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Abstract

We deal with a smoothing method of constructing some discontinuous curve or surface from a Lagrangean data
and tangent conditions. Such method is based on the theory of smoothing variational splines conveniently adapted
to introduce the tangent condition and the discontinuity set. To show the efficiency of our method we finish this
work by a convergence result and some numerical and graphical examples.
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1. Introduction

The problem of construction of curves and surfaces which present some discontinuity from a set
of points (Lagrange data) and other of tangent spaces—known as tangent conditions—is frequently
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encountered in CAGD, Geology and other Earth Sciences. The work [9] can be considered as a prior
one on variational surface smoothing involving discontinuities. It proposes a general class of controlled-
continuity stabilizers that provides the necessary control over smoothness. In the context of computational
vision, these nonquadratic stabilizing functionals may be thought of as controlled-continuity constraints.

The smoothing variational spline is introduced in [3] by minimizing a quadratic functional in a Sobolev
space. Such functional contains several terms such that each one of them is controlled by a suitable
parameter, for example, in [6] we study an approximation problem of surfaces introducing some fairness
terms, which allows us to obtain a pleasing shape, meanwhile in [5] we add to such fairness terms some
tangent ones in order to observe numerically and graphically the influence of each constraint for the curve
case. Likewise, the authors in [8] present a smoothing method for fitting parametric surfaces from sets of
data points and tangent planes. In addition to papers [3—6,8] the corresponding original curves or surfaces
that are approximated do not present any discontinuity, in order to overcome this restriction, we allow in
this work to introduce such discontinuity and hence to extend the results of previous papers to cover a
wide set of data type.

We assume that a given differentiable function fin a subset Q' of an open set Q C R” with values in
R"*, 1< p <n<3, orits first partial derivatives presents discontinuity over a finite subset of points of Q.
The problem is to construct a function ¢ that approximates fin the given set of points and whose tangent
spaces associated to both ¢ and f will be close to each other.

To achieve that, firstly using the work of Arcangéli, Manzanilla and Torrens [1], we assume a set of
conditions about Q' that allows to model the contingent discontinuities of f. Secondly, we present a method
of smoothness which results from adapting the theory of the smoothing variational splines over an open
bounded set [3].

Among the most relevant differences of this paper respect to [9] we can indicate the following ones:
we include the tangent data and we prove in Section 5 a convergence result of our approximation method.

This paper is organized as follows. In Section 2, we briefly recall some preliminary notations. Section 3
is devoted to the concept of discontinuity set. Next, we state the problem of smoothing variational splines
over Q' with tangent conditions in Section 4. The convergence of the method is established in Section 5.
Finally, Section 6 provides some numerical and graphical examples.

2. Notations

Let n, m and p belonging to N*, we denote by (- )pn, and (-, - )gn, respectively, the Euclidean norm
and the inner product in R". For all E C R”, we denote by E,SE and card E, respectively, the adherence,
the bounded and the cardinal of E.

Moreover, we denote by RV-" the space of real matrices with N rows and 7 columns, equipped with
the inner product

N n
(A.B)y,=>_ Y aijbi

i=1 j=1
and the corresponding norm

1/2
(A)y. = (A, A)
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For all o = (a1, ..., 2p) € NP, we write |« = Zle o; and we indicate by 0* the operator of partial
derivative
st ol
ox;'! ---('jx;”

Let w be a nonempty open bounded set of R” and we denote by H™ (w; R"") the usual Sobolev space
of (classes of) functions u belonging to L2(w; R"), together with all their partial derivatives 0*u—in the
distribution sense—of order |o| <m. This space is equipped with the inner product of order ¢

1/2

(1, V). = Z/(@“u(x),@“v(x))w , £=0,...,m,
(0]

o =¢

the corresponding semi-norms of order ¢

1/2
|u|IZ,w,R” :(l/t, u)e{w’th, EZO,...,m,
the norm
m 1/2
2
211, 0, r = (Z |u|g,w,w>
£=0

and the corresponding inner product

m
(U Vo = DU V) o 0
=0

Finally, given a function f : w — R”", we denote by Im Df (x) the image of the differential of f at the
point x € , when this exists, i.e., the linear subspace generated by {0 f (x) : |«| = 1}. Furthermore, if
1< p <n<3, we can consider f as the parameterization of a curve (p = 1) or a surface (p =2) and, if fis
differentiable at x € w, the space Im Df (x) is called the tangent space of f at x, sometimes when p =2
itis written by 7y (f) = span(D1 f (x), D> f(x)), where D f and D; f denote the first partial derivatives

of f.

3. The set of discontinuities

The first step in developing this work is to have an adequate characterization over a set of discontinuity.
Let us introduce the following definition due to Arcangéli, Manzanilla and Torrens [1].

Definition 3.1. Let Q be a bounded open connected set of R” with Lipschitz boundary and let F be a
nonempty subset of Q such that, there exists a finite family {R1, ..., R;} of open connected subsets of Q
with Lipschitz boundary, verifying the following conditions:

(i) foralli, j=1,...,1, i #j, RiNR; =0,
i) Uin Ri =2
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(ili) F C SR, where | J/_,R; = R;

(iv) Fis contained in the interior of 6Q (equipped of the induced topology by R”) of F' N Q;
(v) the interior in SR of F N Q is contained in F;

(vi) F N3Q is contained in F.

It is said that the family {Ry, ..., R;} represents F in Q and we write Q' = Q\F.
We denote by C’,‘, (@'; R") the space of functions ¢ € C*(Q'; R") such that
Vi=1,...,1, o¢lg, € CKR;; R").
Such space is equipped by the norm
”(p”C/I‘:(Q/;R") = 12@21 ol ”Ck(E[;R") : (3.1)

Let us remember some useful properties for some spaces of functions defined over Q" and whose proofs
are proved in [1].

Theorem 3.1. The space C pr (2'; R™) is a Banach space for the norm defined in (3.1). Moreover, such
space and the norm defined in (3.1) are independent on the choose of the family {R1, . .., Ry} that presents
Fon Q.
Theorem 3.2. Forallm, k € N such thatm > p/2 + k:

H™ (@5 R") C CL@; RY,
where é designs the compact injection.
Theorem 3.3. Foralll,l’ € N, withl >1":

H(Q;®") ¢ H (@ RY).
Theorem 3.4. Forall m, k € N such that m > p/2 + k, the subspace H™(Q'; R") N C*(Q; R") is closed
in H™(Q'; R™).
4. Variational spline over ' with tangent conditions

We conserve the notations about Q, F, Q" and R; for i =1, ..., I introduced in Section 3 and we
suppose that

m>§+L 4.1)

Let Ty be a curve or surface parametrized by a function f € H™(Q'; R").
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Let A; and A; be two ordered finite subsets of, respectively, N| and N, distinct points of Q and, for
any a € Ay, let us consider the linear form defined on C%(Q/ ; R?) by

_Jv(a) if a e A1\F,
%v_{vmi(a) if aec AINR,NF, 1<i<I. (4.2)
Moreover, for any a € Aj let I1,, be the operator defined on C }p (2'; R") by
(PSL (667” a)>> if aeA)\F, 1<i<I,
a Y I<j<p (4.3)

Hav = ovlg, . :
(Psl(ax}(a))) . ifaeANRNF, 1<i<l,
“ J I<j<p
where for any a € Aj, Pg1 is the operator projection over Sal, being SaJ- the orthogonal complement of
the linear space S, =Im Df (a).

Remark 4.1. The sets A and A, are constituted by the parameter values of the points that are wished
to be fitting and the points in those which are considered the tangent data. Likewise, the operators given,
respectively, in (4.2) and (4.3) could be considered as the corresponding Lagrangean data and the tangent
data, respectively.

Finally, let
Lv=(¢yv)4ea, and v = (I140)4ca,
and we suppose that
Ker L N Py—1 (25 R") = {0}, 4.4)

where P,_1(Q; R") designs the space of functions over Q' into R” that are polynomials of total degree
<m — 1 respect to the set of variables over each connected component of Q.
Now, given >0 and ¢ > 0 let J;; be the functional defined on H” (2'; R") by

Je(0) = (Lv = Lf)y, p + TR, oy + elV], o - (4.5)

Remark 4.2. We observe that the functional J,;(v) contains different terms which can be interpreted as
follows:

e The first term, (Lv — Lf )%vl ,» indicates how well v approaches fin a least squares sense.

e The second term, (IT 1))12\,2 on> indicates how well, for any point a € A, the tangent spaces Im Df (a)

and Im Dv(a) are really close.

e The last term, |v|§1 (a.b). > DeAsUIres the degree of smoothness of v.

We note that the parameters t and ¢ control the relative weights corresponding respectively, to the last
two terms.
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Now, we consider the following minimization problem: find an approximating curve or surface 7" of Ty
parametrized by a function o, belonging to H™ (€'; R") from the data { f (a) |a € A1} and {S, |a € A3},
such that ¢, minimizes the functional J,; on H™(Q'; R"), i.e., find ¢, such that

Ogr € Hm(-Q/§ Rn),
Yv € Hm(-Q/; R"), Jer(0g) < Tz (V). (4.6)

Theorem 4.1. The problem (4.6) has a unique solution, called the smoothing variational spline with
tangent conditions in Q' relative to Ay, Ay, Lf, v and e, which is also the unique solution of the following
variational problem: find o such that

o € H"(Q; R"),
Vv € Hm(Q/’ Rn)’ <LO-8‘C’ Lv)Nl,n + T<H0-81'9 Hv)Nz,pn + 8(081’5 v)m,,Q/,[R" = (Lf9 Lv)Nl,n'

Proof. Taking into account (4.1), (4.4) and that the following norm:

vi— [[v]] = «Lvﬁ\ﬁ,n + r(Hv)%\,z’pn + 8|v|3n’9,7w)1/2

is equivalent in H™(Q'; R") to the norm || - ||,,, o g» (cf. [1, Proposition 4.1]), one easily checks that the
symmetric bilinear forma : H™(Q'; R") x H™(Q'; R") — R given by

a(u,v) = (Lu, Lv)y, , + t(Iu, V), pn + (U, V) o g
is a continuous and H™ (Q'; R")-elliptic. Likewise, the linear form
¢:veH"Q;R") — @)= (Lf,Lv)y,,

is continuous. The result is then a consequence of the Lax—Milgram Lemma (see [2]). O

5. Convergence

Under adequate hypotheses, we shall show that the smoothing variational spline with tangent conditions
converges to f. To do this, we suppose the following are given:

e a set of real positive numbers & of which 0 is an accumulation point;

e for all d € &, two subsets Af and Ag of, respectively, N1 = N1(d) and Ny = N»(d) distinct points of
Q;

e foralld e Y andany a € A‘li, let us consider the linear form defined on C (} (2'; R™) by

oy — v(a) if a e A{\F,
a vlg(@) if ac AYNR;NF, 1<i<I;
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e foralld € Z and any a € A‘zj , let HZ be the operator defined in C }F(Q’; R") by

ov ) J .
<i<
iy — (Psai (axf(a)>>1<j<p if a e AS\F, 1<i<lI,

(P (FE@)) if ae AYARNF, 1<i<],
I<j<p

where for any a € A2, Pg1 is the operator projection over S L, being S j the orthogonal complement
of the linear space S, = Im D f(a).

Finally, let
Léy = (qﬁZv)aeAL{ and I1M% = (Hgv)aeAg.

We suppose that

Ker LN P,,_1(2; R") = {0} (5.1)
and that

sup mln (x —a)pr =d. (5.2)

xeQ QEAI

Now, foreachd € Zlett=1(d)>0,e=¢(d) > 0 and let Jd be the functional defined in H™(Q'; R") as
Jyz in (4.5), with L? and 11¢ instead of L and I1, respectively. Flnally, let o . be the smoothing variational
spline with tangent conditions in Q' relative to A‘f, A‘Zi, L4 f,tand ¢ Wthh is the minimum of Jg‘i
H™ (.Q/‘ Rn)
In order to prove the convergence of a . to f, under suitable hypotheses, we need the following results.

Proposition 5.1. Let By = {bo1,...,bos} be a ISm_l(Q’; R™)-unisolvent subset of points of R. Then,
there exists n > 0 such that if 8, designs the set of A-uplet B={by, ..., b} of points of Q' satisfying the
condition

Vi=1,...,4 (bj—boj)gr <n,
the application [[-1] ., defined, for all B € %, by

1/2
y /

(112 o = Z v + W g |

is a norm on H™ (Q'; R"), uniformly equivalent over %, to the usual norm of Sobolev || - lm. o mn-

Proof. It is analogous to the proof [1, Proposition 6.2]. O
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Theorem 5.2. We suppose that the hypotheses (5.1) and (5.2) hold, and that
e=o(d?), d—0. (5.3)
Then, one has

Bim flof, =l rr = 0. (5.4)

Proof. (1) For all d € &, from Theorem 4.1 we have that

<Ld f(;i‘[’ Ld(O'S.L. - f) ]\/'1 n + T<H O¢ty H (O-g‘[ - f))Nz,pn
+ 8(‘7?1:7 Ocr f)m QR = Ldf Ld(gsr f)>N1Jl’

which means, for all d € 2, that
(LYo = DN+ T 0h = PRy pn + 8l0ecll, o o = 800, o s

because IT¢ f = 0. We deduce that

Vd e, |0l lma.r<|flma.p (5.5)

and that
Vd ez, (L%~ Mnyn<e*|flmo e (5.6)
Let By = {bo1,...,bo,} be a Pm_ 1(€')-unisolvent subset of points of R and let 5 be the constant of

Proposition 5.1. Obviously, there exists # € (0, 5] such that
Vj=1,...,4, B(bo;, 1) CR.
From (5.2),
Vde, d<vy,Vj=1,...,4, B(boj.n —d) C U B(a, d).
aeA{NB(boj.1)
If 4" = card(A9 N B(bo;, n)), it follows:
Ve, d<y,Vj=1,....4, @ —d)P<;d?,

and, for consequently, for any dy € (0, 1),

Vdea, d<dy, Vj=1,...,4, N;j>0 —do)Pd™". (5.7)
Now, from (5.3) and (5.6), it derives that
Vi=1,...,4, > @ = H@)ge =0 ). d— 0. (5.8)

aeAYNB(boj. 1)
If a;l is a point of A‘ll N B(bg j» 1) such that

(6 — H@))p = min (% — )H@)w,

acA{NB(bo;. 1)
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we deduce, from (5.7) and (5.8), that
Vi=1,....4, (&= H@Hm =o(), d—0. (5.9)
We denote by B? the set {a1 yeeo,a A}. Applying Proposition 5.1 with B = B¢, for d sufficiently close
to 0, it results from (5.5) and (5.9) that
3C>0, 3a>0, Vdez, d<o, oo, om<C,
it means that the family (a de.d < is bounded in H™ (Q'; R"). Then, there exists a sequence (O'szrz) leNs

extracted from such family, with lim;_, 1 « dj=0, gy=¢(d}) and ;;=1(d;), and an element * € H™(Q'; R")
such that

f* converges weakly to Jsm in H"(Q'; R") when [ — +o0. (5.10)

(2) Let us see that f* = f. We shall argue by contradiction. Suppose that f* % f. For the continuous
injection of H™(¢'; R") in C O(Q’ ; R™) (cf. Theorem 3.2), there exist y > 0 and a nonempty open o C @’
such that

Vxeo, (ff(0)— f))p >

Moreover, such injection is compact. Thus, from (5.10) it follows that

JlpeN, Vizly, Vxeo, (o9 (x)— f*(x)>Rn<§.

Ll )

Hence,
Vizly, Yxeo, (o () = f)g = (@) — fO))gn — (62 (1) — f*()) g > g (5.11)

Now, by reasoning as the point (1) it would be proved, for / sufficiently large, that there exists a point
b e Adl N o such that

(0, (b™) — fFU)) g =0(1), | — +oo,

which contradicts to (5.11). Then, f* = f.
(3) From (5.10) and taking into account that f* = f and H™(€'; R") is compactly injected in
H"1(Q; R") (cf. Theorem 3.3) we have

f=lim ol in H™ N5 RY). (5.12)
Consequently,

Jim (@l 1w = 11 g
Using again (5.10) and that f = f*, we obtain

Jim (@5 Pme = Hm (@ Dmer e = (65 mr00m) = 1l g e (513)
Since,

2 d
Vie N, |J?lfl - flm’_Q/’Rn - |Jflfl|m QR + |f|m QR T 2(63/1-[7 f)m,Q’,R"?
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we deduce, from (5.5) and (5.13), that

; d _
l—lgToo |Gslfz f|m,9/,R" =0,

which, together with (5.12), implies that
Jim ol = flln.gr s =0.

(4) Finally, we shall argue by contradiction. Suppose that (5.4) does not hold. Then, there exist a real
number p > 0 and three sequences (dy)yens (&) pen and (1) ey, With limy 4 o dpp =0, ¢ = &(dy) and
© = 1(dy), such that

dy
\24 €N, ”O-SII/‘L'Z/ - f”m,Q/,R” 2 1. (514)

Now well, the sequence (af/,/fl,)l/eN is bounded in H™(Q'; R"). Then, the reasoning of points (1)—(3)
shows that there exists a subsequence convergent to f, which produces a contradiction with (5.14). In
short, (5.4) holds. [

6. Numerical and graphical examples

To test the smoothing method presented in Section 4, we discretize problem (4.6) in a suitable parametric
finite element space. Let us consider a set of real positive numbers »# of which 0 is an accumulation
point and we suppose that (0, 0) is an accumulation point of 2 x # . Problem (4.6) has been numerically
solved using the finite element method. The approach is to replace the Sobolev space H™ (€', R") by the
parametric finite dimensional space V}, constructed on a partition .7, of @' such that for all K € 7,
K CEforcertaini =1,...,1.

For (d,h) € 9 x A, let ofrh € Vj, be the unique solution of the discrete problem relative to Ad, Ag s
L4 f, ¢ and  which is obtained by minimizing the functional Js‘i in Vy. Let {vq, ..., vz} be abasis of V},
then afrh = ZiZ:I Bivi where f = (f;)1<i<z € RZ is the solution of a linear system of order Z whose
coefficient matrix is symmetric positive definite and of band type.

Meanwhile, we have computed two types of error estimates, an estimate of the relative error in norm
|- |0, rr and an estimate of the relative tangent error. The latest error estimate is the angle middle formed
by the tangent vector subspaces of the approximated surface and the original one. Both error estimate are
given through the expressions

o (S e - peR\ T DI Ane(T, (0, T, ()
r IR VACDY ’ 10000 :
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e
K\

Fig. 1. Section 6.1. From left to right: the graphs of the original curve and its approximation one parameterized by agh with
Ny =61, Ny =201, e=10"%1=107, E; = 0.00127869, E; = 0.00388529.

where {x;}| <; < 10000 15 a set of 10000 arbitrary points of Qand Ang(Ty, (aff‘), Ty, (f)) is the angle that
form T, (aff‘) , tangent space of affh at x;, and T, (f), tangent space of f at x;.

6.1. The curve case

To test our smoothing method for the curve case, we consider the curve 7y parameterized by the
function

f=(f1, ) : [-6,6] - R?,

where

2
f1(u) =u cos (u—) ,
Sn

_ 2
fr(u) = 2sign(u) w,

The corresponding graphic is shown in Fig. 1 (left side). The following set of data have been taken:

e Q=[—6,6];
o F={0};
e Q' =Q\F

In this case, for m = n = 2, problem (4.6) has been numerically solved using the parametric finite
element space Vj, constructed on a partition .7, made up by six equal intervals from the generic finite
element of Hermite of class C'.

Fig. 1 shows an approximation curve (right side) obtained for some given data.

6.2. The surface case

We consider the surface 7y parameterized by the function

f=Cf, f f3) 1 [=6,6] x [-6, 6] — R,
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£ % 2%
K2 SRR 7
2 LRI ]
PR AR ]
S
e
R R LRTAL T

8%
RRRRRALLR
AL

2%
2R

22
LAy
RRERLALLs
S LRRRLELLTLIL
e

27
AT
AL AT

Fig. 2. Section 6.2. Surface 77 and its approximation parameterized by ¢/ with N1 =250, No=0, e=107>, 1=0, Ey=0.00454581,
Et =0.0284015, from left to right, respectively.

where
2 2
u-—+v
,v)=ucos|{ ——|,
filu,v) =u 35,
2 2
u-+v
,v)=vcos| — |,
fu,v)=v 35,

[ fur iflul<3, vl <3,
B =15 it jul=3 orlu| 33,

(ul =3\ . [ (v —3)?
_— Sin T
20 20

202 (Jul — 3)2 (| — 3)2) .

’

f3.1 = sign(u) sign(v) sin | =

f3.2 =sign(u) sign(v) sin (m

The corresponding graphic is shown in Fig. 2 (left side). The following set of data have been taken:

In this example, for m = 3 and n = 3, the partition .77, is made up by 4 x 4 equal squares from the
generic finite element of Bogner—Fox—Schmidt of class C'.

The efficiency of our smoothing method presented in this paper is proved in this subsection as follows:
graphically, the graphs of the original surface given in Fig. 2 and the approximation one given in Fig. 3
(right side) are similar. Furthermore, numerically in Fig. 3 the orders of the obtained relative errors are
considerable.
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22
RIS
o e g 7y U
e 2%

LT THL
RERLLLLIFT X
RLLLLALALT
PRSI

R
e e,
O S s s
e
% e
Z Z7

Fig. 3. Section 6.2. Two approximation surfaces of 17y parameterized by aﬁh with, respectively, N1 =250, N» =400, ¢ = 1073,
=103, E; =0.0044139, E; =0.019088 and N =900, Ny =400, e =107, 1=103, E, =0.00357, E; =0.0176559, from

left to right, respectively.

SH LT FTA TR
SZSRZ TR A AT
0..0... v e,

Fig. 4. Section 6.3. From left to right: the graph of an approximation surface of 1) parameterized by aff’ with N1 =900, N =0,
e=107,1=0, E; =0.0202551, E; =0.0927968, and the graph of the corresponding Lagrangean data points. Here the variance

of v/ is = 0.15.

6.3. Using noisy data

We conserve the same notations of the previous subsection and we suppose now that the data are noisy,
that is “white noise” hypothesis is satisfied. For each h € # and d € 2, let v¢ = (v0),4a be a vector
“error” of RV,

By proceeding as the paper [10] for the noisy data, we introduce the hypothesis: for each d € 2, v*
is a white noisy, i.e., v/ is a Gaussian vector of independent arbitrary variables of mean 0 and variance
% > 0 that are distributed of identical form.

Let afrh be the solution of the discrete problem in Vj, for L¢ f 4+ ¢ instead of L? f. For a convergence
result of afrh to f, see [7] for an analogous way.

Figs. 4 and 5 show some approximation surfaces of the original surface 7 from some Lagrangean

noisy data.
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Fig. 5. Section 6.3. From left to right: the graph of an approximation surface of 1) parameterized by oﬁlf’ with N1 =900, No =0,
e=1077,1=0, E; =0.0127351, Er = 0.0732392 and the graph of the corresponding Lagrangean data points. In this case, the
variance of v/ is n=0.1.

7. Conclusion

We conclude that our methodology is a well general approximation method of curves and surfaces for
both exact and noisy data.
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