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1. Introduction

There have been a large amount of work on traveling wave solutions for local and nonlocal diffusion disease systems
since they play crucial roles in describing the spatial transmission patterns of infectious diseases [1-27]. In reality, the
susceptible and recovered individuals can move randomly over a wide range and have different diffusion distances, while
the infected individuals are usually limited in local areas. In addition, many diseases cannot be spread to others instantly
after being infected and have an incubation period (or time delay). Based on these facts, we suggest a three-component
delayed disease system with mixed diffusion

BS(x, )I(x,t — 1)
S(x, t)+I(x,t — )+ R(x, t)’
BS(x, )I(x,t — 1)
0cl(x, t) = dyoud(x, t) + —(y +8)I(x, t),
%, 6) = dadal(x, 0+ oo s = + I )

dR(x, t) = d3[Ky, * R(x, t) — R(x, t)] + yI(x, t),
where K, * S(x, t) = [, K, (¥)S(x — y, t)dy, Ky, % R(x,t) = [ K,,(y)R(x — y, t)dy and K;,(y) = %K(%) fori =1,2.In
(1.1), S(x, t), I(x, t) and R(x, t) denote the densities of susceptible, infected and recovered individuals at location x and
time t, respectively. The coefficients d; > 0 (i = 1, 2, 3) represent the diffusion rates of each class, the parameters A; > 0
(i = 1, 2) refer to the nonlocal diffusion distances of susceptible and recovered individuals, 8 > 0 is the transmission rate,

% S(x, t) = di[K;, *S(x, t) — S(x, t)] —
(1.1)
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y > 0 denotes the recovery rate, § > 0 is the disease-induced death rate and > 0 is the time delay. The convolution
operators Kj, * S(x, t) — S(x, t) and K, * R(x, t) — R(x, t) depict that the rate of susceptible and recovered individuals in
position x and at time ¢ depend on the influence of neighboring S and R in all other positions y [21,28-32]. Moreover,
model (1.1) with standard incidence function BSI/(S + I + R) describes that some of infected individuals will be removed
from the population due to disease-induced death, but other recovered individuals will return into the community, which
reflects the essential propagation dynamics of infectious diseases [2,8,18,19]. Throughout this paper, the kernel function
K(x) satisfies
o0
K(x) € C(R), K(x)=K(—x) >0, / K(x)dx = 1, K(x) is compactly supported. (K)

oo

As stated by Li [33], a standard kernel function

1
K(x) = Cexp(x2 — ]>, lx] < 1,
0, x| = 1,

where C > 0 is some appropriate constant, fulfills the assumption (K).
A traveling wave solution to (1.1) is a special solution in the form of (S(x, t), I(x, t), R(x, t)) = (S(z), I(z), R(z)), z = x—+ct,
which satisfies

[~ 1 o BS@z —ct)
d _/_w K 15z = vy = 5(2)| - e5'e) = g 2T <o, (12)
” ’ ,BS(Z)I(Z—C'L') _
dyl"(z) — cl'(z) + SO 41— TR (y +8)I(z) =0, (13)
ds / K,(y)R(z — y)dy — R(z) | — cR'(z) + y1(z) = 0. (1.4)

Obviously, system (1.2)-(1.4) has infinitely many equilibrium (S, 0, R) with arbitrary constants S > 0 and R > 0 (S+R # 0).
The purpose of the present paper is to look for positive solutions (S(z), I(z), R(z)) of (1.2)-(1.4) satisfying the following
asymptotic boundary

S(—00):=S8S_ =51, I(—00):=1_ =0, R(—00):=R_o =0,
]/(51 _soo)

S(00) = Seo < 51, I(00) i =1, =0, R(00) :
y+4é

Ry =

where S; > 0 is a given constant.
As far as we know, the research on mixed diffusion equations is quite few [34-36]. Recently, Wu et al. [36] investigated
a non-delayed disease system with mixed diffusion

9 S(x, t) = di[K % S(x, t) — S(x, £)] + & — uS(x, t) — h(S(x,
al(x, t) = dadd (x, £) + h(S(x, £))g(I(x, £)) — pl(x, t) — d(I(x
dR(x, t) = ds[K % R(x, t) — R(x, t)] + d(I(x, t)) — uR(x, ),

where K * S(x, t) fR K(y)S(x —y, t)dy, K = R(x, t) fR K(y)R(x —y, t)dy, ® > 0 is the constant external supplies, u > 0
denotes the natural death rate, h(S), g(I) and d(I) are abstract nonlinear functions. The corresponding ordinary differential
system admits a disease-free equilibrium (%, 0,0). If Ry = h( )g’(0)/[e + d'(0)] > 1, then (1.5) has a unique positive
endemic equilibrium (S*, I*, R*). Since that the first two equatlons in (1.5) form a closed system, Wu et al. only consider
the subsystem for S-component and I-component. Under certain assumptions on functions K(-), h(-), g(-) and d(-), they
applied Schauder’s fixed point theorem together with the upper-lower solutions method to obtain that the subsystem

has a positive traveling wave solution if Rp > 1and ¢ > ¢* = 2 dz[h(ﬁ)g’(O) — u — d’(0)]. Meanwhile, they used the

£))g(I(x, t)),
. 1), (1.5)

squeeze theorem and the Lyapunov functional technique to deduce the asymptotic boundary for S and I. They also utilized
the polar coordinates transform to establish that the subsystem admits no nonnegative traveling wave solutions if Ry > 1
and 0 < ¢ < c*.

Compared with system (1.5), we would like to point out that system (1.1) has four differences. Firstly, the first two
equations in (1.5) are independent of the third one, while the three equations in (1.1) are not independent. Secondly,
(1.5) introduces the same nonlocal diffusion distances of susceptible and recovered individuals, whereas (1.1) concerns
the different ones. Thirdly, (1.5) does not consider the fact that the biological development of many diseases have an
incubation period/time delay, while (1.1) incorporates this important biological factor. Finally, (1.5) has two stationary
solutions, whereas (1.1) admits infinitely many stationary solutions. Therefore, the methods in [36] cannot be directly
utilized to investigate our model. Enlighted by [3,8,14,36], we will employ Schauder’s fixed point theorem together with
the upper-lower solutions method to obtain that (1.1) has super-critical and critical traveling wave solutions on the
real line. By contradictory arguments coupled with the theory of classical analysis, we will derive the positiveness of
traveling wave solutions. Applying the upper-lower solutions and squeeze theorem, we will get the asymptotic boundary
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of traveling wave solutions at minus infinity. With the aid of Fluctuation Lemma and subtle analysis method, we will
deduce the asymptotic boundary of traveling wave solutions at plus infinity. By virtue of bilateral Laplace transform, we
will establish the nonexistence of positive traveling waves.

The paper is organized as follows. Section 2 shows the preliminaries and main results. Sections 3 and 4 establish
the existence of super-critical and critical positive traveling wave solutions, respectively. Section 5 is devoted to the
nonexistence of nontrivial and positive traveling wave solutions. Section 6 implements some numerical simulations. Short
conclusions and discussions are given in Section 7.

2. Preliminaries and main results
To begin with, we present the following two lemmas.

Lemma 2.1. Let
W(p,c):=dyp* —cp+ e T —y —34.
Then the following assertions are valid for Ry := B/(y + ) > 1.

(i) There exist two positive constants p* and c* such that ¥(p*, c*) = ¥,(p*, c*) = 0.
(ii) If 0 < ¢ < c*, then ¥(p,c) > 0 for p € [0, c0).
(iii) If ¢ > c*, then equation ¥(p, c) = 0 admits two positive roots pi(c) := p1 and py(c) = py with p; < p* < p, such
that W(p, c) < 0 for p € (p1, p2) and ¥(p, c) > 0 for p € [0, p1) U (02, 00).

Proof. Since Ry > 1, we have ¥(p, 0) = d,p?+B—y—8 > 0and ¥(0, c) = B—y —8 > 0. For each fixed p > 0, we deduce
lime_ 00 ¥(p, ¢) = —00 and ¥ (p,c) = —p — Bpre " < 0. For any fixed ¢ > 0, it follows that lim,_.. ¥(p,c) = oo
and ¥,(0, ¢) = —c — Bct < 0. Note that ¥,,(p, ¢) = 2d; + Bct?e~"" > 0 for any (p, ¢) € R x R. Then the assertions
hold. O

Lemma 2.2. Let
o0

D(p,c)=cp— d3/ K(y)e P dy + ds.

—00

Then for each fixed ¢ > 0, there exists some p > 0 such that ®(p, c) > 0 for any p € (0, p).
Proof. By basic calculations, we obtain @(0,c) = 0, @,(0,c) = ¢ > 0, ®,,(p, ) = —d3A3 [, y*K(y)e **dy < 0 and
@(00, c) = —oo for each fixed ¢ > 0. The claim is shown. O

Now we state our results.

Theorem 2.1. Assume that Ry > 1 and ¢ > c*. Then system (1.2)-(1.4) has a positive solution (S(z), I(z), R(z)) satisfying
S_o00 = 51,800 < S1, Itoo = 0 and R_,, = 0. Moreover, if R(z) is bounded on R, then Ry, = V(S;Jf” Additionally, as z — —o0,

I(z) = O(e”?) for ¢ > c* and I(z) = O(—ze”"?) for ¢ = c*.

Theorem 2.2. Assume that Ry < 1and c € R or Ry > 1 and ¢ < c*. Then system (1.2)-(1.4) admits no positive solutions
(S(2), I(z), R(z)) satisfying S_oc = S1 > Soos 100 = 0, R_c = 0 and sup,y R(z) < 0.

Remark 2.1. Theorem 2.2 indicates that (1.1) has no positive traveling wave solutions for Ry > 1 and ¢ < 0. While
Wu et al. [36] just established the nonexistence results of traveling wave solutions with 0 < ¢ < c*. We think that our
method adopted in Section 5 can be used to obtain the nonexistence results in (1.5) for nonpositive wave velocity.

3. Super-critical traveling waves

In this section, we restrict our attention to the existence result for Ry > 1 and ¢ > ¢* in Theorem 2.1. For z € R, define
the following nonnegative continuous functions by

o _ | sia—ele?), z <z,
Si(z) =S4, S (z) = { 0. 2>,
. e’z <z, . eP? — [elmtak 5 o oo
l+(2):= { Iy, z>2z, I-(2) = { 0, z>z3,
Ry (z) = L€, R_(z) :=0,
where I; = = VM‘S)Sl z1 = p;'Inl}, z, = €; 'Ine€y, z3 = —€; ' InLy, py is defined in Lemma 2.1, L; and ¢ (i = 1,2) are

positive constants which will be specified in the following lemma.
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Lemma 3.1. For given sufficiently small €; > 0, €; > 0 and sufficiently large L, > 0, L, > 0, the functions S.(z), I.(z) and
R.(z) satisfy

BS+(2)l-(z — c1)
Si(z)+1-(z—ct)+ Ri(2)

<0, zeR, (3.1)

dy U Ky, (v)S+(z — y)dy — 5+(Z)] —cSi(z) -
BS+(2)(z — cT)

ol (2) — cl,(2) + SO Lz I ED (y +8)(2) <0, z+#z, (3.2)
o U K WIR (2 = y)dy = R+(Z)] — R (2)+yI4(2) <0, z€eR, (33)
” / BS_(2)L.(z — c1)
d; [/OO K, (0)S—(z — y)dy — S(z)] —cSL(z) — SO L) iR@ > 0, z#2, (34)
S_(2)_(z —
dal”(2) — el (2) + ¢ (Z)ﬁ+ I(Z()Z (Zcr)CJ:)R o (¥ +8)_(2) =0, z#zs, (35)
- - - +
ds [/OO Ky, (y)R_(z — y)dy — R_(z)] —CR (2)+yI_(z2)>0, zeR. (3.6)

Proof. Proof of (3.1). If z € R, then fR K,,(v)S+(z —y)dy = S1,1_(z) = 0 and R.(z) > 0. Obviously, we have

BS+(2)_(z — cT)
Si(2)+1-(z—ct)+ R (2)

dy [/ Ky, (v)S+(z — y)dy — 5+(Z)] — ¢Sy (2) -

o0
. BS11_(z —cT)
T Si41.(z—c1)+Ri(2)
<0 for zeR.

Proof of (3.2). If z < z;, then I, (z) = e”?, I, (z — ct) = e°1#=") and R_(z) = 0. By Lemma 2.1, we get

BS+(2)(z — c7)
SSOthz—ctR @ ¥ TIkE
< dl(z) — oI\ (2) + Bl(z — cT) — (v + 8)1(2)
= e (dyp7 — cp1 + Be 1T —y — )
=0 for z <z.

dyl'{ (z) — I, (z) +

Ifz>z,thenl (z—ct)<I.(z2)=] = (ﬁ_yy% and R_(z) = 0. It follows that

BS+(2)(z — c7)
S.(2)+1.(z—ct)+R_(2)

dyl'l (z) — I, (z) +

< PSh
Si+hL
=0 for z> z;.

—(y +0)(2)

(v +8)h

Proof of (3.3). If z < zy, then I, (z) = e”1* and R, (z) = L,e?*. We derive from Lemma 2.2 that

ds [ | etz -y - R+(z)] — R, (2) + 714(2)

<1 y €2(z—y) €22 €22 012
=ds —K o Lye? dy — dsL,e®?* — cLye e + ye”
—o0 2 2

oo
= Le?* [dg / K(y)e "?dy — d3 — ce; + Z/e("l_EZ)Z]

oo 2

< Lzeézzliz/e(pl_‘ﬂzl — @(ey, c)]
2

<0 for z <z,
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which is valid for €; € (0, min{p, p,}) and sufficiently large L, > 0. If z > z;, then R, (z) = [,e?* and I (z) = I;. Thus we
obtain

d; [ / K, ()R, (2 — y)dy — R+(z)} ~ R, (2) + Y1 (2)

o0
= [,e?* [d3 [ K(y)e *?dy — d3 — ce, + Llhe’eﬂ]
_ 2

o0
€27 )/ —€2Z
< Le™ |:119 ¥ — @€, C):|
Ly
<0 for z >z,
which is true for €, € (0, p) and sufficiently large L, > 0.
Proof of (3.4). By the definition of S_(z) and (K), we deduce for R that

oo

o0
/ K, (0)S_(z — y)dy > max{& - Slel’]eElZ/

o] —0o0

K(y)e ""1dy, o}. (3.7)

Let €; € (0, p1) be sufficiently small such that z, < z; and

o0
diSie;" / K(y)1— e W)y 4 ¢S; — Bel”' =17 > 0 for z < z5. (3.8)
o0

If z <z, then S_(z) = $1(1 — el’leflz) and I, (z — ct) < e”*, We infer from (3.7) and (3.8) that

o S () (z —
d; [/ K, (y)S—(z — y)dy — S_(z)] —cS (z)— s,(z)ﬁ+ Ifé*_(zmcj)&(z)

o0
> diS; [6116612 - e]’]eqz/ K(y)e_fmydy:| + cS1e€17 — Ber1*

oo

o0
> e1? |:d151611 / Ky)(1 — e~ 1"1Y)dy + ¢Sy — ﬂe("l_el)z]

o0

>0 for z < z,.
If z > z;, then S_(z) = 0. From (3.7), we have

BS_(2)I(z — )
S (z)+1:(z—ct)+R_(2)

d, [ / K, (v)S_(z — y)dy — s_(z)} — S (2)—

—d f K., (v)S_(z — y)dy

>0 for z> z.

Proof of (3.5). If z > z3, then (3.5) holds trivially. Choose sufficiently small ¢, € (0, min{ey, po — p1}) and sufficiently

large L; > 1 such thatz3 <z, and 1 — 61’16“23 > 1/2. Then we get for z < z3 that

I_(z) = eM? — Lie"1T2% S (z) = §;(1 — ] 'e1?) > %s1 and R,(z) = L. (3.9)
Due to €; < €1 < p1, We get

eP1=2% -1 for z <z3 <O. (3.10)
Note that

Y(p1,c)=0 and Y¥(p;+e€,c)<0 (3.11)
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since p; < p1 + €2 < py. Using (3.9)-(3.11), we derive for z < z3 that

" / ﬂS_(Z)I_(Z - CT)
dy1"(z) — I’ (z) + SO+ - TR —(y +8)_(2)

Bl (z — ct) 4+ I_(z — cT)R.(2)]
 S_(2)+I-(z—cT1)+R(2)
BlI2(z — ct) +1_(z — cT)R4(2)]
S_(2)
— L1122 [dy(p1 + €2 — c(p1 + &) + e TFIT —y — 5]
ﬁ[em(zfcr) _ L]e(pﬁez)(zfcr)]z + ﬂ[em(zfcr) _ Lle(f’1+€2)(z*”)]LzeQZ

Si(1 — €5 leerz)

= ol (2) — I (2) + BI_(z — cT) — (v + 8)-(2)

> " (dyp} —cor + BT —y —§) —

= e’ Y(py, ¢) — L1 W (o + 6, ¢) —

28 [32/)12 + Lze(ﬂ1+€2)l]
S1
zlg[e(prez)z + L] }
—Y(p1 + €, C)S1
2B8(1 + L

el ]

- 1 ) 1
>0

> —L e (py + €, ¢) —

= - Y(p) + 6, C){Ll -

for sufficiently large L; > 1.
Proof of (3.6). By the definitions of R_(z) and I_(z), it is easy to see that (3.6) holds. O

Now we introduce a functional space
B.(R,R?) == {w(z) = (P1(2). ¢2(2). 3(2)) € CR.R) 2 suplgi(2)le™™! < o0, i=1.2, 3}
ze

equipped with the norm |¢|, = max{supze]R lpi(z)le ™™, i=1,2, 3}, where pu is a constant satisfying

d1+0[ E \/C2~|—4d2()/+5)—(:}

62<M<min{ ,

c c’ 2d,

and « will be determined later. Define a cone by

5_(z) < S(z) < S4(2),
S:= { (S(2), I(z), R(z)) € B,(R, R®) | I_(z) < I(z) < L.(2), }
R_(z) < R(z) < R4(2)

Clearly, the cone S is nonempty, bounded, closed and convex in B, (R, R3). Define a function A[S, I, R](z) : S — C(R) by

BS(2)(z — ct)

AlS, I, R|(z) = : SO 11z —co) 1R “@IE—m#0,
0, S(2)I(z—ct)=0.

Given a constant « satisfying « > 8, we define three functions by

HulS. 1, RI(z) = d / K, ()S(z — y)dy + aS(z) — AIS. 1, RI(2).
H,[S,1,R](z) := A[S, I, R](z),
Ha[S, I, RI(2) = ds / K, (V)R — y)dy + y1(2).

For z € R, one can see that Hy[S, I, R](z) is monotonically decreasing with respect to I(z) and monotonically increasing in
both S(z) and R(z); H,[S, I, R](z) is monotonically decreasing with respect to R(z) and monotonically increasing in both S(z)
and I(z); Hs[S, I, R](z) is monotonically increasing in both I(z) and R(z). For any (S(z), I(z), R(z)) € S, define a nonlinear
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map M := (My, Mz, M3) on the space B, (R, R3) by

(n)dn,

z dq+

M4[S, I, R](z) := %/ e~

—0o0

—00

-l z oo
MalS, I, Rl(2) == A{/ e”C=H,[S, I, R(n)dn +/ e2CTIH,[S, 1, R](?I)dn},
z

1 [* d
MSIS, 1, RIE) = 1 / e~ Bk (S, 1, RI(n)d,
—o0

where

— P+ ady(y + 8 Pt Ay 45

c— /2 +4dy(y + )’ 02=C+ CHahy+9) g A =dy(0z —01).
2d, 2d;

o1 =

Lemma 3.2. M = (M, My, M3): S+ S.

Proof. By the monotonicity of H; (i = 1, 2, 3) and definition of B, (R, R3), we need to show for any (S, I, R) € S that

5_(z) = My[S-, I+, R_1(z) <= Mu[S, I, RI(2) < MalSy, -, Ry 1(2) < 54(2), (3.12)

I-(z) < M5[S_, I, R, 1(z) < Mo[S, I, RI(2) < MalSy, Iy, R1(2) < 14(2) (3.13)
and

R_(z) < M3[S, 1, R_](z) < M5[S, I, RI(z) < M5[S, I, R ](2) < Ry(2). (3.14)

Proof of (3.12). It follows from (3.1) that

L R E
MilSe I R@) = - [ e E IS LR ndy
—0o0

1 /’Z _d
< - e
=)
=S,(z) for zeR.
On the other hand, we infer from (3.4) that
1 z
M[S-, 1, R](z) = 7/ e”
—00

Cc

1 [* dq+
> - e ¢
C —00

=S_(z) for z # z,.
Then M[S_, I+,R_](z) > S_(z) for z € R since the continuity of both M [S_, I, R_](z) and S_(z) at the point z,.
Proof of (3.13). Note that

—dyoro, =y 48, e =1 and cp1—dpi+y+8=—dr(p1 — 1) p1 — 02). (3.15)
Then by (3.2) and (3.15), we derive that

S () + (dy + )S4()]dn

di+a (z—n)
< TPHL (S, L R-)(n)dn

e[S () + (dy + @)S_()]dn

z

1 o0
M2[5+,I+,R](Z)=A{ / e MH,[S, L, R_I(n)dn + / e"z“">Hz[s+,1+,R](n)dn}
—00 V4

1 V4
< [Nt on =t -+ v +
: / e[l () — dall/(n) + (v + )4 (m)]dn

*/ 1 (cpy — dypf + v + 8)edn

+ 5)’7_‘3)51/ Ul(Z—n)dn + (B — VA— 8)S1 /weaz(l—ﬂ)dn
Z1 z

A
02 — P1 _ 02 02 01
— 11601(2 z) I — I8 eo1(z=21) _ L
03 — 01 03 — 01 03 — 01 02 — 01
=1 — [,e?1E=7)
02 — 01

<I; for z>Zz
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and
1 V4
OIS 1 R = f 1Dl (1) — dollL(n) + (v + $)L()]dn
] *© ! "
e A CAO RO
V4

1 z
_ 7/ em(z—n)(cpl _ dzp]Z +y+ 8)6"1"(117
A )

1 (a (B—y =85
+ — 60'2(2*77) I —d 2 + + S ePl'ld + 60'2(2*21)
" /Z (cp1 — dapi 4y + 8)edn p—
— P17 _ P1 [1602(2*21)
Oy — 01
<ef* for z < z;.

Using (3.5) and the fact that e”1% = [,elP17€2)%3 we obtain that

z

1 o0
Mz[s_,l_,R+](z)=A[ / e H,[S_, I_, R 1(n)dn + / 6"2(2_”)Hz[5_,1_,R+](77)d77}
V4

—00

v

1 %

- f A’ () — dol’(n) + (y + S)_(n)d
—00
1 z3

=5 | e — duot 4y + ey
A —00

1 [
3 / e [—c(p1 + €) + da(p1 + €2)F — ¥ — SILieP1T2dy
—0o0

> €2 eP123+01(2-23)
02 — 01

>0 for z>z;

and
1 z
oS 1 RG) = / e ED[al’ () — ol (n) + (v + S)_(n)]dn
170023
+ / e[l () — dyl” () + (v + 8)_(n)]dn
_ 1 ‘ o1(z—n) 2 011
—X/me (cp1 — dap7 +y + 8)edn
1 V4
3 / e [—c(p1 + €2) + da(p1 + ) — y — 81L1el 1 +2)dp
1 s
+— /Z e (cpy — dyp? + ¥ + 8)e’dn

1[5
+— / e[ —c(p1 + &) + da(p1 + &) — y — S]L1e”1F2dp
z

— efM1Z _ Lle(pﬁ—fz)l + € eP123+02(2-23)
02 — 01

> P17 — [1elP1te2?  for 7 < z5.

Applying the continuity of M5[S4, I+, R+1(z) and I.(z), one can have (3.13) holds.
Proof of (3.14). Using (3.3) and (3.6), we deduce that

1 (2 _a,
Ms[S, I, Ry 1(z) = E/ e” < C"VH5[S, I, Ry 1(n)dn
—00
L R PG
<o | e SR () + dsRy(n)]dn
—00

=R,(z) for zeR
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and
1 z d3
M;s[S, -, R_](z) = 2/ e < “TMH;[S, I, R_](n)dn
1 ‘ —d—3(z— ) /
> Ef e” <@ [cR (n) + dsR_(n)]dn
=R _(z) for zeR. O

Lemma 3.3. The map M = (M1, My, M3) is continuous with respect to the norm |-|,, in B, (R, R3).

Proof. For any (51,11, Ry) € S and (S;, I, Ry) € S, we derive that
|Hi(S1, I1, R )(2) — Hi(S2. I, Ry )(z)|e ™
o0
< dye " / K, )51z — ¥) — Sa(z — y)|dy + a[S1(2) — Sy(2)]e "
—0o0

+2B(51(2) — Sa(2)|e ! + 28| 11(2) — La(2)|e™* + B|Ri(z) — Ra(z)]e™""”

di ™ —
= K(Z — ) [5100) — Sa(y)]e Ve a1 dy 1 (@ + 26)[S1(2) — Sx(2)]e !
1J-0 1

+ 2;3|I](z —ct)—h(z - cr)|e‘”‘z‘”|e‘“r + ﬂ|R1(z) — Rz(z)|e""z‘
< dJ/OOK 27y et Vdy ||S1 = S|+ (o +28)|S1 — S|
A A n n

oo

+28e"7|I; _12|u+ﬂ|R1 _R2|u

)
< I:dl/ K(y)ell)»]|.‘/‘dy+a +2ﬂ:||51 _52|1L +2'3eMCf|11 _12|M +,8|R1 —R y

oo

|Ha(S1. I+, R1)(z) — Ha(S2, I, Ry )(2)|e ™! < 2B]s; —52|H +2Be"7|I — 12|H + B|R1 — R2|M

and

|Hs(S1, I, Ry)(2) — H3(S2. b, Ry)(2)|e 7! < |:d3/

—00

K()’)e”hly‘dJ/} Ry — R2|M +ylh - szﬂ,
which coupled with (K) indicates that there exist constants [; > 0 (i = 1, 2, 3) such that

|Hi(S1, 1, R1) = HilS2, b, Ro)|, < B[1S1 = Sal,, + 1 — Lo, + IRy = Ral,,].

Then we obtain that

1 z di+a
| M(S1. 1, R1)(2) = Ma(Sz, I, Ro)(z)|e ¥ < = |Hy(S1. 11, Ry) _Hl(SZaIZsRZ)iuf e e el gy
c

—00
z
< %]H1(51,11,R1)—H1(SZ,IZ,R2)}M/ e E=menln—zlgy,
—00
l
o e I TR RN

| Ma(S1., 11, R1)(2) = Ma(S, I, Ry)(z)|e ¥

z

1 [o]
< X‘HZ(SL I, R1) — Hy(Ss, Iy, R2)|u|:/ e(fl(lfn)elt\nlfﬂll\dn +/ eﬂz(lﬂ)eﬂlﬂltldn]
-0 z

IA

-l V4 o0
A‘H2(51,11,R1)—H2(52,127R2)|,L|: / e e ez dy f e"z(z")e““'dn}
—0o0 z

L2u+ o1 —02)
T dy(oy — o1)(o1 + u)(oz — 1)

|:|51 —52|M + |11 _12|u + ‘R1 —R2|u:|
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and
V4

1 d
| M3(S1, I, R1)(2) — M3(S, I, Ry)(z)|e ! < E|H3(Sl’ I1, R1) — H3(S2, Iz, R2)|M/ e~ ¢ Emenlnl=nlzlgy

—00

IA

1 L YA
Z|H3(51,11,R1)—H3(52712,R2)|u/ e e @ merln—2ldy
—00

I3

R ['ll_H * IR Rz'“]

for 0 < u < min{(d; + @)/c, ds/c, —o1}. O
Lemma 3.4. The map M = (M, My, M3) is compact with respect to the norm |-, in B, (R, R3).

Proof. This proof can be carried out in a similar manner as that in [4] and we give the details for completeness. For any
(S,1,R) € S, we derive from (K) that Hy(S, I, R)(z) < (d1 + «)S1, H2(S, I, R)(z) < BS; and
z

Hs(S,1,R)(z) < dalzeezzf K, (y)e™?dy + yI4

—00

o0
= d3Lzefzz/ K(y)e~2*Ydy + yI

o0
=Ko +yl; for z €R,

where «g = dsL; fR K(y)e~€2*2Ydy > 0 is a constant. Then a direct computation yields

dM4[S, 1, R](z d dy+a Z 44w 1
’1[]() 2’_ 1erae_%2/ e%”Hl(S,I,R)(n)dnJrle(S,I,R)(Z)
dz ¢ —o0 ¢ (3.16)
< AdF s
- c
dMs[S, 1, Rl(z 1| [* o0
Mol LRIE)) _ 1 / 01 @ Hy(S. 1, R)(n)dy + / 026 DHy(S. 1, RY(n)dn
dz A —00 z
S V4 [ee]
_’31[ / lo1]e°1E M dpy + / oze"Z(Z_'7)dn:| (3.17)
A ) 2
285
~ dy(oy —01)
and
dMs[S, I, R](z d; _d3, d3 1
’3[]() =’—§ e / e < "Hy(S, I, R)(n)dn + ~Hs(S. 1. R)(2)
dz c oo c
d d d 1
< C—ie-é / 6’73"(1616’62"4-)/11)(1774—E(Kleézz-i-)/ll) (3.18)
—00

2d3kg + ce 2yI
— 2U3K0 T C€KO ez + Y for z €R.
cds + c2e; c

Meanwhile, Lemma 3.2 shows that }Ml[S I,R|(z | + !MZ[S I, R](z | + |M3[S I,Rl(z )} < S1+1; + Lye%* for z € R. Recall
that 4 > €,. Then for any ¢ > 0, there exists a large enough number N > 0 such that

{|M1[51R] )| + [MaIS, I, RI2)| + [M3S, I, Ri(z )}}e—“'Z's(s1+11+Lzefﬂ)e‘“'Z'

3.19
< (S] + I] )E_MN + Lze(ez_M)N ( )

<e¢g, for |z| > N.

Utilizing (3.16)-(3.18) and Arzera-Ascoli theorem, we can choose finite elements in M(S) such that they are a finite e-net
of M(S)(z) for z € [N, N] with the supremum norm, which is also a finite e-net of M(S)(z) for z € R with the decay
norm |-|,, (see (3.19)). Therefore, the map M is compact with respect to the norm |-, in B,(R, R3). O

According to Lemmas 3.2-3.4 and Schauder’s fixed point theorem, we obtain that the map M has a fixed point
(8(z), I(z), R(2)) € S, which satisfies

S(2) =S(z) =S4(2), 1(z2)=I(z) <Ii(z) and R_(z) =R(z) =R.(z), zeR. (3.20)
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In the following, we investigate some properties of the fixed point (S(z), I(z), R(z)) of M.

Lemma 3.5. The fixed point (S(z), I(z), R(z)) of M is the solution of (1.2)-(1.4) and satisfies the following assertions.

(i) 0 < S(z) < S1,0 < I(z) < I and R(z) > 0O;
(ii) (S—o0s I—00s Rso) = (51, 0, 0), lim,_. _, I(z)e™"* =1 and I, = 0;
(iii) The limit Sy, exists and So, < Sq;

(iv) (y +8) [ 1(z)dz = [, sﬁsl(zzizufﬁez)dz c(S1 = Seo):
(v) If limsup, o, R(z) < oo, then Ry, = YS1-5%)

Proof. (i) Recalling that « > 8 and S_(z) < S(z) < S, (z) in R, we have

-l z ta r o0
S(2) = E/ i d1/ Kh(y)S(n—J/)dy—FaS(n)—A[SyliR](ﬂ)]dn

—0o0 o0

1 z +a r o)
> f/ i d1/ KM(J’)S(W—Y)dJ/'HOl—ﬂ)s(ﬂ)]dﬂ

€ J-o —00

1 (7 dite o
> 1 / e | g, / 1<M<y)s_(n—y>dy+(a—ﬂ)s_(n)}dn

C —00 o0
>0 forzeR.

Analogously, one can obtain that I(z) > 0 and R(z)
fixed point (S(z), I(z), R(z)) of M is the solution of (
Suppose that there exists some Z € R such that S(z
for z € R, we deduce

BS(2I(z — cT)

0=d [/ K, (v)S(z — y)dy — S(é)] —cS'(2) - SO 110G — )+ RE)

00 . S.I(z —
=d1[ / Kx](y)S(Z—y)dy—S]} - e

> 0 in R. This together with the definition of M implies that the
1.2)-(1.4). This rest of the proof is based on the way of contradiction.
) = S1, then S’(z) = 0. By (1.2), (K), I(z) > 0, R(z) > 0 and S(z) < S;

< 0.

A contradiction occurs, so S(z) < S; for z € R. Assume that there is some z € R such that I(z) = I, then I'(z) = 0 and
1"(z) < 0. Using (1.3), S(z) < S1, R(z) > 0 and I(z) < I; for z € R, we obtain
BS(2)I(z — cT)

0=dyI"(z)—d'(2)+ SO 1Ie—co+re) " +8)I(2)

BS(2)I(z — ct) N
m (y +8)I(z)
BS114

= Si+h ~(y +8h

:O’

which leads to a contradiction. Hence I(z) < I; for z € R.
(ii) Applying squeeze theorem in (3.20) leads to (S_o0, [_o0, R_oo) = (51,0, 0) and lim,_, _, I(z)e~1* = 1. Integrating
(1.2) from n to £ (n < &) and utilizing (K) and 0 < S(z) < S; for z € R, we get

¢ BS@z —cr) ¢
/n S(z)+1(z — ct)+ R(z) // K, ()IS(z - )—S(Z)]dydz—/n cS'(z)dz

— —d, / / KOl f S'(z - Oy)ddydz — cS(&) + cS()
n —00 0

o] 1
—d, f K, (V) / [S(n — 6y) — S(& — 6y)ldody — cS(8) + cS(n)
—00 0
(%) 1
— d, / K, (V) / [S(n — 6y) — (& — 6y)dody
0 0
o] 1
+d, / K, 0l | IS +6y) — S(n + 0y)1dody — cS(&) + cS(n)
0 0

o0
< 2d15; / Ky, (y)ydy + cSq,
0
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for any 7, & € R, which implies that

o BS(2)I(z — cT)
/,oo S(z)+1(z — ct) + R(2)

dz < oo. (3.21)

Using (1.3) and the boundedness of I(z) on R, we have

1(z) = l |:/Z e01z—n) BS(mI(n —ct) dn + /oo e02(z—n) BS(i(n — ct) d’l]~ (3.22)
AlJ S(m) +1(n —ct) +R(n) z S(m) +1(n —ct) +R(n)
Then by (3.17) and (3.22), we deduce
|I'(z)] < _ 25 for z € R. (3.23)
dy(oy — 01)

Integrating (1.3) from 5 to £ (n < &) and using (K) and 0 < I(z) < I; in R, we get

BS(2)(z — ct)
S(z)+1(z — ct) + R(2)

& 3
(v +8) / 12)dz = dall'(&) — I ()] — clI(€) — 1)) + f
n n

4ps,

0y — 01

[o]
+clh + 2d:S4 / K., (y)ydy + ¢S
0
for any 7, & € R, which ensures that

foo I(z)dz < oo. (3.24)

oo

Therefore, we obtain from (3.23) and (3.24) that I, = 0.
(iii) To obtain the existence of S, we suppose for the contrary that limsup,_, ., S(z) > liminf,_, . S(z). Then
Fluctuation Lemma [37] claims that there exists a sequence {z,} satisfying z, — oo as n — oo such that

lim S(z,) = limsupS(z) := ¢; and S'(z;)=0. (3.25)

n—00 z—00
Meanwhile, there is a sequence {n,} satisfying , — oo as n — oo such that
lim S(n,) = liminfS(z) :== 0; <01 and S'(n,)=0. (3.26)
n—oo Z—> 00
By the similar arguments in [ 18-20], we can obtain that S(z,+y) — ¢1 and S(n,+y) = 02 asn — oo forany y € [—r, 1],
where r is the radius of suppK. Note that

lim “n BS(2)I(z — cT)

n—oo [, S(z)+1(z — ct) + R(2)

dz = 0. (3.27)

Integrating (1.2) from n, to z, and using (3.25)-(3.27) and (K), we derive

0 <clor —02)
=c nlim [S(zn) — S(n)]

e [T (" BS@)(z —cT)
=ayfim [ [ K0te ) stz — tim [ PR

— d; lim / K., ()IS(z — y) — S(2)ldydz
Nn —0o0

n—oo
Zn 00 1
= —d; lim / / yKM(y)/. S'(z — 0y)dodydz
n—oo Jo J 0
o] 1
—ditim [ yK,O) f [S(1a — 6) — S(za — 6)1d0dy
n—oo J_ o 0
= 0,

which yields a contradiction. Thus we obtain lim sup,_, ., S(z) = liminf,_, o, S(z), which implies the limit S, exists. We
next show that S,, < Sj. Since 5(z) < Sy, we have S, < S;. Suppose that S, = Sy, then we get S_,, = S. Integrating
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(1.2) from over R and utilizing Fubini’s theorem give
0=1c(S0 —S-0o

o BS(2)I(z — cT)
= d1/ / K, )IS(z —y) — S(z)ldydz — /;00 SO —cr)+R(z)dZ

_/ BS(2)I(z — cT) &z
) ()+Kz—cr%+M1

<0,

(3.28)

a contradiction occurs. Thus we obtain S, < S;.
(iv) One can see from (3.28) that

0 BS(2)I(z — cT) B
[m (Z)—i—I(Z—Cr)—i—R(Z)dZ_C(Sl — Ss0). (3.29)
Moreover, it follows from (3.22), (3.24) and Fubini’s theorem that
o Y BS(2)I(z — c1)
(y + 6)/_00 I(z)dz = /_oo SOz —co s R(z)dz' (3.30)

(v) Suppose that limsup,_, ., R(z) > liminfHOO (z), then we can show the limit R, exists in a similar way as (iii). An
integration of (1.4) over R, we have cRy, = y fR z)dz, which combined with (3.29) and (3.30) gives that

)/(51 - Soo)
y+68
The proof of this lemma is completed. O

Ro =

4. Critical traveling waves

This section is devoted to establishing the existence result for Ry > 1 and ¢ = ¢* in Theorem 2.1. For z € R, we define
the following nonnegative continuous functions by

Wy o) Si(1 —64’1e€42), zZ < 7s,

Si(z) =51, S*(z) = { 0. z>7.

I*(z) = ~Lize”, z <z, IF(z) = [-lsz = Ls(—2)2]e", z <z,

+ L, z>=2z, - 0, z>zg,

Ri(z) = Lse, R*(z) := 0,
2

where p* is defined in Lemma 2.1, I; = (ﬁ_}f% Ly = ep*ly, z4 = —pi*, Z5 = 64’] Iney, 26 = —}g, €3, €4, L4 and L5 are

3

four positive constants to be determined later.

Lemma 4.1. For given sufficiently small €3 > 0, €4 > 0 and sufficiently large Ly > 1, Ls > 1, the functions S} (z), I} (z) and
R’ (z) satisfy

d _/OOK WIS1z — iy - S3(2) | - STy () = o PP g (4.1)
) PR T YT DT et — R - ’ '
BSL (2N (z — c*1)

—_

do(I1)'(2) — " (1) (2) + SO G DT RE (y +8)I(2) <0, z#z, (4.2)
ds / K, R} (z — y)dy — Ri(Z)] - (R (2)+yIi(z) <0, zeR, (4.3)
™ . e BS* ()11 (z — c*1)
d; _/_oo K, (7)™ (z — y)dy — S(z)] —c*(82)(2) - SO -1 R® >0, z#1z, (4.4)
dy(I*)’ 1y AS(2)E(z - €7) 5)I*(2) =0 45
2(I7) (Z)_C(’)(ZHSi(z)+1f(z—c*r)+R:(z)_(y+ N (z) >0, z# z, (4.5)
ds [/ K, (V)R (z — y)dy — R*(z)] — "R (@) +yI*(z2) =0, zeR (4.6)

Proof. Proof of (4.1). Inequality (4.1) holds by the definitions of S%(z), I*(z) and R’ ().
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Proof of (4.2). When z < z4, I*(z) = —Lsze”'? and I*(z — ¢*7) = —Ls(z — c*7)e? @=<"?). It follows from Lemma 2.1 that

BS*(2)E(z — c*T1)

d I* 7 _ % I* / + +

LY (2) — c* (1) (2) + SOt -cnTR®
< dy(I7)"(z) — c*(I}) (2) + BI(z — c*1) — (v + &)} (2)
= —Lse” *[¥(p*, ")z + W,(p*, ¢*)]
=0.

= (v +0)(2)

Whenz >z, I} (z —c*t) < I{(z2) =1 = (/3_;% S%(z) = S; and R* (z) = 0. Then we have

BSL(2)}(z — c*7) BSily
Si(@)+I(z —c*t)+ R (2) S1+h

dy(I3)'(2) — " (I1)(2) + —(y +0)(2) <

Proof of (4.3). When z < z4, R.(z) = L4e®* and I} (z) = —L5ze”?. Then we deduce from Lemma 2.2 that

ds [/ K, WR%(z — y)dy — Ri(l)] — (R (2) + yIi(2)

oo

1 *
= d3/ fK(l>L4eé3(Z_y)dy — d3L4€€32 — C*L4E3€E3Z — )/L3Z€’D Z
—o0 N2 )\2
o A yL3 *
= [4e d3/ K(y)e *Vdy — d3 — c*e3 — ——zel?" —3%
_oo Ly
= L4 | —P(e3, ¢*) — Lbze(ﬂ**q)l
) L,
<0 for z < z4,

which is true for €3 € (0, min{p, p*}) and large enough Ly > 1. When z > z4, R, = L4e** and I} (z) = I;. Then we derive
that

& [ f K, (V)R (2 — y)dy — R:(z)} — R (@) + v L)

[e¢]
= [4€% [d3 / K(y)e *2dy — d3 — c*e5 + ylleqz}
o Ly

< L4 [—@(63, c*)+ yhe“”]
Ly
<0 for z > z,

which is valid for €3 € (0, p) and large enough L, > 1.
Proof of (4.4). When z > zs, S*(z) = 0. Then inequality (4.4) holds trivially. Choose €4 € (0, p*) to be small enough
such that zs < z4 and

o0
diSie; " / K@)(1 — e~ *Y)dy + ¢*S; + BLs(z — c*1)e® =47 > 0 for z < zs. (4.7)
—00
When z < z5, S*(z) = Si(1 — €, 'e®?) and I} (z — ¢*1) = —Ls3(z — c*)e? @7 It follows from (4.7) that

BSE(2)i(z — c1)
S*(z)+Ii(z —ct)+R:(2)

d, [ f K, (7)S" (2 — y)y — Si(Z)} (Y (2)

(o)

> d, U K., (y)S*(z — y)dy — Si(Z)] —c*(8*)(z) — BIi(z — cT)

o0
=d;S; |:€4_1€E4Z — €, e f K(y)e’““ydy] + C*S1%47 + BLy(z — c*r)e” FC'T)

o0

o0
> o4 |:d151e4_1 / Ky)(1 — e ")y + ¢*S; + BLs(z — c*r)e(”*é“)z]

o0
>0 for z < zs.

Proof of (4.5). When z > zg, I*(z) = 0. Obviously, inequality (4.5) holds. Let €4 € (0, €3) be small enough and L5 > 1
be large enough such that zs < z5, 1 — € 'e%% > 1 and

* * 1
251’1L§(—z)%(—z 4 F T2l E) L La(—2)3 (—2 4+ ¢FT)eY < EL5(C*)2‘EZ for z < zg. (4.8)
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Recall that z5 < z4 and we have for z < zg that
1 % - 1
I*(z) = I'(2) — Ls(—2z)2e”™?, S*(z) = Si(1 — ¢, 'e*) > 551 and R (z) = Lye™”.

A direct computation yields

* 1 1
c*(I1)(z) = c*(I1) (z) + c*Lse” 2[5(—2)7 —p*(=2)

Nl—
| I

and
s 1 3 1 1
do(I*)'(z) = do(I7)"(2) + daLse” Z[4(—2)2 +p(=2)"2 - (p*)z(—Z)Z}

> dy(I1)'(2) + dolse [ p*(—2) 2 — (p"(—2)2].
Utilizing Taylor’s theorem, we get for z < zg that
e 1 1, _1r 1 3
(mz4c"0)? = (=2)7 + 57t (=2) 72 — (V-2 T+
We have from (4.9) that
BS*(2)*(z — c*t)
S*(2)+I*(z — c*1) + R (2)
BIU* Y (z — c*t) +I* (z — c*T)R% (2)]
S*(z2)+I*(z — c*t) + R} (2)
BIUIE Y (z — c*1) + I} (z — c* )R (2)]
S*(z)
B BILA(—z + c*T)?e G 4 [3]4(—z + c*r)er F-CTez]
T S1(1— €, 'ess?)
=287 BIL3(—z + 7)€" ) - [3ly(—z + c*r)e? CTTIT] for 7 < z6.
By ¥(p*, c*) = W,(p*, c*) = 0 and (4.8)-(4.13), we derive for z < z that
BSE(2)IX(z — c*1)
S¥(z)+ 1% (z — c*1) + Ri(2)

—BI*(z—c*t)+

%

do(I*)'(2) — c* (%) (2) +

— (¥ +9)I(2)

BSE(2)*(z — c*1)

=d(I")'(2) — c*(I2) (2) + BIZ(z — ¢"1) — (y + 8N (z) — BIZ(z — c"7) +

S*(z) +I*(z — c*1) + R.(2)

> dy(I7)'(2) = c*(I7) (2) + BI(z — ¢* 1) — (v + 8 (2)
1 1

+dyLse?"[p*(—2) 2 — (p*VA(—2)2 ] — c*Lse?” [2(—2)2 - p*(—Z);} — BlLs(—z + c*r)ber ")

+ (v + 8)Ls(—2)7e”? — 257 BILA(—2 + C*T ¥ D) L I3l (—z + o)l I

* * * 1
> —L3e? (W (p*, ¢* )z + W, (p*, )] + doLse? *[ p*(=2) "2 — (p*)(—2)? ] — c*Lse” Z[;—zr%

by leqgyi ol
—ﬂls[(—Z)z + 3¢ 7(—2) 3

F(y + 8)s(—2)2e”"? — 2571 BIIA(—z + c*7)2e* EET) [y 4(—7 + c*r)e? o D)

1 * *
(C*)ZTZ(—Z)i% + E(C>t<)3_L,3(_z)7%i|e,0 (z—c*1)

" 1 * # 1 1
= Lse"*(—z) "2 [zwp(p*, *) + (o, c*)z} + Blse’ e ”[S(c*>2r (—2)7 — w(c*fﬁ(—z)—?}
_ 251_1,3[L§(—Z + C*r)zez,o*(z—c*r) + L3L4(—Z + C*T)ep*(zfc*r)+632]

1
16

- ﬂ(—z)*%e”*(z’c*f)|:—L5(C*)21:2 — 257 2(—2)F (—z + e D _ Ll (—2)3 (—z + c*z)efsz]

1 * « c*
 —BLs(c* P (—z) 2eP e 1 4 T
16 p

> 0.
Proof of (4.6). Since R* (z) = 0 and I*(z) > O for z € R, inequality (4.6) holds trivially. O

N—=

)

15

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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Using the functions S (z), I (z), R%.(z) constructed in this section and the similar arguments in Section 3, one can obtain
the existence of a nontrivial and positive traveling wave solution of (1.1) with critical velocity. In particular, if z — —oo,
then I(z) = O(—ze”"?) for ¢ = c*.

5. Nonexistence of traveling waves

This section is devoted to proving the nonexistence results in Theorem 2.2. We divide the proofs into three cases: (i)
Ry < landc € R; (ii) Rgp > 1and ¢ < 0; (iii) Rp > 1 and 0 < ¢ < c*. By contradiction, we assume that a continuous
functional pair (S(z), I(z), R(z)) is a positive solution of (1.2)-(1.4) satisfying

S0 <S_00=51, ltcoc =0, R_o =0, supR(z) < oo.
zZeR

Since I(z) is continuous on R and I, = 0, we have from (1.3) that

1(z) = l |:/Z o1z BS(mI(n —ct) dn + /oo eo2(z=1) BS(i(n — ct) dn]’ (5.1)
Al) - S(m)+1(n —ct) + R(n) p S(m)+1(n —ct)+R(n)
where
— JcZ+4d 5 2+ 4d B
O'1=C ¢ _;dz 2()/+ ), 02=C+ ¢ ;d2 2(]/+ ) and A=d2(02—01).
By (5.1), the derivative of I(z) is
oy 1 [* e BS(I( —cT) 9/“’ oz—my BSI(n —cT)
Ho=7 f_ooe s+ —cor kT a ), s i — o+ R ™ 5-2)

Applying L'Hopital’s principle in (5.2) gives lim,, 100 1'(z) = I, = 0, which together with (1.3) leads to that
lim,_, 100 I"(z) := I/, = 0. By the analogous arguments as the proof of (3.24), we have that I(z) is integrable on R.
Case 1. Ry < 1 and c € R. Integrating (1.3) over R and using [.., = I',., = 0, we obtain

o B 0 S(2)I(z — cT)
v+ ‘”f,oo etz =$ /,oo SO +1z—c) +RD)™

< ﬂ/m I(z —ct)dz

<l +s)/ 1)z,

which yields a contradiction.
Case 2. Ry > 1 and c < 0. It follows from the asymptotic boundary of (5(z), I(z), R(z)) at minus infinity that

i pS(2)
z——00 S(z) + I(z — ct) + R(z)
which indicates that there exists a number z* < 0 such that
BS(z) _ Bty +s

S(z)+1(z — ct)+R(z) 2

:/3’

for z < z*. (5.3)

For z € R, we define a function F(z) := ffm I(n)dn. Clearly, F(z) > 0 is strictly increasing with respect to z. By (1.3) and
(5.3), we have

W[l(z —ct)—I(2)] + Wl(z) for z < z*. (5.4)

Integrating (5.4) from —oo to z (z < z*) twice and using [_., = I’ , = 0, we derive

d'(z) = dyl"(z) +

z

02 cF(2) 2 dyi()+ LIT D / [Fn — co)— Fojdy + 227 =2 / F(n)dn

S z 1 _ -5 z
— dyl(z) — cr’“%f / F'(n — ct0)dody + ﬂ%/ F(n)dn
—x0 J0o —00
s ! —y =5 [
= d,l(z) — crﬂ%f F(z — ct0)d0 + ﬂ+/ F(y)dn
0 —00
> 0.

A contradiction occurs.
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Case 3. Ry > 1and 0 < ¢ < c*. Integrating (5.4) from —oo to z (z < z*) and utilizing I_, = I’ ., = 0, we get
—y =96 +y+4
PV 20k < i) — oty - 2EL 2

2 2
We obtain from (5.5) and the monotonicity of F(z) on R that

[F(z —ct) — F(z)] for z < z*. (5.5)

—y =68 [* § [*
F-r-2 / Fndn + ol(2) = oF(z) - 2212 / [F(n — ct) — F(n)ldn

2 —00
8 z 1
< cF(z) + %/ / F'(n — ct6)dodn
—o00 JO

ct(B+y+8) [! (6)
= cF(z) + + / F(z — ct6)d6
0
8
< |:c+ Cr(ﬂ—'_zy—i_)]l:(z) for z < z*.
By (5.6) and the monotonicity of F(z) on R, we have that there is a large enough 19 > 0 such that
-y =34 8
MF(‘Z — no) < [C + C‘L.('BJ’_Z)/—{_)}F(Z) for zZ < Z*.
Then there is a constant vy € (0, 1) such that
F(z — no) < vF(z) for z < z*. (5.7)
— 1p L
Denote (g := " In ks 0 and set
G(z) := F(z)e "%, (5.8)

From (5.7) and (5.8), we deduce G(z — o) < G(z) for z < z*, which together with G(z) > 0 gives that lim,_, _, G(z) exists.
Hence there is a positive constant Gy such that

F(z) < Gge"o* for z < z*. (5.9)
It follows from (5.6) that

ct(B+y +9)

drI(z) < [c + 3

}F(z) for z < z¥, (5.10)

which together with (5.9) implies that I(z)e™#0* is bounded for z < z*. From (5.5) and (5.9), we have
_Btr+s
2

So |I'(z)|e *0% is bounded for z < z*. Moreover, by (5.4) we get |I”(z)|e”*°* is bounded for z < z*. From the boundedness
of I(z), I'(z) and I”(z) on the real line, we obtain

dyI'(z) < cl(z) [F(z—ct)—=F(2)] <c(z)+ (B + y + 8)Goe'o* for z < z*. (5.11)

sup{l(z)e™0*} < oo, sup{|l'(z)le™"0*} < oo, sup{|I"(z)le"**} < oo. (5.12)
zeR zeR zeR

Let v(-) € C®(R, [0, 1]), v(z) be a nondecreasing function satisfying v(z) = 0 for z € (—o0, —2] and v(z) = 1 for
z € [—1,00). For N € N, set uy(z) = v(ﬁ). Multiplying (1.4) by e~"?un(z) and integrating the resultant equation over R,
we have

)

c / h R(z)e " un(z)dz =d;3 / N [ / N K, (¥)R(z — y)dy — R(z)]e‘”vN(z)dz +y / 1(z)e™"*upn(z)dz. (5.13)

oo —00 oo —00

An elementary computation yields

/oo /oo Ky, (y)R(z — y)dye™"un(z)dz = /Oo |:/Oo —K(z _y>R(y)dy:|e”zuN(z)dz
—o00 J —o0 —oo LJ —o0 )‘2 )‘2

o o (5.14)
=/ R(y)e”y[/ K(z)e "2 uy(raz +y)dz]dy.
Moreover, we get
/ R(z)e”uy(z)dz = v/ R(z)e_"ZUN(z)dz—/ R(z)e vy (2)dz. (5.15)
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It follows from (5.13)-(5.15) that
o0

(cv +ds) /oo R(z)eun(z)dz — ds f

oo —00

K(y)e™"*2¥dy / R(z)e™V?dz — ¢ / R(z)e v} (z)dz
- o (5.16)

<v fm 1(z)e”"*un(2)dz.

oo

Recalling that @(v, ¢) = cv + d3 — ds [, K(y)e™"*2Ydy > 0 for v € (0, p) and passing to the limits in (5.16) as N — oo,
we deduce

i _ Y o N
R Vidz < I VZdz.

Thus we derive

foo R(z)e™"*dz < o0 (5.17)

00
for any v € (0, t) with i := min{uo, p}. Then we obtain from (5.12) and (5.17) that
/‘”O . Bl(z — ct)l(z — ct) + R(2)]
oo S(z)+1(z —ct)+ R(z)
for any p € (0, wo + ).

For p € C with 0 < Rep < po, define the bilateral Laplace transform of I(z) by £(p) := fR I(z)e P*dz. Eq. (1.3) is
equivalent to

dz < o0

" ’ _ ISI(Z_CT)[I(Z_CT)+R(Z)]
do1"(z) — cl'(z) 4+ Bl(z — cTt) — (y + 8)I(z) = SO 11z —c)tRD) (5.18)

Taking bilateral Laplace transform on (5.18) yields

[T Bl(z—cT)ll(z —cT)+ R(2)]
"’("’C)L(p)_/_me T S@ 1z =)+ R2)

Note that £(p) on the left-hand side of (5.19) is well-defined for any p € (0, wo), while the bilateral Laplace transform on
the right-hand side is well-defined for any p € (0, wo+/). Then the property of Laplace transform [38] enables to conclude
that the two integrals in (5.19) can be analytical on the whole right half plane; see similar arguments in [2,8,12,20]. Since
¥(p,c) — oo as p — 0o, a contradiction appears in (5.19).

(5.19)

6. Numerical simulations

In this section, we implement some numerical simulations to show the existence and nonexistence of traveling wave
solutions in (1.1). Here we apply the finite difference method developed in [39]. Now set

di=10,d,=5,d3=20, M= =1, =2, y=86=1/2, 1 =1, K(y) = e’”yz, S(—o00) =1, S(c0) = 1/5.
In this case, Ry = 2 > 1. System (1.2)-(1.4) is reduced to

[ [T 1 o 252z —¢c)  _
10_/_Oo e ™V S(z — y)dy — S(z)_ —cS'(z) — SOz 01 RD 0, (6.1)
p , 25(2)l(z — ¢) B
51 Ez) —c'(z)+ SO 1z = c)_+ RG) —1(z)=0, (6.2)
20 / e ™Rz — y)dy — R(z) | — cR'(2) + %I(z) =0. (6.3)
Then the _solution (8(2), I(z), R(z)) of (_6.1)—(6.3) satisfies
, lilp (5(2),1(z),R(z)) = (1,0,0) and Zlim (S(2),1(z), R(z)) = (1/5, 0, 2/5). (6.4)

Truncate R = (—o0, 00) by [—B, B] for some large B and adopt the uniform partition [—B, B] as
—B=2z1 <2z <+ <Zyp-1 < Zon < Zany1 = B,

where z; = zy + (i — 1)h, h = B/n, i = 1,2,...,2n + 1. Corresponding the truncation, we have that the asymptotic
boundary condition in (6.4) becomes

(8(z1), I(z1), R(z1)) = (1,0,0) and  (S(z2n+1), [(Z2n41), R(z2n41)) = (1/5, 0, 2/5).
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Fig. 1. S oscillates frequently for ¢ = 1 in system (6.1)-(6.3).

Utilizinzg the conventional num;eric differentiation and analogous techniques [39] to deal with the nonlocal dispersal terms
fR e ™" S(z — y)dy and fR e ™" R(z — y)dy, we obtain the following discrete system

c c zi+B ) B—z; 5
—S(zip1) ==—S(zi_1)+6—5 e 7™Vd —/ e ™d
o S(ar) = (a1 /_B y [ e
40h 2 20h o iz
+ 3 S(za)e @i—z)) | 3 E S(zaj11)e (zi~22j+1)

j=1 j=1

+ @6_”(21'_21)2 + zihe_”(li—ZZnH)z _ IOS(Z) 25(2,’)’(21 — C)

3 3 Y S@)+ 1z — )+ R@)

5 c 5 10 25(z)l(zi — ¢) _
ﬁI(ZH])“F <H + ﬁ)l(liq) - <h tat 1)1( i)+ S@) +1z—O+Rz) 0,

B—z;
c c i 80h
—R(zit1) =—R(zi_1) +4—4 e ™ dy + — E R(zy;)e @22
2h ( H—l) 2h ( i 1) L—B y
2 :R Zyj1)e 7(zi—2241)? + @eﬂr(zru )2 + ?eﬂr(zﬁzznﬂ)z — 20R(z;) — %I(Zi).

Using Matlab, we get from Lemma 2.1 that ¢* = +/5In2 &~ 1.8616 < 2. Figs. 1-3 are simulation results forc = 1 < c*,
which show that S, I, R are not monotone and I, R may take negative values. Figs. 4-6 are simulation results forc = 3 > c*,
which show that S, I, R are not monotone and S, R oscillate very frequently. See Figs. 7 and 8 for the truncation of S and
R in Figs. 4 and 6 by restricting z € [—100, 0], respectively.

7. Conclusions and discussions

In the current paper, we introduce a three-component delayed disease model with mixed diffusion based on several
practical situations. This model can help people better understand how the infectious disease spread in space remotely as
well as nearby. Combining with the methods for the nonlocal diffusion and reaction-diffusion systems, we obtained the
overall information on threshold-type propagation dynamics. Our main results show that the basic reproduction number
Ro and critical velocity c* completely determine the transmission dynamics of infectious disease. Specifically, when Ry > 1
and ¢ > c*, this model (1.1) has a nontrivial and positive traveling wave solution; when Ry > 1and ¢ < c* or Ry < 1 and
¢ € R, this model has no nontrivial and positive traveling wave solutions in system (1.1). Our theoretical analysis may
assist people to make strategies on disease prevention and control.

In Theorem 2.1, we need an additional condition (i.e., R(z) is bounded on R) to obtain the existence of Ry.. In the view
of mathematical biology, this condition fits reality. However, we do not derive it by rigorous analysis. In fact, when the
wave speed is large enough, one can prove the boundedness of R(z) in R, see the similar arguments in [25, Corollary 2.10].
New methods have to be developed in the future to solve this problem.
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Fig. 2. [ oscillates frequently and reaches some negative values for ¢ = 1 in system (6.1)-(6.3).
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Fig. 3. R oscillates frequently and reaches some negative values for ¢ = 1 in system (6.1)-(6.3).

08 |- 4

S(2)

02

0.0 1 1 1 1 1 1 1
-200 -150 -100 -50 0 50 100 150 200

z=x+ct

Fig. 4. S oscillates frequently and has a dip for ¢ = 3 in system (6.1)-(6.3).
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Fig. 5. I is not monotone for ¢ = 3 in system (6.1)-(6.3).
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Fig. 6. R oscillates frequently for ¢ = 3 in system (6.1)-(6.3).
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Fig. 7. The truncation of Fig. 4 by restricting z € [—100, 0].
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