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1. Introduction

Let £2 be a bounded and convex domain in R%. We consider the existence of a global-in-time solution' for the following
semilinear parabolic equations:

ou — Au=f(x,u), te(0,00), x€ S, (a)
u=0, te (0,00), xe€ 082, (b) (1)
U(O, X) = uO(x)ﬂ X e 97 (C)
where 9,u = % A= % % is the Laplacian, whose domain is D(A) = H*(£2) N H)(£2), ug € Hy(£2) is an initial
1 2
function, and f is a function from £2 x R to R, and it maps from H(} (£2) into L*(£2) in the sense that f (-, v) € [?(§2) for each
v € H(} (£2). The operator f : H&(Q) — [?(£2) defined in this sense is assumed to be twice Fréchet differentiable. Unless
otherwise specified, f'[v] and f”[v] denote the first and the second order Fréchet derivatives of f at v € H(} (£2) as assuming
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oishi@waseda.jp (S. Oishi).

1A solution that exists for t € (0, 00) is called a global-in-time solution. We consider the solution of (1) in L>°((0, co); H}(£2)) in this paper.
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that f is an operator from H(} (£2) to L?(£2), respectively. The main aim of this paper is to present Theorem 5 in Section 3.1
and Theorem 6 in Section 3.2. Then, we propose an algorithm for numerically verifying the existence of a global-in-time
solution to (1).

There have been many studies on the existence of global-in-time solutions for some parabolic equations related to (1). As
a pioneer work, for the parabolic equation (1)(a) and (1)(c) when f(x, u) = u” (p € R) and £2 = R™ (m € N), H. Fujita has
found an exponent concerning the existence of a global-in-time solution in 1966 [1]. Then, studies of solutions to various
parabolic equations have been developed in the field of mathematical analysis ([2-5], etc.). In particular, for the parabolic
equation (1), there exist analytical studies concerning the global-in-time solution that converges to the zero function ([6-8],
etc.). In this paper, we cite the following theorem:

Theorem 1 (c.f. Theorem 19.2 in [9]). Let us consider

ou— Au=f(@u), te(0,00),x€ L, (@)
u=020, t € (0,00),x€ 082, (b) (2)
u(0, x) = up(x), xe 2, (0)

where the domain §2 is bounded, uy € L*(£2), and f : R — R is a C'-function such that f(0) = 0 and f'(0) < Amin. Here,
Amin denotes the smallest eigenvalue of — A. There are constants v > 0, n > 0, and K > 1 such that, for all uy € L*°(§2) with
llugllre < n, there exists a solution u of (2) satisfying

”u(t? )”LOO 5 Z)e_vtv te (Oa OO), (3)
where p = K||ug|| .

The main aim of this paper is to give a method of calculating the values v (> 0) and p (> 0) appearing to (3). In
order to calculate these values, this paper presents a verification algorithm. The algorithm tries to enclose a solution that
exponentially converges to a stationary solution of (1) by numerically checking whether sufficient conditions in Theorems 5
and 6 hold, respectively.

M.T. Nakao, T. Kinoshita, and T. Kimura have proposed a computer-assisted method for enclosing a solution to a class of
parabolic equations based on verified numerical computations [ 10-12]. Their method is based on estimating a norm of an
inverse operator related to the parabolic equations. Moreover, S. Cai [ 13] has derived a sufficient condition that is related to
the existence of a global-in-time solution for time t > t’,t’ > 0 to a system of reaction-diffusion equations through verified
numerical computations using an analytic semigroup over L*°(£2) x L*°(£2).

Recently, we have developed a method for verifying the existence of a solution to a semilinear parabolic equation by using
an analytic semigroup over H~1(£2) (a topological dual space ofH(} (£2))in[14]. In this paper, by using an analytic semigroup
over [?(£2), we provide a verification algorithm for enclosing a mild solution of (1), whose definition is given in Section 2.
This algorithm is expected to enclose the solution of (1) more tightly than results in the previous paper. This is because a
residual estimate obtained by the semigroup over L?(£2) in this paper is also expected to be tighter than one obtained by
the semigroup over H~'(£2) in the previous paper. The comparison of the residual estimates is given in Appendix A. We will
show a method for verifying the existence of a global-in-time solution. In such a method, the existence of a global-in-time
solution for (1) is shown by the following procedure: First, we check whether the sufficient condition in Theorem 5 holds.
If this condition holds, we can show the existence of a global-in-time solution. Otherwise, we try to enclose a mild solution
u(t) fort € (0, 7], T > 0in a neighborhood of a numerical solution to (1) by checking whether (16) in Theorem 6 holds.
If the enclosure of the solution is obtained, we also verify the existence of the mild solution u(t) for t € (r, 0o) by using
Corollary 7 and Theorem 5. By Algorithm 1 based on Theorem 5, Theorem 6, and Corollary 7, the existence of a global-in-time
solution for (1) is expected to be guaranteed in a subset of the Banach space L™ ((O, 00); H(} (.Q)).

The organization of this paper is given as follows: In Section 2, we give preliminaries throughout this paper. In Section 3.1,
Theorem 5 gives a sufficient condition for verifying the existence of a solution to (1) with the initial point t = 0 replaced
by some t = t’ > 0.In Section 3.2, a verification algorithm is given for showing the existence of a global-in-time solution.
The procedure of the verification algorithm is described in Algorithm 1. In Section 4, we give numerical results of verifying
the existence of a global-in-time solution to certain semilinear parabolic equations. We present some quantification of an
analytical result using the verification algorithm. In appendices, we give several estimates, which will be useful in order to
check the existence of a global-in-time solution to (1).

2. Preliminaries
The inner product of [?(£2) is given by
U, v)p = / u(x)v(x)dx.
o)

The norm of L%(£2) is defined by lulli2(@) = +/ (U, w) 2. For a positive integer m, let H™ (§2) be the mth order Sobolev space
of [2(£2). We define the function space H&(Q) = {u e H(22) | u = 0 on 382}, where u = 0 on 942 is in the trace sense.
We use the norm ofH(} (£2) such that ||u||H& = [|Vull2.
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LetJ be an interval in (0, c0). Let a function space Y be a Banach space with the norm || - ||y. We define the function space
L*®(J;Y)as

L*(J;Y) = {u 1 x 2 —> R|u(t,-) €Y, esssup|u(t, )|y < oo}
tef

with the norm ||u||;>(.y) = esssup [lu(t, -)|ly. Let C°(J) be the function space of all continuous functions from J to R. We
tef

also define the function space C° (J; Y) as
COgY) = {u:Jx 2 > Rut,) €Y, utt, )y € C°0)}.

Let P and Q be Banach spaces. For a bounded operator B : P — Q, the operator norm of B is denoted by ||B||pq-
We denote A = —A : D(A) — [*(22) and D(A) = H*(2) N Hy(£2). We define p(A) as a resolvent set of A:

pA) ={zeC| @ —A)"":1*2) — [*(2) exists and is a bounded operator}.

Let 6(A) = C\ p(A) and A, denotes the minimum value of o (A). For 0 < o < 1, a fractional operator of A is defined by

o0 o0 [o¢]
A%u = ij‘cjwj, DAY = {u = ij% e *(2) | ZCJ-ZA]?” < oo} ,
=1

j=1 j=1

where {wj}jeN is the complete orthonormal basis of eigenfunctions of A in L?(£2), ¢ = (u, ¥j)2, and {Aj} = o (A).Itis

JjeN
known that —A generates the analytic semigroup {e*“‘}t>0 over [2(£2) (see e.g., [15,16]).

Definition 1. Let] = (to, t1] (0 < ty < t; < 00). For the semilinear parabolic equation:

u(t,x) =0, te],xedf, (4)

{Btu —Au=fxu), tej,xe,
u(ty, X) = up(x), X €,

the function u € C°(J; L?(£2)) given by

t
u(t) = e~ Ay 4 f e~ E9AF (. u(s)ds (t €])

to

is a mild solution of (4) on]J.
We introduce Lemmas 2 and 3 (see e.g., [15,16]).
Lemma 2. D(A?) = H}(R) and
lwllyy = 1A wllz, Yw € Hy(2) (5)
hold.

Lemma 3. Let @ € (0, 1]. If u € D(A¥), then,
A%e By =A%, t>0
holds.

Furthermore, we obtain the following lemma:

Lemma 4. Let Ay, be the minimum eigenvalue of A. For fixed @ € (0, 1) and B € (0, 1), the following estimate holds:

o
o .
A% A2 2 < (£> t%e~(=Pthmin ¢ > 0, (6)

Proof. Since the minimum eigenvalue of A is positive, we have

o
sup  xte P < ( o ) and  sup  e-(-P% < o (=H)thmn
X€E(Amin,00) eﬂt XE(Amin,00)
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for fixed @ € (0, 1) and 8 € (0, 1). From the spectral mapping theorem the following inequality holds:

o ,—tX

||AaeitA||L2,L2 < sup x'e

X€(Amin,00)

< sup x%P* sup e A
X€(Amin,00) X€(Amin,00)

This indicates that the inequality (6) holds. O

For x > 0, the error function erf(x) is defined by

2 X
erf(x) = ﬁ / e ds.
0

By an elemental calculation it follows for @« > 0 and x > 0,

/ s (s = \/gerf(«/o;). (7)
0

Let p > 0 and ] be any interval in (0, co). For v € L*°(J; H(} (£2)), a closed ball BLOC(I:H[}(Q))(U, p) is defined by

Bioo g2y (v 0) = {y €L (J:Hy(2)) | Iy — Ol (g a) = p} :

3. Numerical verification for a global-in-time solution
3.1. Global-in-time existence theorem

Let ¢ € D(A) be a stationary solution of (1). Namely, ¢ satisfies

{Aqb(x) =fx, k), x€£2,
¢(x) =0, X e€o08.

A function space Vj, denotes a finite dimensional subspace? of D (A) depending on a parameter h > 0. We assume that ¢ is
a locally unique stationary solution in the ball*:

By @ 0) = {1 e H@) [ = dllyy = o'} forp' >0, (8)

where <2> € Vj is a certain numerical approximation of ¢.

In this subsection, we give an inequality that provides a sufficient condition of enclosing a mild solution u(t) of (1) with
the initial point t = 0 replaced by some t = t’ > 0 in a neighborhood of the stationary solution ¢. In the following, we
consider a mild solution of

du+Au=f(x,u), te(,o00), xe R,

u=0, te(t, o), xe€as2, (9)
u(t’',x) =1, Xe R
satisfying

t
u(t) = e~ 4 / e” I (L u(s))ds,

[/
where n € BH& (1, ¢) for a certain il € V.
For a fixed A > 0, we define the function space X, as

X, = [” € L¥((t', 00); HY(2)) | ess supe ™ |u(t, )y < o0,
te(t’,00)

where X, becomes a Banach space with the norm
!
llullx, = esssup e flu(t, ).
te(t/,00) 0

The following theorem gives a sufficient condition for enclosing the mild solution of (9) in X;. This theorem gives
quantification of the analytical result corresponding to the estimate (3). Some examples are also given in Section 4.

2 For example, V;, is a C'-finite element subspace. Alternatively, when £2 is a rectangular domain, V;, is spanned by the Fourier bases.
3 One can easily check whether a stationary solution ¢ uniquely exists in BHUI ((2), p’) by using various computer-assisted methods, e.g., [17-19].
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Theorem 5. We consider the semilinear parabolic equation (9). We assume that ¢ € D(A) is a locally unique stationary
solution of (9) in BH[} (¢, p'). We also assume that there exists a non-decreasing function Ly, : R — R such that for y €

BL°°((£’,00):H8(.Q)) (@, p)

”f/D/]u”L‘X’((t’,oo);Lz(.Q)) = Ld:(p)||u||1_00((t/,oo);yg(g))’ Yu e L*((t', 00); H(} (£2)), (10)

where the function Ly depends on ¢. Let A satisfy 0 < A < Amin/2. If there exists p > 0 such that

2w
||77—¢||H(}+L¢(/0)P,/m <p, (11)

then, a mild solution u(t) of (9) uniquely exists in
Bioo (¢ oyl 2 (@ P) = {ueX; | llu—9alx <o}
Therefore, the following estimate holds:

lu(®) = ¢llyy < pe™ " te W, 00).

Remark 1. The non-decreasing function L, is essential for our verification method because the existence of p > 0 satisfying
(11) highly depends on the Lg. For example there exists Ly given in (10) if f is a polynomial, i.e. f (x, u) = Zf’zl ciu', where
N € Nand ¢; € R. However such a non-decreasing function L4 does not exist if f (x, u) = ul/?.

Remark 2. Since ||n — ﬁ||H(} < ¢ and a stationary solution ¢ exists in BH[} (q?), p)), it follows

IA

I = @llyy + 1 = Pl + 19 — 1l

e+ lli—llyy + o',

I = lly

IA

where we remark that ||t — &) I ;] is rigorously computable by using interval arithmetic. Therefore, || — ¢|| H] in Theorem 5
can be estimated rigorously.

Proof of Theorem 5. A nonlinear operator S : L ((t', 00); Hy (£2)) — L™ ((t', 00); Hy (£2)) is defined by
t
S2)(6) = e A — ) + / e (L 2() + ) —F(, P))ds, te (', 00).
[/

We note that the solution u(t) := z(t) + ¢ is a mild solution of (9) if and only if z is a fixed point of S. Let Z := {z € X, |
lzllx, < p}fora certain p > 0. We derive a condition based on Banach’s fixed-point theorem so that S has a fixed-point in
Z.letz € Z.Then, (5) yields

t
eSO Ny < e T e T — Pl +e )A/ le™ N (F (L 25) + @) = F (. 9)) Il s
[/

t
7
+ e(tft s
12 t

< e A e A — )2

= o0 a0y — gy

’A%e’(“m (- 2(5) + @) — (. p))

ds
12

t
* / =M AV2e= A o eS=OR| (£, 2(5) + ¢) — f(-, §)) Il 2.
t/

Since A < Amin/2 and ftt, (t — §)"2e~t=90min=2M/24s < o0 for a fixed t > t’ hold, (5), Lemma 3, Lemma 4 with
o = =1/2,and (7) imply

NSOy < e M2 = @)l + ess sup (€I (,2(5) + ) = £, 9 )

se(t’,00)

t
1 1 Amin—2*
X e’i/ (t —s) 2e" s
t-/

1
= e |em A2 (y — )| ,2
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’Znerf( / ()Lminzz)h)(ft/))
ess sup

(s—t")A . ry
Velmin—20)  setto0) (M W29 +9) = £ iz )

< =0Ty — g

«/Eerf( / ()»min—ZZ)»)(t—f’)>

(s—t/)x ) iy ,
" e()hmin - 2)&) esssup (e ”f( ’ Z(S) + ¢) f( ’ ¢)||L ) .

se(t’,00)

+

Fixs € (t/, 00). Forv € [2(£2) and 0 < @ < 1, it follows from the mean-value theorem that
1
(.0 +20) =01 vz = [ (16 + 626016 v)add.
0
For the fixed s € (t, 00) and v € L?(£2), the Schwarz inequality and (10) give

e F (L 4 2(5) — f (-, ), V)2

1
< [ |16 + oz 2. v do
0

1
< / 116 + 62()1(€*2(s)) ,2d8 0] 2
0

< Ly(p)lizlx, vl 2-
Therefore, we obtain

esssup (e I, 2() + @) — F (. D) = Lo(0)lzlx,

se(t’,00)

which implies

«/ﬂerf( / ()Lminfzz)t)(t*[/)>

v/ e(Amin — 21)

Since erf(x) is a monotonically increasing function for x > 0 and erf(x) — 1asx — oo, we have

2
IS@lx, = lin = élly +L¢(P)p\/E'

Therefore, if p > 0 satisfies (11), S(z) € Z holds. For any z1, z, € Z, it follows from A < Apin/2 that
M (520) (©) = (S2)Ollyg

€MDy = I = Bl +Lo(P)p

t
= / e TIM|AY2e= A e TOM (£ (-, i (s) + @) — F(-, 22(5) + @) llj2ds
[/

/ t Amin—2*
< esssup (e“*”k ||f(-,z1(s)+¢>—f(-,zZ(s)+¢)||Lz)e*”2 / (t —5) Ve 9 g
t/

se(t’,00)

Amin—2*

t
<Ly(Pz1 — 2z, ||xke_1/2/ (t —s5)" 29 gs.
t/

From (7), we obtain

V2merf (\/@)

o=t 1(Sz1) (t) — (SZz)(t)“H(} =Ly (p) e(Amin — 24)

”21 -2 ||X;L'

Then, it turns out that

2
S(z1) — S(z <L —||z1 — Z .
Sz1) = S@)llx, =< Lp(p),/ O —27) lzi — z2lIx;

If p > 0 satisfies (11), Ly (p) m < 1 holds. Then, S becomes a contraction mapping on Z. Banach’s fixed-point

theorem proves that a fixed point of S uniquely existsinZ. O
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In order to verify the existence of a global-in-time solution to (1) we set t* = 0 in (9). Then, we check whether the
sufficient condition in Theorem 5 holds. If this condition holds, we can show the existence of the global-in-time solution in
L*°((0, 00); H(} (£2)). Otherwise, we try to enclose a mild solution of (1) fort € (0, t], 0 < T < o¢ in a neighborhood of a
numerical solution. Such a procedure is introduced in the next subsection.

3.2. Verification algorithm

For fixed t; and t; satisfying 0 < tq < t; < 0o, let] := (tg, t1] and t := t; — to. In this subsection, we give a sufficient
condition for guaranteeing the existence and the local-in-time uniqueness (Theorem 6) of a mild solution to (1) for time
t € J. We also give an a posteriori error estimate in Corollary 7. Let iy € Vj, and @i; € Vj. Then, we consider a mild solution of

u=20, te], xe€ds2, (12)

{atu—l—Au:f(x,u), te], xe 2,
u(ty,x) = £, xe R

satisfying

t
u(t) = e”"0Ag 4 / e (-, u(s))ds,
to
where £ € BH& (lig, &) fore > 0.

Let I (t) (t € ) be alinear Lagrange basis satisfying i (tj) = 8i; j = 0, 1), where §; is Kronecker’s delta. We define wq(t)
as

wo(t) = dlolo(t) + U111 (t), te]. (13)

In the following, we give a sufficient condition for guaranteeing the existence and the local uniqueness of a mild solution in
BLQO(];H(}(Q))(Q)Q, p) for a certain p > 0.

Theorem 6. We consider the semilinear parabolic equation (12). Let
5>

, (14)

/ e~ 943w (s) + Awo(s) — f (-, wo(s)))ds
12 (J:Hy (@)

to

where wy is defined by (13). We assume that there exists a non-decreasing function L,, : R — R such that for y
BLOO(];H(}(_Q)) (wOs ,0)

I 1l o 202y) < Lo Ol gt s Yt € L¥G; HY($2)), (15)

where the function L,,, depends on wy. If p > 0 satisfies

A' .
erf( m2‘“T> Luy(P)p +8 < p, (16)

then, a mild solution u(t) of (12) for t € J uniquely exists in BLOO(/;H(} @2y (@o, 0).

Proof. By using the analytic semigroup e, an operator S : L (J; H} (£22)) — L™ (J; H} (£2)) is defined by

t
Sz2)(t) == e T0AE — i) + / e g (z(s))ds, (17)

fo
where we put g(z(t)) = f(-, z(t) + wo(t)) — drwo(t) — Awg(t). We note that u(t) := z(t) + wo(t) is a mild solution of (12)
if and only if z is a fixed point of S. We derive a condition based on Banach’s fixed- -point theorem so that S has a fixed- point
in BLOQ(I;HO(Q))(O, p) for a certain p > 0.
At first, we derive a condition guaranteeing that S (BLooq;Hgm)) (0, p)) C Bisen 2y (0, p) holds. By using (5), Lemma 3,
and the spectral mapping theorem, the first term in the right-hand side of (17) is estimated by

[e= 76 — ) = e™ A2 — )]

< e*([*fo))hmin £.
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Then, we have

e~ A& s. (18)

— o) ||L°°(/:Hg<rz>) =

Next, we express g(z(s)) = g1(s) +82(s) withg:1(s) := f (-, () +wo(s)) —f (-, wo(s)) and g>(s) = f (-, wo(s)) — Frewo(s) —
Awq(s). From (5) and Lemma 4 with o = 8 = 1/2, we have

t
‘ / e~ =9%g. (s)ds
to

t
—(t—s)A
< [ eyl
HJ to
0

t
1 —(t—9)A
_ f 14Y e s o llg O ds
to

o172

IA

v(t) 1811l oo 1202y » (19)
where v(t) is denoted by

t
v(t) = / (t — )" /27112 Amingg,
to

From (7), the supremum of v(t) for t € J is given by

2 *omi
T erf () Lmint ) (20)
tef )Lmin 2

sup v(t) =
Fixs € J.Forv € [?(£2) and 0 < @ < 1, it follows from the mean-value theorem that

1
(FCwo(s) +2(5)) — f (-, wo(9)), v)p2 =/ (f'[wo(s) + 02(5)]z(s), v)2d6.
0
From (15), we obtain

If (-, z 4+ wo) — f(, wO)”LOC(];LZ(_Q)) = Lwo(p)”Z”LooU;Ha(g)y (21)

Therefore, (19) and (20) give
2 AminT
‘ =/ 'eerf<,/ mzm )Lwo(p)p- (22)
min
~ 2 )hminf
8@l myce) = &+ xmmee“< : )Lwo(mpw.

From (18), (22) and (14), we have
The condition (16) yields that§(BLooU;H&(Q))(0, p)) C BLOOU;H(}(Q))(O’ p) holds.

We now show that S becomes a contraction mapping on BLOC(,,H[}(Q))(O, p). Let z1,z, € BLOO(]:H(}(Q))(O’ p). From the

t
f e~ =9g. (5)ds
t 12 (1:H3 (2))

definition of § , it follows

t
Sz)(t) — Sz)(t) = / e" TN (L 21(5) + @0(5)) — f (-, 22(5) + wo(5))} ds.

to
Since zi + wp € BLOO(];H(}(Q))(a)O, p) (i =1, 2), we have the following estimate from (5), (15), (20), and Lemma 4:

~ ~ 2 AminT
”(szl)‘(SZZ)HLOQ(,;H(;(Q))f et |5 ) Lo )12 = 22l )

The condition (16) implies

2 AminT
erf( mzm )Lwo(,o) < 1.

)\mine

Then, S becomes a contraction mapping on Bioc ;. Hl(2) (0, p). Finally, Banach’s fixed-point theorem states that there exists
a unique fixed-point z in Bioogni)) 0,p). O
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Moreover, we obtain the following a posteriori error estimate at t = t; if Theorem 6 holds.

Corollary 7. Under the assumption in Theorem 6, let

Sz‘

5]
/ e~ A (Do (s) + Awo(s) — (-, wo(s)))ds
to

HM(2)

Then, the mild solution u of (12) satisfies

~ o 2 AminT -
lut) = dallyy <ee hming 4 /A : eerf (,/ “‘2‘“ )Lwo(p)p +34.
min

Proof. Let z be a fixed point of S in the proof of Theorem 6. Then,

|
2(t) = u(ty) — iy = e~ 17N — fip) +f e” 17 Mg (z(s))ds,

to

where g(z(s)) = f (-, z(s) + wo(5)) — Awp(s) — dswp(s). Similar discussions in those in the proof of Theorem 6 provide

~ o 2 AminT -
lut) =t fly <e Phming 4 ‘/x : eerf( “‘2‘" )Lwo(,o),o +5. O
min

(23)

(24)

On the basis of Theorem 5, Theorem 6, and Corollary 7, we provide a verification algorithm for showing the existence of

a global-in-time solution in Algorithm 1.

Algorithm 1 Verification algorithm

Set (?b € Wy,
Verify the existence and the local uniqueness of a stationary solution ¢ in BH(} (&, 0);

if Failed in enclosing ¢ then
error (“Failed in enclosing ¢”);
end if
Set ilp € V}; and compute ¢ satisfying ||ug — ﬁ0||Hg <eg;
t'=0;n=up; it =1lp; k=0;
while true do
Compute ||n — ¢>||H& based on Remark 2;
Choose X satisfying 0 < A < Amin/2;
if There exists p > 0 satisfying (11) in Theorem 5 then
break;
end if
k=k+1;
lo=1tg =t & =mn;
Sett > 0.Lett; = tg+ 7 and Ty = (to, t1];
Choose il; € Vj, and set wq(t) = Toly(t) + U115 (t) for t € Ty ;
Compute 6 defined by (14);
if there exists p > 0 satisfying (16) in Theorem 6 then
there exists a mild solution u(t) for t € (to, t1] satisfying (12).
Define the ball Cy, as BLDC(,;H(}(Q)) (wg, p) and px = p;

Compute § defined by (23);

Substituting p for the right-hand side of (24), update ¢ > 0 as g = e~ ming 12” erf (,/ Am%) Loy (0)p + 5;

min€
else
error (“Verification failed for t € T;,.”);
end if
t'=tn=ut); il =i
end while
n==k;

disp (“The solution for t € (0, c0) exists and [|u(t) — ¢l < pe =) holds for t > t'");
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Table 1

Radii of the neighborhood enclosing ¢ when N = 10.
Case o
1 0.002706328809
2 0.003861742749
3 0.004967902695
4 0.00724564522

In Algorithm 1, each ball G, (k = 1, 2, ..., n) is an enclosure of the solution to (1) for t € T;. Let us define Cr as

Cr={yel™(T;Hy(2)) |y € Cr,, k=1,2,...,n}.

If Algorithm 1 finishes successfully, we can show that a solution u(t) of (1) for t € T is enclosed in Cr. Moreover, the solution
is asymptotically approaching to ¢ for t € (t’, 0o). Therefore, in this case, the existence of a global-in-time solution to (1)
can be proved by verified numerical computations.

Remark 3. If the global-in-time solution u(t) is enclosed by Algorithm 1, the solution u(t) € HO1 (2) C I*(2) fort € [0, 00)
is expressed by

t
u(t) = e Pug + f e~ E=9AF (. u(s))ds.
0
The solution u is in C°([0, co); L?(£2)). A proof of the assertion is given in Appendix C.

4. Numerical results

Let 2 = {x = (x1,%3) : 0 < X1, X3 < 1} C R? be a unit square domain. We consider the existence of global-in-time
solutions for the following semilinear parabolic equations:

oty — Au = f(x, u), t e (0,00), x€ 2,
u=0, t € (0,00), x € 012, (25)
u(0, x) = 2sin(mwxy) sin(wxy), x € 2,

where we consider the cases f being given by
(Case 1) f(x, u) = u? + 4sin(x;) sin(xy),
(Case 2) f(x,u) = u? + 4(sin(rxq) sin(wxy) + sin(27x;) sin(2wx,) + sin(zrx;) sin(27x,)),

(Case3) f(x,u) = u®> + 4 Z sin(kmrx;) sin(lrxy),

1<k,l<2
and
(Case 4) f(x,u) = u* +4 Z sin(kmwxq) sin(lx,).

1<k,I<3
All computations are carried out on CentOS 6.3 with 3.10 GHz Intel(R) Xeon(R) CPU E5-2687W, 128 GB RAM. We use
MATLAB 2012b with INTLAB ver.7.1 [20]. The spectrum method is employed for discretizing the spatial variable. Namely,

we construct a numerical solution by using the Fourier basses. For N € N, a finite dimensional subspace Vy C D(A) is
defined by

N
VWw={ueD@A |ukx,y = Z ag,; sin(kmrx) sin(Iwy), a; € R¢ .
k=1

We fix N = 10. Weset T = 278 and A = 1/40(< Amn = 2m2) in Algorithm 1. Then, we try to verify the existence of
global-in-time solutions to (25) by using Algorithm 1.

Let ¢ denote a stationary solution of (25). We verify the existence and the local uniqueness of ¢ in a neighborhood of a
numerical solution 55 € Vy by using the verification method given in [19]. A radius of the neighborhood is denoted by p’
satisfying ||¢ — qA§||H8 < p’.For each case, p’ is shown in Table 1. The numerical solution (13 is displayed in Fig. 1, respectively.

For simplicity, in the following we consider (25) for Case 1. Let iy € Vy be a numerical approximation of (25) at time
t = to. We give a numerical solution it; € Vy of (25) at time t = t; in Algorithm 1 as follows. We employ the Crank-Nicolson
scheme in order to get each ii; € Vy, i.e. we consider the following problem: for iiy € Vy, find u; € Vy such that

u; — il 1, . 1 N
< L . 07UN> +5(Au0 + Auy, vy) ;= E(f(',uo) +fCou), o) -
12
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Fig. 1. The numerical solutions ¢A> of (25) for the four cases.

Table 2

Error estimates p and t’ are presented when N = 10and r = 278,
Case p t’
1 0.973712650429328 0.1015625
2 0.939460907598910 0.10546875
3 0.953394626139478 0.10546875
4 0.954276545574080 0.11328125

Let &; € Vy be a numerical approximation of u;. We define the numerical solution wy as

wo(t) = dlglo(t) + U114 (), t €Ty (26)

in Algorithm 1. We compute § in (14), §in (23),Ly(p) in(10),and L, (p) in (15) for (25) based on estimates in Appendices A
and B. Then, Algorithm 1 gives p, > 0 satisfying

||l1 - wO”LOO(Tk;H&(Q)) =< Pk-

Fig. 2(a) displays each p for T, when N = 10 and t = 275, For Cases 2, 3, and 4, Fig. 2 also shows each py for T, when
N = 10and r = 278, Furthermore, Algorithm 1 gives the following estimates:

lu(®) = oy = pe” "M e (1, 00). (27)

Table 2 also shows each error estimate p and t’ of (27).

On the other hand, when we consider (25) for Case 1, where we set u(0, x) = 5.5 sin(;rx7) sin(;rx,), Algorithm 1 fails in
enclosing a global-in-time solution because the existence of the solution u(t) for t > 0.16796875 cannot be shown. Fig. 3
displays each py for T, when N = 10 and © = 278. As seen in Fig. 3, for this initial value, as repeatedly using Theorem 6
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Fig. 3. Each py for Ty in (25) for the case 1 and u(0, x) = 5.5 sin(;rx7) sin(7x;).

and Corollary 7 in Algorithm 1, the error ¢ in (16) tends to become large so that Algorithm 1 cannot verify the existence of

a global-in-time solution of (25) for this example.
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Appendix A. Residual estimation
In this Appendix, we show how to estimate § in (14) and 8 in (23). For fixed t, and t; such that 0 < t5 < t; < oo, let

J = (to, t1]and T = t; —ty. The function space V, is the same as that in Section 3. For iiy € Vj,, we employ the Crank-Nicolson
scheme in order to get il; € V, i.e. for uy € Vj,, we will find u; € Vj, such that

up; — uUp 1 1
s )+ = (Ado +u), vz = = (FC, ue) + £, ur), o)z
T 2 2 2

forany vy, € Vy.Letil; € V, beanumerical approximation ofu; € Vj, of this equation replacing ug by iig € Vj,.Letl, (k = 0, 1)
be a linear Lagrange basis satisfying I (t;) = 6k (k, j = 0, 1), where 8, ; is Kronecker’s delta. Then, we define wy € L*(J; V})
as

wo(t) = llolo(t) + Ul (t), te].
For a fixed 6 satisfying 0 < 8 < 1, we define Gy € [*>(£2) as

i — 1 . . . N
Cy = 11 (1 —0)Ally + Al — (1 — 6)f (-, llg) — OF (-, i1y).

Let @ (t) = f (-, Uu)l1(t) + f (-, Up)lp(t) for t € J. Then, we have

t
f e—(t—s)A (f(, wo(s)) — aswo(s) — Aa)o(s)) ds
to

Ho
t
< f Je”“4F ¢ wo(s) — Cb(s))”H(} ds
to

t
[ e @00~ (s — A . (A1)
to 0

We estimate the first term of (A.1). Since both iy and ii; are in V;, C L*°(£2), a classical error bound of linear interpolation
yields for fixed x € £2,
2

— max
8 teg

d2
de?

” ¢ da)o 2
f o (0)] <?>

If (%, wo(t)) — ()]

IA

fx, wo(f))‘

.L,Z
— max
8 tg

1 , ~ A \2
3 HEJX |f/[a)0(t)]| ’(Ul - Uo) ’ .
From Sobolev’s embedding theorem, which will be cited in (B.1) in Appendix B, it follows

C

2
IF (. @0(0) = SOz <~ 1 wollimgucay i — doll?. (A2)

From (A.2) and Lemma 4 witha = 8 = 1/2,

t t
[ 1 o) = 2D lgds = [ 1A I an(5) - D6 lads
to to

t
<o f (£ — 52 P2 rmin (.. o (s)) — B(S)]],2 ds
to

2 }\min(t - tO)
= \ )Lmineerf< 2 ) I @0) = Pl 120
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holds. Therefore, we obtain the following upper bound:

t
/ eI wo(s)) — D(s))ds

to

where we put

2
Ce,4

8
We estimate the second term of (A.1). Since I;(s) + lp(s) = 1 (s € J) holds, we have
D(s) — dswo(s) — Awo(s) = — (C1l1(s) + Colo(s))
= —((C1 = Co)li(s) + (Co — Co)lo(s) + Cp)
= —(Cp + (C1 — Co)(1 = O)1(s) — Olo(s)) .
Then, for a fixed t € J, it sees that

Gy =~ If "ol gy and o= [l — dolly -

t
/ le” ™A@ (5) — B (s) — Awo(s))llyyds
fo

t
= / |A"2e 4 (@ (5) — dsamo(s) — A (s)) |, ds
to

t -
< / e 2|1 Cyllj2(t — 5)" V29 B g
to

Amin

t
+ 163 = Colla max (1 = 6)1(5) — 6lo(5) / (£ — 5)" /293" g
NS fO

27 Amin(t — t
< |2 et f 20 (6,10 + max(@, 1— B)]€r — Collz) -
Amine 2

Therefore, when # = 1/2, both § and § are bounded by

2 AminT ) IC1 — Coll,2
erf G + HG + — .
)\mine ( 2 ) ( b %

2 2
Here, we sketch a difference between this paper and [14]. In [ 14], we give a sufficient condition for enclosing a solution
to (12) by using an analytic semigroup over H~!(£2), where H~1(£2) is the topological dual space of H& (£2).Let (-, -) bea
dual product between H~'(£2) and H} (£2). A linear operator + : H) (£2) — H™'(£2) is defined by
(Au, v) == (Vu, Vv)2, Vv € Hy(£2).
The operator —s generates an analytic semigroup {e~**},s.0. We define §_; as

(A3)

81> /ef(HM(aswo(S)ﬂLo’ewo(S)—f(wwo(S)))dS

to

12 (1H3(2))

The sufficient condition for enclosing a solution of (12) given in [ 14] is that there exists p > 0 satisfying

T
e+ 2\/ch00 (P)p+6é-1 <p, (A4)

where we recall that ¢ and L, are given in Theorem 6. The main difference of (16) and (A.4) is _;. To estimate §_1, let us
define two functionals B(il;) € H~'(£2) and ¥ (ii;) € H~1(£2) as

Uy — o

(B(y), v) = ( , v) + (Viiy, V)2 — (f(, 111), v)2, Vv € Hj(£2),
LZ

N a] - aO ~ ~ 1
(F (), v) = ( " ,v> T Vi, Vo)z — (f(:, tlo), v)i2, Vv € Hy (£2),
L

respectively. We obtain

1 |.Q|T 1 n A 112 1— e_f)\min
01 < - 7||f [wolllroe i1 p Il — Upllje + B+ |2+ ——— | 1, (A5)

f)\min
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Table A.3

& is much smaller than §_;.
8 8.1
0.0402836121 0.82706871027

where |£2| is the measure of £2, 8 = || B(il1)| y-1,and n = | B(li;) — F ({i1)||y-1. Here we note that both 8 and 7 can be
estimated rigorously by using methods given in [17,18], and [19].

We numerically compare § with §_;. We consider (25) for Case 1 with the interval (0, co) replaced by (0, 278]. We seta
numerical solution wq as (26). Then, we estimate § and 6_ given in (A.3) and (A.5), respectively. The values of § and §_; are
given i2n Table A.3. Table A.3 shows an advantage of the numerical verification method based on an analytic semigroup e~*
over L*(£2).

Appendix B. Local Lipschitz constant

We derive Ly (o) in (10) and L, (p) in (15) when f (x, u) = u®> 4+ g, where g € [?(£2) is a given function. Let q be a natural
number. There exists Sobolev’s embedding constant C, 4 > 0 satisfying

lulle < Cogllullyy,  Vu € HY(2), (B.1)

where || - [|;¢ represents the norm in the usual Lebesgue L(£2) space [21]. Such a constant C, , can be numerically estimated
(see Lemma 2 in [18] for example). Let J be any interval in (0, c0). For p > 0 and a given v € L*(J; H(} (£2)), let
w e BLOO(/;H(} @y W, p). Here, foru € L*°(J; H(} (£2)) and a fixed s € J, we can obtain

If Tw($)Tu(s)ll;2

2w (s)u(s)ll;2

< 2flw(s)llp4llus)ll 4
= 2C§4||w(5)”H3”u”LOO(_,;H&(_Q))
=<

24P + 10l gy ) Nl gy -
Therefore, we have
2

L¢(,0) = 2C9.4(,0 + ||¢||L00(]:H(}(Q)))
and

Lug (P) = 2C24(p + lloll oo a1 @))-
Furthermore, we estimate

”¢”L°°(Tk?H(}(9)) = ,0/ + ”¢”H&
and

ool g = max { ol Nl |-

Appendix C. The continuity of the global-in-time solution

If the existence of the global-in-time solution to (1) is proved by Algorithm 1, the solution u(t) € HO1 (£2) C 12() for
t € [0, 0o) is expressed by

t
u(t) = e Pug + / e =9AF (. u(s))ds.
0

We will show the solution u is in C°([0, 00); [?(£2)).
First, we will show f (-, u) € L®((0, 00); L*(£2)).Let ¢ € H(} (£2) be the stationary solution in Theorem 5. Since the global-
in-time solution u exponentially converges to ¢, there exists p > 0 satisfying [[u — @1l ;5 (9, 00): Hl(2)) < p. The mean-value

theorem and (10) yield
IFCu) = FC D e 0,002 = Lo(0)p-
It follows that
I Cs ) llio0.00):22)) < IFCo 1) — FCs D llio0.00):12(02)) T IF G5 @) Ij2
=Ly(pp +IfC, P2 =M.
Hence, f (-, u) € L®((0, 00); L2(£2)).
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Next, we will show the global-in-time solution u is in C°([0, 0o); [?(£2)).Fixt' > 0.Fort € Rsuchthat0 < t’ < t < oo,
we have

’

t t
et fE*“%ﬂwwD$—/‘fW”ﬁhu®Ms
0 0

A

lu(t) —uH|l2 < H (e — ey

12

IA
S

t
- —t'A —(t—s)A
A — e Mug|| 2 +/ le™ 2 2 If -, u(s)) || 2ds
[/

t/
—(t—tHA (U —9)A
+w“”-dwﬂ/|w“”mmwummw¢
0

M(1 — e~ *min(t=t)) M(1 — e~ *mint")

IA

(e™” — e_[A)||L2,L2 luoll 2 + + e A — 2 12 ,  (C1)

Amin )”min

where I is an identity operator from L?(£2) to L?(£2) and we have used the spectral mapping theorem. From the continuity
of the semigroup, [le™ — e~*|| ;> ;> — O and |le” @4 — [|| 2 > — 0(e.g.[15]) hold if t — ¢’ + 0. Then, the right hand
side of (C.1) tends to 0 if t — t’ + 0. On the other hand, we fixt’ > 0.Fort € Rsuchthat0 < t < t’ < oo, we estimate
lu(t) — u(t’)||;2 by the same way as (C.1) after exchanging t with ¢’ in (C.1). By using the continuity of the semigroup,
lu(t’y — u(t)|;2 tends to 0if t — t' — 0. Therefore, the global-in-time solution u is in C°([0, 0o); [2(£2)).

References

[1] H. Fujita, On the blowing up of solutions of the Cauchy problem for u; = Au 4 u'*%,J. Fac. Sci. Univ. Tokyo 1A 13 (1966) 109-124.
[2] P.Meier, On the critical exponent for reaction-diffusion equations, Arch. Ration. Mech. Anal. 109 (1990) 63-71.
[3] C.Bandle, H.A. Levine, On the existence and nonexistence of global solutions of reaction-diffusion equations in sectorial domains, Trans. Amer. Math.
Soc. 316 (1989) 595-622.
[4] P.Meier, Blow-up of solutions of semilinear parabolic differential equations, Z. Angew. Math. Phys. 39 (1988) 135-149.
[5] H.A. Levine, P. Meier, The value of the critical exponent for reaction-diffusion equations in cones, Arch. Ration. Mech. Anal. 109 (1990) 73-80.
[6] P. Souplet, Geometry of unbounded domains, poincaré inequalities and stability in semilinear parabolic equations, Comm. Partial Differential
Equations 153 (1999) 951-973.
[7] P. Souplet, Decay of heat semigroups in L and applications to nonlinear parabolic problems in unbounded domains, J. Funct. Anal. 173 (2000)
343-360.
[8] H.Ishii, Asymptotic stability and blowing up of solutions of some nonlinear equations, J. Differential Equations 26 (1977) 291-319.
[9] P. Quittner, P. Souplet, Superlinear Parabolic Problems Blow-Up, Global Existence and Steady States, Birkhduser-Verlag, Basel, 2007.
[10] M.T. Nakao, T. Kinoshita, T. Kimura, On a posteriori estimates of inverse operators for linear parabolic initial-boundary value problems, Computing
94(2012) 151-162.
[11] M.T. Nakao, T. Kimura, T. Kinoshita, Constructive a priori error estimates for a full discrete approximation of the heat equation, SIAM J. Numer. Anal.
51(2013) 1525-1541.
[12] T.Kinoshita, T. Kimura, M.T. Nakao, On the a posteriori estimates for inverse operators of linear parabolic equations with applications to the numerical
enclosure of solutions for nonlinear problems, . Numer. Math. 126 (2014) 679-701.
[13] S.Cai, A computer-assisted proof for the pattern formation on reaction-diffusion systems (Doctoral thesis), Graduate School of Mathematics, Kyushu
University, 2012.
[14] M. Mizuguchi, A. Takayasu, T. Kubo, S. Oishi, A method of verified computations for solutions to semilinear parabolic equations using semigroup
theory, (submitted for publication).
[15] A.Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.
[16] A.Yagi, Abstract Parabolic Evolution Equations and their Applications, Springer-Verlag, Berlin, Heidelberg, 2010.
[17] M.T. Nakao, A numerical approach to the proof of existence of solutions for elliptic problems, Japan J. Appl. Math. 5 (1988) 313-332.
[18] M. Plum, Existence and multiplicity proofs for semilinear elliptic boundary value problems by computer assistance, Jahresber. Deutsch. Math.-Verein.
JB 110 (2008) 19-54.
[19] A. Takayasu, X. Liy, S. Oishi, Verified computations to semilinear elliptic boundary value problems on arbitrary polygonal domains, NOLTA 4 (2013)
34-61.
[20] S.M. Rump, INTLAB - INTerval LABoratory, in: Tibor Csendes (Ed.), Developments in Reliable Computing, Kluwer Academic Publishers, Dordrecht,
1999, pp. 77-104.
[21] R.A. Adams, Sobolev Spaces, second ed., Academic Press, New York, 1975.


http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref1
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref2
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref3
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref4
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref5
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref6
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref7
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref8
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref9
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref10
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref11
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref12
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref13
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref15
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref16
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref17
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref18
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref19
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref20
http://refhub.elsevier.com/S0377-0427(16)30513-1/sbref21

	Numerical verification for existence of a global-in-time solution to semilinear parabolic equations
	Introduction
	Preliminaries
	Numerical verification for a global-in-time solution
	Global-in-time existence theorem
	Verification algorithm

	Numerical results
	Acknowledgments
	Residual estimation
	Local Lipschitz constant
	The continuity of the global-in-time solution
	References


