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1. Introduction

In the approximation theory one of the fundamental problems is to approximate a function f by functions having better
properties of integration, differentiation and efficient calculations than f. After the famous Theorems of Weierstrass and
Korovkin [ 1], positive linear polynomial operators have been widely used for approximating regular functions.

In this paper we are dealing with the approximation of real functions f defined in the semi-infinite interval [0, +00)
which have a suitable rate of growth as x — oo. In this case, one of the well-known examples of sequences of positive linear
operators is Szasz operators, introduced by Szasz in 1950 [2]:

[o]
. e () (k
Sifix)=e ™y f(n). (1)

k=0

S, converges to f (as n — oo) at each point t = x > 0 where f is continuous. In [2] Szasz investigated the detailed
approximation properties of the operators (1). Particularly, if f is bounded in every finite interval and f(x) = O (x") for some
k > 0 asx — oo, then there hold:

- if f is continuous at a point &, then S,, converges uniformly to f at &;

- if f is differentiable at a point £ > 0, then ns [Sh(f; &) —f ()] — 0,n— oc.

Later, in 1969, Jakimovski and Leviatan [3] gave a generalization of Szasz operators by means of Appell polynomials:

e X2 k
Pulfi%) = 25 ;pk(nx)f (E) : )
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where {p}cy is the Appell polynomial sequence [4] defined from the holomorphic function A(t) in the disk |z] < R, (R > 1)
with A(1) # 0.

Under the assumption pi(x) > 0, for x € [0, o0) and k > 0, for each function f defined in [0, co), Jakimovski and
Leviatan [3] gave several approximation properties of these operators in view of Szasz’s method [2].

IfA(t) = 1, pr(x) = % then P, (f; x) reduces to the Szasz operators (1).

Let E = E[0, co) denote the class of all functions of exponential type defined on the semi-axis and such that |f(t)| <
ce®t (t > 0) for some c and « finite positive constants and let C¢[0, co) = C[0, co)NE. Observe that, if n > « logR, the series
in (2) is convergent. Hence the operators P,(f; x) are well-defined for all sufficiently great n.

In [3] the authors proved that, if f € Cg[0, 00), then P,(f; x) converges to f(x) as n — oo. The convergence is uniform in
each compact subset [0, a], a > 0.

In 1996 Ciupa [5] studied the rate of convergence of these operators.

If f admits derivatives of sufficiently high order at x > 0, a complete asymptotic expansion for P,(f; x) has been derived
by Abel and Ivan [6]:

Pa(f; %) ~ f(x) + i adfs n ", (3)
k=1
where the coefficients c(f; x) do not depend on n. From (3) it follows that for all m > 1
Py(f; x) = f(x) + i hec(f: x)+ o0 ("), (4)
k=1
withh = 1/n.

Operators of Jakimovski and Leviatan type have been generalized by substituting the Appell sequence by a more general
Sheffer sequence [7]. In particular, in [8] Ismail considered the polynomial operators

e—xH(1) & k
Ffix) = =3y ;pk(nx)f <E> , (5)

where {pi}cn is the Sheffer polynomial sequence related to the analytic functions A(t) and H(t) with A(0) # 0, H(0) = 0
and H'(0) # 0. Moreover, in (5), A(1) # 0, H(1) # 0. Under the assumptions H'(1) = 1, px(x) > 0 for x > 0, Ismail showed
that the same type of results obtained by Jakimovski and Leviatan are still valid for operators F,(f; x).

Observe that for H(t) = t, operators F;(f; x) reduce to operators P,(f; x).

Further generalizations of Szasz-type operators have been studied in [9-12].

To the knowledge of the authors, an explicit asymptotic expansion for operators (5) does not exist in the literature.
Therefore, in this paper, with the same technique used in [6], a complete asymptotic expansion formula for the Ismail-type
operators F,(f; x) is given, provided f admits derivatives of sufficiently high order at x > 0. Asymptotic expansions of type
(4) are very important, since a well-known extrapolation algorithm can be applied, in order to improve the approximation
results. This algorithm provides new sequences of operators having a faster rate of convergence than F,(f; x).

The paper is structured as follows. In Section 2 necessary background and definitions are given; in Section 3 the asymptotic
expansion for F,(f; x) is presented and Richardson extrapolation technique is applied for any fixed x € [0, +00). Then, in
Section 4 some known and new special operators of Jakimovski and Leviatan type and of Ismail type are considered. Rates
of convergence of the above operators are compared by using classical techniques. Numerical experiments are given in
Section 5 which provide favorable comparisons with other existing operators and show the effectiveness of the considered
extrapolation algorithm. Finally, conclusions are reported in Section 6.

2. Preliminaries

In this section we recall some well-known definitions and properties on Appell and Sheffer polynomials which will be
useful hereafter. Moreover the estimation of the rate of convergence for P,(f, x) and F,(f, x) operators by means of modulus
of continuity is examined.

Appell sequences [4,13-15] and Sheffer sequences [7,13,15-17] can be introduced in many equivalent ways. Here we use
the method of generating functions.

If A(t) is an invertible power series, the polynomial sequence {py},cy defined by

¢k
k!

(o]
At =" pulx)
k=0
is called Appell polynomial sequence for A(t). If

Az =) . )
i=0 :
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with ag # 0, it is easy to prove, from (6), that
k

k
pk(X) = Z (l)) ak*\)xu, k > 0. (8)

v=0
Moreover [13], the sequence {p;} is positive Vx > 0 if and only if
Vi >0, a; > 0.

Observe that for A(t) = 1, we get px(x) = x*, k > 0, that is, the sequence {p;} is the well-known monomial sequence.

In 1939 Sheffer [7] introduced the polynomial sequences, called of type-zero, which include Appell and binomial
sequences.

Let H(t) be a §-series, that is

00 .
tl

H(t) = E bii—', bp =0, by #0,
i=0 ’

and A(t) an invertible power series as in (7).
Sheffer polynomial sequences are defined by the generating function A(t)e*("), That is, for the Sheffer sequence {5y} We
get

0 k
A = Zsk(x)% . (9)
k=0 ’

Observe that for H(t) = t the sequence {s;} coincides with the Appell sequence {py}.
For A(t) = 1 the Sheffer sequence {s;} defined by

o0

tk
el = s

k=0

is called polynomial sequence of binomial-type (see [13,15,18] and references therein).
In this paper Sheffer polynomial sequences such that si(x) > 0, Vx > 0 will be considered. For this kind of sequences
the following proposition holds.

Proposition 1. Let si(x) be the Sheffer sequence defined in (9). If a; > 0, b; > 0,i =0, 1, .. ., then, Vk € N, we get si(x) > 0 for
x € [0, 4+00).

Proof. The decomposition of si(x) in the basic monomials is

k
se(x) =) seix.
i=0

In [13] it is proved that

P
Sko = G, Skk = Gob7, (10)

and, fori=0,...,k—1,
k
1 k
Skitl = 177 ; (J.)bk—j Sjii - (11)
From (10) and (11) the result follows.

Proposition 2. If si(x) > 0 for x € [0, +00), then a, > 0 and b; > 0.
Proof. Since s,(0) = sxo and [13] sxo = ai, we get si(0) = a, > 0.
For x — +00, sg(x) — +oc. It follows that si, > 0. But s, = aob’{, hence b, > 0.

In [13] the conjugate sequence of a polynomial sequence is defined. Sheffer polynomial sequences form a group with
respect to the umbral composition [15]. It can be shown [13] that the conjugate sequences are the inverse elements in the
group. That is, if s,(x) is a Sheffer sequence, the conjugate sequence $;(x) satisfies

sk (Sx) =8 (sx) =x*, k=>0.

In [13] it is proved that if

oo

AR e = "5 (x)

k=0

£k
k!

)
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then

oo

LETORE - PN
A =D 50

k=0

where H(t) is the compositional inverse of H(t) [15]:
H (H(t)) = H (H(t)) = t,

thatis H o H = I, where “o” is the umbral composition.
For the Appell sequence, since H(t) = t, we get

% k
=3 hs
k=0

and

1

r Zpk >

where pi(x) is the conjugate sequence of py(x).
In order to consider some estimation of the error for operators P,(f; x) and F,(f; x), let

CZ10,00) == {g € C¢[0,00) : g, g" € C&[0, 00)}
with the norm [If[lc2 = Ifllc; + If"llce + If"llce [5,19]:
Theorem 1 ([5]). If f € C2[0, oc), then

Pu(f; ) = f] < (Xl Nl 2, (12)
where Ay(x) = (x + A+A() ]A)(JqA (1)).

Now, let C[O, o0) be the space of uniformly continuous functions defined on [0, co) and let EE[O, o0) = E[O, oo)NE.
The next theorem gives the rate of convergence of the sequence F, by means of the modulus of continuity w of f, very
much used in the approximations by Szasz-type operators (see [20-23] and the references therein).

Theorem 2 ([24,25]). Let f € EE[O, 00), then F, operators satisfy the following estimation

1
IFa(f; %) — F(x)] < Ba(x) ® <f, ﬁ) ’ )
where Bu(x) = 1+ \/(H”( T x A

Corollary 1. If f is Lipschitzian with Lipschitz constant L, then

. L , A1)+ A"(1)
[Fa(f5 %) — f(x)] < W (1+\/(H (1)+1)X+7m(1) )

3. Asymptotic expansion and extrapolation for operators F,

For a fixed x € [0, 0o), let us denote by K,Eq], with q € N, the class of all functions f : E — R which admit a derivative of
order q at x.

Theorem 3. Let f € K)EZC”, with x > 0 and q € N. There exist coefficients c,(f; x) which depend on A, H, f, x and not on n such
that the operators F, defined in (5) possess the following complete asymptotic expansion

FO(f; %) ch(f xn*+o0(n79), 1=0,...,q. (14)

The theorem can be proved, after some straightforward calculations, by the same techniques used by Abel and Ivan in [6]
for operators P, (f, x).
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The asymptotic expansions (4) and (14) in powers of h = 1/n,n > 0, for a fixed x > 0, with coefficients independent on
n, allow to apply the classical Richardson extrapolation process [26], in order to obtain faster convergent approximations.
In [27,28] for the first time this idea has been applied in the approximation theory.

Let f € K* and let {ni};~o be an increasing sequence of positive integers. We define a new sequence of polynomials

{Gg) } such that
keN

Gy = Gy (f. %) = Fy,(f; %), i=0,....q.
) "
G . i) . hi+kG;<')_1 - hiG;::) k=1,...,q, (15)
Gk o Gk (f,X) - s,
hivi — h i=0,...,q—k,

where h; = n;".
The following classical result holds [26,28].

Theorem 4. For i fixed positive number

hl_igqocﬁj) =fx), k=1,2,...,q—1.

Moreover, the following representation of the error holds
Gy = F(X) = (=i higr -+ higse (65 %) + O (y)) .

Several common choices of the sequence n; can be considered. For example:

(1) n; = p', p > 2 positive integer (Romberg sequence)

(2) n; = b; or n; = nb;, where b; are the Bulirsch numbers b; = 2, 3, 4,6, 8, 12, 16, ...
(3) n; = 2i, double harmonic sequence (Deuflhard sequence)

(4) nn=n+i,neN

(5)

n; = -(m + i), with m fixed constant as n/m is integer.

As we know, the numerical stability of extrapolation algorithm depends on the stability factor M(q), which is the sum of

the absolute value of extrapolation coefficients [29] M(q) = Zj”:o |C4il where Cg; are such that GE,O) = ;’:OCQ;GE)’).
Particularly, the smaller M(q), the more stable the extrapolation algorithm.
Let us denote by My(q), k = 1, ..., 5, the stability factor related to the kth considered sequence n; in the above list.

By comparing the five analyzed sequences, we can observe that, at least for ¢ < 300, the stability factor of Richardson
extrapolation with n; = p' is very small. In fact, for example, M;(q) < 8.26 for p = 2, Mi(q) < 1.97 if p = 4, and
M;(q) < 1.33 when p = 8. While for M,(q) we have M,(q) < 221. The stability of the other sequences is poor. In fact M4(q)
and Ms(q) increase rapidly with g for each choice of n and m. Nevertheless, we observe that the grid points of the refinement
related to sequence (1) increases rapidly, especially for high values of p and, consequently, the amount of work increases.

4. Special cases: examples of operators

In this section, in order to provide the reader with a complete view of particular sequences of positive operators of Szasz
type, for the approximation of real regular functions on the semi infinite interval, we consider some known operators of
Jakimovski and Leviatan type (Table 1) and of Ismail-type (Table 2). Then we present new operators of Jakimovski and
Leviatan type and of Ismail type, respectively, and compare the rates of convergence.

4.1. New operators of Jakimovski and Leviatan type

In order to present new operators of Jakimovski and Leviatan type, we introduce new sequences of Appell polynomials
which are positive for x > 0.

e The conjugate Bernoulli polynomials [13]:

(X + 1)k+1 _ Xk+1

)= —————, 16
pil(x) kT 1) (16)

related to the invertible power series

et —1

Alt) = g (17)

e The conjugate Euler polynomials [13]:

~ (x4 1)F +x

pu(x) = ——F— (18)

2k! ’
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Operators of Jakimovski and Leviatan type.

Sequence of polynomials

Operators

(1) Gould-Hopper d-orthogonal polynomials [19,30]
Lzk) . )
gk(x, h, d) _ 5:36? T (1:1'_,_1 hs k— d+l)s h>0 LgH (fe d; x)=e nx thOO:U gk(nz!h,d)f (%)
Al = eh[d-ﬂ
(2) Hermite polynomials of variance v [30]
EIVEY 2 - v
Heov) = 2% (-3) i!(k‘ﬁlzi)!xk 4ov=o L (F, ;00 = ey e B in ' (+)
vt
A =e T
(3) Miller-Lee polynomials [30]
by - Gr(2nx,
G(x,m) =), OETI:A:;IX‘( i, m>-1 L (f,myx) = e ™Y 02, zkv(nlllLT)f (%)
(a); is the Pochhammer’s symbol
(@)o=1()i=a(f@d+1)---(¢+i—1), i>1
—m—1
AD=(1-%)
2
¢ Forv = _411 we get the Hermite-Appell conjugate sequences [13] with generating function T,
Table 2
Operators of Ismail type.
Sequence of polynomials Operators

(1)

(if)

(iif)

(iv)

v)

Modified Laguerre polynomials [31-34]

a)(
Lk(X Ol) =
(a) (a+k)
where L(x) = 3% _ = m)of(wm)ymy( —x)"
is the Laguerre polynomial, @ > —1

—a—1
A(t) = (] - %) o H(t) = 2(2[4)
Modified 2- orthogonal Laguerre polynomials [25]

()
Lk(x a)f 2k Zm 0 (k— m)’L (_%)
L(m (x) the Laguerre polynomials, @ > —1

a—1

t —
A =er(1-5)"", HO =355
Modified Charlier polynomials [31,32,34,35]

~ (a)
= & -0

where C{(x) = Zr o) (=x), x<0
is the Chalher polynomial, a > 0

Ay=e, HO=(1-aln(1-1%)
Modified Reverse Bessel polynomials [24]
Bk(zﬁx)
Bi(%) = —m—
where By(x) = YK | —Gki-1x

=1 G—1)i(k—j)2*7
is the Reverse Bessel polynomial

At =1, H(t):zﬁ(l— 1-¢
Modified Meixner polynomials [25]

Mi(x: v, €) = 52 My ((ZZ(CC sy, c)
where My(x; v, ¢) = Y F_ 0()(—71)“ "
is the Meixner polynomial, y >0, ; <c < 1,x>0

AO=(1-3)7. HoO =2} 1n(£§:§>)

- Ly (nx, k
LS (fLaix) = e % Y5 e (&)

LG . _omxfl L (nx, k
L% (frox) = e "2 Y2 f (5)

M (fax) =e ' (1- %)(aq)"xzkoioa{ (nx; a) f (f)

1., d: 0 = e (2P O (e ) ()

m(1-2c)

LM (y i = (2= 1) %0 2 Midnx v, o) (£)

related to

At) =

et +1
S

In this case we obtain, respectively, the two operators T,(f; x) and Tn(f ; X) defined as follows:

T(f;x) =

To(f; %) =

e & k
o1 Zpk(nxlf <H> )

2e

2 S (£).

(19)

(20)
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For the rate of convergence of T, and fn operators, from Theorem 2 we get

T ) — F0)] < (x+ %) o <f, %) ,

Talf; %) — f(x)] < <x+ %) o (f, %) .

Moreover the following theorem holds.

and

Theorem 5. If f € CZ[0, co), then

ITalf: %) = fX)] < An()If llc2- on
where Jy(x) = o (x + 1 + Z);

ITalfs %) = FCO] < KaCOIf 2. (22)
where n(X) = 1ty + 55 + ey
Proof. The results follow by the same technique used by Ciupa in [5], taking into account that T, (s — x; x) = ﬁ and

To (s — %)% %) = 5 +

Remark 1. In the special case where A(t) is defined as in (17), from the upper bound (12) A,(x) = %(x + 1) and Vn, x,
An(x) > Xn(x)-

4.2. New operators of Ismail-type

In order to present new operators of Ismail type, we introduce new positive sequences of Sheffer polynomials satisfying
A(1) #0and H'(1) = 1.

e The conjugate generalized Boole polynomials

k
=Y si¥,
=0

where

j+1
Sk.j —bk]+Tbk1+l

with by ; defined by

Bk]‘ = Skj
. bro=0, b1 =1
bk.]‘ = R 1 k—j+1 I\ (23)
byj = X 4 (l.>bk4,jq .
i=1
The generating function is
1+e€ (e br(x)
— (=1 = Z TR (24)

k=0

Now, let be gi(x) = 7 b (£). Then, by virtue of (24), A(t) = He and H(t) = &=L =1, 50 that A(1) # 0and H'(1) =
e The conjugate Poisson- Charlier polynomials

k
= E Sk’jX],
=0

where

ko,

~ T\~

Skj = E . ) br.is
i=j
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Table 3

Rate of convergence of some operators.

Operators

Rate of convergence

)
(2)
(3)
(i)
(ii)
(iii)
(iv)
(v)
(a)
(b)
(c)
(d)

L1 (f, d; x) [19,30]
L (f, v; %) [30]
LM (F, m; x) [30]
LI (f, a3 x) [31-34]
1% (F, a7 ) [25]
L?.”C (f. @ x) [31,32,34,35]
LR (F, d; x) [24]
LM (f .y, c: x) [25]
Ta(f; x) [13]
Tu(f; %) [13]

Qn(f; x)

Q(f: %)

2
X+ h(h+1)(1+d)

X+
X+ m+1) (m+3)

v(v z>

3x + u(a+n£l)+3
Ix + 4a(a+ns)+19
ax + %

ot

X+ %
X + n
2x +
2x +

n(e+1)

n(e+1)

with Bk’j defined as in (23). The generating function is

o(e=1) (e =1) _ i GlX) i

k!

k=0

IfGu(x) = 7 ¢ (%), then A(t) = e+l and H(t) = Q‘T—‘ sothat A(1) £ Oand H'(1) = 1.

We get, respectively, the two operators Q,(f; x) and a,,(f 3 X):

Qu(f; X) qu <nx)f< )

e—nx(e 1)
Q0= — > G (nX)f( )

k=0

For the rate of convergence of Q, and an operators, from Theorem 2 we have

2e 1
[Qn(f; %) = f(X)] < <2x+ m) w(f, ﬁ)

~ 2e 1
1Q(f5 %) — f(2)] < <2x+ m) w(f, ﬁ)

and

The following theorem can be proved analogously to Theorem 5.

Theorem 6. If f € C2[0, 0o), then

1Qu(f; ) = fX)] < An(OIf ll 2,

where A,(x) = (x + fz((llj—:;)

1Qulf: %) = FO < Ta(OIf N2

where Xn(x) = % (x + %)

4.3. Comparison of rate of convergence

In order to compare the rates of convergence of the operators considered in Tables 1 and 2, we give Table 3.

(27)

Observe that in the case of operators T,(f; x) and T,(f; x) the asymptotic error constant is 1. For the other operators this

does not always happen.
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a ‘ ‘ ‘ ‘ ‘ b,.
0.2 0.4 0.6 0.8 1.0 .
3 0.12
01K — Tilf.x)
) 010f
0.2 [\ —= Tao(f.x)

0.08

Tso(f, x)

03[ — 0.06
= Tylf,x) 0.04
04l 3
-= Taolf, x)
0.02
- Tsolf, X)

0.0

a ‘ ‘ ‘ ‘ ‘ b
02 0.4 06 08 1.0 0141
B 012F
04D [ B
‘.‘ L — Tiolf, x)
o108 i
0.2 P fA -= Talf. 0
AR 0.08 )
R 3 Faolf, x)
-03F R} — f(x) 0.06 -
- N
= Tiolf, x) 0.04 |-
04f fotn %
.- | X L
= 0.02f
- Tso(t, x) r

0.0

Fig. 2. (a) Convergence of T,(f; x) to f(x) in [0, 1]. (b) Absolute errors in [0, 1].

Table 4

Error bound by using modulus of continuity—Example 1.
n Erry, Errz, Errg, Errg, Error in [36]
10 0.33809900 0.34169700 0.40677900 0.4640070 0.89388445
103 0.03423310 0.03423710 0.04132160 0.04132902 0.84099669
10° 0.003423750 0.003423750 0.00413282 0.00413288 0.38033509
107 0.000342374 0.000342374 0.00041328 0.00041329 0.13488244
10° 0.0000342374 0.0000342374 0.00004132 0.00004132 0.04423507
10" 3.42374e—06 3.42374e—06 4.1328e—06 4.1328e—06 0.01415055
1013 3.42374e—07 3.42374e—07 4.1328e—07 4.1328e—07 0.00449115
10 3.42374e—08 3.42374e—08 4.1328e—08 4.1328e—08 0.00142186
107 3.42374e—09 3.42374e—09 4.1328e—09 4.1328e—09 4.497971e—04
10" 3.42374e—10 3.42374e—10 4.1328e—10 4.1328e—10 1.422548e—04

5. Numerical examples

In the following examples we determine error estimations in the approximation by T;, il, Q, and an operators for some
functions, by using modulus of continuity. We denote by Erry,, with W, = T, Ty, Qu, Qu, the computed error bound,
respectively, for operators Ty, Ty, Q, and Q,,. We compare the obtained results to those achieved with other operators in
the literature.

Then, we apply the extrapolation algorithm by considering several choices of the sequence n; and compute the error

1
Gw, = max |GV, (f; %) — f(x)],
0<x<1
where W, is as above and indicates the specific operators utilized for the computation of Gg) in (15).
All calculations have been carried out using Mathematica 10.0 and Matlab R2015b.

Example 1 ([36]). Consider the following function f(x) = —4xe™3*,x € [0, 1].

Fig. 1(a) and (b) show, respectively, the plots of f (x) and the approximating operators T,(f; x), and the plots of the absolute
errors |T,(f; x) — f(x)| for n = 10, 20, 50 in the interval [0, 1]. N

Fig. 2(a) and (b) show, respectively, the plots of f (x) and the approximating operators T,(f; x), and the plots of the absolute
errors |T,(f; x) — f(x)| for n = 10, 20, 50 in [0, 1].

In Table 4 we give the computed error estimations Erry, for several values of n. They are compared with the ones in [36].

Table 5 shows the true errors

Ew, = max|W,(f; x) — f(x)I.
a<x<b
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Table 5
Maximum absolute error—Example 1.
n ETn Efr'" EQ" Efj,,
10 0.1433940 0.1671720 0.1671716 0.3341707
50 0.0420539 0.0519629 0.0519629 0.1656723
100 0.0221170 0.0275517 0.0750055 0.0946478
10° 0.00231595 0.0029067 0.4878836 0.4878836
10° 0.00002328 0.0000294 2.9241e—05 1.0871e—04
107 2.3279e—07 2.9242e—-07 2.9242e—07 1.0873e—06
10° 4.6216e—08 4.5056e—08 2.9242e—09 1.0874e—08
Table 6
Extrapolation error—Example 1.
n; i GTn i G:fn
2 1,23 8.959338e—05 1,2,...4 9.525916e—01
1,2,...,14 3.737659e—10 1,2,...,6 4.671524e—05
4 1,23 5.130503e—05 1,23 8.900901e—05
1,2,...,7 2.280971e—10 1,2,..,5 8.676678e—10
1041 1,23 8.360350e—05 1,2,...4 7.251635e—05
1,2,...,11 1.422075e—08 1,2,..,11 2.872629e—08
2% 1,2,...,5 9.515105e—05 1,2,....5 3.024622e—05
1,2,..,10 6.537760e—10 1,2,...,10 6.973742e—10
Table 7
Extrapolation error—Example 1.
n; i GQ" n; i Gaﬂ
5i 1,2,..,4 7.027857e—05 5 1,2,..,4 1.085701e—01
1,2,...,7 5.005474e—07 1,2,...,6 2.862507e—03
. 1,2,...,5 8.404059e—05 . 1,2,...,5 3.554468e—04
10+i 1,2,...,11 8.432076e—08 30+1 1,2,...,7 6.819058e—06
2% 1,2,...,7 9.049401e—05 2 1,2,...,10 2.337181e—04
1,2,...,12 7.990505e—10 1,2,...,12 7.432047e—06
Table 8
Error bound by using modulus of continuity—Example 2.
n Erry, Erry, Errg, Errg, Error in [24]
10 0.644675 0.651536 0.406779 0.884751 0.70003463
10? 0.200489 0.200718 0.130482 0.245873 0.22246336
10° 0.0632613 0.0632686 0.0413216 0.0764873 0.07035257
10* 0.0200005 0.0200007 0.0130689 0.0241467 0.02224744
10° 0.00632457 0.00632458 0.00413282 0.00763456 0.00703526
10° 0.00200000 0.00200000 0.00130691 0.00241422 0.00222474
107 0.00063246 0.00063246 0.000413282 0.000763442 0.00070352
108 0.00020000 0.00020000 0.000130691 0.000241421 0.00022247
10° 0.00006324 0.00006324 0.000041328 0.000076344 0.00007035
1010 0.00002000 0.00002000 0.000013069 0.000024142 0.00002224
10" 6.3246e—06 6.3246e—06 4.13282e—06 7.63441e—06 7.03526e—06
1012 2.0000e—06 2.0000e—06 1.30691e—06 2.41421e—06 2.22474e—-06
1013 6.3246e—07 6.3246e—07 4.13282e—-07 7.63441e—06 7.03526e—07

Since our machines have not enough speed and power to compute the infinite series in (25) and (26), we had to approximate
the series with finite sums in order to evaluate Q, and Q, in Table 5.
The absolute errors obtained by the extrapolation process, for several choices of the sequence n; are displayed in Tables 6

and 7.

Example 2 ([24]). Consider now f(x) = —=

with the estimations in [24].
Table 9 shows the true errors in the approximation by means of the considered operators.
The absolute errors obtained by extrapolation, for several choices of the sequence n; are displayed in Tables 10 and 11.

N 14x4 ’

x € [0, 1]. The error estimations Erry, are displayed in Table 8 and compared
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Table 9
Maximum absolute error—Example 2.
n ET" E’f" EQ" Efj"

10 0.0581096 0.0727902 0.0983694 0.2565774
20 0.0329087 0.0365364 0.0580220 0.1351967
50 0.0137139 0.0146206 0.0265477 0.0543578
100 0.00704207 0.00731051 0.0140616 0.0288311

Table 10
Extrapolation error—Example 2.
n; i GT,1 i Ci—‘”
9 1,2,...4 8.509047e—05 1,2,...,6 4.966732e—05
1,2,..8 1.596833e—07 1,2,..9 7.389635e—10
4 1,2,3 5.087599e—05 1,2,..,4 1.893475e—05
1,2,...,4 2.032594e—05 1,2,..,5 9.944473e—08
1041 1,2,...4 8.210283e—05 1,2,...,5 8.727032e—05
1,2,...,13 2.289737e—07 1,2,..9 7.859487e—07
2 1,2,...,8 8.905467e—05 1,2,...,7 8.941022e—05
1,2,...,16 3.743760e—08 1,2,...,21 6.585855e—07
Table 11
Extrapolation error—Example 2.
n; i GQ,‘ n; i Gaﬂ
9 1,2,...,6 9.200485e—04 2 1,2,..,4 3.185449e—02
1,2,...,6 9.200485e—04 1,2,..,5 8.468367e—03
4 1,2,3 3.980982e—05 4 1,2,3 7.766571e—03
1,2,3 3.980982e—05 1,2,3,4 9.91e—01
. 1,2,..,4 8.775534e—05 . 1,2,...,4 5.367207e—04
10+i 12,7 7.329339e—05 30+i 1,2,...6 4545825e—05
2 1,2,..8 8.217080e—05 2% 1,2,...,7 7.201657e—03
1,2,..,11 5.341235e—06 1,2...,16 4.598149e—06

6. Conclusions

In this paper old and new operators of Jakimovski and Leviatan type and of Ismail type are introduced. The rate of
convergence for these operators is examined by using classical techniques. An asymptotic expansion for operators of Ismail
type is presented. Hence, Richardson extrapolation algorithm is applied, in order to accelerate the convergence of these
operators. Numerical examples support theoretical results and show that high accuracy in the approximation by means of
extrapolation can be achieved.

Observe that the numerical results are strongly influenced by the power of the software and computing tools which have
been used. Probably, by the use of more powerful tools, the approximations would be more stringent. However, by comparing
the absolute errors on the operators and those on the extrapolated operators, the effectiveness of the use of extrapolation
in approximation with the considered operators is evident. In fact, from Tables 6, 7, 10 and 11 we can observe that stringent
tolerances are achieved also for small values of n.
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