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Abstract

New compact approximation schemes for the Laplace operator of fourth- and sixth-order are proposed. The
schemes are based on a Padé approximation of the Taylor expansion for the discretized Laplace operator. The new
schemes are compared with other finite difference approximations in several benchmark problems. It is found that
the new schemes exhibit a very good performance and are highly accurate. Especially on large grids they outperform
noncompact schemes.
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1. Introduction
Consider the three-dimensional Poisson equation with Dirichlet boundary conditions
Au(x,y,z) =—f(x,y,2), x,y,2€8, (1)

u(x,y,z) =uo(x,y,2), x,y,z€0Q, )
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where u(x, y, z) is a field defined in the volume Q with prescribed values ug(x, y, z) on the domain
boundaries 0Q2 and f(x, y, z) is a known source function. In a discretized form this can be written as

(Uxx)ijr + (Uyy)ijx + Wz2)ije = — fijks 3)

where (i, j, k) denote three-dimensional lattice indices and (u,);jx is an approximation to the second
partial derivative with respect to the coordinate direction «. The simplest approximation is obtained by

1
B O3uijhs 4)

(Ua); jk =
where 4, is the grid spacing in direction o and 5§ is the second-order difference operator, i.e.

2
Oy =Ui—1,jk — 2Ui jk + Uitl jk- ®)

Higher-order finite difference operators are derived from the approximation [1]

4 o\ 1
il (5] ©

1 1 1 1
——52{1——52+ - — 0+ }u,-,j,k. (7

o%u
0o

h2 1277907 560 "

A fourth-order accurate scheme may be derived from Eq. (7) when considering only the first two terms
in the expansion

1o [
(Uoe)ijk = hi o, | 1— Eé“ . ®)
The explicit expression in terms of u; ; x reads for the x-component

11

T 12 — (Ui—2,jk — 161 jk +30u; jx — 16ui1 jk + it jk)- )

(“xx)ijk =

If 4; j x is defined as the difference scheme and /1, = h Vu, the resulting 13-point stencil can be written as

0o 0 1 0 0
L lo 0o -6 0 o
Jiog=———=|1 —16 90 —16 1|, 10
TR g 0T Jig o o o
0o 0 1 0 0
00 0 00
L loo 0 0o
Jizik=——10 0 16 0 0], 1
Pk = 507 SO (11
00 0 00
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0O 0 0 0 O
1 0O 0 0 0 O
A; =——[0 0 1 0 O 12
QA2 k 22 O (12)
0O 0 0 0 O

This representation of a fourth-order scheme points onto a problem arising in the straight forward deriva-
tion of higher-order schemes: increasing the order of the finite difference schemes implies an inclusion of
neighbor grid points of increasing extent. In the case of the fourth-order scheme one has to operate on the
next-nearest gridpoint in the solver. This may give rise to a problem especially at those points close to the
boundary. Here, one might use an asymmetric solver. Other possibilities are either to switch to a different
solver of lower order, which may influence the overall accuracy of the solution, or to introduce a second
boundary layer. This, however, is often impossible due to limited information. In the case of multigrid
methods [8] this problem becomes even more obvious, since one should have to work consistently with
two boundary layers on the coarse grid levels, which is not included in the formalism.

It is therefore of considerable interest to construct compact higher-order schemes, which need less
information from neighbor grid points in space than those schemes derived directly from Eq. (7). In the
ideal case compact schemes only need information from the next nearest grid points and therefore do not
get into conflict with one-layer boundary conditions.

For the case of fourth-order solvers a compact scheme, using only one prescribed boundary layer, was
derived by Spotz and Carey [7], who use a 19-point stencil for the left-hand side of Eq. (3) (henceforth
called D4cc). In addition, also the right-hand side is modified in a way. It also takes into account nearest-
neighbor source terms

1

1
el <4uijk =3 (it i ok ok ULk k1 k)

3 W1, -1k F Uit jr 1k F Uit jk—1 + Wil j k1 + Wi j—1 k=1 + Ui j—1 k+1
U1, -1k T Ui 1k Wi k=1 Wi k41 Wi 1 k-1 “i,_/+1,k+l)>

1
= fi,jk+ 0 (fim1,jk + fivr,jk + fij—1k + fije1.k + fijk—1 + fijxs1)- (13)

Furthermore a sixth-order solver was derived in Spotz and Carey [7] (henceforth called D6cc) which
only needs nearest grid point information for the approximation of the Laplace operator. This approxi-
mation, however, is only obtained via a modified source term in the Poisson equation, where derivatives
up to fourth-order appear. In the case, where derivatives of the sources are known this scheme is rather
attractive. Otherwise, either an approximation for the derivative of the source function has to be made on
the boundaries or two boundary layers have to be taken into account for a finite difference solution. The
stencil notation for this approximation is

3 14 3

Mok =3 | 14 —128 14, (14)
30" 1 3 14 3
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1 1 3 1
Ai,ﬂ,k=307[i 14 ﬂ (15)

The source term function is thereby modified to
h? (e*f  f ety oty ot
f=>fr+—= —g + —J; + —{ + — / f f
0x oy 0z 360
Wt o oS ot N ot
180 \ 0x20y2 = ox20z2  0y20z%2)°

oyt ot

(16)

This modified right-hand side (RHS) may be calculated analytically on each grid point (if possible) or
evaluated numerically with a sixth-order finite difference approximation.

In Ref. [5] an approach, based on a Padé approximation was developed for two-dimensional reaction
—diffusion equations. This approach was extended to three dimensions in Ref. [4]. In the present paper the
Padé approximation technique will be used to derive several forms of Poisson solvers of higher order. In
Section 2 the solvers will be derived. In Section 3 test cases are considered to check the validity of the new
solvers. An error analysis is given and also the performance, efficiency and convergence characteristics
are discussed. Section 4 will give some conclusions and an outview for future research.

2. Theory

In this section a Padé approximation to the bracketed expression in Eq. (7) will be used to derive different
forms of compact stencils for the Poisson equation. The term compact will be used in the following for
numerical schemes, which need less neighbor grid points than the straight-forward expansion approach
of Eq. (7). As shown below, the schemes of sixth-order require the inclusion of points that are not nearest
neighbors, which causes problems at the boundary. Unmodified they are feasible only for problems where
data for a neighboring line outside can be given, as in periodic problems or an open boundary problem
where the boundary data results from a multipole expansion of the sources, and sources are nonzero
only far from the boundary. A solution of this problem may be found by using asymmetric high-order
schemes at the boundary or—if sources are only in the interior—schemes where only the right-hand side
modification has an extend beyond the nearest neighbors. Such schemes exist, but are not in the scope
of the present investigation, as they are generally inferior to the symmetric schemes with extent of the
right-hand side (I', see below) less or equal to the extend of the left-hand side (4).

For the sequel we define the [m, n]-Padé approximation of a function f(x) as

> k—oakxt

Pl f(xX)] = m = R(x), (17)
k=1

where a; and by are chosen in a way that

ok f

- k
=0 ox

kR
dxk

k=0,...,m+n. (18)

x=0

One could argue that there is an infinite number of finite difference schemes which may be derived on the
bases of the Padé approximation. Deriving finite difference schemes of order ¢(n) with an approximation
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Pr.1, where k + 1 4 2 > n and keeping only terms in the resulting expression which are ¢(n), will lead to
increasingly worse results the larger the k 4 /. We will explicitly consider the example 2 4 for the case
of a sixth-order finite difference scheme.

The test cases which are shown will be solved for the case of a Gauss—Seidel solver. Also convergence
behavior and error analysis is given for that case. This is not because it is the solver of choice, but since it is
the most convenient smoother of a multigrid scheme for Poisson’s equation, and its convergence behavior
is of central importance to the much more complicated, but far superior convergence of a multigrid scheme
based on red-black Gauss—Seidel smoothing.

2.1. A Py compact fourth-order scheme

Eq. (8) may be approximated by an [0, 2]-Padé approximation through

1, 1L\
(Uoa)ijk = [ 5a<1 + Eé“) (19)
1 _
= h—gaiwm,m,a) ' (20)

where in Eq. (20) the operator Dy 2], Was defined. Inserting this approximation into Eq. (3), it can be
written as

1 -
{ > 2 55(Dy0.21.) 1} wi,jk = —fijk- 2D

o=x,y,z %

Simple algebraic manipulation gives

1 _ _ _
([0 + 83 (D.21.0 ™A+ 83(Dpo21) ™)1+ 02 (Do) ™)

- 5)2;53;(D[0,2],x)_1(D[O,Z],y)_l — 0202(Djo.21,0) ' (Dpo21,2) "' — 5§5§(D[0,2],y)_1(D[O,Z],z)_l
- 5i5§5§(D[0,2],x)_1(D[o,z],y)_l (Dp0.21.2) 1= Vi jk = —fijke (22)

In the next step, both sides of Eq. (22) are multiplied by Djo 2 x Dj0,2],y Dj0,2],z- Since the operators
commute, this leads to

1
—{62Dy0,21,yDj0.21,z + 92Dj0.21.x Dj0.21.2 + 62 D10,21.x D0.21,y Yki. j.k = — i, j ks (23)
hz y
where an effective source term g; ; x was introduced
gijk = {1+ 15 (57 + 0% + 02) + 1 (0765 + 0767 + 030D} fi k- (24)

Keeping terms on the left-hand side (LHS) up to fourth order, Eqs. (23) and (24) may be written
finally as

1 1
o {(ﬁ +02 407+ c (0307 + 0702 + 5§5§)} Ui jk

1 c1
= {1 + E(é’% +0T 40D+ o (0707 + 0702 + 5§5§)} fiojk- (25)
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To have the RHS of fourth order, it is necessary to keep the first two terms only. However, a higher-order
term has been formally kept in the expression. In the test cases it will be shown that it may improve
accuracy in various cases. The factor c; takes values of zero or one. It was introduced in order to control
the higher-order approximation of the RHS. Note that the higher-order term comes naturally from the
Padé approximation and is not an artificial construction. Putting the constant ¢ to zero, reduces this
scheme to the one introduced in Ref. [7] on the basis of a different approach. Here and in the following
the extended source function is acceptable from the computational point of view since it is calculated
only once before starting the iterative process. Therefore, the computational overhead is negligible.

If a stencil notation is used and the Laplace operator is denoted as 4; j; whereas the source term
operator, appearing on the RHS is denoted as I'; ; , the operators take the form

1 1 2 1 1 B Ccl 12 — 4cy Ccl
Qiok == [2 —24 2} . Tiox=— | 12—4c; T2412¢; 12 —4cy } , (26)
6h 1y 2 g 1441 12 — 4e, e
0 1 0 1 r 0 cl 0
A; =—|1 2 1|, TI; = — 12 -4 . 27
LELE= |:0 1 0:| L= T %1 N ci 0()1] (27

2.2. A Py 4 compact sixth-order scheme

In this section, the expansion of Eq. (7) is considered up to sixth order. The Padé approximation in this
case is

1, 1, 1\
(Uoa)ijk = [ o\ 1+ %~ 510°%) (28)
1
- ﬁD[OA],w 29

o

which leads to the following form of the Poisson equation:

1 _
{ Z 2 5 D[o 4,2 }”i,j,k =—fijk- (30)

o=x,y,z %

As before, both sides of Eq. (30) are multiplied by [ | Dyo,4,5 to give

0=X,y,2

1
th 82Djo.4), sD10,41,y l_[ Dio,41,5 ¢ fi,j ks (31)

U=X,Y,2

where {(f, 7) # a A f # y}. This can be written as

Zﬁéx 1+E/§5ﬂ—%%5ﬁ+mnéﬁ Ui jk = —8i,jk» (32)

o
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where an extended source term was introduced containing terms up to sixth order:

1 1 o
52— 52— =

20 “+24Z B 240
B

2%

Bta

fijk- (33)

1 2
8ijk= 1+E;5a 1

Using the stencil notation as before, the finite difference approximation scheme for the Laplace operator

results in

0 -1 4 -1 0
R I - T
diok=~—>5| 4 72 =928 72 4 |, (34)
240R% 1 _y 33 72 38—
0 -1 4 -1 0
0 0 —1 0 00 0 0 0
0 5 38 5 oo -1 0 o
Ai 41k = 5| -1 38 72 38 -1 Aok = S0 -1 4 -1 0
240h% 1 5 38 5 2002 15 0 —1 o0 o0
0 0 —1 0 0 00 0 0 0
(35)

Concerning the RHS of Eq. (32) it is enough to keep the first three terms in the inner brackets of Eq. (33)
in order to be consistent with a sixth-order approximation. However, as before the next higher terms may
be kept in order to perform a higher-order approximation for the RHS of Eq. (32). As will be shown later,
a better approximation for various cases is obtained when keeping also the fourth term. Consequently,
a constant ¢, is introduced which takes values zero or one. In stencil notation the source term operator
then reads

0 —C) —12+4+4cp ) 0
) 20 4 8c» 208 — 28¢p 20 + 8c» )
Tiok= M —12 +4cy 208 —28cy 1464 + 72¢hr 208 —28¢c; —12+4co |, (36)
— 20 4 8c2 208 — 28¢; 20 + 8c» )
0 —C —12 4+ 4cp —C 0
- 0 0 ) 0 0
0 0 20 4 8c2 0 0
I'it10= M —cy 204+8cyr 208 —28¢cp 20+8c; —c2 |, (37
0 0 20 + 8c2 0 0
| 0 0 ) 0 0
0 0 0 0 0
1 0 0 —C 0 0
I'; =—— 1|0 - —12+4 — 0 38
L2k = Soes X 062 _1-2 &) 062 X (38)
| 0 0 0 0 0
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2.3. A 235 compact sixth-order scheme

Here the expansion of Eq. (7) is considered again up to sixth order. A [2,2]-Padé approximation is used,
so that Eq. (7) is rewritten as

(el = - DDy (39)
where

D=1+ 3% 53 (40)

D(22)2 =1+ 5, @b

The Poisson equation, Eq. (3), can then be expressed as

Losnm s o @
th D0 Do g5 [ ik == T ] Py fijre 42)

o o

As before the sum on the LHS is understood for {(f, y) # o A f # y}. Keeping terms up to sixth-order in
o2 on the LHS this expression is rewritten in terms of 62 as

Zﬁéu 1+ 205(14——25[3 1502 205+ 75 1_[5[3 Ui jk=—8ijk (43)

where the effective source term

2 2
8i,jk = 1+25 _+EZ [; 3375 5[5 fi,j,k (44)

p#a

was introduced. Again a higher-order approximation is kept formally on the RHS. Setting c3 =0 introduces
the same order of accuracy on both sides of Eq. (43). For h, = hVu, the finite difference approximation
reads in stencil notation as

02 7 2 0
L1232 a0 3202
Aiog = 7 40 —842 40 7|, 45
ET300R | 5 a0 3 2 )
02 7 2 0
00 2 0 0 0000 0
Lo 16 32 16 0 L oo 200
A1 = 2 032 40 32 2|, Aisp=——10 27 2 0], 46
HETE000 G Y6 3 16 0 HETE000 G o 0 0 o o
00 2 0 0 0000 0
1 60 — 16¢3 210 4 32¢3 60 — 16¢3
Mok = 3375 |:210+3203 1395 — 64c3 210—|—32€3j| (47)
60 — 16¢3 210 4 32¢3 60 — 16¢3
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8c3 60 — 16¢3 8c3
:| (48)

1
Fi+1k= 3375 |:60 —16¢3 2104 32¢3 60 — 16¢3
8c3 60 — 16¢3 8c3

2.4. A Py 4 compact sixth-order scheme

As before the expansion of Eq. (7) is considered up to sixth order. The terms in brackets are rewritten
in terms of a [2,4]-Padé approximation. Eq. (7) may then be written as

1 1 ) -
(Ui = 5~ — 82D}y (DS )7 (49)
where
DYy, =1~ %0 (50)
2 4
(2) 2 4
D =1—-=-0——=9,. 51
[2,4],2 9% " 135 % (51)
In formal analogy to the [2,2]-Padé approximation, the Poisson equation, Eq. (3) can be written as
Losn po 0 @
Z K2 0 Dp.y. o Py pProayy [ Wik =~ 1_[ Dy Jiiks (52)
o o

where again on the LHS {(f,y) # o A f # 7} is understood. From this approximation it is clear that
terms up to order 12 appear in the expression. Since the original approximation is of order six, in this
approximation only terms up to order six are kept. This also ensures a compact representation of the
Laplace operator. Rewriting Eq. (52) in terms of 42 gives

1, 11, 2w o 31 )
Z i G| 1=36%—5 2_ %+ 370 > 630 + 5 l_[ Op | Uirjk = —8ijk- (33)
B B 7 b

Again an effective source term was introduced:

2 4 2 864
k==Y 2 s+ 2 -= > a2+ AR 54
8 gk ; o 9 + 135 o 81 ﬁé’ 729 l_[ fs]sk ( )

where a higher-order approximation is kept formally on the RHS. The case c4 = 0 corresponds to the
same order of accuracy on both sides of Eq. (53). In stencil notation the Laplace and the source term
operator read

0 62 —743 62 0
62 —1696 9176 —1696 62
Ai0k = —743 9176  —-33654 9176 743 |, (55)

2
16207 6o _1696 9176 1696 62

0 62 —743 62 0
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-0 0 62 0 0
| 0 240 —1696 240 0
Sisip= =5 | 62 —1696 0176 —1696 62 |,
1620n° | o 240  _1696 240 0
L0 0 62 0 0
000 0 0 0
L loo e 0 o0
Sisop=——s|0 62 —743 62 0], (56)
1620n° | o o 6 0 o0
000 0 0 0
0 0 —108 0 0
| 0 180 + 80cs  —1098 — 160c;, 180 + 80cy 0
Ii0k =g | ~108 —1098 —160c; 8721 +320c; —1098 —160c; —108 .  (57)
0 180 + 80c,  —1098 — 160cs 180 + 80cy 0
0 0 108 0 0
-0 0 0 0 0
Lo —40e 180 + 80c4 —40c, 0
Fitik= 5005 [0 180+80c, —1098—160cs 180+80cs O |. (58)
0 —40cq 180 + 80c4 —40c, 0
Lo 0 0 0 0
00 0 0 0
A 00
ligix=-——]0 0 —108 0 0 (59)
3645 | o g 0 0
00 0 0 0
3. Results

3.1. Test cases

In order to validate the finite difference schemes, four different test cases are considered. The first
two test cases are the same ones as those which have already been applied in [7,9]. In this section,
we apply the lexicographic Gauss—Seidel iteration scheme and compare the discretizations, based on
Padé approximations D4cpgy (Egs. (26) and (27)), D6cpoz (Eqs. (45)—(47)), D6cpos (Egs. (34)—(36))
and D6cpas (Egs. (55)—(57)). Also the second- (D21;), fourth- (D455;) and sixth-order (D63j;) finite
difference approximations which result from Eq. (7) are checked and they require one, two or three
boundary layers for the solution, respectively. In addition the sixth-order scheme, D6cc (Egs. (14)—(16)),
is compared with the new Padé solvers.

The fact that several solvers need more than one boundary layer for a solution implies that the potential
on these layers must be known explicitly and according to the finite difference scheme a reduced number
of unknowns has to be solved. For the test cases considered here it is no principal problem to specify
two or three boundary layers as known a priori since their solution is known analytically. For general
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problems, however, this may pose a problem, since one either has to guess the potential on a second or
even third boundary layer (e.g., by extrapolation) or one has to switch to another discretization scheme,
requiring only one boundary layer information (either an unsymmetric one or a symmetric one of lower
order). The consequences of this procedure are not yet investigated and will be considered in a future
work. Another problem related to boundary conditions may rise if the right-hand side needs information
from more neighboring points than the left-hand side (e.g., if higher-order derivatives of the source term
appear on the RHS which are calculated by a finite difference scheme) as it may be the case, e.g., for
D6cc. In this case the unknowns near the boundary would need information about the source distribution
extending to outside the computed region @, which gives rise to an approximation of the source function
outside of Q. Note that for all finite difference schemes developed in this work this does not pose a problem
since the extent of the LHS is always larger or equal than the RHS of the Poisson equation. Therefore,
knowing the source function distribution f; ; x one can always calculate the necessary information on the
RHS to solve the Poisson equation appropriately with the new discretization schemes. Concerning the
solver Dbcc we note that we treat it here as in the general case, where an analytical formulation of the
second and fourth derivative of the source function is not available, i.e., these derivatives are calculated
as finite difference approximations, requiring two neighbored grid points. Consequently, Décc is treated
with two boundary layers, as it is for D6¢ po4, D6¢p22 and D6c poy.

The test problems are discretized on a normalized cube (0, 1)3, where the mesh size £ is varied between
h = % and 11%. All calculations are carried out until the norm of the residuum per grid point is reduced
to ||r|| <éres (Where greg is a threshold value of the residuum. This value generally depends on the solver
and grid size (cmp. Section 3.2). The norm of the residuum is defined as

1 2
W= | 5 3 (sl + i) (60)
ij.k
where u( ") « 18 the field approximation after n iterations.

ij,
All calculations were performed on a LINUX IBM-T30 notebook with a Pentium-IV 2 GHz processor
and the program was compiled with the Intel Fortran 90 compiler.
As a measure of accuracy the relative error norm is considered:

[u®) — ||
el = ————, 61
rel ||u(ex) || ( )
where u(ex) is the exact solution of the model problem.

In the followmg the test cases are introduced. For Test Cases 1-3 results are reported in Tables 1-3 for
second-, fourth- and sixth-order solvers in terms of the relative error norm, Eq. (61), discretization error,
Eq. (75) and excess parameter, Eq. (86). Results for Test Case 4 are presented in Table 4 .

1. Test Case 1: The first test case consists in solving the Poisson equation with the following source
term distribution and vanishing boundary conditions:

fijk =30 sin(nihy) sin(zjh,) sin(nkh.) (62)
for which the analytical solution is found to be

uj jx =sin(nihy) sin(njhy) sin(wkh;). (63)
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2. Test Case 2: The second test case consists of the solution of the Laplace equation, i.e., fi jx =0,
with the following Dirichlet boundary conditions:

ui jk = sin(njh,)sin(rkh;), i=0,
wijk =2sin(njh,)sin(nkh;), i=n,

uijk=0, j k={0,n}. (64)
The analytical form of the field is found to be
sin(njh,) sin(rwkh
Ui jk = (njhy) sin(zkh:) [2 sinh(v/2mihy) + sinh(v27(1 — ihy))]. (65)
sinh(+/27)

3. Test Case 3: This test problem consists of the Gaussian potential field which is not an eigenfunction
of the Laplace operator

2

Ui jk = €xp {— 1;2’ } (66)
with

r? = Ghe = 1/2% + (jhy, — 1/2)* + (kh; — 1/2)*. (67)

For the calculations ¢ = 0.2 was chosen. According to the potential field, the source function distribution
is given as

2 2
2 Tiik Fijk
fijk== (3 -2 ‘O_fz >exp [— ’612 } . (68)

Boundary conditions are easily calculated from the analytical potential prescription.
4. Test Case 4: This test case consists of solving the Poisson equation for a unit point charge, located
in the center of the cube. The source term is thereby given as

47 ) .
L],k — xXteyitz

0 else
and the analytical solution is

1
\/(ihx —0.5)2 + (jhy — 0.5 + (kh, — 0.5)?

Ui j k= (70)

The special feature of this test case is the singularity at (ihy, jh,, kh;) = 0.5. This singularity cannot
accurately be described on a discrete grid. In contrast, considering, e.g., the norm of the total error,
lul®®) — u}loo) [I* (where ||...||* means that the singularity is omitted from the norm), the total discretization
error may formally increase. This is due to the fact that a finer grid better resolves the singular point.
Since the discretized solution at the singular point is finite, the discrete solution around the singularity
will underestimate the true solution. Consequently, this test case will show relatively large errors for each
approximation. In order to estimate the accuracy of the solvers, the computational domain is subdivided
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into a near field and a far-field region. As a convention the near-field part is defined via the spatial

resolution of the coarsest grid with & = 8 ie., ul(;za) =u;jr(rlo € [3/8,5/8],a=x,y,z) and u(far)
uijr(rle¢[3/8,5/8], = x,y, z). Itis to be expected that due to the unresolved divergence the far—ﬁeld
part will show a very much better error reduction than the near-field part. However, the effect that the
nearest far-field point of a fine grid is closer to the singularity is still visible. Nevertheless, it will be
interesting to see how good the solutions will be in the neighborhood of the singularity. Results for
the near- and far-field contributions are given in Table 4 and selected potential values in x-direction
(x,y= %, z= %) are shown in Fig. 1.

3.2. Errors

In order to validate the accuracy of the finite difference schemes an error analysis is given. Let u®®
be the exact solution of the continuous Poisson equation Au = —f. Discretizing the differential operator
(4 — (1/h?)A}) and writing the equation for a grid with mesh size & gives

1
A > Ah u,; = fh . (7 1 )

Solving this equation using an iteration scheme will result in the solution u,(ln) after n iterations with the
residuum

i = > L anu® 41, (72)

The ideally converged finite difference solution will be formally obtained in the limit » — oo (assuming
that lim,,_, oo rz") = (), so that the residuum may also be written as

" — h2 Ay (uf? = uf). (73)

With respect to the sampled exact continuous solution there will remain the discretization error g, =
u!® — u®_ Rearranging and inserting into Eq. (73) gives

= h_A ( () _ (o0 _Sh)_ (74)

Therefore the error norm of the difference between the discrete solution after n iterations and the exact
solution can be written as

[u —ul™ || = [|R2A " + &), (75)
<IR2A |+ llenll, (76)
)
~ I+l (77)
‘min

showing that the error between iterated and exact solution is a linear function of the residuum norm, where
the slope is approximately determined by the inverse of the smallest eigenvalue of the stencil matrix of the
finite difference operator, Amin (A). The eigenvalues therefore determine the convergence speed towards the
discretization error of the scheme. On the other hand, for a given scheme the discretization error determines
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Fig. 1. Relative error |1 —u(r)/ u(ex) (r)| for a unit point charge in the center of the unit cube (Test Case 4) as function of distance
from the charge. Shown is the behavior along the x-direction with fixed y- and z-coordinates (x, y = % z= %). Left: second-
and fourth-order solvers D21;;,D45p;, D4cPg 2(c1 = 0) and D4cP 2(c = 1); Right: sixth-order solvers D63y, Décc, D6cPy 4,
D6¢P; 5, D6¢cP, 4 with ¢ =1 (cmp. Egs. (33), (44) and (54)).
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the threshold level of the residuum norm, i.e., for a smaller residuum, no further improvement of the
solution is achieved. Therefore ||¢; || in combination with Apnin (A) determines the number of iterations to
reach the discretization error of the scheme. Fig. 2 shows the development of the error norm ||u§L") — uzex) |
as a function of the residuum. A linear decrease of the error is found until the discretization error is
reached from where the accuracy saturates. Also in Fig. 2 explicit calculations are compared with the
parametrization from Eq. (77) which shows a fairly good agreement (Fig. 3).

In Table 5 the eigenvalues of the finite difference matrices A are shown. It is clear that a smaller
eigenvalue corresponds to a faster decay of the total error norm and therefore show a faster convergence
towards the discretization error. It is found that with increasing order the approximations which are directly
based on Eq. (7) show larger eigenvalues /i, than the compact schemes (except D6c pa4). For fine grids
the compact solvers exhibit eigenvalues nearly 50% smaller than the extended ones, therefore showing
a faster convergence towards | &, ||. Furthermore, it is found that the discretization error is smaller for
compact schemes, demonstrating a more accurate treatment of the problems. This, however, influences
the computational work which has to be performed for a more accurate solution. Although compact
schemes have better convergence due to a smaller eigenvalue Anin(A), it is not clear whether the overall
performance of the schemes will be superior. This issue will be discussed in Section 3.5.

A natural question concerning accuracy is related to the smallest error which can be reached by the
schemes and this is related to the machine precision. The minimum absolute error norm for different grids
can be estimated via

160 | (machy & Emachicu© ], (78)

where su™ = u® — u}l") was introduced. Furthermore, emach = 2.22 x 10710 is the machine epsilon
for 64-bit precision and « is the condition number of the stencil matrix A, which gives a measure of how
strong the inverse of the matrix changes, if the matrix itself is changed.

The condition number of a matrix is calculated via

_ |}~max|

|)~min| ' (79)
where /max 1s the largest eigenvalue of the matrix. Since for the smallest mesh size the matrices are
of size 323 x 323 to 1283 x 1283, methods working on the whole matrix are doomed to fail due to
memory limits of the computers. Fortunately, the matrices are sparse (N*/h> entries, where N* is the
number of entries of the stencils) and consequently index field addressing methods are used. Since A is
symmetric, the Rayleigh quotient method is used here [6], which gives a rather reliable estimate for the
largest eigenvalue. The smallest eigenvalue of A is calculated with the help of a shifted matrix B [3]

B=A — [Anax(A)|L (80)

For this matrix the largest eigenvalue is constructed again by the Rayleigh quotient method. To obtain an
estimate for Amin (A) one has to shift back [2]

/min(A) = |Amax (A)| — [Amax (B)[. (81)

From these calculations it is first of all found that (except for #; 4) the Padé approximation schemes have
smaller condition numbers than the ones based on Eq. (7). This is mainly due to the fact that the largest
eigenvalues are reduced. This fact is also observed for the corresponding iteration matrices which have
smaller spectral radii (cf. Table 6 ).
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Fig. 2. Error reduction and discretization error ¢;, = ||¢j, || for second-, fourth- and sixth-order solvers for Test Case 1. Compared
are numerical results, obtained from explicit calculations (line-symbols) and from theoretical estimates, Eq. (77) (lines).
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Fig. 3. Error reduction and discretization error ¢, = ||| for D4cpgp with ¢y = 0 and 1 (cmp. Eq. (25)) for Test Case 4
(point charge); left: near-field part; right: far-field part. Compared are numerical results, obtained from explicit calculations
(line-symbols) and from theoretical estimates, Eq. (77) (lines).

Fig. 4a shows results for the smallest errors obtained for a residuum threshold &res = || || (min) =10~ 15,

Shown is the absolute error norm, |ju(®® — ufloo) |I. Results are compared to the machine error, Eq. (78).
It is found from these calculations that on the finest grid the machine resolution is already reached for
the sixth-order solvers and therefore the absolute error norm stops to decrease. In contrast, it will even
increase for smaller mesh sizes since the minimal norm || oul>) Il (mach) becomes larger due to an increasing
condition number « of the stencil matrix.

Another question related to accuracy of results and efficiency of the solver is the choice of the residuum
threshold. Results so far were obtained for a fixed residuum threshold of ges = 1 x 10~1, which either
was small enough to reach ||& || or even led to results approaching machine precision (e.g., in the case of
sixth-order solvers on the finest grid). Choosing &es too small will result in the fact that the discretization
error is reached far before stopping iterations and therefore a lot of iterations are done in vain. On the
other hand, choosing a too large value for g results in the fact that the discretization error is not yet
reached and therefore the numerical order of the solver is not obtained. To get an estimate of the effect

of choosing an inappropriate threshold value for the residuum norm, one can introduce a residual error
bound

2
h~éres

Mmin | ‘

00| res) = (82)

Fig. 4b shows results of calculations for Test Case 1 where &5 = 107°. It is found that the second-
and fourth-order solvers show a linear decrease of the error norm ||u®® — u,(fo) || with increasing grid
size. Therefore, the results are not affected by the choice of the residuum which is clear from Fig. 4b
showing that the discretization error is already reached for ges = 10~ on all investigated grid sizes.
The situation becomes different for the sixth-order solvers which start to saturate on the A < 6]_4’ showing
that discretization error is not yet reached. Compared to these findings is the error resulting from the

theoretical estimate Eq. (82), where—as a limit—the eigenvalue Ani, (A) corresponding to D6c pyy was
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Fig. 4. Comparison of error norm |juy, — u®x) || for Test Case 1 with machine error bound ||ou|| (mach) (Eq. (78)) and residuum
error bound ||ou res) (Eq. (82)) as function of grid size for second-, fourth- and sixth-order solvers. Compared are results

for two different criteria to stop iterations: (a) residuum threshold ||r||ymin = 10~13 (upper figure) and (b) residuum threshold
It llmin = 1072 (lower figure).

chosen (it has smallest Anin (A) on the fine grids). It can be clearly seen that the error norm follows this
numerical limit and therefore gives a reliable estimate for the minimum error which can be achieved on
a given grid and a given threshold value éeg.

For the new Padé solvers, derived in Section 2, a higher-order approximation of the RHS of the Poisson
equation was kept formally by introducing a factor ¢, which takes values either of zero (both sides have
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same order in /) or one. Allowing ¢ = 1 it is found that in some cases the solution is improved. However,
there exist also cases where the solution becomes worse, i.e. there is no clear rule for which solvers and
test cases there is an improvement. For example in Test Case 1, the solver D4c pg is & 13% less accurate
with ¢ = 1, while the solution of the Coulomb problem is improved by a factor of 3 in the near field and
by a factor of 1.5 in the far field (cmp. Fig. 3). On the other hand for D6c p> the solution of Test Case 1 is
improved by a factor of 3 when ¢ = 1, while the solution of the Coulomb problem becomes less accurate
(near field a factor 0.7, far field a factor of 0.9). It is therefore not decisive from the beginning to keep
the factor ¢ or not. However, it is found that the same factor in improvement (or worsening) is observed
for all grid sizes for a given solver and test problem. Therefore, one may compare results on the coarsest
grid and may decide whether to keep ¢ =0 or 1 on fine grids.

3.3. Order of finite difference approximations

In Section 2 a formal derivation of high-order schemes, based on a Padé approximation was given.
Although the Padé approximations should have the desired order in 4, a formal proof for this fact should

be given.
As a matter of fact the eigenfunctions of the exact form of the Laplace operator are known to be
¢k 1.m = cos(kx) cos(ly) cos(mz) with corresponding eigenvalues A = —(k* + I2 + m?). For the usual

stencils, the eigenvectors of the discrete problem are simply the sampled continuous eigenvectors with
eigenvalues changed according to the order of accuracy. To test this feature for stencils with a modified
RHS, a slightly more involved procedure is needed. In the derivation of the Padé approximations two
operators appear in the final results. The one acting on the field u, the other acting on the source term f,
i.e. Au=TI'f, where 4 and I" are approximation operators. Therefore, a generalized eigenvalue problem
has to be solved

Au = /lu. (83)

Both 4 and I" have the desired property that eigenfunctions are sampled continuous eigenvectors. Conse-
quently only the eigenvalues need to be tested. For practical purposes one may insert the eigenfunctions
of the exact operator and controls the order in % of the approximation, i.e.,

Adg i + & + P +m* Ty ) bjc |y = O, (84)

where n is the order of the approximation. Due to the linearity of the operators, this should give the
order of the operator itself. For all approximations developed here, the expected order was recovered.
Note, however, that this procedure is first of all true for the Poisson equation, i.e., a nonvanishing RHS.
The derivation of the solvers introduces in a natural way a modified RHS of the Poisson equation. One
therefore could argue that the order for a Laplace equation will be reduced. In fact, formally 4 is only a
second-order approximation of the exact Laplace operator for arbitrary functions . However, for those
functions v, solving the Laplace equation Ay = 0 it has full order.

The order of the schemes may also be checked empirically along with a given problem for which the
discretization error should follow

llen,_i Il _ llen, |l

>
n = n >
hi—l hi

(85)
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where /; denotes the mesh size for a grid with (2/ 4+ 1)* grid points and 7 is the expected order of the
numerical scheme. Since h; = h;_1/2, the order condition for a numerical scheme may be reformulated
with an excess parameter x; which can be defined via

xp, =log, (||8h[1 ”) —n. (86)

llen, I

For xj, >0 the numerical scheme exhibits the prescribed order ¢’(h"). In Tables 1-4 the values for x;, are
shown for all solvers, applied to Test Cases 1—4. For the first three test cases it is found that x;, is close to
zero, i.e. the calculations fulfill the prescribed order of the solvers. Test Case 4 is different in this respect.
The near field part of the Coulomb problem definitely shows a very poor improvement with increasing
the mesh size, i.e. in this region the prescribed order is not reached. This is understandable from the fact
that the source function as well as the exact potential are not smooth functions. In fact, a better resolution
of the singularity in the potential may result in larger relative errors near the singular point and therefore
there is no improvement of the error norm. On the other hand, the far field part does not exhibit these
problems and the potential there may be considered as a smooth part of the potential. Consequently, the
excess parameter is very much closer to zero or even positive, indicating a better order behavior than
prescribed by the solver scheme. In contrast to other properties there is no clear evidence that compact
schemes exhibit larger excess parameters than extended ones.

3.4. Convergence

It is clear that the stencil and iteration matrices of the finite difference schemes have to be positive
definite. This is equivalent to the statement x' Ax > 0, Vx or that all eigenvalues / of A are greater zero.
The second requirement was checked by calculating the smallest eigenvalue of the matrices A which
were found to be positive for all investigated cases.

Another important characteristic is the convergence behavior of the finite difference schemes. Empiri-
cally, the rate of convergence, r., is calculated as the asymptotic decay of the residuum

Ll
(87)

o= % ety
On the other hand it may also be calculated as the spectral radius of the iteration matrix C of the numerical
scheme. In the case of the Gauss—Seidel scheme, C is given by

c=D-L'vu (88)

where D is the diagonal, —L the lower triangular and —U the upper triangular part of the operator matrix
A. The spectral radius is then given as p(C) = max; 4; (C), where /4; is an eigenvalue of matrix C. Both
methods were applied to calculate the convergence rate. Table 5 shows the comparison of the different
schemes. First of all it is found that the empirical determination of r. is in a very good agreement with
the calculation of the spectral radius. Furthermore it is found that for the different schemes a different
performance has to be expected. Especially for large lattices, the schemes based on the Padé approximation
perform fairly superior with respect to approximations based on the Taylor expansion, Eq. (7). For the
smallest lattices this seems to be different. However, it has to be noted that in the case of D63y, three
boundary layers are specified, which reduces the number of unknowns in that case from (2> + 1)° =729
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to (23 — 5)3 = 27! In the case, where two boundary layers have to be specified (D427, D6cp22, D6Cpo4
and D6c py4) the number of unknowns on the smallest lattice is (23 — 3)3 =125, whereas for one specified
boundary layer (D213;,D4cpg2, D6cc) there are 23— 1)3 = 343 unknowns. This imbalance is strongly
reduced if one moves to larger lattices. To find the proper spectral radii the iteration matrix was constructed
consequently with eliminated boundary conditions.

3.5. Computational efficiency

The decision to use a certain finite difference scheme does not only depend on the given order of the
method but also on its efficiency, i.e., the computational effort which has to be spent to reach a given level
of accuracy. This work strongly depends on the order of the discretization error, the spectral radius p(C)
and the work per step. The latter one may be considered in a first approximation as proportional to the
number of entries, n p, in the finite difference stencil (Table 5). Therefore the efficiency will be different
for solvers of the same order.

To estimate the work per step, the operations on the RHS of the Poisson equation may be disregarded,
as they are performed only once at the beginning of the iteration procedure. Therefore the computational
work, Wepu, could be estimated as Wepy = aN*npnp, where o is a proportionality constant, ny is the
number of iterations until the residuum threshold is reached and N*=(1/h+ 1 —2n 5)3 is the number of
unknowns. n, is the number of boarder layers, where the solution is prescribed exactly in order to fulfill
the boundary conditions, i.e. these grid points are not iterated. This simple approximation, however, does
not take into account machine specific characteristics, e.g. cache effects, which may result in a different
performance for compact data structures. Therefore, also « will be a function of the solver at hand.

In addition, the computational work also depends on the accuracy of a given scheme. A higher accuracy
implies a smaller discretization error which usually results in an increasing number of iteration steps until
|len || is reached. The number of iteration steps nj can be estimated via

1 ||rh”(min)
np = log [ —— 1Thlmin) } (89)
(MC) ey

where |ry || (min) 18 the threshold of the residuum norm for which the discretization error is reached.
According to Eq. (77) this can be estimated via

|min(A)|
e llmimy % == 5 llzn| (90)

Calculating ny, it is found that the number of iterations increases roughly by a factor five to eight if the
number of grid points is increased by a factor of eight, showing a nearly sub-linear increase of the number
of iterations as function of grid points. It is found that the compact schemes exhibit a better internal
efficiency, i.e., have smaller ratios ny; /np,_, than the ones based on Eq. (7). In addition, they also show
a superior behavior in absolute numbers of nj,.

However, these better characteristics in terms of convergence behavior are partly compensated by a
higher computational work W, since the compact schemes have larger values np as the extended ones.
To get a realistic estimate of the computational efficiency, timings were recorded for each solver to reach
the discretization error, i.e. the time for ny iterations. Results are shown in Table 6 for Test Case 1. It
is seen that for solvers of a given order results are comparable for small grid sizes (h > 31—2). For large
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grids, however, it is found that compact solvers are clearly favorable with respect to extended solvers,
e.g., D6cPy; is & 50% faster than D63, and D6cPy 4, D6cc are still &~ 25% faster than D63p;. Assuming
a constant « the ratio, €.g., Wepu(D63p; )/ Wepu (D6CP22), is larger than one for coarse grids and approaches
one on fine grids. The fact that execution times for compact solvers nevertheless are considerably better
on fine grids than for extended schemes, demonstrates that machine specific effects, e.g. cache effects,
play an important role which make compact schemes superior with respect to extended ones (cmp.
Table 6).

Assuming that a solver has a smaller discretization error with respect to a concurrent scheme, the time
to reach the level of discretization error will be probably longer than for a less accurate solver. This would
mean that the computational efficiency, as characterized above, would be smaller. Therefore another
measure of efficiency is obtained by calculating the number of intervals, n1¢, and time, 71, to reduce the
residuum by a factor of 10, i.e.

0 -1 0 -1
ey ey
nio=np log _— s T10 = Th log _— . (91)
1e7 || (min) 1e7 || (min)

Using the data from Test Case 1 it is also evident for this criterion that compact schemes become clearly
superior with respect to extended ones for grid sizes N >64°.

4. Conclusions

In the present article different forms of high-order compact solvers for the three-dimensional Poisson
equation have been derived on the basis of a Padé approximation which was applied to the Taylor
expansion of the finite difference operator, Eq. (7). It was shown that both the accuracy and the convergence
characteristics obtained with these new approximations is superior to the straight forward implementations
of the Laplace stencil (Eq. (7)). The fourth-order Padé approximation led to a similar expression as found
in Ref. [7]. However, here an extended expression was obtained, where the RHS of the Poisson equation
was modified according to a higher-order approximation scheme. This turned out to give more accurate
results in certain cases, e.g., in the case of discontinuous source functions, i.e., the case of a unit point
charge. In the case of continuous source distributions, this higher-order approximation of the RHS did
not improve the accuracy. A similar extension was made for the sixth-order approximations. It is not yet
clear in which cases results may be improved with the inclusion of higher-order terms. The results do
not offer a clear picture which solvers applied to certain test problems benefit from this inclusion. It was
found, however, that a potential improvement factor (in some cases also worsening factor) were constant
for all grid sizes for a given solver and test problem. Clarification of these findings may be a hint for
future research.

The new sixth-order Padé solvers were compared to the sixth-order solver D6cc, Eqgs. (14)—(16). It was
found that the new schemes D6c pg4 and D6c py, are either competitive with D6cc or even superior with
respect to accuracy and performance.

As a matter of fact [m, n]-Padé approximations of the bracketed expression in Eq. (7) approximate the
Laplace operator with order ¢/(h™*"+2). For the fourth-order approximation, the only nontrivial choice is a
[0,2]-approximation. For the case of sixth-order the two cases [0,4] and [2,2] were investigated. However,
as a test, also a [2,4]-Padé approximation was used, where terms only up to sixth-order were taken into
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account in the resulting expression. This case demonstrated that with higher-order Padé-approximations
no better solutions are found. It was shown that this approximation turns out to lead to a larger condition
number of the operator matrix A and to larger spectral radii. The former property leads to a less stable
solution, the latter one to a slower convergence. It may be expected that this behavior is even more
pronounced for higher-order Padé approximations, where terms are kept only up to order six.

In this article the sixth-order approximations require two boundary layers for a solution of a boundary
value problem. This may lead to problems where the true potential function is only known exactly on one
boundary layer. In this case, one has to switch to asymmetric stencils or to lower-order representations
on and near to the boundary. It is not clear how this local change of order does affect the overall solution
of the problem. Investigations in this direction will be done in the future. In addition the finite difference
schemes of sixth-order cannot yet be used in a straightforward way for multigrid techniques. However,
double discretization techniques, i.e., different discretization of field and residuum equations, will lead
to the possibility to apply also the new high-order approximations to multigrid methods. Work in this
direction is in progress.
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