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1. Introduction

Over the counter (OTC) markets form a significant proportion of the financial markets. Although OTC markets operate with
hardly any rules and are less transparent unlike the organized exchanges, which allows better transaction enforcement and
stricter security, these markets still have experienced tremendous growth in recent years. Derivatives products are traded
actively in over-the-counter (OTC) markets by many financial institutions. Unlike the transactions on organized exchanges,
the transactions on OTC have a counterparty risk that the other party may not honor its contractual obligations and hence
these markets do not guaranty the promised payments between the two parties. Specifically, since the financial crisis, the
counterparty credit risk of derivative products has become one of the major concern of the investors.

For modeling the credit default risk, two categories of models exist in the literature namely firm value models (structural
models) and reduced form models (intensity-based models). Firm value models consider Merton (1976) [1] as the base
model, which gives a mechanism of default in terms of the relationship between the assets and the liabilities at maturity
time T. This basic model has further been extended by incorporating other factors like stochastic interest rates, default at
any time, etc. [2]. On the other hand, reduced-form models do not specify the actual mechanism of default but model the
default as a non-negative random variable with distribution depending on the economic co-variables. A detailed description
of well known reduced form models can be found in [3-5].

For pricing of vulnerable options, the pioneering work is by Johnson and Stulz (1987) [6]. They assumed that the option
is the only liability of the counterparty and also considered the correlation between the underlying asset and the assets of
the counterparty. Later, Jarrow and Turnbull [3] followed the reduced form approach of credit risk for pricing of vulnerable
options under the assumption that the underlying asset and the default intensity of the counterparty are independent. Since
then, the pricing problem of vulnerable options has been studied by many researchers [7-10]. More recently, Yoon and Kim
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(2015) [11] studied the pricing of vulnerable European options using double Mellin transforms with the assumption that the
interest rates are stochastic. Jeon et al. (2016) [12] investigated the closed formula of the pricing of vulnerable geometric
Asian options. Jeon etal.(2017)[13] studied vulnerable path-dependent options using double Melling transforms. Wang et al.
(2017) [14] used stochastic volatility model to price vulnerable options. Wang et al. (2017) [15] considered the valuation of
the vulnerable American put options assuming that a jump-diffusion model governs the dynamics of the assets.

Power exchange options are the generalization of exchange options [ 16,17] and power options [ 18]. Margrabe (1978) [17]
investigates the exchange options and their valuation. The exchange options are derivative products that allow the holder
of the option to exchange an asset for another on the maturity of the option. Fischer (1978) [ 16] also studies the valuation of
exchange options considering the scenario when the exercise price is the same as the price of an un-traded asset. Tompkins
(2000) [18] discusses power options and their applications to hedge nonlinear risks. Power options and exchange options
have many practical and useful applications.

Blenman and Clark (2005) [19], first time explored power exchange options as a generalization of exchange options and
power options. They obtained a closed form expression for the value of power exchange options assuming that geometric
Brownian motion governs the asset price dynamics. Wang (2016) [20] extended the work of Blenman and Clark (2005) [19]
and considered a model with correlated jump risk in order to price the power exchange options. He proposed a jump-
diffusion process with jump risk being divided into systematic and idiosyncratic components. He considered the correlation
between the assets using a common jump process and correlated Brownian motion. He obtained a closed form solution
for power exchange options. Li et al. (2018) [21] obtained the pricing formulas of exchange option using the change of
numeraire method. Wang et al. (2017) [22] studied the pricing of power exchange options with counter-party risk in a
structural framework of credit risk. They modeled the assets of counter-party risk as a jump-diffusion process and defined
default when the value of counter-party’s asset falls below a threshold.

In this article, we study the pricing of European power exchange options with counter-party risk following the idea of Su
and Wang (2012) [10] in an intensity based framework. We model the default of the counter-party as the time of the first
jump of a doubly stochastic Poisson process whose intensity process is modeled as a jump-diffusion process since many
unexpected and rare event may severely affect the intensity of default. The prices of the two assets are assumed to be driven
by correlated jump-diffusion processes. Also, we assume the recovery rate to be a constant, i.e., a pre-specified fraction of
the payoff will be paid at maturity if the counterparty defaults. Using the measure change technique, we obtain an explicit
formula for the price of the vulnerable European power exchange option. Moreover, the sensitivity analysis is also presented
to study the effect of various parameters in the proposed model on option prices.

Counter-party risk (credit risk) is the risk of the lender that may arise from a borrower not being able to meet its debt
obligations. One modeling challenge for pricing vulnerable options is the additional credit risk process, which complicates
the mathematical tractability of the models. Most of the models in the literature on the pricing of vulnerable options have
focussed on structural models of credit risk. However, due to the analytical tractability and ease of implementation and
calibration, the reduced form models are more popular among the practitioners. The main contribution of this article is the
reduced form modeling of credit risk to obtain the price of power exchange options. To the best of our knowledge, this is the
first time that the reduced form model has been used to model the default in the context of the valuation of power exchange
options. Moreover, jumps have been considered in all the stochastic processes governing the dynamics of the assets as well
as the intensity of the default process.

The remainder of this paper is organized as follows. Section 2 presents the basic model setup. In Section 3, we give
the explicit pricing formula of vulnerable power exchange options. Section 4 gives the sensitivity analysis with respect to
different parameters in the proposed model. Section 5 concludes the paper.

2. Model setup

We begin with a finite time horizon T > 0. Assume that the filtered probability space (§2, 7, Q, Ftco,r;) models the
uncertainty in the economy and E denotes the expectation with respect to the risk neutral measure Q.
Under the risk neutral measure Q, suppose the asset price dynamics for asseti, i = 1, 2 are given as

Nt Nit

1
Si,t = Sjyo exp (T — 50}2 — k;k)t + oiWi + (S,’ sz =+ ZZ,-,;{ (])
k=1 k=1

where r is the risk free interest rate, 0;, i = 1, 2 are the volatilities of the underlying assets. Wy, W5, are two correlated
Brownian motions with correlation coefficient pq;. Let S;0 > 0,5, > 0 are initial asset prices. The common process
{N¢, t > 0} that reflects the jumps growing out of systematic events such as financial crisis, which affects all the entities in
the financial system and is assumed to be a Poisson process with arrival rate v. When the common jump arrives, the jump
size is controlled by Z, k = 1,2, ..., which is normally distributed with mean p and variance y2. We also assume that
{Zx, k = 1, 2, ...} are independently and identically distributed. To capture the differences in the effects of common jump
components on asset price and default intensity, we use §;, i = 1, 2. When idiosyncratic jumps happen, the corresponding
jump size is assumed to be controlled by Z; , i = 1, 2 which is normally distributed with mean wu;, i = 1, 2 and variance
yiz, i = 1,2 and with pdf fi(x),i = 1, 2. It is further assumed that By, By, Zk, Z1 x and Z, ; are mutually independent and
independent of all Poisson jumps.
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The term k* in the dynamics of the assets is the compensator such that the discounted asset price is a martingale under
Q, and is given by

1522 1.2
k* = v(e1# 2577 — 1) 4 py(etrtari — 1)

In this article, we are considering the reduced-form modeling approach of credit risk to model the default risk of the
counterparty. In line with the reduced form approach, here the default time of the writer of the option is modeled as a first
jump time of a doubly stochastic Poisson process (also known as Cox process) M; with the intensity process A;. The default
time of the option writer is then given by

7 =inf{t > 0: M, > 0}. (2)

We assume that the intensity process A; of M; is modeled as a jump-diffusion process which is a combination of Brownian
motion and a jump process in the following form

d}"t - k(@ - )Lt)dt + 03dW3’[ + 83thN[ + Z3,udN3’[, (3)

where k, 6, o3 are positive constants and &3 capture the effects of common jump component on default intensity. Ws; is
a standard Brownian motion. Let Z3  are i.i.d and are normally distributed with mean p3 and variance y32 and with pdf
f3(x). Hence, all the stochastic processes are exposed to common jump risk and affected by the common jump component.
Moreover, suppose that N¢, Z; are independent of By, By, B3;. Finally, let the covariance matrix of (Wy,, W5;, W5;) be given
by

1 P12 P13
cov(Wie, Wor, War) = o1 1 p23 |t
e px2z 1

3. Valuation of vulnerable power exchange options

In this section, we derive a closed form expression for the price of European power exchange option with credit risk. A
power exchange option is a European option to exchange the power value y15f1 of one asset to the power value yzsfz of
another asset. We assume y; = y, = 1. We assume that a constant fraction w (the recovery rate) of the payoff (of default-free
power exchange option) is paid at maturity if the writer of the option defaults. Let 7;; = o{S;s : 0 <s <T},i= 1,2 and
G =o0frs: 0 <s <Tland H; = of{lp<q : s < t}.Let 7 = A1 UFc UG UHeand A, = Fir U For UG U He.
Further, let Gr = {Nr = n, N;y = ny, No.t = ny}. Let C*(0, T) denote price of the vulnerable European power exchange
option at time 0 with maturity T. Therefore, by the risk neutral pricing theorem, C*(0, T) is given by

C*(0,T) = e "E[w(S}y — SY% ) le<r) + (ST — $53) Tjeary | Fol (4)
= we TE[(S} — $32) | Fol + (1 — w)e E[(ST — S5% )  Ijeoy | Fol
= we TELST — S | Fol 4+ (1 w)e*’TE[E[(sﬁl Sl | Aol |
= we TE((S}} — s’*z T Fol+ (1 w)e*”E[(s S?T)*E[I(Dn | Aol | Fol
( ( )

)
T
= we TE[(S}Y — S)2)" | Fol + (1 — w)e Thr- O}E[e’fo Fsds(sP — S0t | Fol

=L+ L, (5)

where [; and I, are given by
I = we E[(S]}; — St | Foll, (6)
b = (1—w)e Mg Ele™ o s%(sP — sP2y% | 7. (7)

Now, we calculate Iy and I, in the following propositions.

Proposition 3.1.

N e o 1, Ri+V R
I = (1= w)e ;-0 X(0, T)E*(S5?) Q(Gr) [‘“*fvlcb( ‘ 1)—¢(—1)]. 8)
Mu2 20 W
where X(0, T) is givenin Eq. (11) and E*(Sf%) is given in Eq. (18). &(-) is the CDF of a standard normal random variable.
n nl n2
Ry = ln(Sffo) + p1Arr — 111(5520) — PaAar + Z(,B151 — B&2)in + Zﬂlﬁh - 2,32,112
k=1 k=1 k=1

Vi = 0BT + 05 B3T — 2p12B1820102T + (181 — P282)* v + miBiyi + mapBivs.
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T
Proof. To find I, we need to calculate E[e™ Jo *SdS(Sf h— Sf’zr)+ | Fol. For this, we introduce a new measure Q* equivalent to
Q by the Radon-Nikodym derivative

dQ* o Jo Hsds

= (9)
dQ E[€7 f(;r Ast]
Using Fubini’s theorem in Eq. (3), we have
T Ao — 6 T
—/ Asds = —6OT — M[l —e 7 —/ B — e T01gwy,
0 K 0o K
T 83Zu ! Z3 u
- / [1—e*T~WdN, — / 281 — e T"Y1dN;,. (10)
0o K o K
LetA(u, T, k) = [1 — e XT=®] and X(0, T) = E[e~Jo %% | 7], then we have
do—6 1 (T o2
X(0,T) = exp{—6T — !A(O, T, k) + 5/ G%Az(u, T, i)du +
0
i A(uT )y
/ / T Q)f(x)dxdu + v3/ f [e” & AT0) _ 11f5(x)dxdu} (11)

Hence, using Egs. (10) and (11) in Eq. (9), we have

dQ® T T 83A(u, T, T Au, T,
L7 _ expi— f B AW, T, k) dWsy — / Mzudwu _ / AWT.6) ) dNsy
0o K 0 K

1 (T o2 Tk
_,f B A, T, )du — v/ f - P q1f (x)dxdu
0

2 K2

—vs / / [e™ *AWTX) _ 11f3(x)dxdu)
0 —00

Under the probability measure defined in Eq. (9), we have the following results.

(i) By Girsanav’s theorem, we have that VT/H, VT/Zt and Wgt are standard Brownian motions under Q* such that

t
. o
Wi = Wy + 013/ f/‘\(ll, T, k)du,
0
t
Wy = Wy + /023/ ?A(U, T, k)du,
0
o~ t 03
W3 = W3t+/ IA(u, T, k)du.
0

Also, the covariance matrix of(Wn, Wzr, W:;[) is same as that of (Wy;, Wy, W3;)
(ii) Using Theorem T10 (page 241) in [23], we observe that {N;,t > 0} and {N3;,t > 0} are Poisson processes with
respective intensities

n _53A(u.T,»() 1 33AWT.k)\2 2
De = ve" uty(Z=——)y
A(tT.x) 2

—A(t,T.x) y
w2 73

vie * M3+

V3¢

where vy = vand v3; = vs.
(iii) Using Theorem T 10 (page 241) in [23], we observe that Z; and Z5 ; are normal random variables, i.e.,

Zy ~ N(fie, VZ)
Z3¢ ~ N(fi3e, v3)

where iy = pu — My and fiz = 3 — A(t T k) v2.

(iv) Zi1.t, Zat, N1t and N, maintain the same dlstrlbutlons under Q™ and Q.
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Now, I, can be calculated under Q*.

T —fg Asds 5 P
12 = (1 - w)eirTI{r>0}E[eifO hsds | ]'—O]E[iT(SLIT - 52’27')+|]:0]
E[€7 fO Ast]

= (1— w)e Ml X(0, TIE*[(S]; — S53)" | Roll. (12)
where E*[.] is the expectation under Q*.

Now, we have to find EA[(Sf b— 55 2" |Fo]. The asset price dynamics S; ¢, i = 1, 2 can be obtained under Q* by replacing
Wi by W and considering the jump processes with new intensities as follows

N.
1 . R T o3 Nt i,T
Sit = Sioexp(r— idiz)T — K+ 0i(Wir — pis fo ?A(U, T, k)du) + &; ;Zk + ;ZLk

Nt Nit
= Sioexp § Air + oiWir +5iZZk+ZZi,k , (13)
k=1 k=1
where fori = 1, 2, we define
1 ) T
Air = (r — —o?)T —k* — / 30 2 AU, T, k)du (14)
2 0 k
a~ T Ap Sif4d52,2 T N nia 1.2
k :/ D(ediftadivt 1)+/ Di(eita% —1) (15)
0 0

We will calculate E* [(Sf‘T — szT)+ | Fo] by introducing a new measure as follows:

B B +
EM(S — S53) | 7ol = E*[SpRIE" SZT; s% ~1) 1%
’ ’ E*[Sy7] \ St

B1 +
~|(s
= EMSPIE [(g - 1) |]—‘0:| : (16)
SZT

where E is expectation with respect to the new measure a equivalent to measure Q* given by

4Q _ sy (17)
dQ* s
From Eq. (13), we have
1 T .
E'[S)5) = Sy exp(fadar + 503 3T + f(, Duleh2 it 395557 _ 11du
T
+/ v2[eﬂzuz+%ﬂ§ﬁ — 1]du) (18)
0

Therefore, we have

—~ N; Nyt
dQ !

—~ 1
a0~ = exp{Br02Wa r + B26 ;Zk + ;ZM — 5022557"
k= —

T T
_ / f)u[eézﬂzﬂu+%5§ﬂzzyz —1)du — / VZ[eﬂzlter%ﬂ%yzz — 1]du}
0 0
Under the probability measure defined in Eq. (17), we have the following results.

(i) By Girsanav’s theorem, we have that Wu, Wz,r are standard Brownian motions under é such that

Wi = Wi — p120282t,
Wy = Wy — 0282t

Also, the correlation coefficient between (W ¢, W) is p12.
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(ii) Using Theorem T10 (page 241) in [23], we observe that {N;,t > 0} and {No, t > 0} are Poisson processes with
respective intensities
D = Qteﬁzﬂzﬂr-*—%ts%ﬂfyz

£ o
132’[ — U2952/L2+71/2'

(iii) Using Theorem T 10 (page 241) in [23], we observe that Z; and Z, ; are normal random variables, i.e.,
Zy ~ N(fte, 7/2)
Ly ~ N(fta, 7/22)

where iy = fie + Bab2y?, flar = po + ,32]/22
(iv) Zy¢, N1, maintain the same distributions under Q and Q).

The asset price dynamics S; ¢, i = 1, 2 can be obtained under Q as follows

Np Nir
Sit = Sio€xp { Air + aiWir +§; sz + Zzi,k (19)
k=1 k=1
where fori = 1, 2, we define
~ 1 2 ~ T o3
A = (r— 501 T —k — P1301 ?A(U, T, k)du + p1201028,T (20)
0
y 1, 7 ! g3 2
Ay = (1’ — 50‘2 )T — kz — / ,01362?1‘\(11, T, k)du + 0, ﬂzT (21)
0

T T
ky :f vy(et+2rt —1)du+/ D1+ 2917° _ 1)dy
0 0

T T
ky = / Dou(eP2u 37— 1)du + / 5u(e20+357% _ 1)dy
0 0

To obtain a pricing formula, we find it by conditioning over the exact number of Poisson jumps, i.e., Gr. The probability that
it takes these values is given by

T ~ T ~ T ~
6(Gr) = (fy Dudu)(fy Drudu)i(f, Doudu)™ Y TR,
nlnq!ny!

From Eq. (19), we have
B
Sir

In(
Sar

) = In(Syh) — In(S52) + Br1 A1 — BadAar

n np ny
+ B1o1Wir — BrooWor + (B161 — B282) sz + Z BiZix — Z B2Zs 1}

k=1 k=1 k=1

Define the following variables

n nl n2
I(SY) + BrArr — In(S3) = Br Az + D (Bidr — B+ ) Pris — ) Baila

R =
k=1 k=1 k=1
Vi = 0BT + 07 BT — 2p12B1820105T + n(B1d1 — Bad2 )’y + miBiyi + mpiys
A1
The above expressions show that In( 5172) is a normal random variable with mean R; and variance V. Therefore, we have
2T
E i 1 ' R1+%V1N(R1 +V1) N( Ri ) (22)
VI —e LR S N O
Sf% VvV vV Vi

Hence, the value of the integral I, is given by Eq. (23). O

In order to calculate I;, we follow the same steps as in Proposition 3.1 by changing measure from Q to Q without going
to Q*. We have the following result.
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Table 1
Values of the parameters in the base case.

Parameters Values Parameters Values
$1(0) 100 $,(0) 100
[o5] 0.2 (o)) 0.2

o3 0.25 w 0.4
P12 04 P13 0.6
P23 0.6 0 0.02

k 0.2 Ao 0.5

v 0.5 r 0.02
B 12 B2 12

1 0.02 %3 0.02
"3 0.02 yz 0.1

ylz 0.1 yzz 0.1

Vi 0.02 81 0.8

8, 0.8 83 0.6

Proposition 3.2.
o0 [e ] [o ]
h=we TESH Y Y QG [e“2+%VZN(R2 £ N(’“)]. (23)
VVa VVa

where

n
Ry = In(STh) + Bilir — In(S5%) — Bolor + Y (B1d1 — B&2) (i + Baday?)
k=1

+ Zﬁ1(ﬂ1) - Zﬁz(ﬂz + Bay?)
=1

k=1

Vo = 01 BiT + 05 85T — 2p12B1P20102T + n(f1d1 — P22’y + mBiyi + mpays.

1
E[S5%] = S§% exp{Ba oy + EazzﬂzzT T u(e2Pr 38857 )1

+vy(efat 3P 1)T) (24)
1,
Iy =(r — 501~ KT + p1201026,T (25)
1
Dy = (r — 5022 — K)T + 02 B,T (26)
K = U](euﬁ%ylz -+ ﬁ(651(ﬂ+5252)/2)+%3%}/2 -1 (27)
Ky = Dz(e(ltﬁﬂzyzz)w‘%yzz -1+ ﬁ(e52(u+ﬂ2521/2)+%5§)/2 -1 (28)
. 1
V= vexp(sfu + 553,322)/2) (29)
. 1
vy = vy exp(fapta + 5/3227/22) (30)
T T T.
3(Gr) = (fy Vudu)*(fy vidu)(f, Vaudu)™ o Jo (Burtvr -+, )du (31)
T ninq!ny!

Combining the above propositions, the price of the vulnerable European power exchange option at time 0 is C*(0, T) =
I + I, where I; and I are given the previous propositions.

4. Numerical results

In this section, we give the sensitivity analysis in order to explore the impact of different parameters on option prices,
when the default of the counter-party is modeled in an intensity based framework. The values of the parameters in the base
case are listed in Table 1 and are chosen according to the previous literature. For performing the numerical calculations, the
value of only one parameter is changed at one time while the values of the other parameters are kept the same as in the base
case.

Fig. 1(a) plots option prices against time to maturity for three different scenarios namely no default case, vulnerable
with constant default intensity and vulnerable under the proposed framework. From Fig. 1(a), we observe that option prices
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Fig. 1. Price of options against the maturity time R and recovery rate w.
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Fig. 2. Price of options against the volatility of asset price and default intensity.

increase with an increase in the time to maturity. This agrees with the fact that option prices are increasing function of
time to maturity. Also, the option prices are higher when there is no risk of default by the counterparty as compared to the
cases with the risk of default. Further, the option prices decrease when we consider the default intensity to be a stochastic
process as compared to the case when it is a constant. The possible reason is that the default intensity of a counterparty is
not necessarily a constant but time-varying since as time passes, one would have new information, beyond mere survival,
that would bear on the credit quality of the counterparty. From Fig. 1(b), we observe that the option prices increase with an
increase in the recovery rate w since the expected payoff at T increases as the recovery rate increases.

Figs. 2(a) and 2(b) show the option prices obtained by the proposed model against the volatility of asset price S;; and
volatility of the default intensity for different maturities, T = 1.5, 2, 2.5, 3. From Fig. 2(a), we observe that option prices
decrease for smaller values of o7 and then increase with the increase in the value of the volatility o from 0.2 to 0.6. Also,
we observe a U-shaped curve for all maturities. From Fig. 2(b), we observe that option prices are decreasing function of o3
for all T. The reason for this observation is: as the volatility of default intensity increases, the probability of default increases
and hence option prices decrease.
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Figs. 3(a) and 3(b) show the option prices against the initial intensity of default and the arrival rate of the Poisson process
governing the intensity of default respectively. The option prices decrease with an increase in both Ay and v. The higher the
value of initial intensity Aq or v, the higher is the probability of default and hence option prices decrease.

Figs. 4(a) and 4(b) show the option prices against the py;, i.e., the correlation between the asset prices for T = 1 and
T = 2 respectively and for different values of recovery rates. The option prices are decreasing with respect to the increase in
the value of p1, and option price is higher for higher recovery rate and given p1,. We observe that the option prices decrease
with the increase in the value of the correlation coefficient. This observation is because of the fact that when p15 is less than
zero, it is more likely that the values S; and S, may move in the opposite directions and hence the distance between S; and
S, may increase at the maturity and hence higher the option price. Similarly, if o > 0, the prices are more likely to move in
the same direction and hence option value is lesser than the prices when p < 0. Figs. 5(a) and 5(b) show the option prices
against the pq3, i.e. correlation between the diffusion part of asset price Si; and the diffusion part of default intensity for
T = 1and T = 2 respectively and for different values of recovery rates. For w = 1, the power exchange option is without
credit risk, and hence p13 plays no role and hence price is constant. For w # 1, we observe that option prices decrease with
the increase in the value of p13.
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5. Conclusion

In this article, we studied the pricing of power exchange option with counter-party risk in an intensity based credit risk
model. We assumed the default of the counter-party to be the first jump time of the Cox process whose intensity is modeled
as a jump-diffusion process. Using the change of measure technique, we obtained the explicit formula for the price of power
exchange options. Finally, we studied the sensitivity analysis of the power exchange option prices with various parameters
of the intensity of default, e.g. initial default intensity, recovery rate, correlation coefficients, etc.
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