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Received in revised form 16 April 2019 technique, called Iterative Filtering, has been developed with the goal of decomposing
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65F15 the investigation of this technique from a mathematical point of view. All these works
15A18 start with the assumption that each compactly supported signal is extended periodically
15B05 outside the boundaries. In this work, we tackle the problem of studying the influence of
15B51 different boundary conditions on the decompositions produced by the Iterative Filtering
94A12 method. In particular, the choice of boundary conditions gives rise to different types
65F99 of structured matrices. Thus, we describe their spectral properties and the convergence
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Structured matrices further promising developments.

Iterative filtering © 2019 Elsevier B.V. All rights reserved.

Empirical mode decomposition
Nonstationary signal

1. Introduction

Given a real life nonstationary signal s(x), x € R, we may be interested in decomposing it into simple components in
order to identify features and quasi periodicities hidden in it. We can think, for instance, to a economic index, like the
GDP of a nation, or a geophysical signal, like the sea level during a tsunami, as well as to an engineering measure, like the
vibrations of a structure or machinery. Standard techniques, like Fourier or wavelet transform, cannot help, in general,
to decompose meaningfully nonstationary signals. Whereas, following the idea proposed by Huang et al. in [1], we can
iteratively decompose such signals into a finite sequence of simple components, defined Intrinsic Mode Functions (IMFs),
which fulfill two properties: (i) the number of extrema and the number of zero crossings must either equal or differ at
most by one; (ii) considering upper and lower envelopes connecting respectively all the local maxima and minima of the
function, their mean has to be zero at any point.

The method originally proposed by Huang et al. in [1] to decompose a signal into IMFs, called Empirical Mode
Decomposition (EMD), proved to be unstable to small perturbations. For this reason an alternative algorithm, called
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Ensemble Empirical Mode Decomposition (EEMD), was proposed in [2]. EEMD is based on the idea of applying EMD
to an ensemble of signals produced perturbing hundreds of times the given one with random noise. The decomposition
is then derived as the average decomposition of the ensemble. In [3] the authors proposed an alternative technique to
the EMD, called Iterative Filtering (IF), which has the very same structure of EMD, but it is stable and convergent both in
the continuous [4,5] and in the discrete setting [6-10]. We point out that IF has been also generalized producing the so
called Adaptive Local Iterative Filtering (ALIF) algorithm whose convergence and stability are under investigation [4,11].
For further details on why standard techniques may fail in decomposing a nonstationary signal and the advantages of
using EEMD or IF we refer the interested reader to [12].

In this work we consider the case of compactly supported and discrete signals. For simplicity we assume that each
signal s = [s(x;)]l':()1 (with n e N) is supported on [0, 1] and it is sampled at n points x; = ni—] withj=0,...,n— 1.
Without losing generality we can further assume that ||s||, = 1.

Any signal decomposition method which deals with a compactly supported signal requires assumptions on how the
signal extends outside the boundaries, the so called Boundary Conditions (BCs). This aspect has a key role in many
applications, for instance in Finance and Economy as well as in image restoration [ 13-15], and usually the goal is to employ
BCs able to guarantee good accuracy of the approximated solution computed by some numerical algorithm [16,17]. The
issue of boundary conditions appears also in the framework of EMD method. In such context, “end effects” are usually
treated with basic techniques, for instance using the idea of “window frame” [18,19]. Regarding IF, in [6] the authors
addressed its convergence when it is assumed that the signals extend periodically outside the boundaries. The questions
which are still open are: does IF converge also for other kinds of BCs? Given a signal extended artificially outside the
boundaries in a certain way, how do the errors introduced outside the boundaries effect the decomposition inside the
signal in the iterations? Given a compactly supported signal what is the best choice in terms of BCs?

The paper is organized as follows. In Section 2 we review the IF algorithm applied to discrete and compactly supported
signals. Section 3 is devoted to a summary of BCs and their properties. In Section 4 we study the IF convergence when
different BCs are chosen for the signal. In Section 5 we present an extended version of IF method, which is useful for
addressing the question of how the errors propagate from outside the boundaries to the inside as well as for applying
generic BCs. This work ends with some numerical examples showing the impact of BCs on decomposition quality and
error propagation in Section 6, and concluding remarks.

2. Discrete iterative filtering

In this section we review the IF method focusing on the case of discrete and compactly supported signals s. We start
from the definition of filter

Definition 1. A non-negative vector w = (0, ...,0, w_g, ..., w_1, Wo, W1, ..., We, 0,...,0) € R" such that w; > 0 for

¢

j=—¢, ...,¢and ) wj = 1is called a filter of length ¢, with 0 < £ < L”;—lj. Ifw_j=wjforj=1,...,¢ then wis
j=—t

called symmetric. If w; > w; for 0 <i < j, and w; > wj for j < i < 0, then w is called decreasing.

In this work we consider only symmetric filters. When we have a symmetric filter associated with some step m, we
employ the following notation

wm:(0,...,O,wzn,‘..,w'1",w6",w'ln,.‘.,w'Zn,O,...,O), (1)
Lm
with wl 423w = 1.

=1
If we assume that some symmetric filter shape h : [—1, 1] — R™ has been selected a priori, like one of the Fokker-

Planck filters described in [4], then the elements w}” can be computed, forj =0, 1, ..., £,, by the linear scaling formula
j 1
M=h|—)—, 2
w; ( Em) “ (2)
where £, > 0 is the length that characterizes the filter. Assuming s = s, where the two indices will become clear in the
next paragraph, the main step of the IF method, fori =0,...,n—1,is
tm
ST xi—y)n—1)yn—1
st = st [ st ( | ) dy
xi—% Em Em
sy (4= x)n — 1)\ 1
Xj — Xj n—
~ sp(x;) — st(x)h| ———— ) —
T — Y spx) ( ™ )Zm
tm
Xj:X,‘fﬁ
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i+lm i _] 1
o= ston (70 7
j=i—tm
i+lm
= st = D _stxpwi
Jj=i—tm
Algorithm 1 provides the pseudocode of the Discrete Iterative Filtering (DIF) Algorithm. We observe that the first while
loop is called Outer Loop, whereas the second one Inner Loop. In the notation s}', m denotes the step relative to the Outer
Loop, while k denotes the step relative to the Inner Loop. The idea is to suitably choose the filter length ¢, in order
to capture the desired frequencies in the IMF f;, and this is done by subtracting iteratively from the signal its moving
average computed as convolution of the signal itself with the selected filter. In matrix form we have

i = (I — WEC)sy, (3)

where W€ is a structured matrix constructed from the filter wy, and the BCs imposed. In particular W€ can be written
as the sum of two matrices

Wi¢ = T + K2C, (4)

where the first one is a Toeplitz matrix, while the second one is a correction matrix which depends on BCs (for details,
see Section 3).

Algorithm 1 Discrete Iterative Filtering IMFs = DIF(s, h)
m=1
si'=s
while the number of extrema of s' > 2 do
k=1
compute the filter length £, for the signal s}
compute w,, (having h and ¢,,)
while the stopping criterion is not satisfied do

(SYBC(x) = sp(x;), i=0,....,n—1
apply BCs for computing (s]")%¢(x;), i = —lp, ..., —landi=n,...,n— 1+ £y
i+lm
Siep1 (xi) = g (xi) — Zz (S}T)Bc(xj)wl’?_jl, i=0,....,n—1
J=1—tm
k=k+1
end while
fn = sy
ST =T —f,
m=m+1
end while
f, =7

IMFs = {fy, ..., fn}

From (3), it follows immediately that

sy = (I — WECYsT, (5)
so ideally the first IMF is given by
f; = lim (I — WEC)ks. (6)
k—o00

However, in the implemented algorithm we do not let k to go to infinity, instead we use a stopping criterion. We can
define, for instance, the following quantity

w ISPy — sl
k —
lIs'll2
so we can either stop the process when the value A}’ reaches a certain threshold or we can introduce a limit on the

maximal number of iterations for all the Inner Loops. It is also possible to adopt different stopping criteria for different
Inner Loops.

; (7)

3. Boundary conditions and structured matrices

The DIF algorithm, as any other method that deals with compactly supported signal, requires to extend the signal
outside the field of view in which the detection is made. This is what we call the Boundary conditions (BCs) problem. So
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let s be the signal inside the boundaries and let p be the length of how much we extend the signal outside the boundaries,
we have that, forj =1, ..., p, Zero BCs are defined as

S(x5) =0,  s(xn_14) =0, (8)
Periodic BCs are defined as

S(x—j) = s(Xn—j),  S(Xn—145) = S(Xj-1), 9)
Reflective BCs [20] are defined as

s(x_j) =s(xi—1),  S(Xn—14j) = Sn_j, (10)
Anti-Reflective BCs [21] are defined as

S(x—j) = 2s(x0) — s(x;),  S(Xn—14j) = 28(Xn—1) — S(Xn—1-). (11)

According to the BCs imposed, we have a different kind of structured matrix W5 in (4), whose elements are defined
based on the values of the filter w of length £. As said, here we take into account symmetric filters, since this choice
allows to have useful theoretical properties. In particular, symmetry is not necessary to get the algebra of Circulant
matrices, associated with Periodic BCs, while it is necessary to get the algebra of Reflective and Anti-Reflective matrices.
The symmetry property allows in all these three cases to have also a fast transform that can be employed for computing
matrix-vectors products in an efficient way. In particular, we have Discrete Fourier Transform (DFT) for Circulant matrices,
Discrete Cosine Transform of type Il (DCT-III) for Reflective matrices [20] and Anti-Reflective Transform (ART) - strongly
linked to Discrete Sine Transform of type I (DST-I) - for Anti-Reflective matrices [21].

Unfortunately, this is not the case for Toeplitz matrices, associated with Zero BCs, i.e. WZ = T, where

Wo w1 w»y e Wy
w1 Wo Wi W2 Wy
w2 Wi W Wi W2 Wy

Wy . wr w1 . . . . wy

T = (12)
we eowp e eowr wy e wy
Wy R wy Wo Wi W
wy w1 wo W1 wy
we - wy wp; we W
Wy ce. Wy W Wo nxn
In case of Periodic BCs, we have Circulant matrices that have this form
Wo W1 Lo Wy Wy Lo Wy
wp Wo Wi Wy
wi Wy Wi wy Wy
Wy R wp Wy Wi
WP = we  Ceownowe e ewg (13)
wy w1 wy
w1 Wo Wq . Wy
Wy Wy wp Wo Wy
: Wy w1 Wo Wi
w1 . Wy Wy ... Wy Wo

nxn
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If we denote by i the imaginary unit, W7 can be diagonalized by Q7, defined as
1 26-1)-1ri
e i

Jn

where F is the n-dimensional DFT. Eigenvalues of W can be computed by the formula

i,j=1,...,n,

[Q71ij = [VnF ']ij =

¢ 2i(i — D
)»,7)=wo+22chos<f> fori=1,...,n

j=1

In the Reflective case, we have W™ = T + H®, where H” is a Hankel matrix

w1 wy w3 e Wy
w»y w3
w3
H'R _ Wy
We
w3
w3 w2
Wy .. W3 Wy w1

W™ can be diagonalized by Q*, that is the n-dimensional DCT-III, having entries

2 — 6 i—1)(2j —1
[QR]i,j — il cos <(l )( J )ﬂ) 7 l,] _ _17 o
n 2n

where §; denotes the Kronecker delta. Eigenvalues of W™ can be obtained by the formula

R [ WRe)
' [QRei);

where e; = (1,0, ...,0)" € R". Therefore, using the variable t = % and exploiting

cos(2jt F t) = cos(2jt) cos(t) = sin(2jt) sin(t)
we get that in the Reflective case the eigenvalues can be computed, fori=1,...,n, as

i—1
n cos ((Zj - 1)%)
A= IWRL,

j=1 Ccos <w>
2n

L cos((2f — 1))+ cos((2j + 1)t)
wo + ij cos (t)

j=1
14

= wo + 2 _wjcos(2it)
j=1

. jli—1n
wo + ZZwJ- cos E——

j=1

(14)

(16)

(17)

(19)
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In the Anti-Reflective case, the structure of the matrix is more involved, namely

Z1 + wo 0 ... ... ... 0 0
Z; + wq
Zp + we_q 0
WAR = Wy W'AR Wy
0 Zy + weq
: Z + wq
0 0 ... ... 0 Z1 + wo nxn
Z ~
where z; = 2} wy and WAR = PWARPT with
k=j
0 1 0
0 1 0
P = . .. .
0 1 0
0 1.0 (n—2)xn
Moreover, WAR = T — HAR where T is a Toeplitz matrix
Wo w1 N Wy
w; we Wi - wy
w1 Wo w1
A~ w . . w w T . " . w.
7 ¢ 1 0 ¢ ’
W T w e w
wp wo Wi
Wy Ry wp Wy Wi
Wy N w1 Wo (n—2)x(n—2)
while B4R is a Hankel matrix
w2 w3 N Wy
w3
I:IAR _ | we
Wy
w3
Wy e w3 wy (n=2)x(n—2)

(22)

(23)

WAR can be diagonalized by QAR, that is the (n — 2)-dimensional DST-I, having entries

. 2 ij
[04%);; =/ sin( i ) ij=1,....n—2
n—1 n—1

Eigenvalues of WAR can be obtained as
[QAR(WARE, )],

iA‘R _
i= .
[QATe];

(24)

(25)
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where &; = (1,0, ...,0)T € R"2. Therefore, using the variable t = % and exploiting the following formulas
sin(2t) = 2 sin(t) cos(t)
cos(2t) = 1 — 2sin%(t)
sin((j + 2)t) — sin(jt) = sin(jt) cos(2t) + sin(2t) cos(jt) — sin(jt)
= sin(jt)(1 — 2 sin®(t)) + 2 sin(t) cos(t) cos(jt) — sin(jt)
= —2sin(jt) sin®(t) + 2 sin(t) cos(t) cos(jt)
2 sin(jt) sin(t) = cos(jt — t) — cos(jt + t)
2 cos(t) cos(jt) = cos(jt — t) — cos(jt + t)

we get that the eigenvalues of WAR can be computed, fori=1,...,n—2, as

. Jim
n—2 sin <n — 1>

i 5 . in
j=1 sin
n—1

1

. - s .
sin(2t) ij+151n(0+2)t) sin(jt)

= Wot w1 sin (t) = sin (t) — W sin (t)
-1
= wo + 2w cos(t) + ij+1 (2 cos(t) cos(jt) — 2 sin(jt) sin(t))
j=1
-1
= wo + 2w cos(t) + Zij+1 cos((j + 1)t)
j=1

¢
= wo + 2w; cos(t) + Zij cos(jt)
j=2

¢ "
i
= wo+2 E wj €oS (%) (26)

j=1

By Lemma 3.1 in [21], we know that the eigenvalues of WAR are given by 1, with multiplicity two, and the eigenvalues
(AR Yizr,. n—2 Of WAR,

Looking at the structure of the matrices presented, it can be easily verified that the eigenvector u]” associated with
AT = 1is(1,..., 1), the eigenvector u”* associated with A = 1is (1,..., 1)T, and the eigenvectors associated with
MR =" =1areuf® =(0,1,2,....,n—=2,n— 1D anduz'® =(n—1,n—2,...,2,1,0), respectively.

We notice that Q”, Q® and Q4R are all unitary matrices. However, the last one is linked to WAR, so we also
need to know how to diagonalize the original matrix W-R. In other words, based on DST-I, we need to introduce
ART. Unfortunately this transform is not unitary, since the matrices in Anti-Reflective algebra are in general not normal.
Recalling theoretical results reported in [13,22,23], we have that WA™ can be diagonalized by Q47%, that is the
n-dimensional ART, defined as follows

(m—1n" 0 ... ... ... 0 0
(n—2)p7! n!
(n—3);m~! 2n7!
QAR = : GAR , (27)
2n7! (n—3)~"
n! (n—2);y™!
0 0 ... ... ... 0 (n=1n"

nxn

where the parameter n = ,/Z}:J j? is introduced to normalize the first and the last column, which come from the

eigenvectors uf' and uz'®.
In summary, in this Section we have introduced several BCs alternative to periodic ones, provided descriptions of the
associated structured matrices, analyzed their properties, derived formulas for the computation of their eigenvalues and

Please cite this article as: A. Cicone and P. Dell’Acqua, Study of boundary conditions in the Iterative Filtering method for the decomposition of nonstationary
signals, Journal of Computational and Applied Mathematics (2019), https://doi.org/10.1016/j.cam.2019.04.028.




8 A. Cicone and P. Dell’Acqua / Journal of Computational and Applied Mathematics xxx (Xxxx) Xxx

provided diagonalization formulas associated with the discrete transforms. All these results will be put into play in the
next section in which we investigate the convergence properties of the DIF method.

4. Spectral properties and convergence results

In this section we consider Periodic, Reflective and Anti-Reflective BCs and, exploiting results presented in Section 3,
we derive spectral properties of W3¢ and convergence results for the DIF algorithm.

Lemma 1. Let W3¢ ¢ R™" be a structured matrix constructed from a symmetric decreasing filter w of length 0 < £ < L%J,
imposing Periodic, Reflective or Anti-Reflective BCs. Then o(W5¢) C [—1, 1].

Proof. By definition W5¢ is a symmetric matrix, so it has a real spectrum. By considering the following estimate relative
to the spectral radius

n t
PWES) < W = max) " |IWE€y] = wo +2) Jwie =1,
j=1 k=1

we can conclude that all eigenvalues lie in the interval [—1, 1]. O

Theorem 1. Let s € R" be the signal we want to decompose. Let v be a symmetric decreasing filter of length 0 < £’ < L"%lJ
and w = v x vV be a symmetric decreasing filter of length 0 < ¢ < L”;—]J derived as the convolution of v with itself. Then for
the matrix WB¢ e R™" constructed from w and Periodic, Reflective or Anti-Reflective BCs, it holds that o(W5¢) C [0, 1].

AAAAAAAAAA

Proof. As already said, in case of Periodic, Reflective or Anti-Reflective BCs we are in a matrix algebra; this means that the
matrix product gives rise to a matrix which can still be interpreted as a matrix constructed from a filter and the same BCs.
In particular, thanks to the fact that ¢/ < L%J, such filter can be computed by means of a convolution. Thus, if we denote
by V53¢ the structured matrix associated with the filter v, we have that W3¢ = (V5¢)2, By Lemma 1, o(V5¢) € [—1, 1],
therefore o(W5¢) C [0, 1].

Moreover, in case of Periodic BCs, if we consider (15) with i = 1, we get AT = 1, while for 1 < i < n we have a convex
combination of cosine values (each of them strictly less than 1), except for the first term multiplied by wo which is equal
to 1. Clearly this sum cannot equal to 1, so it has a value 0 < A,P <1,Vi=2,...,n

In case of Reflective BCs, if we consider (19) with i = 1, we get AF = 1, while for 1 < i < n we have a convex
combination of cosine values (each of them strictly less than 1), except for the first term multiplied by wo which is equal
to 1. Clearly this sum cannot equal to 1, so it has a value 0 < )\,R <1,Vi=2,...,n

In case of Anti-Reflective BCs, if we consider (26) fori = 1,...,n — 2 we have a convex combination of cosine values
(each of them strictly less than 1), except for the first term multiplied by wo which is equal to 1. Clearly this sum cannot
equal to 1, so it has a value 0 < 1A < 1,Vi =3, ..., n. Therefore n — 2 eigenvalues of W*¢ belong to the interval [0, 1),
while the remaining two are equal to 1. O

In the following Lemma we summarize diagonalization results presented in Section 3.

Lemma 2. Let W5C € R™" be a matrix constructed from a symmetric filter w and Periodic, Reflective or Anti-Reflective BCs.
Then

WBC — QBCDBC(QBC)—l’ (28)
i.e. WBC can be diagonalized by Q5€, whose columns are eigenvectors of W5€.

Now we are ready to discuss the convergence of DIF algorithm. The method in the limit produces IMFs that are
projections of the given signal s onto the eigenspace of W3¢ corresponding to the zero eigenvalue which has algebraic
and geometric multiplicity ¢ € {0, 1,..., n — 1}. Clearly, if W5 has only a trivial kernel then the method converges
to the zero vector. On the other hand, if we enforce a stopping criterion, the techniques gets approximated IMFs after
finitely many steps. Theorem 2 generalizes theoretical results provided in [6] for the case of Periodic BCs.

Theorem 2. Lets € R" be the signal we want to decompose. Let v be a symmetric decreasing filter of length 0 < ¢’ < L%
and w = v x v a derived symmetric decreasing filter of length 0 < ¢ < L"Z;IJ given as convolution of v with itself. Let
WHBC e R"™" be the matrix constructed from w and Periodic, Reflective or Anti-Reflective BCs, which can be diagonalized by
QB¢ and ¢ € {0, 1,..., n— 1} be the number of its zero eigenvalues. Let «®¢ and B5¢ be two constants depending on the
BCs at hand (a7 = a®™ =1, a*® =3 and 7 = R =1, pAR =2).

Then, at step k of the inner loop in the DIF method, the first IMF is given by

fi = Q525 (@) s,
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where ZB¢ =1 — DB can be rewritten as

1—A%¢ N
1—25

z5¢ =p 1-27 P

1

by means of a suitable permutation matrix P, and the first B¢ elements that appear on the diagonal are equal to zero. Letting
k to go to infinity, the first outer loop step of the DIF method converges to

fi = Q%Z(Q")!

where Z, is a diagonal matrix whose entries are all zero, except ¢ diagonal elements equal to one.
Moreover, fixed § > 0, for the minimum ko € N such that it holds true the inequality

Ko 5

(ko + DRFT ~ GBC(QBO) s o /n— BEC — ¢

we have that the following stopping criterion is satisfied

Istsr —skll, <8, ¥k >k,

so the DIF algorithm takes finitely many steps to produce the first IMF.

Proof. The first part of the theorem follows from the definition of DIF method in matrix form and from Lemma 2. In fact,
at step k of the inner loop in the DIF method, the first IMF is given by

f; = (I — WBC)kS — QBC(ZBC)k(QBC)fl
Moreover, by Theorem 1 we know that W3¢ has 85¢ eigenvalues equal to 1. On the other hand, letting k go to infinity,
we get

f — lim QBC(ZBC) (QBC)—lS — QBCZOO(QBC)_IS.

k—00
The second part of the theorem follows from
ISk, 1 — sglla = 101 = WECYFs — (1 — WEC s

— ”QBC( DBC)I<+1(QBC)71S _ QBC(I _ DBC)k(QBC)i]SHZ
= IQBC(Z") (1 — DP¢) — 1)(Q®C) 's],
= [QBC(ZP¢)DBC(Q ") s
< o%%)(Z5¢)*DP Q") sl

(1= ABeyase

IQ5)"slloo

Be (1 =25 a8 pT

IQ5)"slloo

IA

1\ 1
Bc \/T ) — |I(o"¢
n—pg 4“(1 k+1>l+1”(Q )""slloo
where P is a suitable permutation matrix and ¢ depends on the value of |Q3¢||,. So it is equal to 1 for Periodic and
Reflective BCs, since Q7 and Q™ are unitary matrices, while in the Anti-Reflective case it is equal to 3 because we can
rewrite Q% in (27) as the sum of three ‘matrices, having non-zero elements only in the first column, in the last column
and in the central part corresponding to Q“*™, which is unitary. Then we can apply the triangle inequality, exploiting also
the fact that the Euclidean norm of each splitting matrix is equal to 1. To derive the last inequality, we use the fact that
the function (1 — A)¥A achieves its maximum at A = k+1 for A € [0, 1]. Hence the stopping criterion is fulfilled for ko

minimum natural number such that kko/(ko + Dt < §/aBC|(QBC) s|looy/n — BBC —¢. O
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The DIF algorithm described and studied so far requires to reimpose the BCs at every iteration of the inner loop. In
order to reduce the errors and their propagation, the idea is to impose the BCs only in the first step of each inner loop, or
even better only in the beginning of the outer loop, and then let the solution to evolve freely. This is the rationale behind
the extended approach described in the next section.

5. Extended iterative filtering

Given the matrix
R = ( Onxp Inxn OHXP )nx(lH—ZP) ’ (29)

where O is matrix of all zeros and I is the identity matrix, we can define the Extended Iterative Filtering (EIF) algorithm,
whose pseudocode is given in Algorithm 2. The main idea is to first extend as we like the given signal s of p entries per
side outside the boundaries and then apply a periodic version of the DIF algorithm to the extended signal s5¢ ¢ R(2P),
Therefore the EIF method is always associated with a Circulant matrix W7’ e R+20)x(n+2p) \whose structure does not
depend on the BCs, and the signal s?¢ € R("?P) extended of 2p by means of any BCs. In particular in this framework
the BCs do not have to be limited, as in the previous section, to the ones that induce a special matrix structure in WBC
Hence we are completely free to extend the original signal outside the boundaries as we like. Moreover, we notice that in
Algorithm 2 there is only one step involving the use of BCs, whereas in Algorithm 1 the BCs are imposed at every step of
the Inner Loop. In doing so we reduce the impact of the errors introduced in the decomposition by the extension of the
signal outside the boundaries. Furthermore, we remark that employing Periodic BCs allows to reduce the computational
burden of IF. In fact the algorithm can be rewritten using Fast Fourier Transform (FFT) to become what is known as Fast
Iterative Filtering (FIF) [6].

Algorithm 2 Extended Iterative Filtering IMFs = EIF(s, h)

sB(x) =s(x;),i=0,....,n—1

apply BCs to compute s5¢(x;),i=—p,...,—landi=n,...,n—14p
m=1

st = sb¢

while the number of extrema of sT' > 2 do
k=1
compute the filter length £, for the signal s}’
compute wy, (having h and ¢,,)
while the stopping criterion is not satisfied do
Sz1+1 =(- Wn?)s;?
k=k+1
end while
f, = sy
ST =8 —f,
m=m+1
end while
fn =sT
IMFs = {Rfy, ..., Rf,;}

The algorithm written in this way allows to derive an a priori estimate of how much the error introduced by the
extensions at the boundaries diffuses inside the computed IMFs in the iterations. _

We start by denoting as f; € R" the first approximated IMF computed by the EIF algorithm. f; € R" represents the first
exact IMF, whereas s5¢ € R"? the signal extended according to some a priori chosen BCs and § € R**?P the unknown
real signal extended also outside the boundaries. Then we can split these last two vectors considering the portion of signal
inside and outside the field of view identified by the boundaries, and get

s5¢ =s5¢ + s5¢ (30)
and
s= §in + §0ut~ (31)
Clearly s5¢ = §jy.
We have that
fl — R( _ Wp)k BC
=R(I - Wp)k( BC 4 Sout + Sout — Sout)
=R(I — W}’)"s+R( WP (B

out .sout )

Please cite this article as: A. Cicone and P. Dell’Acqua, Study of boundary conditions in the Iterative Filtering method for the decomposition of nonstationary
signals, Journal of Computational and Applied Mathematics (2019), https://doi.org/10.1016/j.cam.2019.04.028.




A. Cicone and P. Dell’Acqua / Journal of Computational and Applied Mathematics Xxx (XXxX) Xxx 11

where the first term tends to f;, while the second term it propagates itself from the boundaries inside the field of view
as k increases.

In general it is not possible to estimate the difference s
the boundaries s5$ produces an error s5¢
is given by x > 0.

We propose here to use the value xy = max (|sﬁc ) = max (|8iy|). This value provides, in many cases, a reasonable
overestimation of the actual unknown value of the error.

Now the question is how the error R(I — Wf )"(sfuct — Sout) propagates inside the field of view during the iterations. We
can estimate an upper bound for the error inside the field of view at step k of the iterations using the following formula

erry = R(I — WP Yu =R (1 - (’;) wP + (g) (V\‘/Z’)2 4 (=1 (WZ’)") u, (32)

flﬁ — Sour. However the approximation of the real signal outside

— Sout Which can always be upper bounded by a constant function whose value

where u € R™? is a vector equal to x outside the field of view and 0 inside.
A potential upper bound of the error for each point x; inside the field of view can be computed as

). (33)

ubg(x;) = max (|err;(x;)
j=

where k is the number of iterations. This is just an estimate because in general the actual error value introduced by the
extension of the signal outside the boundaries, that we are assuming here for simplicity to be constant and equal to
x = max (|Siy]), is unknown.

We point out here that, if we deal with artificial examples and we consider DIF algorithm employing some specific
BCs, we can compute the actual error using the formula

errpC(x;) = |fi(x;) — Fi(x) . (34)

where k is the number of iterations required to produce the approximated IMF f;, while f; is the first exact IMF.
6. Numerical results

In order to show how DIF method performs when we employ different BCs, we present four simple artificial examples,
in which the signal is generated as summation of one IMF and a trend, as well as two real life signals. In particular, we
analyze how the errors introduced outside the boundaries propagate inside the field of view, evaluating the performance
of formula (32) for the a priori estimation of the error when there is no knowledge on the behavior of the signal outside
the boundaries.

Regarding the EIF strategy, since we obtain very similar numerical results to the DIF method, we prefer not to report
them. The EIF algorithm in this work is mainly useful to derive an a priori estimate of the error coming from the extension
at the boundaries. However, we point out that the EIF approach allows to employ, differently from the DIF algorithm,
nonstandard BCs, as done in [16,17] for image restoration problem.

6.1. Example 1

We consider a first signal, shown on the left of Fig. 1, which can be safely extended periodically and anti-reflectively
outside the boundaries. On the right of Fig. 1 we can look at decomposition obtained after 3 steps of DIF method with
Reflective BCs. If we apply the DIF algorithm using Periodic, Reflective and Anti-Reflective BCs, we can extract a first IMF
and measure the difference, after a fixed number of steps, between the exact IMF and the computed IMF measured in
absolute value. In Fig. 2 we plot the errors introduced by each extension, as described in (34), and we compare them
with the a priori estimate of the error computed using formula (33). Due to a symmetry in the signal, it is sufficient to
plot the errors for the left half of the field of view. As expected, we produce a minimal error in the decomposition if we
extended the signal periodically or anti-reflectively. Furthermore, the a priori upper bound estimate of the error proves
to be correct.

6.2. Example 2

In this second example we consider the signal plotted in the left panel of Fig. 3, while in the right panel we show the
decomposition obtained after 3 steps of DIF method with Anti-Reflective BCs. After extending the signal using Periodic,
Reflective and Anti-Reflective BCs, we extract a first IMF using the DIF method. In Fig. 4 we compare the absolute values
of the errors (34) introduced by the different BCs and we compute the upper bound by means of (33). Again, due to a
symmetry in the curves, we report only the first half of the error plot. In this case the reflective extension works best in
minimizing the error in the decomposition. Furthermore, the upper bound on the error allows to correctly estimate the
error everywhere inside the field of view.
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Fig. 1. Left panel: Example 1 signal. Right panel: decomposition computed by DIF method with Reflective BCs (black line) compared with the exact
one (red line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Example 1 upper bound and errors measured in absolute value for Periodic, Reflective and Anti-Reflective BCs relative to 3 iterations (on
the left) and 9 iterations (on the right) of DIF method.
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Fig. 3. Left panel: Example 2 signal. Right panel: decomposition computed by DIF method with Anti-Reflective BCs (black line) compared with the
exact one (red line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

6.3. Example 3

In this case the signal, shown in the left panel of Fig. 5, is best extended outside the boundaries using Anti-Reflective
BCs. This fact is confirmed by the error curves (34) plotted in Fig. 6. Due to symmetry properties of the signal under study,
we report only the first half of the error curves. Also in this example the upper bound allows to give an a priori estimate
of the behavior relative to the error propagation inside the field of view.
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Fig. 4. Example 2 upper bound and errors measured in absolute value for Periodic,
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Fig. 5. Left panel: Example 3 signal. Right panel: decomposition computed by DIF method with Periodic BCs (black line) compared with the exact

one (red line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Example 3 upper bound and errors measured in absolute value for Periodic, Reflective and Anti-Reflective BCs relative to 3 iterations (on
the left) and 9 iterations (on the right) of DIF method.

6.4. Example 4

In this example we study how the errors induced by the extension outside the boundaries depend on the phase of
the signal at the boundary. We consider a simple signal, plotted in the left panel of Fig. 7, which is a superposition of a
constant trend and a plain sine. The signal support is originally given by the interval [—333, 0] which is then extended
up to 300 step by step of a At = 0.01. Each time we enlarge the support of a At we redecompose the newly extended
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Fig. 7. Left panel: Example 4 signal. Right panel: upper bound and relative errors for different BCs and best extension.

signal using DIF with different kind of BCs. For each BCs we compute the relative error

f1 —
errBC ” ]_ Tloo (35)
RN
and the relative error upper bound
llubl| o
ubge = ——7— (36)
el

where f; represents the first exact IMF and uby is the error upper bound computed using (33) for a fixed number of
iterations k. We plot the relative errors in the right panel of Fig. 7. As expected such curves have the same periodicity
as the given signal. Furthermore the relative error upper bound a priori estimate proves to be valid also in this example.
Finally this study allows to identify which kind of extension is performing best from a relative error point of view for
each value of the phase of the signal at the boundary, dashed curve in the right panel of Fig. 7.

6.5. Example 5

The first real-world example we consider is relative to the deviation of length of the day (http://hpiers.obspm.fr/eoppc/
eop/eopc04/eopc04.62-now) measured for 1000 days from 01/01/1973 to 09/28/1976. This dataset is decomposed into 5
components where 4 of them are IMFs and the last one is the trend. From the four IMFs, we can see very regular patterns:
the half monthly change pattern, the monthly change pattern, the half yearly change pattern as well as the yearly change
pattern.

In this case, the signal, shown in Fig. 8, is best extended outside the boundaries using Reflective BCs for some
components and using Anti-Reflective BCs for other components. Since it is a real problem, the “exact” decomposition
has been computed based on experimental evidences. Errors associated with DIF algorithm are due both to the use of BCs
and approximate frequencies that the method tries to extract. In Fig. 9 we can find a comparison between decomposition
computed by DIF method with Reflective BCs and the exact one.

6.6. Example 6

The second real-world example we consider is relative to the Earth magnetic field measured by one of the three
satellites of the European Space Agency Swarm mission (http://earth.esa.int/swarm) from April 21 to 22, 2004. In particular
we study the D channel of the magnetic field.

We focus on the central portion of the signal, so that we can compute the “exact” decomposition by applying DIF to
the original signal, and then compare such decomposition with ones computed by DIF on the cropped signal, with the
use of different BCs. As shown in the right panel of Fig. 10, in which we plot the relative error (using Euclidean norm) for
DIF with different BCs, we can appreciate that Anti-Reflective ones represent the best choice in this case.

In Fig. 11 we can find decomposition computed by DIF method compared with the exact one, employing Reflective BCs
and Anti-Reflective BCs. We can notice that errors are located near boundaries: Anti-Reflective BCs have a better behavior
on the left border, while Reflective BCs are more accurate for the right border. This result suggests the use of different
BCs on each boundary, which is possible by means of the EIF method.
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Fig. 9. Example 5: decomposition computed by DIF method with Reflective BCs (black line) compared with the exact one (red line). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. Left panel: Example 6 signal. Right panel: relative error associated with DIF for different BCs when the number of steps increases.

Conclusions

In this work we study the Iterative Filtering (IF) algorithm for the decomposition of nonstationary signals when
Periodic, Reflective and Anti-Reflective boundary conditions (BCs) are employed. Each BC gives rise to a different matrix
structure associated with the algorithm. In this paper we analyze the spectral properties of these matrices and the
convergence properties of the corresponding method.

Furthermore, we propose an Extended version of IF (EIF), in which any BCs can be employed, and also different BCs
for each boundary. This newly defined version of the method allows to estimate the error propagating from the boundary
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Fig. 11. Example 6 Decomposition computed by DIF method (black line) compared with the exact one (red line), employing Reflective BCs (on the
left) and Anti-Reflective BCs (on the right). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

towards the internal part of the signal due to the artificial extension of the signal itself. Based on this estimate, we propose
a formula which allows to give a priori upper bound for the error which propagates at each iteration inside the IMFS
produced using the IF method.

Numerical experiments show that a suitable choice of BCs is able to improve the quality of the decomposition of a
given signal computed by the IF method. Furthermore these examples show that the proposed a priori error upper bound
is effective in estimating the error induced in the iterations by the extension at the boundaries. This upper bound estimate
is far from being tight. It would be extremely valuable for real life applications to develop tighter upper bounds.

Finally we point out that it would be interesting to study new accurate BCs based on the signal at hand, as done
in [16,17] for image restoration problem. We plan to work in this direction in the next future.
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