Available online at www.sciencedirect.com

-
e’® . . JOURNAL OF
*.” ScienceDirect COMPUTATIONAL AND
APPLIED MATHEMATICS
ELSEVIER Journal of Computational and Applied Mathematics 219 (2008) 198215

www.elsevier.com/locate/cam

Affine scaling interior Levenberg—Marquardt method for
bound-constrained semismooth equations under local
error bound conditions

Detong Zhu

Department of Mathematics, Shanghai Normal University, Shanghai 200234, PR China

Received 12 July 2005; received in revised form 4 July 2007

Abstract

We develop and analyze a new affine scaling Levenberg—Marquardt method with nonmonotonic interior backtracking line
search technique for solving bound-constrained semismooth equations under local error bound conditions. The affine scaling
Levenberg—Marquardt equation is based on a minimization of the squared Euclidean norm of linear model adding a quadratic
affine scaling matrix to find a solution that belongs to the bounded constraints on variable. The global convergence results are devel-
oped in a very general setting of computing trial directions by a semismooth Levenberg—Marquardt method where a backtracking
line search technique projects trial steps onto the feasible interior set. We establish that close to the solution set the affine scaling
interior Levenberg—Marquardt algorithm is shown to converge locally Q-superlinearly depending on the quality of the semismooth
and Levenberg—Marquardt parameter under an error bound assumption that is much weaker than the standard nonsingularity condi-
tion, that is, BD-regular condition under nonsmooth case. A nonmonotonic criterion should bring about speed up the convergence
progress in the contours of objective function with large curvature.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider and analyze the problem of finding a solution of nonsmooth equation systems subjective
to the bound constraints on variable:

Hx) =0, xeQ¥uxii<x<u) (L.1)

Hereby, the function H : € R" — R" is defined on the open set 2" containing the n-dimensional feasible box

constraint sethéf[l, u]déf{x e R'I; <x;<uj,i=1,...,n}. Thevectors! € (RU{—oco})" andu € (RU{+oo})" are

. . . def . . .
specified lower and upper bounds on the variables such thatint(£2) = (x|l <x <u}is nonempty. Note that the dimensions
n and m do not necessarily coincide, that is, we consider systems of nonlinear equations (whose generalized Jacobian
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not necessarily square) and want to find a solution that belongs to a certain feasible set. We denote by X™ the set of
solutions to the constrained systems (1.1).

Nonsmooth systems (1.1) arise naturally in systems of equations modelling real-life problems when not all the
solutions of the model have physical meaning. Various sources of nonlinear nonsmooth equations with the box con-
straint 2 drawn from mixed nonlinear complementarity problems, nonlinear optimization and variational inequality
problems have been described. In the classic methods for solving an unconstrained square system of nonlinear equa-
tions, when the function H (x) is a continuously differentiable function, quasi-Newton methods, Levenberg—Marquardt
methods, etc. can be used that have local fast convergence properties under a nonsingularity (BD-regular condition
under nonsmooth case where “BD” stands for Bouligand differential) assumption at the solution. The nonsingularity
(or BD-regular condition) assumption implies that the solution is locally unique. Much analysis of many well-known
algorithms have been done on smooth nonlinear equations but on nonsmooth nonlinear equations based on conver-
gent analysis. Generally, a basis Gauss—Newton- or Levenberg—Marquardt-type approach has been used in order to
ensure global convergence toward local minima of nonlinear least squares reformulation of unconstrained nonsmooth
equations (see [8]). Recently, An and Bai also proposed the globally convergent Newton—-GMRES methods for solving
large unconstrained (sparse) systems of nonlinear equations (see [1-3]). The possibility of dealing with constrained
nonsmooth equations is very important (see [4]). However, globally convergent methods for the unconstrained semis-
mooth systems may be unsuited for the purpose of solving (1.1), since a vector x* satisfies H(x) = 0, but does not
belong to . Ulbrich in [15] presented a class of double trust-region approaches with a projection onto the feasible
set for bound-constrained semismooth square systems of equations (1.1). Ulbrich further proved that close to a regular
solution the algorithm turns into this projected Newton method, which is shown to converge locally Q-superlinearly
or quadratically, respectively, depending on the quality of the approximate subdifferentials used under the BD-regular
condition and by allowing for inexactness in the computation of B-subdifferentials (where “B” stands for Bouligand).
Recently, Kanzow et al. in [8] presented Levenberg—Marquardt-type algorithms for solving a strictly convex minimiza-
tion problem in which the smooth function H is not required nonsingularity assumption, but satisfies an error bound
condition. The main disadvantage of this method is that it has to solve relatively complicated quadratic programming
subproblems at each iteration in the special case where the set €2 is polyhedral, and convex minimization problems in the
general case. The search direction generated in the subproblem must satisfy strict interior feasibility, which results in
computational difficulties and hence the total computational effort for completing one iteration might be expensive and
difficult. Stimulated by the progress in these aspects, we present a variant of affine scaling Levenberg—Marquardt-type
method that solves only a system of linear equations per iteration in order to avoid the drawback of the compli-
cated quadratic programming subproblems. The new proposed algorithm is locally Q-superlinearly convergent under
a weaker assumption that, in particular, allows the solution set to be (locally) nonunique. To this end, we replace the
nonsingularity (BD-regular condition) assumption by an error bound condition. This is motivated by the recent paper
[8] that deals with convex constrained equations. Another nonmonotone idea also motivates the study of affine scaling
Levenberg—Marquardt method in association with nonmonotone interior backtracking line search technique for approx-
imating zeros of the semismooth equations (1.1) which should bring about speeding up the convergence progress in some
ill-conditioned cases.

The organization of the article is as follows: In Section 2, we introduce the squared Euclidean norm to quadratic
model of the semismooth systems (1.1) and design the nonmonotone affine scaling Levenberg—Marquardt algorithm
with backtracking interior point technique for solving (1.1). In Section 3, we prove the global convergence of the
proposed algorithm. We discuss further the convergence property and characterize the order of local convergence of
the Newton methods in terms of the rates of the relative residuals without the nonsingularity (BD-regular condition
under nonsmooth case) assumption in Section 4. We write the following notations.

Notations: (x); denotes the ith component of the vector x. The Euclidean norm is denoted by || - ||, Z5(x) déf{ y €

R*||ly — x| <0} is the closed ball centered at x with radius 6 > 0, dist(y, X*) def inf{|ly — x|||x € X*} denotes the
distance from a point y to the solution set X*, and Pg(x) is the projection of a point x € R" onto the feasible set Q.

2. Algorithm

This section describes and investigates the affine scaling Levenberg—Marquardt method in association with nonmono-
tonic interior point backtracking technique for solving a bound-constrained semismooth minimization reformulated by
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the bound-constrained semismooth systems (1.1) under a weaker assumption that, in particular, allows the solution set
to be (locally) nonunique.

For convenience, we collect first concepts about nonsmooth analysis and we first assume that the function H to be
considered is locally Lipschizian. We say that H : 4 C R" — R"™ is directionally differentiable at x € 2~ € R" if
the direction derivative

H' (v ) i 27 = HOO

=0t T

exists for all d € R" and hence is said to be B-differentiable at a point x if it is directional differentiable at x and

. HGx+d) — Hx) — H' (x; d)
lim =
d—0 ||

0. @2.1)

In a finite-dimensional Euclidean space R", Shapiro [14] showed that alocally Lipschizian function H is B-differentiable
at x if and only if it is directional differentiable at x. For such function H is locally Lipschizian, Rademacher’s theorem
implies that H is almost everywhere F-differentiable. Then for any x € R" the generalized subdifferential of H at x in
the sense of Clarke [5] is

0H (x) =conv {lim VH(x;) : x; — x, H is F-differentiable at x} 2.2)

which is a nonempty convex compact set. We call 0 ; H (x) the B-subdifferential of H at x whose concept and explanation
were introduced in [10,11]. We say that H is semismooth at x if H is locally Lipschizian there and if any d € R" with
d#0,

lim {Vd | V € 0H(d)} 2.3)
y—=ax

exists where y— 4x is said that y tends to x in the direction d. If H is semismooth at x, then H must be directionally
differentiable (B-differentiable) at x and H'(x; d) is equal to the above limit for any d # 0. If H is semismooth at all
points in a given set, we say that H is semismooth in this set. Furthermore, If H : 4 € R" — R™ is directionally
differentiable at a neighborhood of x, then H'(x; ) is Lipschizian and there existsa V € 0H (x) such that H'(x; d)=Vd
for any d. In [12], Qi and Sun gave the following lemma.

Lemma 2.1. Suppose that H : R" — R™ is directionally differentiable at a neighborhood of x. The following
statements are equivalent:

(1) H is semismooth at x;

(2) H'(-; ) is semicontinuous at x, that is, for every ¢> 0 there exists a neighborhood N of x such that for all
x+de N, |H (x+d;d)— H' (x; d)||<elld|;

(3) forany V€ 0H(x +d),d — 0, Vd — H'(x; d) = o(||d|));

(4) H is F-differentiable at any x + d, limg_soH'(x +d; d) — H'(x; d)/|d| = 0.

In [5], Clarke gave that for any x, y € R",
H(y) — H(x) € convOH ([x, yD(y — x), 2.4

where the right-hand side denotes the convex hull of all points of form V (y — x) with V € 0H (u) for some point u in
[x, y]. It is known (see [10, Proposition 1]) that semismoothness of H at x implies that

sup {H(x+d)— H(x) — Vd}=o(|d]). 2.5)
VedH (x+d)

It is obvious that if H is continuously differentiable in a neighborhood of x € %, then H is semismooth at x and
O0H(x)=0zH(x) ={VH(x)}.

Typically, global extension of the semismooth Newton methods requires the additional assumption of the natural
merit function / : R* — R as follows

W) E L H®H @),
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where £ is continuously differentiable when the function H is semismooth. We safeguard this locally convergent iteration
by a Levenberg—Marquardt-type globalization that is based on the minimization reformulation

minimize & (x) dg% ||H(x)||2 subject to x € Qdéf{xﬂ <x<uj. (2.6)

As motivated above, a classical algorithm for solving the constrained semismooth equations (1.1) will be based on the
reformulated problem (2.6). Basically, the concept of nonsmooth (Gauss—Newton) Levenberg—Marquardt-type method
is to make Newton-like method globally convergent while maintaining its excellent local convergence behavior. Now,
we begin the description of the affine scaling interior Levenberg—Marquardt-type method with its core, the underlying
Newton-like iteration.
Ignoring primal and dual feasibility of the reformulated problem (2.6), the first-order necessary conditions for x* to

be a local minimizer and

(g4); =0 if l; <(x*); <u;,

(g); 20 if (&) =1,

(84)i <O if (x™); = uj,
where g(x) def Vh(x). The scaling matrix Dy = D(xy) arises naturally from examining the first-order necessary con-

ditions for the bound-constrained nonlinear minimization transformed by the bound-constrained problem (1.1), where
D(x) is the diagonal scaling matrix suggested in [5] such that

D(x) = diaglly, (1) 72, I, (072 @)
and the ith component of vector y(x) defined componentwise as follows:
(x); —u; if (g); <0 and u; <+ oo,
1 if (g); 20 and [; = —o0.

Definition 2.1 (Coleman and Li [6]). A point x € Q is nondegenerate if, for each index i,
gix)=0= 16 <(x); <u, (2.9)
where g; (x) is the ith component of vector g(x). A reformulated problem (2.6) is nondegenerate if (2.9) holds for every

x € Q.

The Levenberg—Marquardt-type equation and the affine scaling matrix Dy arise naturally from examining the
Kuhn-Tucker conditions for the reformulated problem (2.6),

D2(x)g(x) =D 2(x)V(x)"TH(x) =0 for V(x) € dzH (x). (2.10)

We remark that, even though D(x) may be undefined on the boundary of €, D(x)~' can be extended continuously to
it. We will denote this extension as a convention by D(x)~! for all x € Q. The basic idea is based on the local linear
approximation of the squared Euclidean norm of the semismooth systems (2.6) at x; and hence the affine scaling trust
region subproblem is

. def
min ¢ (d) = L IMid + Hill* = 5 | Hell® + Hf Mid + 5 d™ (M My)d

s.t. | Did|| < Ak,

where Ay, is the trust region radius, My is an approximation to Vy € 0H (xx) or My = Vi € 0H (xi). The Levenberg—
Marquardt method is a modified trust region strategy that is designed to maintain advantages of trust region method.
Examining the Kuhn—Tucker conditions (2.10) and considering the transformation dy = Dydj, we take the continuous
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differentiability of the merit function % for granted, and return to building the global minimum of the affine scaling
quadratic model
. - def — -~ — -1 -
(Po)y minyy () = 3 | Hel® + (D g0 "d + 3 d" D (MIM)DL ' d + S wd ",
where vi > 0 is a positive parameter and quadratic affine scaling matrix model % v,ﬁTc? is added instead of the affine
scaling trust region subproblem. We now state an affine scaling Levenberg-Marquardt-type method applied to the
solution of the semismooth problem (1.1). Let di be the solution of the subproblem (). Since Y (d) is a strick convex

function, dy is also the global minimum of the subproblem (Px) which is in fact equivalent to solving the following
affine scaling Levenberg—Marquardt-type equation

(D' MIMDY 4+ viDdy = =D 'Vh(x) = —D; 'V Hy, (2.11)

where My = V) € 05 H (x;) and v > 0 is a positive parameter. The relevance of the used affine scaling matrix D,:]
and scaling matrix v/ depends on the fact that the affine scaled Levenberg—Marquardt trial step dy = Dk_liﬁ is angled
away from the approaching bound. Consequently the bounds will not prevent a relatively large stepsize along dy from
being taken. In order to maintain the strict interior feasibility, a step-back tracking along the solution dy of the Eq.
(2.11) could be required by the strict interior feasibility and nonmonotonic line research technique.

Now, we describe an affine scaling Levenberg—Marquardt algorithm with nonmonotonic interior backtracking line
search technique for approximating zeros of the bound-constrained semismooth Equations (1.1) under an error bound
assumption.

Algorithm

Initialization step

Choose parameters f; € (0, %), o € (0,1),e>0,0<0; <1 and positive integer M as nonmonotonic parameter. Let
m(0) = 0. Give a starting point xo € int() C R", select an initial matrix M approximate to Vo € 0H (xg). Setk =0,
go to the main step.

Main step

1. Bvaluate hg =h(x) = L || H(xz) 1> and My = Vi € OH (xy). Calculate Dy givenin (2.7) and gx = Vh(x;) € VI Hy.
2. If || D,:l gr |l < e, stop with the approximate solution xy.

3. Solve a step dy, based on the affine scaled Levenberg—Marquardt equation

(D' MIM DY + v lydy = —D; ' Vh(x) (2.12)
and set
dy = D7 'dy. (2.13)
4. Choose o = 1, w, ®?, ..., o* with Ix the smallest nonnegative integer such that
h(xx + ogdi) <h () + e di (2.14)
with x; + oxdy € €, (2.15)

where h(xl(k)) = maXogjgm(k){h(xk_j)}.
5. Set

def { oy if xp + opdy € int(Q),
N Orogd,  otherwise,

where 0 € (0;, 1] and 0 — 1 = O(]|dk||) and then set
Xk41 = Xk + Sk- (2.16)

6. Take the nonmonotone control parameter m(k 4+ 1) = min{m (k) + 1, M} and update My, to obtain My = V4| €
OH (x¢+1). Then set k < k + 1 and go to step 1.
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Remark 1. The scalar o given in (2.15) of step 4, denotes the step size along the direction dj to the boundary on the
variables [ <xj + o dr <u, thatis, o € (0, I'y] and

I défmin{max{li — ()i ui — Ok },i: 1,2,...,n} 2.17)
(dr); (di);

where I'y = +ooif (dy); =0foralli=1,2,...,n.

Remark 2. In order to investigate the convergence properties of our algorithm, we assume that the termination pa-
rameter ¢ is equal to zero and My = Vi € O0H (x;). We further note that the proposed algorithm is well defined since
vk > 0 and the search direction dy. is always a descent direction for the merit function 4.

In order to obtain the global convergence result, for the sake of simplicity, we assume that from examining the
Kuhn-Tucker conditions (2.10), v, is given in this paper by

def
v S VRO = nll VI Hell, Vi € 8H (xr) (2.18)

for a certain constant 1> 1, although several other choices of v yield the same result including the more realistic
choices

def . _
v = min{ny, n, 1 Dy ' VAo

for certain constants 7, 17, > 0. Note that these choices are consistent with the requirements for local superlin-
ear/quadratic convergence in the following sections.

3. Convergence analysis

Throughout this section we assume that H : 2 C R" — R is semismooth. Given xo € int(Q) C R", the algorithm
generates a sequence {x;} C @ C R". In our analysis, we denote the level set of / by
ZL(x0) = {x € R'|h(x) <h(xo), I<x<u}.

The following assumption is commonly used in convergence analysis of most methods for the constrained systems.
Assumption (A1). Sequence {x;} generated by the algorithm is contained in a compact set Z(xp) on R".
Assumption (A2). There exist some positive constants yp and yy such that

D) M<zp, IVI<zy, VYV €3H(x), Vx € L(xo). (3.1

Ulbrich established the continuous differentiability of the merit function # which can be found from Lemma 4.2
in [15].

Lemma 3.1. Under the Assumptions (A1) and (A2) on the mapping H, the merit function h(x)déf

continuously differentiable on X with gradient Vh(x) = VT H (x), where V € 0H (x) is arbitrary.

LINHE@I? is

Lemma 3.2. If| D, ! gr |l # 0, then the proposed algorithm will produce an iterate xy+1 = Xi + o dy in a finite number
of backtracking steps in (2.14)—(2.15).
Proof. Since ||D,:1g(xk) || # 0, by continuity there exist 6 >0 and & > 0 such that ||D(x)_1g(x)|| >¢ for all x with

Il — x| < 8. Hence, v(0) = yllg 0| =1 D)~ g NI/ 1D~ I = ne /7 for all x with [l — x| <6 Itis clearly
to see that o will satisfy oy <I'k in a finite number of backtracking reductions where I'y given in (2.17). Using the
mean value theorem, we have that with 0 <9, <1,

h(xk 4 oxdy) = h(xx) + Bou Vi) Tdi + {1 = By Vi (xr) Ty
+ o[V (o + Oxomdr) — Va1 di). (3.2)
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Since Vh(x) is Lipschitzian continuous, there exists sufficiently small o when |9y o dy || < 0 such that

ne(l —p)

[EATR
2%p

[[VA(xx + Opoedi) — Vh(x)] di| <

By the affine scaling Levenberg—Marquardt equation (2.12), we have that noting the matrix VkT Vi 1s positive semidefinite
[(Vh)Tdy = — df (D VIV D 4+ v Ddi
< = wdide< = I VAo < — 2= ), (3.3)
D
where the last inequality is deduced by ||di || < || Dy ! El\k I<xp ||El\k I. This gives that after a finite number of reductions,

the last term in brackets in the right-hand side of (3.2) will become negative and the corresponding ;. will be acceptable.
Since A (xk) <h(xyk)), the conclusion of the lemma holds. [

Theorem 3.3. Let {x} be a sequence generated by the proposed algorithm. Assume that Assumptions (A1)—-(A2) and
the nondegenerate condition of the reformulated problem (2.6) hold, then

lim inf | D, ' Vhy| = lim inf | D' VT Hell =0, (3.4)
k— 00 k— o0
where Vi, € OH (x1).

Proof. According to the acceptance rule in step 4, we have
h(aw) = h(oe + axdi) > — Poucgy di = —Pou(Dy ' Vi H)' (Didly). (3.5)

Taking into account that m(k+1) <m(k)+1, and h(xgy1) < h(xpr)), we have h(xjq1)) <mMaxo< j <m@E)+1
{A(xr+1-j)} = h(x;x)). This means that the sequence {A(x;x))} is nonincreasing for all k and hence {h(x;x))} is
convergent.

By (2.16) and (3.3), for all k > M, we get

h(x < max R —i—DY + ogo—1 BVAE djioy—
(l(k))\ogjgmu(k)—l){ (X100 j—D} + %) -1 BV gy _1diy—1

< max R(x10—j—1)) — wa—1 Bl Vi Higo—1 Il digo—1 11 3.6
< ogjgm(z(k)_l){ (X100—j—D} = o1 Bl V-1 Higo—1 i1 (3.6)
If the conclusion of the theorem is not true, there exists some & > (0 such that
IDC VEH I 2e, k=1,2,... . (3.7)
Hence, || VkTHkH > ||D,:l VkTHk||/||D,:l 1=e/xp- As {h(x;x))} is convergent, we obtain that from (3.7),
lim oy -1 lldigo—1 1> = 0.
k— o0
Following the way of proof used in [7], we can also prove by induction that

lim oglldi||® = 0. (3.8)
k— o0

Therefore, we have that either Case (I)

lim inf o = 0, 3.9)
k—o00
or Case (II)
lim ||di]|> =0 (3.10)
k— o0

holds.
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Case (I), assume that o given in step 4 is the stepsize to the boundary of box constraints along dy. From (2.17),
we have

I"kdéfmin {max {li — (xk)i, Ui = ()i } = 1,2,...,n}.
(di)i (di)i

If (3.9) holds, we have that there exists a subset .#" C {k} such that

lim o, =0
k—o0, ke

and hence, without loss of generality, assume (x*); =; for some i where x* is any accumulation point of the sequence
{xr} and without loss of generality, {x;} ., a subsequence converging to x*. Call (2.12), we can write

vidy = — D2 [Vig 4+ (VI Vi dyl. G.11)

Since vy is a positive parameter, and x* is nondegenerate with (v,); = 0 for any i, we have that from x/ = /; <u; for
some i, (di); and —(gx); have the same sign for k sufficiently large. Hence, if oy is defined by some (v)j = 0 and
(g*)j # 0, then o = |(vk)j |/1 (dk)j| for k sufficiently large. Using (3.11), again, it is rewritten as follows:

Vk Vk

o = > ) (3.12)
1(gr)j + (VEVid) ;1 ™ llgk + VI Vidkll o

It is clear that from (3.12) and vx = nl|g(xp) || = nl| VkTHk | =ne/xp, o given in step 4 is the stepsize to the boundary
of box constraints along dj,

(3.13)

&
lim inf o > lim inf L >0
k=00 k=00 ypllgk + Vi Vidrllo

Furthermore, if (3.9) holds, the acceptance rule (2.14) means that, for large &,
Ok Ok Ok Ok Ok
el + 0 (Zdill) =k (v + di) — i =h (v + i) = hig) > B gldy.
Q) 0] Q) [0) [0)
Hence, we have
Ok Ok
(1= B =gldi +o0 (= ldill) 0. (3.14)
0) 0]
Dividing (3.14) by (o /) ||dk || and noting g,?dk <0, we have

T
gkdk
8% _ 3.15
koo dell (.15

From (3.3) and (3.7), we have that (3.15) means

Td d 2
8k . ne lldkl

= lim < — = <o. (3.16)
k=00 |ldi|l k=00 yp ldkll

This also means that limy_, 1 o ke.# Ildk || = 0 and hence (3.10) holds, that is, Case (II) holds.
On the other hand, i.e., Case (1), taking into account that {dx} , — d. =0 and {x;}, — x*, we obtain from the
affine scaling Levenberg—Marqwarddt equation (2.12) that

— (D' VhGOT D VEVD ! + v 11D VR ()]
= [D' VR de = [VR(x)]Tdy — 0. (3.17)

Since {x;} ., — x*, we get from the upper semicontinuity of the B-subdifferential that the sequence {Vi} ;- is bounded.
Without loss of generality, we therefore have {Vy}, — V. for some matrix V, € 0z H(x*). Since D(x)_IVh(x) is
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continuous, we also obtain {Dk_1 Vh(xi)}y — D*_l Vh(x,) and therefore {vi} ,, — v, with v, def nIVh(xy)| =0. We
can obtain that

—[D' VRN D VIV.D 4 v 117 D VR(x )] = 0.
This shows that x* is a stationary point of D(x)"'Vh(x). Hence the conclusion of the theorem is true.  [J

Theorem 3.3 indicates that at least one limit point of {x;} is a stationary point. Next, we shall extend this theorem to
a stronger global convergent result.

Theorem 3.4. Let {x;} be a sequence generated by the proposed algorithm. Assume that Assumptions (A1)—(A2) and
the nondegenerate condition of the reformulated problem (2.6) hold, then

li D el = i D'V H | =o. 3.18
k_iToo” e 8kl k_lrfoo” e Vi Hill (3.18)

Proof. Assume that there are an ¢; € (0, 1) and a subsequence {D,;i1 &m; ) of {D,:] gr}suchthatforallm;,i=1,2,...,

1D, g, Il > €1 (3.19)
Theorem 3.3 guarantees the existence of another subsequence {Dn_[_1 gn;} such that

1D gkl =62 for mi <k <n; (3.20)
and

1D, gn, || <2 (3.21)

for an g € (0, &1).
Since the matrix (D, ! VkT 7728 Ty viI) is nonsingular in the affine scaling Levenberg—Marqwardt equation (2.12),
we have that

Vh) Tde = — D VR (D VIVeD T 4+ v D7D V()]
D7 Vh(x)l?

S ——= - (3.22)
1D VIVD |+ i
and hence, by (3.3), i.e.,
Vh(x) "de < — 1D VRGOl de, (3.23)
we have that
D'V |
(VR d)? > !l — (fl) e, (3.24)
”(Dk Vk Vka | + vk
This gives that from the matric || Dk_l VkT Vi Dk_1 || and v = 1| VkT Hp || being bounded
D VhG) 2] Jedldel
Vi Tdo< — P VRGO ; | (325)

X
JIDSVIViD 4w o JBds +rvin

Similar to the proof of Theorem 3.3, we have that the sequence {h(x;))} is nonincreasing for m; <k < n;, and hence
{h(x1))} is convergent. Eqgs. (3.20) and (3.6) mean that from setting o %t ,/83/;@,/}(%,1% +NviH,

h(x10) <h(Xaw—-1)) — Bogy—1vldigy-11l. (3.26)
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That {h(x;))} is convergent means
lim o)1 lldigy—11l = 0.
k—o00

Similar to the proof of (3.8) in Theorem 3.3, we have also that

lim oy ||di|| = 0. (3.27)
k— 00

Therefore, similar to the proof of (3.13), we can also get that there exists a subset 4~ C {k} such that
o> rex 0, (3.28)

where o give in the step size to the boundary of box constraints along d, that is, the step size {0} cannot converge
to zero.
Since VA (x) is continuous, and (3.27) holds, we have that for v given in (3.26),

VA + EOrondi) — VRG] di| < 5 (1= Byvlldi]l. (3.29)
Similar to prove (3.2), using the mean value theorem, (3.25) and (3.29) mean that
hxi + g i) = h(xio) + ou Ok VAo Tdi + (1 — Blogc O Vi) ' d
+ o[ VA + & Orondi) — V] dy
<h(x) + POk Vh(xi) dy, (3.30)

where &, € [0, 1] and the last second inequality is deduced since the last term in brackets in the right-hand side of
equality in (3.30) will become negative when o0 ||di|| is small enough. And hence the corresponding 6y — 1, as
lldk]l = 0. From (3.30) and (3.25), this means that for sufficiently large i, m; <k <n;,

i — h(x + s1) = 0 VR o) i = Pobyou i (3.31)

We then deduce from this bound that for i sufficiently large,

ni—1 ni—1
s — 20 1<) ok = xxga 1<) ol
k=m; k=m;
ol 1
<— hie — h =——(hpm, — hp). 3.32
50 kgmj.[ k — h(xg 4 s1)] M{( mi = hny) (3.32)

Therefore, (3.24) implies that h,,; — hy,, tends to zero as i tends to infinity. (2.8) implies [(vy,) ; — (Un;) j| < [(Xm;) j —
(xn;)jI — 0, as i tends to infinity. Finally, from (3.21)—(3.22) and triangle inequality, we get that from || V,EI_ Hpy, —
Vi Hy | < gy 1 %m; — X, || and assuming [|x,,, — x, || <é2,

e1< Dy, Vi Hi |l
<UD M Vo Hiny = Ve Ho ||+ (D! = DYV, H |+ 1DV, Hy, |
S(tp&2+ xvamér +€2)
which contradicts &2 € (0, 1), for arbitrarily small. From above, the conclusion of the theorem is true. [

4. The local convergence

Throughout this section we assume that the function H is locally Lipschitz continuous in the region of interest. To
establish the (local) convergence results for the proposed algorithm, we need the following assumptions in [16] under
the basic properties of the B-differentiable function H at any point x* € X*.
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Assumption (A3). The solution set X* of problem (1.1) is nonempty. For some solution x* € X*, there exist constants
0> 0, 11 >0, 75 > 0 and local Lipschitz constant L > 0 such that the following inequalities hold:

r dist(x, X9 <K H®)|, Vx € B5(x*)NQ, “.1)
IH(x) — H(xp) — Vilx — xi)ll <t2llx — xell>, VVi € 0H (xx), Vx, xx € Bs(x*) N Q, 4.2)
IHx) —HWI<LIx —yll, Vx, yeZBs(x")NQ. (4.3)

Throughout this section, the constants d, 71, 7o and L that appear in the subsequent analysis are always the constants
from Assumption (A3).

Assumption (A3) only says that H is locally Lipschitzian in a neighborhood of the solution x*. Of course, this
condition is automatically satisfied if H is a semismooth function. Assumption (A3) is a local error bound condition
and known to be much weaker than the more standard BD-regular zero of H at which H is semismooth in the case
where the generalized subdifferential exists. Due to Hoffman’s [13] famous error bound result, there exists 7 >0
such that

tdist(x, X*) <[H@)| + [ Po0)]. 4.4)

If x € #B5(x*) N Q for some x* € X*, then Pg(x) = 0. So, (4.4) reduces to tdist(x, X*) < | H (x)||, which implies
condition (4.1). Since the function H is locally Lipschitz continuous in the region of interest, Pang [9] proved that if H
is B-differentiable on an open convex set &, then for any x, x +d, z € &,

IH(x +d)— H(x) — H'(z;d)II< sup {||H'(x +td;d) — H'(z; d)|]}.
0<r<1

Therefore, if H'(z; d) is Lipschitz continuous at z € & with Lipschitz constant L, then
|H(x +d) — H(x) — H'(z; d)| <L max{l|lx — z||, lx +d — z|} 4],

which implies condition (4.2).
For this purpose of the locally convergent rate for the proposed algorithm, we need to prove following technical
lemma.

Lemma 4.1. Assume that Assumption (A3) holds. There exist constants t3 >0 and t4 > 0 such that the following
inequalities hold for each xi € B5,2(x*) N Q where x* € X* is some nondegenerate solution (here without loss of

generality, 6 < ‘c%/er)

(@) [ldill <73 dist(er, X*);
(b) |1H (xx) + Vidi || <ta dist(xg, X*)3/2.

Proof. (a) Let x; € X*. Denote the closest solution to x; so that
llxk — Xl = dist(xg, X*). (4.5)

In fact the affine scaling Levenberg—Marquardt-type equation is equivalent that ZZ}C is the global minimum of the
following subproblem:

. - def — -~ — 15 -~
(Po) min i (d) = L Hll? + (D g "d + 1d" D\ (M My D + LvidTd
By the assumption x; € Bj,(x*), we obtain
1%k — 2™ <% — 2l + e — X" <™ = 2l + e — x[[ <0
so that x; € Z5(x*) N Q. Since

IH () 1> = H (o) TTH &) + Vi — 501 + H () T
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where ry def H(xy) — H(xx) + Vi (xr — Xx), we have that
H(x) " Vil — %) = | H (i) 1> — H (xi) "
From (4.1)—(4.3), we can obtain that from ||r|| <72 |lxx — Xk,
IH Ce) " Viellllxe — Fall =11l — %l — Lzl — %ll? = (11 — L128/2) g — %l

As rf/L‘cz >0, we have that
2
T 4 -
Vi H(x)ll = 3||Xk — Xl (4.6)
Moreover, the definition of vk in the proposed algorithm together with (4.1) and (4.5) gives
nt - nt ..
e =V H () || > - I =Xl = == dist(xx, X™). 4.7)

For the solution x* € X*, the nondegenerate condition of the reformulated problem (2.6) implies that there exists
sufficiently small p € (0, 2] such that [; + p<(x*); <u; — p fori =1,...,n. For each x; € #,,2(x*) N Q, then

|li — (xx);| > p/2 and |u; — (xx);| > p/2 fori =1, ..., n.Hence, ||Dy|| <+/2n/p défg where /2/p > 1.
Using (4.5) and (4.2), we obtain from the definition of the function y; in the subproblem (Py) that for VVy € 0H (xi),

2 ~ 2 _
i l1> < = (di) < =i (Dic (ke — X))
Vi Vi
1 _ _
= o (1H () + Vi = X + il D G — x0) 1)

1 _ _ _
< IH G = H ) = Vilo = I + I Dl 1% — xll*

273 _ _ 213 .
<o — el + o — % l® = (—2 + g2> dist (re, X*)*. (4.8)
nti nti
Therefore, statement (a) holds with 3 def +/ (21% /nt1) + 02
(b) Since (4.3) yields

vi = nllVEH )l = nyy | H (o) — HEIN<nLyy e — %l
we have that from the above inequality, (4.2) and the definition of \,, in the subproblem (Py),
1 (o) + Viedi 1> < I H (o) — H (G) = Vila = 5011 + ve@® 1% — x>

< llxk — %ll* + nLyy 0 llxe — Xl 4.9)

Hence statement (b) holds with 74 o +/ r%é +0*nLyy. O

Theorem 4.2. Assume that Assumptions (A1)—(A3) hold. If there exists a limit point x* of the sequence {xy} generated
by the proposed algorithm such that x* € int(Q), then limy_ « || Hx|| = 0, and all the accumulation point solve the
semismooth systems (1.1).

Proof. Forx™* € int(Q), there exists sufficiently small 6 € (0, 2] such that the open ball Z(x*, 9) dléf{x| lx—x*|| <o} C
int(Q2).

Let {xi,} be subsequence such that xi; — x* and jjo be the index such that for k > k;, the sequence {xk; } belongs
to #(x*, 0/2). Assume k; > kj,. Then |l; — (xg;);| > 0/2 and |u; — (xg;);| >0/2 fori =1, ..., n, where [;, u; and
(xx ; ); are the ith components of /, u and xj ;o respectively. Hence, || Dy i | <+/2n/0 where \/2/6 > 1. Also, since

I H (x> = H (o) "H () = H () TH (Fr) + Vi — 301+ H (o) ",
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we have that H (x¢) T Vi (e —X0) =1 H (xi) |12 = H (x) Tri.. From (4.1)—(4.3), we can obtain that from ||rg || < 2| xx — %k |12,
I H o) " Vel — Fall = ol H (o) Hlxe — %ell = w2l H o) [l — el
> (t1 — 126/2) |1 H o) [ Ik — Xl
As 11 /72 >0, we have that
T 2
Vi H (x| >EI|H(xk)II.

Further, similar to the proof of theorem in [7], (3.14) means that the sequence {h(xx)} is convergent. Then, from the
following inequality and (3.18),

T
| H; |l - IV, H; |

112176 20Dyl

where Vi; € OH (xx;) which implies that the theorem is proved. [

—1yT
<110 Vi Hiy | = 0,

Theorem 4.3. Assume that Assumptions (A1)—(A3) hold and that x* is an accumulation point of {x;} such that x* is
a nondegenerate zero of H at which H is semismooth. Then the full stepsize oy = 1 and 0 = 1 is always accepted for k
sufficiently large so that xy4+1 = xi + di when vy given in (2.18).

Proof. Since x* is an accumulation point of {x;} there exists ¢ > 0 such that for sufficiently large k, x; € %.(x™) dg{x €
R"||lx — x*|| <e}. From (2.11), we have that for VV; € 0H (x;),

Vh(x) dy = (V! Hi) ' di

1 1 1
= 5 1 Hic+ Viedill® = SN Hll? = Sdg Vil Vi

2

1 2 20002y L 2
<2(||Hk+V/<dk|| + Vi I Dg 1= i 1) 2||1"11<||

1 e o2 2= 2 2
<2(|IH(Xk) H(xp) — VG — X I° + veo” Xk — xill” — 1 Hi |I7)

1

2 - 4 2 S22 = 12
S 5 (@l = Xll” 4 viee® Il = Xell™ = wyllae — %l

1 2
< - E[rf — (136% + nLype*e)ldist(xx, X*)? < — Zl dist(xx, X*)?, (4.10)

where the last inequality is deduced by || x; —x || < ¢ for sufficiently large k and sufficiently small ¢ such that ¢ < ‘c% / 2(‘5% +
nLy po?). According to the acceptance rule in step 4, we have

2
T
h(xiy) — ho + o) = — Bou Vh(x) dy >ﬁz‘ak dist(xg, X*). (4.11)

Similar to the proof of Theorem 3.3, we can prove that
Jim oy dist (i, X2 =0. (4.12)
— 00
By (a) in Theorem 4.2, we can also have that
lim X (k) ||d1(k) ||2 =0. (4.13)
k—o00

Similar to the proof of theorem in [7], we can prove that limy_, oo h(X;x)) = limg_ o0 £(xg). From (4.11), we also
have that

lim oy dist(xg, X*)2 =0. (4.14)
k—o00
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Hence,

lim oy ldi)|® = 0. (4.15)
k— 00

Let the step size scalar o be given in (2.17) along the direction dj to the boundary (2.15) of the box constraints.
Since the nondegenerate of the reformulated problem (2.6) holds at every limit point of {x;}, similar to the proof of
Theorem 3.3, we can first obtain that lim infs_, ;o 2% 7 O when dy is given in (2.15) along dj to the boundary of
the box constraints. Therefore, we assume that if lim infy_, 4~ ax = 0 when the acceptance rule (2.14) determines o,
similar to the proof of (3.15) in Theorem 3.3, we can also obtain that

Vh} dy
m =
k—+oo  ||dill

Hence, (4.15), (4.10) and (a) in Theorem 4.2 mean

Vhld 2 dist(xg, X*)? 2 \ld)?
— lim k k< lim __IM< ; __1M\ ) (4.16)
k—>+oo |ldkll ~k—stoo 4 lldk |l k—+oo 4tz ||dk|
This gives that if (4.15) holds, then
lim ||d¢|]| =0. 4.17)
k— 400

We now prove that if (4.17) holds, then «; = 1 must satisfy the accepted condition (2.14) in step 4. For large enough
k, there exists v >0 such that from (2.11),

h(xe + di) — h(xe) — YVhdy
= 31 Hi + Viedi + o(lde DI = S Hell* — 5V Hi) g
=SV H) Y di + Sa (VEVOdi + o(lldi 1)
= —villdicll* + o(lldeI*) <ol 1. (4.18)

where the last inequality is deduced by (4.8). Using the above equality, we have that from (4.10) and Lemma 4.1(a),
1 1
h(ek + di) = h(a) = BVhgdy = (5 - ﬁ) Vhydi = Svelldi]* + o(ldi]1*)

1 9 )2 2
< - <§ - ﬁ) ZdlSt(xkv X7)" + o(lldk ) <0, (4.19)
where inequality is deduced by (4.10) and (a) in Lemma 4.1. Therefore, the accepted condition (2.14) holds when
o =1, since h(xp) <h(x)).

Now, we prove that if (4.15) holds, when o = 1 the accepted condition (2.15) given in step 4 also holds at the
stepsize to the boundary of box constraints along di. Eq. (4.15) means that (dy); — 0, for all i. If (g«); = 0 for any i,
assume that o given in step 4 is the step size to the boundary of box constraints along dj, the nondegenerate means
that [; < (x4); <u;, then

X I — oy .
lim degmin{max{' (xk),’u, (xk)’},izl,Z,...,n}:+oo.
k=00 (dp); (di);

If (g«); # 0 for some i, without loss of generality, assume (x,); = [; for some i. since (VkT Vidy) converges to zero
and vi 1 is a positive semidefinite diagonal matrix in (3.11), the nondegenerate condition of reformulated problem (2.6)
at the limit point implies that (d); and —(gx); have the same sign for k sufficiently large. Hence, if oy is defined by
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some (vy); =0 and (g+); # 0, then o = |(vi) ;|/|(dk) ;| for k sufficiently large. Using (3.12), again, noting n > 1,

. . Vk
min{l, Iy} = min {1,
{ 1(gk) j + (V& Vad) 51 }

B Nl VI Vi ||
lgill + 1V, Vil

>min{1,r/ } — 1 asd — 0. (4.20)

Further, by the condition on the strictly feasible stepsize 0; € (0, 1], for some 0 < 0y <1 and 0 — 1 = O(||dk|?),
limy— o0 0k = 1, comes from limy_, oo di = 0.

So oy =1, i.e., sy = di and hence x| = xi + dy.

From above, when oy given in step 4 is the step size to the boundary of box constraints along dy, we always have
that whether (g,); = 0 for any i or (g,); 7 0 for some i,

lim min{l, o} =1
k— 00
holds.

We have also obtained that as ||di|| — 0 and 0 — 1, the full step o = 1 is eventually accepted, for large enough
k, if o is determined by (2.14)—(2.15), that is,

h(xi 4+ di) <h(xix) + BVRG) T with x; 4 opdy € Q.

The conclusion of Theorem holds. [

Theorem 4.3 means that the local convergence rate for the proposed algorithm depends on the quality of the approx-
imate subdifferentials, local error bound condition at X*, and the local convergence rate of the step dx.

We now show that the proposed algorithm is locally Q-superlinear convergent in the sense that the distance from
the iterates xx to the solution set X* goes down to zero with a Q-superlinear convergent rate. In order to verify this
result, we need to prove a couple of technical lemmas. These lemmas can be derived by suitable modifications of
the corresponding constrained results in [8] by setting vk in (2.18). The next result is a major step in verifying local
superlinear convergence of the distance function.

Lemma 4.4. Assume that Assumption (A3) holds. If both xx— and xy. belong to the ball %5,(x*) for each k where
the nondegenerate condition holds at the point x*, then there is a constant 15 > 0 such that

dist(xg, X*) <15 dist(xe_1, X*)>/?
for each k.
Proof. Since xy, xx—1 € #5/,(x*) and x = X1 + dy—1, we obtain from (4.3) that
| H (xk—1 + di—D Il = I1H (xk—1) + Vi—1di—1l
< H (oe—1) — H (k1 + di—1) + Vierdi—1 | < w2l di—1 1.
Using the error bound assumption (4.2) and Lemma 4.1, we therefore obtain
Ty dist(xe, X*) < || H (xk—1 + di—1) |
<NH (=) + Vierdi—t || + w2 lldi—1 12
Sradist(ax_1, X*)? 4 1013 dist (a1, X*)>/

= (140'? + 113/?) dist(xg_1, X*)>/?

and this completes the proof by setting 15 déf(mél/ 24 ‘szg/ 2) /t1. U
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The next result shows that the assumption of Lemma 4.3 is satisfied if the starting point x¢ in the proposed algorithm
is chosen sufficiently close to the solution set X*. Let

def . 0 2
r=mny —, — ¢ - 4.21)
2(143t3)" 3¢2

Lemma 4.5. Assume that Assumption (A3) holds. If the starting point xg € Q used in the proposed algorithm belongs
to the ball %, (x*), where r is defined by (4.21) and the nondegenerate condition holds at the point x*, then all iterates
xy. generated by the proposed algorithm belong to the ball %5, (x*).

Proof. The proof is by induction on k. We start with k = 0. By assumption, we have xo € %, (x*). Since r < /2, this
implies xo € %5/2(x*). Let k>0 be arbitrarily given and assume that x; € %;,5(x*) forall j =0,..., k, now we
prove that xj also belongs to %5/, (x™).

From Lemma 4.4, we have that

diSt(Xj, X*) <75 diSt(xj—l s X*)3/2 < TSTg/z[diSt(Xj_z, X*)3/2]3/2 <
(-1 ; . ,
<r5r§/2 . ..T?/Z) T dist(x, X3/ = ()13/27 =1 it (xg, X*) 3/

J_ J J_ J
S(‘E%)[G/z) 1]||xO_x*||(3/2) <(T§)[(3/2) 11,.6/2)

forall j =0,...,k. Using r < 2/(31%), we therefore get that from Lemma 4.3

s — X%l = llxe + dic — x| < e — x*[| + i
k k
<llxo = x|+ D Idjll<r 413y dist(x;, X*)
j=0 j=0

k
<r + 13 Z(%)[G/z)./q]ro/z)./

j=0
ko o\ G/2) -1 0 o\ P
§r+r3r;(§> §r+r3rz;)(§> :(1+3‘c3)r<§
Jj= Jj=

where the last inequality follows from (4.21) of r. This completes the induction. [J

We now obtain the following superlinear convergence result for the distance function as an immediate consequence
of Lemmas 4.4 and 4.5.

Theorem 4.6. Let Assumption (A3) be satisfied and {xi} be a sequence generated by the proposed Algorithm with
starting point xo € B, (x*), where r is defined by (4.21) and the nondegenerate condition holds at the point x*. Then
the sequence {dist(xy, X*)} 1.5-order Q-superlinear converges to zero, i.e., the iterates xy approach the solution set
X* at the 1.5-order rate of local convergence.

Theorem 4.6 shows that the proposed affine scaling Levenberg—Marquardt-type algorithm is locally superlinearly
convergent under fairly mild assumptions. In view of Theorem 4.6, we know that the distance dist(xz, X™*) from the
iterates xj to the solution set X* converges to zero locally superlinearly. We start by showing that the sequence {x}
proposed by the algorithm is convergent.

Theorem 4.7. Let Assumption (A3) be satisfied and {x} be a sequence generated by the proposed algorithm with
starting point xo € %, (x*), where r is defined by (4.21) and the nondegenerate condition holds at the point x*. Then
the sequence {xy} converges to a solution X of (1.1) belonging to the ball B;5,>(x*).
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Proof. Since the entire sequence {x;} remains in the closed ball %5/, (x*) by Lemma 4.5, every limit point of this
sequence belongs to this set, too. As in the proof of Lemma 4.5, we have that for any positive integer /,

. Jj_ J Jj_ A
Id; 1l < T3 dist(x;, X*) <t3(e3) P DT <3r (3O " <esr (3,

where the first inequality follows from Lemma 4.3 and the third inequality follows from r <2/(375). Therefore, for
any positive integers k and m such that k > ¢, we have

k—1 o) i
2 J
k= x| < oxemt — 21|+ lldk—1 1| < ; Id; 1l < T3r ; (5) — 0 ast— oo.

This means {x;} is a Cauchy sequence and hence convergent. [
We now obtain our main local convergence result of this section.

Theorem 4.8. Let Assumption (A3) be satisfied and {xy} be a sequence generated by the proposed algorithm with
starting point xo € B, (x*) where r is defined by (4.21) and the nondegenerate condition holds at the point x* and limit
point x. Then the sequence {xi} converges locally Q-superlinearly to x at 1.5-order rate of local convergence.

Proof. Letting X;| € X* denote the closest solution to x|, we then obtain that for all k large enough
Ndicll = llxk — Xip1 12 Mok — X1 | — kg1 — X1
>dist(xg, X™) — dist(xpy1, X)) > %dist(xk, X", (4.22)
where last inequality follows from dist(xy1, X*) < %dist(xk, X*) for all k sufficiently large in Theorem 4.6.
From Lemmas 4.3, 4.4, and (4.22), we have that setting 16 = %
. . 3/2 def
ldics 11| <za dist e, X*) < T3t dist(re, X2 <tats7g! il = 17lldy 2 (4.23)

for all k sufficiently large.
For sufficiently large k, without loss of generality, we assume that 77 ||dx || 172 < % holds, and hence, (4.23) means that

ldi+1]l < % ld || holds. We can then apply (4.23) successively to obtain that forall j =0,1,2, ...,

i j 1| <77l j—1 1772 < ()07 kw2 1% < ()l j 211 < () -
Let {x} be a sequence generated by the proposed algorithm and converging to x. Since

t—1
Xkl = Xk + de+j and x = lim Xxg4y,
—00

j=0
we therefore get
t—1
ek = %1l = b — lim xieell = | lim D" dies
j=0
-1 [ 0 1 j
< lim ;O it j 1l = ;O i 11 < e | ;O (5) = 2[dgll (4.24)

Setting 19 def 13, Lemma 4.3 implies ||dg || <73 dist(xg, X*) <||lxx — x|| for all k. Setting, again, tg def 1/2in (4.24), we
have that for all k sufficiently large,

tllxx — Xl < lldkll < ollxx — X[l (4.25)
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which implies that the length of the search direction dy is eventually in the same order as the distance from the current
iterate xj to the limit point x of the sequence {x;}. Using (4.25), we immediately obtain

_ 3/2 3/2 =113/2
t8llxert — ¥ < it | < 7 ldic 1Y <r7f9/ I — 11>

for all & sufficiently large. This shows that the sequence {x;} converges locally Q-superlinearly to x at 1.5-order rate
of local convergence. [J

In view of Theorem 4.6, we have known that the distance dist(x;, X*) from the iterates x; to the solution set X*
converges to zero locally Q-superlinearly. However, in this section, we further see that about the behavior of the sequence
{xx} itself, this sequence converges to a solution of (1.1), and that the rate of convergence is also locally Q-superlinear
at 1.5-order rate of local convergence. We have presented the globalized and local version of the constrained affine
scaling interior Levenberg—Marquardt method. We feel that the numerical test will be implemented in practice further.
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