.1 and (2.1). We prove that the hierarchical method
achieves the same order of accuracy as the full solve. For simplicity, we consider 1-point interpolation for our proof; the
proof for the general case is similar.

Lemma 3.1. There exists a positive number C such that |||(N{(x, ), Ng(x, NI C forall x € 2.

Proof. From (2.8), we obtain
B(Xa (N;(Xs )s Né(xv ))7 (N;(Xv )7 Né(xs )))

—_ / (% y)E - N (e, y)dy — / . )el - V,Ny(x. y)dy.
Y Y

Using the uniform coercivity of the bilinear form B(x; -, -) with respect to x, we get
CIICN(x, ), N5(x, NI (VN3 (X, llizey + [IVpNAE, li2y)
for C > 0. From this we get the conclusion. O
Let Ni°(x, -) = Ni(x, -) — Ni(x, -). We have that (Ni‘(x, -), N}“(x, -)) € W satisfies
B(x; (N}, N°), (1. ¢2))
_ f (11(%.) — k10X Y)VyNI(X. y) - Vybr )y — / (1(x.5) — 1(X . y)el - Ty (y)y
Y Y

- / (ka(x ¥) — ko, )V, NI(K ) - Yy )dy — f (k3. ¥) — k(X 7)€ - Vyaly)ly
Y Y

+ /(Q(X/,}’) — Q(x, M)N{(X, y) — NS(X, ) 1(y) — ¢2(y))dy (3.4)
y
V(p1, ¢2) € W.

Proposition 3.2. There exists C > 0 such that
IOV (x, ), N“(x, D)l Clx = X |
for x € T1.

Proof. From (3.4), for (¢1, ¢2) = (Ni‘(x, -), Ni“(x, -)) € W we have
B(x: (N}°, N&°), (N}°, N&°))

__ / (1% 3) = 1K V)TN (X y) - TN, )y — / (1% ) — 1, Y)€ - VNI (x, y)dy
Y Y

- / (k2(%, ¥) — K2(X, Y))VyNL(X', y) - VN (x, y)dy — / (k2(X, ¥) — K2(X, y))e' - VyNi“ (x, y)dy
Y Y

+ / (Q(X. ) — QX Y)NL(¥ , y) — Ni(x , ))XNL (. y) — Ni“(x, y))dy.
Y

As VyN{(x’, -) and VyNé(x’, -) are uniformly bounded in L?(Y) with respect to x € £2 by Lemma 3.1. From Assumption 3.1
we have

IOVE(x, ), N (x, )P
< Clx — X [(IVyNE (% izyy + VN (%, Mgy + INS @, ) = NG llzgyy)-
Thus
IONES(x, ), NS“(x, D)< Clx — X (3.5)
where the constant C is independent of x. O
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Lemma 3.3. There is a positive constant C such that ||AyN{(x, Mezeyy + ||AyN§'(x, M2y < Cforallx € $2.

Proof. We rewrite cell problem (2.4) as
K1 AyNY + Vyicq - VyNi + divy(iie') + Q(x, y)(N) — Ni) =0

K2 AN + Vyicy - VNS + divy(kz€) + Q(x, y)(Ni — Ni) = 0.

Rearranging these equations, we have,

1 . ) 4 , ,
(Vyk1 - VN7 + divy(k1e') + Q(x, y)(N, — N7))

AN = o

AyNé = —E(Vylfz - VyNé =+ diVy(Kzel) =+ Q(X,y)(N; — Né))

By the uniform boundedness of |||(N{(x, ), N;(x, -)Il with respect to x and Lemma 3.1, we deduce that ||AyN{(x, Mg
and || AyNy(x, -)ll;2(yy are uniformly bounded for all x € £2. O

Lemma 3.4. There exists a positive constant C such that
AN (%, gy < Clx = X1, AN, gy < Clx — |
forall x € T1.
Proof. From (3.4), we have
K1(%, Y) AN (X, ¥) + Vyier(x, ) - VyNi“ (%, y) = —Q(x, y)(NA (%, ¥) — Ni“(x, )
— Vylk1(x,y) — k1(x,¥)) - VyN{(X, ¥) — (k1(x, y) — k1(X, y) AyN}(X, y)
— divy(k1(x, ¥) — €1(x, y)e') + (Q(X, ¥) — Q(x, Y))NA(X, y) — Ni(X, y)),
12(%, V)AYNL (X, ¥) + Vyia(%, ¥) - VyN3 (%, ) = —Q(x, y)INi(x, ) — Ni“(x, y))
— Vylka(x, ¥) — ka(X, ) - VyNA(X', ¥) — (ka(%, ¥) — k2(X, ) AyN3(X', ¥)

— divy(k2(x, ) — k2(¥, y)e') + (Q(X, y) — Q(x, ))N}(X, y) — N3(X, y)).
Therefore,

iC 1 iC iC iC
AyNy (x,y) = K—l{—Vym(x, ¥)- VyNi (%, ) — Q(x, y)(N3 (x, ¥) — N7 (x,¥))
— Vy(k1(x,y) — k1(x, ) - VyN{(X', y) = (k1(x, ) — k1(X, ) AyN{(X', y)
— divy(k1(x,y) — k1(x, y)e") + (Q(X, ¥) — Q(x, y))Na(X, y) — Ni(X', y))},
e 1 ‘e ‘e ‘e
AyNé (X7 y) = E{_Vsz(Xa y) : VyNé (Xv y) - Q(X, y)(N; (X7 y) - Né (Xv y))

— Yyl y) — KX, y)) - VyNAK, y) — (k2(x, ¥) — 2(X, ¥)) AyNY (X, )

— divy(ica(x, y) — 1e2(¥, y)e') + (QX', ) = QX )N} (X, y) = Ny(x', )}
From Lemma 3.1 and Proposition 3.2, we have

18N (X iz | AgN5 (. gy < Clx =X .
for some constant C > 0. O
We choose (Ni‘, Ni) € W such that
/(Ni‘ +Ni%dy = 0.
Y
We then have

Lemma 3.5. There is a positive constant C such that ||N§C(x, Mz < Clx — x| and ||N§C(x, Mizyy < Clx = X/| forallx € T1.
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Proof. We note that

201N} 22y + IN5 T22ggy) = NG A N5 22+ NG = N5l (36)
Since fy(NiC + N;C)dy = 0, by Poincare inequality, and (3.5), the following inequalities hold.

INY + N3 llizgyy < CIVHNT + N3lzgyy < CUVNG Hlizeyy + VNS llizgyy) < Clx = X |
And then by (3.6),

20INi Wy, + NS I22) < Clx = X% O

Proposition 3.6. There is a constant C > 0 such that ||N§C||Hz(y) < Clx — /| and ||N§C||Hz(y) <Clx—X|forallx e T.

Proof. Let w C RY be a domain such that Y C w. Let ¢ € C5°(w) be such that ¢ = 1in Y. We have
Ay(¢NI) = AyoNI* +2V¢ - VNI“ + pANIC.
Since ¢N{C = 0 on dw, applying elliptic regularity, we have
IN{ gy < 10N 2y < IAVONT + 2V - VyNT* + GANG 24y (37)
By Proposition 3.2, Lemmas 3.4 and 3.5, and the Y-periodicity of Ni€,
1'6 s MI2(w) = _/’ yic s N2(w) = _/’ yic s N2(w) = —X
N7 (%, )l < Clx =X, [VyNy (x, ) < Clx = X[, [[AyNy (%, )l <Clx—x]|
for all x € 7;. Then from (3.7), [N“[ly2(y, < Clx — X'|. Similarly, [Ni[|y2(y) < Clx — | for C > 0. O
=.C =.C
We consider the problem: Find N} (x,y) € V,_; and N, (x,y) € V,_; such that
1 2
=-.C =.C
B(x; (N} , Ny ), (¢1, ¢2))

__ f (k1% ) — k1 (X, YV NEK ) - Vypa(y)dy — f (1% ) = 1 (X, Y))€ - Vybr ()
Y Y

_ f (ka(x ¥) — ki ) TyNI(K . ) - Yy )dy — / (ka(x,y) — 162X YY)E! - Vybay)dy
Y Y

+ /Y(Q(XCy) — QU Y)IN}(X,y) = Ny (X, )1 (¥) — 62(y))dy. (3.8)

for all ¢1 € Vi_; and ¢, € V. This is the FE approximation of (3.4). We then have the following result.
Lemma 3.7. There is a positive constant C° such that

IOV G, ) = N3 (x, ) NG, ) — N (i< 02t
Proof. It follows from Cea’s Lemma, Proposition 3.6 and (3.1) that

IOV — N3, N5 — NSOl €2 0N gy + NS D) < €270 Dk — X < 0274 O
Proposition 3.8. There is a constant ¢; > 0 which only depends on the level S; of x € T; such that

NG (x, ) = Ni(x, -, Na(x, -) = Ny(x. Dl < 27

Proof. We will prove the proposition by induction. The conclusion holds for I = 0. We assume that for all X' € Sy where
I'<l—1.

INE(X, ) = NG, ), NG (Y, ) = Ni(K, Dll< 127 (39)
From (3.2) and (3.8), we have
B(x; (NI (x, ) — Ni“(x, ), NE (%, ) — N& (x, ). (¢1. 62)

__ f (1%, 3) — 11(Ks YV, (N K ) = NEGK 1)) - By a0y
Y

_ / (2, y) — 13X YV, (NEK' ) = NAGX 1)) - Byha 0y
Y

+ / QX y) — QUx, YNI(X, y) — Ni(X, y)) — (NI(X, y) — N3 (X, )1 (v) — ho())dly
Y
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for all ¢, € V;_; and ¢, € V;_;. From Assumption 3.1 and the induction hypothesis, we have

-.C =.C =.C =.C
NS (%, ) = Nj (. ), N5 (%, ) = Ny (%, )II< ya—i27 (3.10)
where y > 0 is independent of x and . By Lemma 3.7 and (3.10),

=cC

HONE G ) — NG, ) N2, ) — N (DI NS (=) — N (e, ) N2, ) — N3 (x, )

e =c e =c (3.11)
HIONG (%, ) = Ny (%, ), N5 (%, ) = N5 (%, - DIl< €027+ y 27
Using Ni(x,y) = Iﬁ,ic(x,y) + Ni(x', y), We have
INY(x, -) = Ni(x, ), N(x, -) = Ny(x, )l < 27
where
a=yc 12+ +C°% O (3.12)

Theorem 3.9. Under Assumption 3.1 and the uniform boundedness of ki(x, y) and Q(x, y), there is a positive constant C, which
depends only on the functions «1, Kk, and Q so that,

IONE(x, -) — Ni(x, ), Ni(x, -) — Ni(x, -)ll < G2~ (3.13)

forx €S,

Proof. We let [ be an integer independent of L such that 27! < i for [ > I. And let

C 0
C, = max ma)g[—}, 2C7 ¢, (3.14)
o<lI<l
where C° and ¢ are the constants in Lemma 3.7 and Proposition 3.8. Now we prove
NG (x. ) — Ni(x, ). Nj(x, ) = Ny(x, )l < 27 (3.15)
by induction. From (3.14), this holds for all I < I. Suppose that (3.15) holds for all ' < I. Then from (3.12), we obtain
1 C
a<((=1C+ —yC+ =)=Cl O (3.16)
2y 2

Theorem 3.10. The total number of degrees of freedom required to solve (2.8) for all points in S, S1, ..., Sy is O((L + 1)24)
for the hierarchical solve while it is O((24:)2) in the full solve where cell problems are solved with the finest mesh level at all
macrogrid points.

Proof. Since the number of macroscopic points in S; is ©(2%), and the space V;_; is of dimension ©(24~D), the total
number of degrees of freedom for solving (2.8) for all points in S; is ©(29)0(24-D) = ©(2%). Therefore, the total number
of degrees of freedom required to solve (2.8) for all points in Sg, Sy, ..., S; is O((L+ 1)24). O

4. Numerical example

In this section, we apply the hierarchical finite element algorithm to a numerical example for computing the effective
coefficients of a multiscale multi-continuum system at a dense network of macrogrid points. To show the accuracy of
the algorithm, we compare the results to the approximations to the effective coefficients obtained from solving the cell
problems using the finest meshes at all macroscopic points.

4.1. Numerical implementation

We let 2 = [0, 1]*> be the macroscopic domain and Y = [0, 1]*> be the unit cell. We consider the locally periodic
coefficients

Kk1(X1, Y1, ¥2) = (2 — axq) cos(2ry1) sin(2ry,) + 3
K2(X1, Y1, ¥2) = (2 — axq) sin(2myy) cos(2my,) + 3
Q(x1,¥1,¥2) = (1 + axy)sin(2wy1) sin(2wy,) + 3
where the constant a is chosen below. We use 4 square meshes in [0, 1]? to construct a nested sequence of FE spaces,

{V3_1},3:0 so that the mesh size of each space is h; = 2!-27* for [ = 0, 1, 2, 3. Since k1, k» and Q are independent of x,, we
only consider 1-dimensional macrogrids in [0, 1]. The nested macrogrids {77},L=0 C [0, 1] and the subsequent macrogrid
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h=1/16,x=1{0, %%, 1},

h=1/8,x={1/4, 3/4}

h=1%,x={1/8,3/8,5/8, 7/8}

h=1%,
x ={1/16,3/16,5/16,7/16,9/16,

11/16,13/16,15/16}

Fig. 3. The hierarchy of one dimensional macrogrids and corresponding mesh size of FE spaces for 1-pt interpolation method. The lines indicate
correction relations. The squares indicate the points at which the solutions are corrected with the lower level solutions and used once more to
correct upper level solutions.

hierarchy, {51}13:0 are constructed as follows. We first let 79 = So = {0, % 1}. Considering that our macrogrids have grid

spacing H27! for 1 =0, 1, 2, 3, where H = % in this case, we have following hierarchy of macrogrids.
13 1357 1 3 5 7 9 11 13 15

1
So={0, =1}, Si={- >} S=1{z>, 2 =} o s —
0{2} ]{44}2{8888} 3= {

16 16° 16" 16° 16 16° 16 16
Fig. 3 indicates how these macrogrids and the approximation spaces are related in numerical implementation.

We implement the algorithm as follows. For X' € S = {0, 1, 1}, we solve (2.8) for Ni(x’,-), Ni(x',-) € Vs, for all
$1, ¢2 € V3 by the standard Galerkin FEM. We then use a simple 1-point interpolation to compute the correction terms.
That is, for x € S; we choose x' € (|J,_, S) such that [x" — x| < 27!, We let the Ith macrogrid interpolation be

[N = Nj(x', ), (k=1,2).
We find I\;ic(x,y) and I\EC(x,y) in V;_; such that

/ (% Y)VN (%, 9) - Vyda(y)dy — / QL YN (x, ¥) — Ni“ ()1 ()l
Y Y

=- / K](x,y)VyI\f{(X’,yrVy¢>1(y)dy— / k1(x, y)e' - Vypi(y)dy (4.1)
Y

Y
+ [ QU yXNIX, y) = Ni(X, y))r (v)dy,
Y
and

/ %, YIVNI (1) - Yy )dy — / QL NI () — N (. 9)bay)dy

Y Y

=— / Ko (X, y)VyI\fﬁ'(x’,y)Vyd)z(y)dy— / K2(x, y)e' - Vyga(y)dy (4.2)
Y

Y
+ [ Qi y)XNI(X, y) = Ni(X, y))o(y)dly,
Y
for Vo1, ¢ € V. We let
Ni(x, )= Ni(x, )+ Ni (x.-), (k=1,2)

be the approximation to N,i(x, -). We continue inductively. For example, for x = % € Sp, we compute 1\7{(% 4, 1\}5(% -)
=.C =.C

using the standard Galerkin FEM. Then for 3 € S;, we find the correction terms N (3, -), N5 (2, -) € V14 that satisfy (4.1)

and (4.2), where X' = 1. And we let the solutions at x = 2 be

_. 3 _. 1 -c 3

N/l(gJ’) = Nllc(is.V) + N;i (ga)’)y (k=1,2).

We continue this procedure based on Fig. 3.
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Table 1
a = 1, the effective coefficients «],(x;) and «;,(x;) computed by full mesh reference and hierarchical
solve along with percentage relative errors between those.

KTH(Xl) K;n(xl)

" Full solve Hierarchical solve Errors (%) Full solve Hierarchical solve Errors (%)
0 2.8211 2.8211 0.0000 2.8304 2.8304 0.0000
% 2.8333 2.8267 0.2312 2.8413 2.8397 0.0582
% 2.8448 2.8408 0.1414 2.8518 2.8491 0.0968
% 2.8559 2.8593 0.1184 2.8619 2.8624 0.0159
% 2.8664 2.8641 0.0803 2.8716 2.8707 0.0322
% 2.8765 2.8690 0.2605 2.8809 2.8787 0.0764
% 2.8860 2.8887 0.0933 2.8898 2.8919 0.0712
% 2.8952 2.8998 0.1608 2.8983 2.8995 0.0390
% 2.9038 2.9038 0.0000 2.9065 2.9065 0.0000
% 29120 2.9078 0.1450 2.9143 2.9133 0.0349
% 2.9199 2.9178 0.0706 2.9217 2.9201 0.0564
% 2.9273 2.9319 0.1572 2.9288 2.9303 0.0496
% 2.9343 2.9351 0.0288 2.9355 2.9361 0.0180
% 2.9409 2.9383 0.0857 2.9419 2.9416 0.0093
% 2.9471 2.9485 0.0476 2.9479 2.9492 0.0414
% 2.9530 2.9558 0.0979 2.9536 2.9543 0.0229
1 2.9584 2.9584 0.0000 2.9598 2.9590 0.0000

Tables 1 and 2 indicate «j,; and k3, obtained by both the hierarchical solve and the full solve where the finest mesh
is us*ed f*or all cell problems, at each x; and the relative errors between them, where relative errors are calculated by
%’”KW with obvious notations for a = 1 and a = 0.1 respectively. The results show clearly that the effective
coefflféients obtained from the hierarchical algorithm are very closed to the reference effective coefficients. We can see
from the tables that relatively large errors occur at the highest level macroscopic points where more than one layer of
corrections is performed, i.e. the corrector itself is corrected by the solution at a macroscopic point belonging to a lower
level. We note that the error for the case a = 0.1 is much smaller as the change of «; in x is much smaller. That is, large
Lipschitz constants in Assumption 3.1 tend to result in large errors. The results in Tables 1 and 2 are obtained when only
one corrector point is employed. If we use more corrector points, the error can be reduced significantly. In Table 3 we
show the relative errors, in comparison to the coefficients obtained from the full solve where the finest mesh is used
for all the cell problems, for the effective coefficients obtained from the hierarchical solve for the two cases where one-
point and two-point interpolations are used. The table shows that the result can be improved by employing two-point
interpolation.

5. Proof of homogenization convergence

In this section, we prove rigorously the homogenization convergence, i.e. the convergence of the solution of the two-
scale equation (2.2) to the solution of the homogenized equation (2.5). Throughout this section, we denote the spaces
1*(£2) and H(}(.Q) as H and V respectively. We recall the two-scale multi-continuum system

aus(t, . 1

i M0 vt owa(e, ) — 0“0 ~ it ) = 0, 6.1
aus(t, . 1

65 ") iviesomute, ) — 50 W0 ~ 5t ) = 0 (52)

We have the following theorem.
Lemma 5.1. The solutions (ug, u3) of (5.1) and (5.2) are uniformly bounded in L*°(0, T; H) and [%(0, T; V).
Proof. Multiplying ¢; and ¢, € V to (5.1) and (5.2) respectively and integrating over 2, one has
ous 1
/ 1t ddx + f Ky VU - Veprdx — / —5Q (U — uf)¢rdx = / qe1dx,
e ot 2 2 € 2

e 1 (5.3)
/ 652—2¢2dx+/ K5V - V¢2dx—/ —Q°(u§ —u;)qﬁzdx:f qeprdx.
o ot 2 2 € 2
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Table 2
a = .1, the effective coefficients «{,(x;) and «3;,(x;) computed by full mesh reference and hierarchical
solve along with percentage relative errors between those.

X i (x1) Ky11(X1)
Full solve Hierarchical solve Errors (%) Full solve Hierarchical solve Errors (%)

0 2.8210 2.8211 0.0000 2.8304 2.8304 0.0000
% 2.8224 2.8217 0.0241 2.8315 2.8314 0.0061
% 2.8236 2.8231 0.0161 2.8326 2.8323 0.0107
% 2.8248 2.8252 0.0125 2.8337 2.8338 0.0020
% 2.8261 2.8257 0.0112 2.8348 2.8347 0.0040
]% 2.8273 2.8263 0.0347 2.8359 2.8356 0.0099
% 2.8285 2.8289 0.0154 2.8370 2.8373 0.0103
17—6 2.8297 2.8303 0.0232 2.8381 2.8383 0.0059
% 2.8309 2.8309 0.0000 2.8392 2.8392 0.0000
% 2.8321 2.8314 0.0230 2.8403 2.8401 0.0058
% 2.8333 2.8328 0.0150 2.8413 2.8410 0.0101
% 2.8345 2.8354 0.0327 2.8424 2.8427 0.0095
% 2.8356 2.8359 0.0100 2.8435 2.8436 0.0037
% 2.8368 2.8364 0.0125 2.8445 2.8445 0.0019
% 2.8380 2.8384 0.0144 2.8456 2.8459 0.0098
% 2.8391 2.8398 0.0222 2.8466 2.8468 0.0056
1 2.8403 2.8403 0.0000 2.8477 2.8477 0.0000

Summing these equations, we get

8u ( ) € € ] € € €
/Cn $rdx +/ K1V“1(f)'v¢1dX—f — Q (u3(t) — uj(t))prdx
2 2 2 €

a 1
+ [ e SRomact [ ksvuso): Voud— [ 00 - ustocn (54)
2 2

2

:/q(t)q&]dx—f-/ q(t)gadx
Q 2

Vé1, ¢, € V. Substituting uj and uf into ¢; and ¢, in (5.4) respectively, we have

ous(t aus(t
/ e )ui(t)dx+/ ngwug(t)dx—i—/ KEVUS(E) - Vus(t)dx
Q ot o at Q

+/ KZEVu;(t)-Vu;(t)dx—klZ/ Qe(uz(t)—uﬁ(t))zdx=/ quﬁ(t)—i—/ qus(t)dx
Q € Ja Q Q

Integrating this equation over (0, 7), we get

1
5/ 11lui(T, X)%dx + = / Co,us(T, x)| dx—i—/ / k§Vug - Vuidxdt
/ /KZVUZ Vuzdxdt+—/ /Q€ — u§)dxdt (5.5)
T T 1 2 -l 5
:/ /quﬁdxdt—i—/ /quzdxdt—i-f/ C511us(0, x)| dx—i—f/ C5,|u5(0, x)|“dx.
0 Je 0o Je 2Ja 2Ja

Therefore,

] T
5/ < uS(T, x)Pdx + = /szluz(r x)| dx—i—/ //un] Vuj dxdt—i—/o~ /A?K§Vu§-Vu§dxdt
<c/ / Iq] dxdt~|—8/ / [ug] dxdt+cf / |q|2dxdt
T
+ af / |u§|2dxdt+/ |c§1||u§(o,x)|2dx+f |C5, 11u5(0, X)|*dx.
0 2 2 2
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Table 3
Percentage relative errors between full mesh reference solve and
hierarchical solve when a = 1.

1-pt interpolation

Relative errors (%)

X1
K1 K

= 0.2312 0.0582
3 0.1414 0.0968
% 0.1184 0.0159
1 0.0803 0.0322
2 0.2605 0.0764
3 0.0933 0.0712
Z 0.1608 0.0390
% 0.1450 0.0349
3 0.0706 0.0564
1 0.1572 0.0496
3 0.0288 0.0180
L 0.0857 0.0093
z 0.0476 0.0414
B 0.0979 0.0229

2-pt interpolation

Relative errors (%)

" Ky Ky

111 211
fe 0.0072 0.0022
3 0.0091 0.0030
= 0.099 0.0026
3 0.0068 0.0013
;56 0.0080 0.0021
2 0.0061 0.0020
= 0.0042 0.0013
2 0.0026 0.0008
2 0.0031 0.0011
i 0.0033 0.0009
3 0.0021 0.0004
2 0.0026 0.0007
1 0.0020 0.0007
£ 0.0014 0.0004

Using the uniform boundedness from below of C{, and C;,, we have

c||u§(z,.)||§,+c||u;(r,.)||£,+/ /K;Vuj.VuﬁdxdtJr/ /K§Vu§~Vu§dxdt
0 2 0 2

T T
<c+ 3/ llus(t, liFde + 5/ llus(t, )7 dt.
0 0

Choosing ¢ sufficiently small, we deduce that u{ and u5 are uniformly bounded in L>°(0, T; H) and 1?(0,T; V). O
Note that because of the 5th term of Eq. (5.5), lin}) ug = lirI}J u5. Thus, there exist subsequences of u{ and u§, which we
€—> €—>
still denote by u§ and u$, and ug such that
u§, us — ugp in L*(0,T; V).
Recall that (N{, Ni) € W is the solution of cell problem.

divy(ier(x, y)(e' + VyNj(x, ¥))) + Q(x, y)N3(x, y) — Nj(x, y)) =

0
. ! ; ! 5.6
divy(ica(x, y)(€' + VyNy(x.y))) + Q(x, )N (x, y) — Ny(x. y)) = 0. 5o
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X

We assume that Ni and N" are sufficiently smooth with respect to both x and y. Let wq(x) = % + Ni(x, Z) and
wy(x) = % + Ni( ) We defme o and o5 as

bY X
wi(x) = €wi(x, =), w5(x) = ewr(x, —).
€ €
Assuming that k1, k3, N;' and Né are sufficiently smooth, for all ¥1, ¥, € V we have

1
-~ [ aivtei Vet — 5 | Qa5 - af )
2 2

m\._n

1 . .
f divy (k1 (x, *)(e + VN, )))wl(x)dx— - f Q. SYNix, Xy = N, Dy (xdx
€ Jo € € €

e / divitiea (e, X IVANG 06, )~ / divytin(x, 2+ VN, S (0
2 2

(5.7)
—f divy (i1 (x, )VN )lﬁl(x
2
= / divy(k1(x, f)VN (x, ))1//1( X)dx — / divy(icr(x, 2 ) + VN (x, X))y (x)dx
Q 2 € €
f divy(ii(x, )TN, S0 (0
2
and
1
- f div(is (x)Vas(x))¥ra(x)dx — = / Q° (x)(@}(x) — w5 (x))¥2(x)dx
2 2
1 . . 1 i i
- / divy(iea(x, 2 )€l + VN, 2)Wra(x)dx — — / QU YN, 2) = Ni(x, S ))ya(x)dx
€ Jo € € € Jo € €
—e f divi(iea(x, = )Va(N(x, 2)))ra(x)dx — / divy(a(x, ) + VNI, S ))va()dx
5 € € 17 € € (5.8)
/ divy(ia(, Z)VNx, S
2
= —c / divy(ia(x, Z)ViN(x, =)o (x)d — / divilica(x, ~)(€' + VyN(x, 2))ra(x)dx
Q 2 € €
) X X
- / div, (06 S VNI, X0 (x)dx
Q € €
due to (5.6). Let ¢1(x) = p(X)wi(x), $2(x) = Pp(X)w5(x) Where ¢ € C3°(£2) in (5.3), we have
€ aui € € au; € € € € € € €
/ Ch dx—i—f sz—q)a)zdx—i-/ kiVu§ - V(qﬁaﬁ)dx—i-/ k5 VU5 - V(w5 )dx
(5.9)
> Qe( € —Uz)( —w2)¢dx—/ q(pw]dx—i—f q¢a)§dX.
2
Let vr1(x) and v»(x) in (5.7) and (5.8) be ¢uj and ¢u5 respectively. We have
f KEVS - V(pu)dx + f K5 Vs - V(gus)dx + f %Qf(wi — w3 )(u§ — uy)pdx
Q Q 2€
= —e/ divy(rq(x, )V Ni(x, ))qbuﬁdx — / divy(xq(x, ﬁ)(e" + V,Ni(x, E)))qf)uidx
o 2 € € (5.10)

/ div (i1 (x, X)VXN1( S pusax — e / divi(iea(x, X)VeNi(x, X )pusdx
Q € Q € €

- / divx(,cz(x,f)(ef+vy1v;(x,f)))¢u;dx— / divy(ea(x, 2)VeNi(x, 2 ))usdx.
2 € € 2 € €
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Let ¢ € (5°(0, T). We multiply (5.9) and (5.10) by v and integrate over (0, T) with respect to t. After subtracting the
resulting equations by each other, we obtain

T T
/ / 1] dWw dXdH—/ /KTVuﬁ-V¢w§10dxdt—/ ffowi-Vd)uﬁdedt
o Jo o Je
€ T T
+/ /c;zﬁwwgdxdur/ /K§Vu§~V¢a)§1//dxdt—/ /K;ng.wu;wdxdr
0o Jo Ot 0o Je 0o Je
T T
= / / qewiydxdt + / / gy dxdt
0o Je 0 Je

(5.11)
T T
+ 6/ / divy(x1(-, =)VkNj (-, =))puiydxdt +/ / divy(x1(-, =)(e' + VyN;i(-, -€)))puiydxdt
0o Je € € 0 Jo €
T T
+ / / divy (1 (-, f)VxN{(', g))¢u§¢dxdt —i—e/ / divy(ica (-, ;)VXN£(~, g))<;>u§¢dxdr
0o Jo
T
/ / divy(ka(-, =)' + vy N} 50, )))¢u§1/fdxdt +/ f divy(k2(-, *)VXNE-(', —))pusyrdxdt.
0 Q € €
We have the following lemma.
Lemma 5.2. The functions fOT Y(tu§(x, t)dt and fOT Y(t)ug(x, t)dt converge strongly in H to fOT Y(ug(x, t)dt.
Proof. This is the standard result in Jikov et al. [17]. As u{ is uniformly bounded in 1*(0, T; V), fOT Y(Hui(x, t)de is

uniformly bounded in V when € — 0. Thus we can extract a subsequence which converges weakly in V and strongly in
H. As for all ¢ € C5°(£2),

T T
[ [ ot oowdix [ [ ptonmolx. optnes
2Jo 2Jo
the limit is [ ¥(t)uo(x, t)dt. O
We have
T
9
/ / C“ (dxdt = / iy f u1—wdt Pwidx.
8 0 ot
As Cj; converges weakly to fY Ci1(x, y)dy in H, fo uj f"/’ dt converges weakly to fo UL i V dt in V, we have

lil‘l‘(l)/ / ihrye 1/fa)1dxdt / / (f Cra(x, ydy> 1fcpx,-dxdt
=/ / (/ Cn(x,y)dy> %w¢xidxdt.
o Je \Uy at

)-
)

We note that
KOOV = kil (€ + VyNICx, 2) + eV (x,

k5 (X)Vas(x) = Kka(x,

m\xﬂ\\x
m\><"\\><

X
)((e' + VyNi(x, 6))+6VN(
Also, note that due to Y-periodicity of x and N', we have
X i i X i i
at 2+ BN )= [ b + v
Y

X : . X . . .
e, XX+ VN ) f k)@ + V,Ni(x, y))dy in H.
Y



J.S.R. Park and V.H. Hoang / Journal of Computational and Applied Mathematics 369 (2020) 112588 17

We observe that x; + €N} — x; strongly in H and [, gpwidx — [, gpxdx since wi¢p — x;¢ in H. Passing to the limit in

(5.11), we obtain from Lemma 5.2,
T
/ /(/ Cudy) dn//x,dxdt—i-llm/ /quu] Vorxidxdt
0o Je \Uy

T
—[ //Kl(ei+VyN§)dy-V¢1//u0dxdt+/ / </ szdy> —%Wx,—dxdt
o Jely o Jo \UJy ot
T T
—Him/ /K;VU;-V(ﬁIﬂXidth—/ //Kz(ei+VyN£)dy-V¢1pu0dxdt
«=0Jo Jo 0 Jely
T
=2/ /qqln//x,-dxdt—i-lim/ /dlvx k1(-, = )€ + V,Ni(-, )))mhuﬁdxdt
0

+ lim/ / divy(ica(-, =)' + vy Ni 50, )))¢1//u§dxdt.

e—0

(5.12)

Let ¢1 and ¢, in (5.3) be ¢x; where ¢ € (5°(£2). Adding the two equations, we have

/ / 1 8 dxdt—i—/ /022 ot dxdt+/ /K]VU] V(px;)ydxdt
+/ f ks VU - V(gx; )yrdxdt :2/ / qo v x;dxdt.
0 2 0 2

Passing to the limit, we obtain

/:/9 </ Cndy> wx,dxdt+/ / (/ szdJ/) —Cpyxidxdt 513

T
+ lim/ f Kk{VUiV - (¢x;)ydxdt + llm/ / K5 Vus - V(ox;)yrdxdt —2/ / q(px;)yrdxdt.
o)

e—0 0

Using (5.12) and (5.13), one obtains
lirr(l)f //cqui -e'fpl//dxdt—}—limf /K;VU; - e'pyrdxdt
€—>

/ / (/ ic1(€f + V)N )dy) Vorugdxdt — / / (/ Ko (€' +VyN2)dy> - Vorugdxdt

™ / f divy(ier (%, S)(el + VyNi(x, X))gyus dudt
o € €

€e—0 Jo

T
— lim/ / divy (ko (x, z)(ei + VyNé(x, g)))q)Wu;dxdt.
fe)

=0 Jo

Since k4, k3, N{ and N; are independent of t, by Lemma 5.2, we have

T
limf /KIVu] edn//dxdt—i-llmf /KZVUZ e'pyrdxdt

e—>0
/ / (/K] e +VN1)dy> Voyrugdxdt — / / (/Kz e + V,N)d )-Vmﬁuodxdt
/ / div (/ (e + VyN )dy) ¢Yupdxdt — / / div (/ (e + VyNz)dy) Pdyrupdxdt.
Y

Therefore, we have
lim </ K Vus ~e’¢dx> Ydt + lim (/ K5 Vs -e'¢>dx) Yydt
e—>0 0 Q e—>0 0 o

T T
= / ( / ( / K1(e"+vy1v;')dy> -Vu0¢dx> Vdt + / ( / ( / Kz(e"+vy1v§)dy>.w0¢ax) Wt
0 2 Y 0 2 Y
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From this, we deduce

lirr(l) [/ /Kl x)Vu§( Vcln/rdxdt—i—/ /Kz YVus(x) - Vdn/fdxdt]
= !% |:/ / K;Vu§ -eia—&dedt +/O /QKEVuE : eia)ql//dxdt:| 51
f![</mxy +@%ﬁﬂmoa%<f¢wdm
ayj aX]
f‘/(/laxy +@$@1%w)3“()¢wdm
9y; dax; "0

For consistency with formula (2.6), we note the following result.

Lemma 5.3. [, « Xy)dy—i—fy 28N 200 gy Jyx1 Xy)dy—}—fy N (XY)dy
Proof. From the cell problem, we have
/ Ki(e + V,N) - V,N dy + / ica(e’ + V,Nb) - V,N) dy
Y Y
+/mw+wmyw@@+f@w+wwwa@=0
Y Y
(KN@+%M%%M®+£MW+%M%%MW

+fﬁW+VWDWM&W+/m@+%%%%M®=O
Y Y

Thus,

%

/@€+%M vM@+/me+%M VM®+/

(5.15)
=/ /Ykze’—i—VN)VyNdy—i-/ykle’—i-VNJ)Vdey—i-
Now we show
/ ica(e' + V,Nb) - V,N dy + / Ki(e + V,Ni) - V,NJdy
Y Y
= /yxz(e" + V,NJ)- V,Nidy + /y K1(é + V,N) - V,Nidy.
From the cell problem, we know that
/Kz(ei + V,Ni) . V,N dy + f ici(e' + V,NI) - V,Nidy
Y Y
— [ Qv = N + Qe — Ny
= / Q(NIN] — NiNJ + NiN) — NiNJ)dy (5.16)
Y

=/mM—MM+mM—MM@
Y

= / ica(€ + VyNJ) - V,Nidy + f Kc1(€ + V,N) - V,Nidy.
Y Y

Thus, by (5.15) and (5.16), we have the result. O

Theorem 5.4. Assume that the solutions N{ and Né' of cell problem (2.8) belong to C2(£2, CX(Y)) and the coefficients k1 and

K2 belong to C1(£2, C'(Y)). The limit function uy of the sequences ug, us is the unique solution of the homogenized equation
(2.5) with the initial condition (2.7).
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/ / Cil / / k{Vug - Vodxydt + / f sz

/ /KZVUZ Vodxyrdt
—2/ /qqﬁdxwﬁdt

for all ¢ € ¢3°(£2) and ¥ € C5°((0, T)). Passing to the limit, from (5.14), Lemmas 5.2 and 5.3, we have

/ / (« / Crady) + ( / Caty) S pay e
/ fdlv(/uno ¢dx1pdt+/ /dlv KZVuo)¢dxwdt+/ /qubdxwdt

where
. INJ(x.y)
i = [t + 5Dy
Y Vi
« INJ(x, y)
300 = /Y a0+ 22y
We now show the initial condition. Adding (5.1) and (5.2), we have
oug ous
Cii— T: Ly, at — div(x{ Vug) — div(xs Vu§) = 2q.

As u¢ and u§ are bounded in L(0, T; V), we deduce that C§1 a[
ie. w(Ox ¥ (T, x) = 0. We have

ous ous

//c“ T14e,22) //Cnu1+czzu2)—wdxdt
ot at

— / / (C11) 022 dth / / (C11) + (C22) ) ato Ydxdt.

This shows that the weak limit of C; 5 —i—sz ] in [?(0, T; V') is ((Cn) + (622))%". Now we choose v € ¢*(0,T; V) so
that y(T, x) = 0. Then

! dus
(c c dxdt
/o/“at+223)1/’X

il
- / / ( ilui+cszu§)f3fdxdt+ / (C11u5 (0.2 + C5,u5(0, X)) (0, x)dx
0 2 2

—i—C22 -2 is bounded in L?(0, T; V'). Let y(t, x) € C3°(0, T; V),

T
- —/ / ((en) + <C22))uoa%/d)<dt +/ ((C11)g1 + (C22)22) ¥(0, x)dx.
0o Je o

On the other hand

T C aug e 8u2
11 ot 22 ot
oy
((c11) + (C22) )uoa—dxdt + ((Cn) (C22))u0(0, X)¥(0, X)dx
This shows that ((Cn) + (C22))uo(0, x) = <C11)g1(x) + (C22)g(x). i.e. the initial condition of uyg is

1y(0, %) = (C11)81(X) + (C22)&2(x) - (5.17)
{C11) + (C22)

d
((Cll) + (C22)) #lﬂd?(dt.

6. Conclusions

In this paper, we developed an efficient algorithm for computing the effective coefficients of a coupled multiscale
multi-continuum system. We derived the coupled cell problems and the homogenized equation from two-scale asymptotic
expansion. We solved the cell problems using hierarchical FE algorithm and used the solutions to compute the effective
coefficients. To establish the hierarchical FE algorithm, we first constructed a dense hierarchy of macrogrids and the
corresponding nested FE spaces. Based on the hierarchy, we solve the cell problems using different resolution FE spaces
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at different macroscopic points. We use solutions solved with a higher level of accuracy to correct solutions obtained with
a lower level of accuracy at nearby macroscopic points. We rigorously showed that this hierarchical FE method achieves
the same order of accuracy as the reference full solve where cell problems at every macroscopic point are solved with the
highest level of accuracy, at a significantly reduced computation cost, using an essentially optimal number of degrees of
freedom. For numerical examples, we applied this algorithm to a multi-continuum model in a two dimensional domain.
The algorithm was implemented on macroscopic points in a one dimensional domain. The numerical results strongly
support the error estimates we provided in Section 3.
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