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1. Introduction

The problem of finding the optimal strategy which determines when to pay out dividends and how much to pay out
is an important topic in finance and actuarial science [1]. Most works on the dividend optimization problem are based on
either the diffusion setting or the compound Poisson (Cramér-Lundberg) setting. The former setting is an approximation of
the latter and has better mathematical tractability. There is a wealth of work studying the dividend optimization problem
and its extensions under the diffusion setting (see [2-7] and the references therein). The classical compound Poisson model
is more directly appealing for insurance modeling. Under such a setting, the dividend optimization along with optimal
reinsurance problem was solved in [1]. Albrecher and Thonhauser [8] studied the optimization problem for the compound
Poisson model by adding constant force of interest. Kulenko and Schmidli [9] considered the optimization problem for the
compound Poisson model with capital injections. Most recently, [10] investigated the problem by allowing the insurance
company to continue its business when the surplus is negative and above a critical level through refinancing and [11] solved
the optimal dividend problem for the case of bounded dividend rates.
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The majority of the papers in the literature of dividend optimization consider only one source of uncertainty in modeling
the evolution of the cash surplus, which is a Brownian motion in the diffusion setting and a compound Poisson arrival
process in the Cramér-Lundberg setting. However, empirical studies showed that a company’s earnings are also affected
by the external environment regime, e.g. macroeconomic conditions (see [12] and the references therein for details).
Hence, models with regime switching are more realistic. A substantial literature in econometrics supports that a finite-
state Markov process is appropriate to model the external environment regime (see [13] and references therein). Markov
regime-switching models have been used in different contexts including consumption-investment (see, for example, [ 14]),
portfolio management (see, for example, [ 15]), option pricing (see, for example, [16,17]), risk theory (see, for example, [18])
etc. Recently, research devoted to studying the optimal dividend problem for models with regime switching has appeared.
Sotomayor and Cadenillas [12] studied a diffusion process with two regimes and solved the optimal dividend problem for
both the case of bounded dividend payment rates and unbounded dividend rates. Jiang and Pistorius [ 13] solved the dividend
optimization problem for a regime-switching diffusion process with multiple regimes. Wei et al. [19] studied the compound
Poisson model with regime switching and showed that the value function for the impulse control problem is the unique
viscosity solution of the corresponding quasi-variational inequality. Yin et al. [20] studied a limit system of the compound
Poisson model with regime switching and showed that the optimal dividend strategy for the limit system is asymptotically
optimal for the original model. However, for the regime-switching compound Poisson model, no optimal strategies have
been identified for either the singular or the classical control problem.

In this paper, we consider the singular dividend optimization problem for the compound Poisson model with Markov
regime switching. Our goal is to find an optimal dividend strategy among a set of admissible strategies with unrestricted
dividend rates so that the total expected discounted dividends are maximized. The inclusion of regime switching makes it
hard to directly apply the viscosity approach used for the model with no regimes. Instead, we solve the problem by first
studying an auxiliary optimization problem with a different optimization criterion where only the dividends up to the first
regime switch plus a terminal random value are included in the performance functional. By building a connection between
the original and the auxiliary optimization problem, we use the optimization results obtained for the latter to derive results
for the original problem. We find that a strategy of a band type is optimal. Our results show the optimal strategy is stationary
and depends on the level of surplus and the environment regime at the time.

This paper is organized as follows. In Section 2 we present the problem. In Section 3 we study an auxiliary optimization
problem with a different performance functional and present the optimal solution for this new problem. In Section 4, we
construct an optimal dividend strategy with the assistance of the optimization results for the auxiliary problem. A conclusion
is provided in Section 5.

2. Problem formulation

Consider a company operating under an environment described by the finite state stochastic process {J;; t > 0}. When
the environment status (regime) is i, claims arrive according to a Poisson process with intensity rate A; and premiums are
collected continuously at rate p;. Let Sy denote the arrival time of the kth claim and Uy the size of this claim. Claim sizes,
conditioning on the regimes of the arrival times of these claims, are independent and independent of the claim arrival
process. And given Js, = i, the random variable Uy follows the distribution F;(-). Let N(t) denote the number of claims up to
time t. Then, N(t) = #{k : S; < t}. Assume that the insurance company, when in regime i, earns interest under a constant
force r; (> 0) for its positive surplus (reserve), and, if the surplus drops below zero, could borrow money with the amount
equal to the deficit. The company will repay the debt and the interest charged at a force «; continuously at the same rate as
the incoming premium rate.

For any x, define (x)* = max{x, 0} and (x)~ = — min{x, 0}. Let R, denote the surplus at time t. Then the surplus process
{R;; t > 0} follows the following dynamics:

N(t)
dRe = (pj,_ + 1, Re-)T — o, _(Re—)7)dt — d (Z Uk) . (2.1)
k=1

Assume that all the above random quantities are defined on a complete probability space (§2, F, {#:}>0, P). The
environment process {J;; t > 0} is a Markov chain with the state space E = {1, 2, ..., «} and the transition intensity
matrix Q = (qij)« x«. We define q; = —q;; = Zj#i q;j fori € E.

We introduce the notations P ;(-) = P(-|Rp = x, Jo = 1) and E [-] = E[|Ro = X, Jo = i].

Suppose the company will pay out dividends to the shareholders from surplus. We use L; to denote the cumulative
dividends paid up to time t and call the stochastic process L = {L;; t > 0} a dividend strategy. Then, it is fair to set Ly = 0
and let L be non-decreasing in t. The dividend payment decision at any time will be made based on past information only
and not on any future information, and therefore the amount of dividend to be paid immediately after t depends on the
information up to time t. As a result, it is reasonable to assume that the stochastic process L is predictable. It is natural to
assume that L is also left continuous with limits from the right side (caglad). Since the process L is nondecreasing and left
continuous, it has the following decomposition: L, = L{ + ), _._,(Lsy — Ls), where {L{; t > 0} is the continuous part of the

process {L;; t > 0}. Furthermore, L, = L{ + ZOSSS[(LSJr — Ly).
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Let R% denote the L-controlled surplus process, the surplus process when the dividend strategy L is applied. Then we have
the following dynamics,

N(t)

t
RE =Ry + / P + 1 RO — oy (R ds — Y U — L. (2.2)
0 —

For convenience, we use R, R, J and (R, J) to denote the stochastic processes {R;; t > 0}, {Rf; t >0}, {;t>0}and
{(R¢, J¢); t = 0}, respectively.

As commented in [10,21], for any regime i, if the company is in this regime when the surplus hits — ﬂ or any level below
that and the company w1ll stay in this regime forever, the surplus will never be able to return to a non- negatlve level again.
However, if p’_ < maxjeE L the company in regime i with the level of surplus falling in the interval (— MaXjeg ﬂ B ] may
still be able to return to a posmve level after switching to a different regime, say k with — "" less than the current level of

surplus, as the drift may be positive after switching to the regime k. If the surplus hits a level at or below — maxjeg L the

surplus will never be able to return to a non-negative level again, no matter which regime it will switch to in the future
Hence, the time to (absolute) ruin for the L-controlled surplus process can be defined by:

Tt 1nf{t>0 RL<—maxE} (2.3)
J€E o

A dividend strategy L is said to be admissible if it is caglad and adapted, and, under L, no dividends are allowed to paid out
after ruin and the amount of dividends paid instantly at any time is not bigger than the current level of surplus. Define IT to
be the set of all admissible strategies. Then, forany L € IT,L, = Ly fort > Tt and 0 < Ly — Ly < X! + maXxjeg Z—j fort > 0.

A dividend strategy L is a Markov strategy if, given the history of the process (Rl,]) up to and including time t, the
conditional probability distribution of L at any future time depends only on the current time ¢ and the current value (Rﬁ, Jo).
It is not hard to see that the set of admissible strategies IT consists of both Markov and non-Markov strategies.

Let §(t) denote the risk discount rate at time t. Assume that §(t) = §; (8; > r;) when the regime is i. The discount factor
attime t is A; = fot 8(s)ds.

Define the performance functional g by

TL
FL)(x, i) = Eqy.p / e Md + Y e MLy — L) | (24)
0

0<s<TL
Here g(L)(x, i) is the expectation of the total discounted dividends until ruin given that the process starts from the initial
capital x and the initial environment regime i.
Define

Vx, i) = fu}p; g(L)(x, 1). (2.5)

We call g(L)(x, i) the return function associated with the strategy L and V (x, i) the optimal return function.

Our ultimate goal is to investigate the existence of a dividend strategy L* € IT such that V(x, i) = Vj«(x, i) for all x and i,
and to identify such a strategy, if any. Such an L* is called the optimal dividend strategy.

We start with looking at a useful property of V first.

Lemma 2.1. There exists a constant K > 0 such that V(x,i) <x+ K forx e Randi € E.

Proof. Write p = max;eg pj, @ = minjeg o and ¥ = max;eg 1. Consider the stochastic process {Y;; t > 0} defined by

t N(t)
Yo =Ro+ / (B+7 (h) —a- () )ds— Y D, (26)
0

k=1

where ZN( ) U Uy is a compound Poisson random quantity with {N(t) t > 0} being a Poisson process with intensity
= minjeg Aj and the distribution function of U being Fx)=1-— 1'[" (1= F®).
Let U, denote the time when the nth jump of the Markov chain J occurs. Consider a fixed t. Write t, = 0. Notice that
givenO <TI=hi<Dh=hHi<-- <=L =t< Tn+]aﬂd_lo =l.(),_]~,;1 =l.1,]z2 =i27-~-7_lrn =inWithi1,...,in cE,
o {Uy; k=1,2,...,n}isasequence of independent random variables and is independent of {N(t); t > 0};
e N(t;) — N(tp), N(t;) — N(t1),...,N(t;) — N(t,_1), and N(t) — N(t,) are a sequence of independent Poisson random
variables with mean A, (t; — o), Ay, (2 — t1), ..., Aj,_, (tn — t;—1) and A;, (t — t,), respectively;
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ZN(”) Uy, Zsz;H U, ..., Z%EZLHI Uy and Z%Eﬁ:)ﬂ Uy are a sequence of independent compound Poisson quantities;
and

o the last sequence of random sums have, respectively, the same distribution as the sequence of the following compound

. ... No, i, (t1—to) Ny,i; (E2—t1) Nn—1,ip_q (th—th—1) N )
Poisson quantities Y ,_y Uoigr Dty Utigks oo ey U1,y and Y20 Uy,
where {Ng j, (t); t > 0}, {Nq;,(t); t > 0}, ..., areindependent P01sson processes with intensity Ay, A, . . respectively,
and {Ug jk; k € N}, {Uyi, 1; k € N}, .., are 1ndependent sequences of independently and identically drstributed random

variables with U; ; 1 following distribution F; (-).

Note that for each j and i;, the Poisson process {N(t)' t > 0} has the same distribution as the thinning process of
{ ],j(t) t > 0} with thinning probability % % . Also note that P(Ul >Xx)=1-— I:'(x) <1- Fij(x) = P(Uj,,-j,l > x) for
X > 0,j € Nand i; € E. For any two random varlables, we say X is stochastically larger thanY if P(X > z) > P(Y > 2)

for any z € R. For convenience, write t,;; = t. Hence, foranyj = 0,1,2,...,n, the compound Poisson random
(Gi+1-1) ~ .
quantity ij i) Ujjij k is stochastically larger than the compound Poisson quantity Zk 1= Uk. which has the same
) No,iy (t1) Ny iy (2—t1) Nn—1,ip_q (th—tn—1)
distribution as Zk 1]v+(;)+1 Ur. Hence, the sum 37, 20" Up o + > Unipk 4+ Xy L e Tin_1.k T
Nijn (E=ta—1) 1 . N(ty) N(tn) N(t) A S OFF
P Upn.in.k» is stochastically larger than Zk Rtg)1 U, + + Zk R et Ue + ka(t " U = Y 1oi Uk

Consequently, the compound sum Zk Uy is stochastically larger than ZN(t) Ui. Moreover, note p +7 - (x)7 —a& - (x)~ >
pi+1-(®" —0aj- (x)” forx € Randj € E. We can conclude that {Y;; ¢t > 0} is stochastically larger than {R;; t > 0}.
Let {Y[L; > 0} denote the corresponding controlled process under the dividend strategy L:

t N(t)
Y =Ro+ / B+7 ()T —a ()7 )ds— > T (2.7)
0 k=1

Let T\é denote the time of ruin: T}é = inf{Y! < —g}. We define admissible strategies for the stochastic process {Y;; t > 0}
similarly to stochastic process R. We use I1(Y) to denote the set of admissible dividend strategies for {Y;; t > 0}. Define

- . _
V(x) = sup E / e *tdLS + E e Ly — L) | Yo=x |, (2.8)
0

Ler(Y) 0<t<rt

where § = min;eg §;. The function V(x) can be interpreted as the value function of the dividend optimization problem of

the controlled process (2.7) and the discount rate 3.
The stochastic process {YL; ¢ > 0} is a controlled compound Poisson model with investment incomes and debit interest

with absolute ruin and is same as the one studied in [10]. Hence, the function V(x) is same as the value function studied
in [10] with the premium rate, force of interest, debit rate and discount rate being p, 7, & and 8, respectively. Although it was
assumed there that the debit rate is greater than the interest rate, the violation of such an assumption would not affect the
major results there (all the results up to at least Theorem 4.2 there still hold). From Lemma 4.1(ii) we can see that the value

function \7~(x) is a linear function with slope 1 when x is large. Hence, we can conclude that there exists a K > 0 such that
Vx, i) <VEx) <x+KforxeRandie E. O

3. An auxiliary optimization problem

In this section, we introduce an auxiliary performance functional and study the optimization problem under a new
optimization criterion associated with this new performance functional. The results we obtain here will play an essential
role in deriving results for the optimization problem under the original performance functional.

Let o7 denote the time when the first transition of the Markov chain J occurs,

= inf{t > 0:J; # Jo}. (3.9)
Then given Jo = i, 07 is an exponential random variable with mean .-
For any admissible strategy L and any f : R x E — R™, define a new performance functional §; such that

TL/\O'1
Fr(D(x. ) = Ege /0 e Mdl + Y e MLy — L)+ oy < THe "1 f (R, Joy) | - (3.10)

0<t<TLAoy
Define
Wy (x, i) = sup gy (D) (x, i). (3.11)
Lell

Then Wi (x, i) is the optimal return function under the new performance functional ;.
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For convenience, we use D(R )(tl, t,) to denote the present value at time 0 of all the dividends payable between time t;
and time t, under the strategy L Then

)
DQRJ)(tl,tz)=/ e tdi+ Y e M (g — L. (3.12)
t t1<s<ty
Hence,
Fr (DX, ) = Egjy [Dig) (0. T" Aoy) + Hoy < THe 1 f (R, . J»,)] - (3.13)

The remainder of this section is devoted to studying the optimization problem under the auxiliary performance functional
Js. As the performance functional includes only the dividends paid out before time o (the time of the first regime switch)
and the return function is not affected by the dividends paid out afterwards, this auxiliary optimization problem can be
considered as a problem to optimize expected dividends until a random time (o) plus a terminal value for the compound
Poisson model with no regime switching.

Let D denote the set of functions f : R x E — R™, such that for any fixedi € E, f (x, i) = 0forx < — maxjeE f( i)is

non-decreasing, and f (x, i) < C;x + C; for all x and for some constant Cy, C; > 0.

Lemma 3.1. Forany f € D,
Ai+gi+8;

+qi+ i .
(1) y —x < Wr(y, i) — Wy, i) < Wy Gx, D) (B gp (P' BoE) G = Dfory > x> —maxies ; andi € E;
(i) Wy € .

Proof. (i)Foranye > 0,x > 0andi € E, let L;i be an e-optimal strategy for the process (R, J) with initial value (R, Jo) =
(x, 1), that is, gr(Ly ;) (x, 1) > Ws(x, i) — €. For the process (R, J) starting from the initial value (y, i) (y > x > — maXjeg Z—j_),
construct a dividend payout strategy L as follows: pay a lump sum y — x at the beginning and then apply the strategy L ;
immediately. As a result, we have

Wiy, i) = gDy, D) =y —x+ FrLg )X, i) =y —x+ Wi (x, i) — €, (3.14)
which implies Wy (y, i) — Wy(x, i) > y — xforally > x > — maXjes .
J

Define t(y) = inf{t > 0 : Rr = y}and recall oy = inf{t > 0 : J; # Jo}. Construct the strategy I_,x,,' for the
process (R, J) starting from the initial value (x, i) that pays no dividends until the level of surplus reaches y (y > x) and

then treat the process from this moment onwards as a new process starting with the initial value (RTX(’)’,), Jr») and apply

the strategy L, . We can see that the controlled process (Rixvi ,J) has Markov property on the time interval [0, o] with

Vil
respect to the probability measure P ;. Note that ruin occurs immediately when the surplus is — maxjeg % or smaller.
)

Hence, g5 (L)(y, i) = O forany y < — maX;eg % i € Eand L € I1. Then it follows by noting RLXi’i - < — maxjcg % and hence
T,

¥ (ix,i)(R?i’Xi 1) = 0that

Ir (L) (%, 1) = Eple” 70 g ( yjt(y))(yvjf(y)); T(y) < T A o] +E(x,i)[efA”lf(RErﬁ’iJal); o1 < T A ()]

> 91 )W, DEple ™5 T(y) < 01, () < i, (3.15)

\Y

where the last inequality follows by the positivity of the function f and the fact that under strategy L, ;, T(y) A T A oy >
T(y) AS1 Aoy

Note that given there are no transitions of the state of the Markov chainj and no claims arrive before the reserve reaches
y, the time it takes for the process (R, J) starting from the initial value (x, i) to reach the surplus level y for the first time is

o = s (Corin) * o (il 1) (319
Then, given (Ro, Jo) = (x, i),
T(y) = ti(x,y) on{r(y) <o, (y) <S5} (3.17)
As a result,
Exinle ™z () < 01, 1) < S1}] = Ewple ® o1 > ti(x,y), S1 > ti(x, y)}]
= ¢~ MitaitiLxy) (3.18)

where the last equality follows by the conditional independence of S; and o4 given (Ry, Jo) = (X, i).
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1_'heref0re, using (3.17) and (3.18) and the fact that gf(L;’i)(y, i) > Wr(y,i) — €, from (3.15) we obtain W (x, i)
Gl i) = e CrHarieN g (e )y i) > e CrHati (Wi(y, i) — €), which implies Wy (y.i) — Wy (x, i)
Wy (x, i) (e Tait®0t(xy) — 1) Combining this and (3.16) completes the proof.

IA IV

(ii) Note that if Ry = X < — maXjeg Z—f ruin occurs immediately. It follows from (3.10) and (3.11) that W (x, i) = 0 for
J
X < — MaXjeg Z—j The non-decreasing property of Wy (-, i) follows immediately by the result in (i).
It remains to show that the function W (-, i) is bounded by a linear function. Consider a stochastic process REi) with the
following dynamics:

RY =Ry, and dR{ = (p; + iR )dt. (3.19)

We can see that given J = i, forany t < o, Rﬁl) + maXjeg % is the amount of the surplus at time t if no claims have arrived
i)
and no dividends have been paid out before time t. Hence, for any admissible strategy L, given J, = i, we have

Ly <R? +max 2 fort < T' Aoy, (3.20)
JeE [o7]
It follows by (3.19) that given Ry = X,
RY = <x + E) it — Pl _ (x + E) et fort > 0. (3.21)
Ti Ti Ti
As L is left continuous with right limits, the process {L;,; t > 0} is right continuous with left limits and the left limit at time

L
tisL_ = L.ThenDL, . (0, T A gy) = [} "

®)) o e~%dL,_ . Hence, it follows by integration by parts that

TL/\(r]
5Tl ro _s;
Ew.i [D%RJ)(OV N 01)] = Ew |:L<TLM]>+€ KA P +/ dils e 5'5d3:|
0

i (1L i _s.(TL
Eop | ( (x4 2 ) ei™ro0 1 max B ) e-ditron
Ti JeE o

oo : .
+ (Si/ <<x + &> e + &> e_5i5d3:|
0 Ti Ti

Cx + Ca, (3.22)

IA

IA

where C;3 and C, are two positive constants, the second last inequality follows by (3.20) and (3.21), and the last inequality
follows by noting r; < §;.
Asf € D, we have

Ewiy [HHor < THe *1f (R, . Jo,)] < Eqei [€f (RS, . Joy)]

E(X,,‘) [(‘:’78"(rl (CSRI(;1 + Cg)]

Ewiy [67%1 (GsRY) + Gs) |

G, (3.23)

IN TN TA

where C; is a positive constant and the last equality follows by using (3.21) and r; < §;.

It follows by (3.11), (3.13), (3.22) and (3.23) that for some positive constants Cg and Co, Wf(x, i) < Cgx + Co. Consequently,
WreD. O

From the above lemma, we can see that for any fixedi € Eandf € D, the function W, (x, i) is nonnegative, nondecreasing,

continuous and locally Lipschitz continuous on (— maxjeg %, 00). Hence, Wy (x, i) is differentiable with respect to x almost
J

everywhere on [— max;cg fo 00) and the derivative at the point where it exists is greater than 1.
J

We can consider the optimization problem for any fixed i € E and f € D with respect to the auxiliary performance
functional as a problem for a compound Poisson model to maximize the expected dividend payments up to the time of
ruin or an exponential random time o, whichever is earlier, plus a terminal value. Applying the standard arguments in
stochastic control theory (e.g. [22]) or a similar method in [1] we can see that for any fixed i € E and f € D, the function
W (-, i) satisfies the following dynamic programming principle: for any stopping time T,

a1’

Wy (x, i) = supEy[Dp; (0. T" Aoy A1) + e 1 f (R, Jo)Ifor < T AT}
Lenl

+e e Wi (RE, L Jia){or > T A TH
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= sup Eip[Dip (0. T" Aoy AT) +e 2 (RS Jo ) oy < TH A T}
€

e TIOWRE, DI{oy > T AT, (3.24)
and that the associated Hamilton-Jacobi-Bellman (HJB) equation is
max(1 — ¢'(x), £ ($) ()} =0 forx > —max 2, (3.25)
JeE o
where GC{ is an operator defined by
L@E = @i+ O —ei- 07K — i+ 6+ 5P
a7 gl wdr + 3 af e (3:26)
0

J#
As so far we only know that for any fixed i € E and f € D the function W (-, i) is differentiable with respect to x almost
everywhere, so it may not be the classical solution to the Eq. (3.25) and therefore we need to study a weaker version of
solution, the viscosity solution, which is defined as follows.

Definition 3.1. For any fixed Xmin, Xmax € (— MaXjeg Z—J 00] with Xpmin < Xmax,anyi € Eand f € D,
J

(i) acontinuous function u : (Xmin, Xmax) —> R is said to be a viscosity sub-solution (super-solution) of (3.25) on (Xmin, Xmax)
if for any x € (Xmin, Xmax), €ach continuously differentiable function ¢ : (Xmin, Xmax) — R with ¢(x) = u(x) such that
u — ¢ reaches the maximum (minimum) at x satisfies

max{1 — ¢'(x), £ ($) )} > (<)0; (3.27)

(ii) a continuous function u : (Xmin, Xmax) — R is a viscosity solution of (3.25) on (Xmin, Xmax) if it is both a viscosity sub-
solution and a viscosity super-solution of (3.25).

Remark 3.1. If we further define
LG wE = @i+ri-®F —ai- (7)Y ® — i+ qi + 5HuR)

€k -
s [ u= R+ Y af ) (3.28)
0 J#
we have an equivalent version of definition for viscosity sub- and super-solutions [23,24] by replacing (3.27) by max{1 —
¢'(x), £ (¢, D)} = ()0,
The function ¢ in the above definition is called a test function. The following remark states a useful property of test
functions [25].

Remark 3.2. Let O be any open interval. For any viscosity super(sub)-solution u on O, there exists a continuously
differentiable function ¢ : O — R such that u — ¢ reaches a minimum (maximum) at x € O with ¢'(x) = q if and
only if liminf, % > q > limsupy,, W (lim infy 4 W > q > limsup,, W).

Remark 3.3. (i) We can replace “maximum” and “minimum” in Definition 3.1, Remarks 3.1 and 3.2 by “local maximum”
and “local minimum?”, respectively.
(ii) Suppose u is a viscosity solution of (3.25) on (Xmin, Xmax)- If for an x € (Xmin, Xmax), U(-) is differentiable at x, then

max{1 — u'(x), £ (u)(x)} = 0.

A function g(x) is said to satisfy the linear growth condition if there exist some positive constants C; and C, such that
g(x) < Cix+ G, forall x.

We show in the following lemmas that for any fixed i € E and f € D, the function W} (x, i) is indeed a viscosity solution
of (3.25) and it is the unique solution that satisfies certain conditions.

Lemma 3.2. Forany fixedi € E and f € D, W; (-, 1) is a viscosity solution to (3.25) on (— maxjeg % 00).

Proof. We fixi € E and f € D throughout the proof. We first show that the function W; (-, i) is a viscosity super-solution.
Define a;, (h) = xei" + (p; — 1) foh ei"9dsifx > Oand! > 0,orx = 0and 0 < | < p;, and a;, (h) =
xe®h 4+ (p; — 1) foh e =9 ds if — maxje % <x<0and!>0,0orx=0and! > p;.Forany fixed x > — maxjcg % and [ > 0,
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we can always choose a small enough h > 0 such that either a;;(s) > 0 forall s € (0, h] or — maxje, % < aixi(s) <0
for all s € (0, h]. Consider a dividend payout st_rategyl_, that pays out dividends continuously at a constant rate [ until time
o1 A S1 A h. Then under the dividend strategy L, we can see that given (Ro, Jo) = (X, i),

RE=aji(t) fort <oy ASiAh, and RE = a;.(S1) — Uyon Sy < o), (3.29)

where U, represents the amount of the first claim. From (3.29) it is clear that under the dividend strategy L, ruin will not
occur before time o7 A S; A h, and hence T! A o7 A S; A h = 07 A S; A h. Then by the dynamic programme principle (3.24),
we have

Wf (X, l)

sup Eqey[Df (0, T" Aoy A Sy A ) 4 e f (R, Jo)I{on < TH A Sy Ah)
Lerl

o =

+e T sy gL DI{oy > T A Sy A )]

TLAS1AR?

<Ti/\51/\h}

v

Eqo[Dk; (0, TE Aoy ASy Ah) + e fRE ], ) {0

e HiT sy (R D{oy > TEAS; A )]

TLAS AR’
= Eui[D (0,01 A Sy AR) 4+ e I f (R, Jo) {01 < Sy A h}

+e W RE Do > S A ). (3.30)
Write A = {01 ASiAh= h},Az = {G] ASiAh= S]} and A; = {0] ASiAh= O’]}, and define

T = gy [DEy 0 01 A St AR + e MWW RE L Difoy > Sy AR AL k=1.2,

13 = E(x,i) [D,iu(O, o1 N\ S] AN h) —+ e_sic'lf(Ri 101)1{01 < S] AN h}, A3] . (331)

o1’
Then it follows by (3.30) that
Wf(X, NV>L+5L+1. (3.32)
Notice that given Jo = i, o follows the exponential distribution with mean Al' and o AS; follows the exponential distribution

with mean ﬁ respectively. Then using (3.29) we get

h _
0

I
= —e it — 70y 4 o= Citatadhyy (g, (h), i). (333)

i

Note W (y, i) = 0 fory < — maXjeg Z—j By first conditioning on ¢ and then Sy, using (3.29) we obtain

00 tAh s ai,x,l(s)+m?£( %
I, = f qie—th'fdt/ Aieisds / e % )du + / T Wi (@i (s) — u, dFi(u) | (3.34)
0 0 0 0

By conditioning on o and using (3.29) we can obtain

h t .
I = / gie diteHit ( / e*aiflds+e*5if§ @f(a,;x,,(t), j)) dt. (3.35)
0 0 i

jA
Let ¢ be any continuously differentiable function with ¢(x) = Wy (x, i) such that W; (-, i) — ¢(-) reaches the minimum at x.
Hence, W (y, 1) > ¢(y) forally > — maxjcg Z—j Then from (3.33) we have

in L — M;f(x» D _ i I —h¢(x> - lim ((Siie—a,.w,-)hl —;_5"“ 4 e‘“"“"*“”%(c;li,x.mh)) - ¢<x>>
=1+ @i+ O —a- 07 =DP'®) — (i + 6 + &P X). (3.36)
From (3.34) and (3.35) it follows that
1imIE_A. X+%¥(%W — u. DdF: im 3 — " i
lim - = /O px—u DR, lim o = > qif (x.)). (3.37)

J#
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Combining (3.32), (3.36) and (3.37) gives
0=11=¢'@®) + @i+ri- O —ai- X)) () — (i + qi + W (x, i)

+ ki/ W — u DR + Y gif (). (3.38)
0 J#
By setting | = 0 in (3.38) we get
Pi+ri- 07 —i- 07X — M +qi + W (x, )

X+max f%
+/\,~/ Wk — u, idFi ) + Y gf (%)) < 0. (3.39)
0 J#i
By choosing [ large enough, the inequality in (3.38) implies ¢’(x) > 1. By using this and (3.39) we can conclude that W (x, i)
is a viscosity super-solution.
The proof for Wy (-, i) being a viscosity sub-solution follows closely with the proof of the viscosity sub-solution property

of the optimal return function V for the compound Poisson model, subject to minor adaptation. We do not repeat the proof
here. Readers are directed to Proposition 5.1 in [1] or Section 2.3 of [8] for details. O

Lemma 3.3. For any fixedi € E, f € D and Xnax € (— MaXjeg %, oo], if u(x) is a locally Lipschitz continuous nondecreas-
ing (i) viscosity super-solution ((ii) viscosity solution) to the Eq. (3.25) on (— maXjcg Z—j Xmax) that satisfies i(— maxjeg %) =0
and in the case Xmax = 00, the linear growth condition, then u(x) > Wr(x,i) ((ii) u(x) = Wr(x,1) for all x €

pi
[_ manE]E ;j,a xmax)-

Proof. (i) Suppose u(x) is a viscosity super-solution. It is sufficient to show that for any small h > 0, u(x) > W;(x, i) for

X € [— maxjeg %, Xmax — h] — {oo}. We use a proof by contradiction. Suppose for some X € (— maxjeg %, Xmax — h] — {00},

W, (X0, 1) > Ti(Xo). (3.40)

For any constant y > 0, define functions for x > — maxjcg %’
J

u,(x) =e " u(x) and Wy;,(x) = e "*Ws(x, Q). (3.41)

As the functions u(-) and W (-, i) are locally Lipschitz continuous, and in the case xm.x = 400, bounded by a linear function,

it follows immediately that u,, (x) and W ; ,, (x) are both Lipschitz continuous on (— maXjcg Z—J Xmax — h] — {00} and, in the
]

Case Xmax = +00,

lim Wr;, (x) =0, lim @, (x) = 0. (3.42)
X—>00 X—00

As aresult, we can find some constant K > 0 such that forx, y € (— maxjeg p—’ Xmax — ] — {00},

]

[u, ) —u, )| <Kly—=x, Wi, ) — Wiy ] < Kly —x]. (3.43)
We use a similar method used in [1] to construct viscosity sub- and super-solutions. For any t > 0, define m; by
(%) = Wyiy 00 — Ty ) — =t — )2 X (3.44)
mex,y) = Wr;,(x) —u - —(x— - .
t(X,y fiy Y 2 Y 2(y —x)2 +t
Note that by (3.40) we have Wy ; ,, (Xo) — U, (xo) > O for small y > 0, and that
sup me(x,y) > sup me (X, X)
x.ye[— maxjcg %quax*h]*{w} xe[— maxjcp %sxmax*h]*{w}
_ 2K
> Wiy (x0) — 1y (x0) — e (345)

%,Xmax—hj—(oo} m¢(x,y) > 0, and that we can find 0 > 0,

These together with (3.42) imply that lim inf; 4. Sup

xyel- maxeg

large enough t and x;, y; € (— maXxjeg & Xmax — h] — {00} such that

4

me(Xe, yt) = sup me(x,y) > o. (3.46)

i
X,yE€[— maxjeg oTyxmax]—{OO)
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Let t, be a sequence tending to oo as n goes to oo, such that the limits of x;, and y;, exist. Define X = limy;o0 X, and
y = limyo ¥, We can show that

X=7. (3.47)

If this is not true, then lim,_, oo (x;, — y[n)2 > 0, and hence

, . _ tn ) 2K
lim mg (X, = lim { Wr;, () — U — — (X, — -
L tn Xtns V) rHOO( f,z,y( tn) y(th) 2( tn — Yt) fﬁ(l’rn —th)z Tt
_ _ . ty
= Wpiy ®) =1, () — lim —(x, —Yi)* = —00, (3.48)
which is a contradiction to (3.46).
Notice that
I (s Vo) = i (W () — Ty 0) — 2ty — Vi) 2K )
imsup me, (x;,, yi,) = lim iy ) — U, ) — — X, — V) — 55—
n_)oop tn Xty Yt o foiy &t y Ut ) t Yt tr%(ytn —th)z‘f'fn
< Wiy () — 1, (%), (3.49)
which together with (3.46) implies
Wr iy (%) —1u,(x) > 0. (3.50)

It follows by Lemma 3.1(ii) that Wy ; ,, (— maxjeg %) — U, (— maXjeg %) = 0.Then X > — maX;cg % Otherwise we will
obtain a contradiction to (3.50). In the case Xmax = +00, we have W ; ,, (+-00) — 1, (+00) = 0 by (3.42). Combining this
and (3.50) we can see X < oo, in the case Xpax = +00.In conclusion,X =y € (— maX;eg %, Xmax — h] — {00}. Therefore, we
can find a sequence {t,} tending to +oo such that both {x.,} and {y;,} are convergent and

Xtys Yy € (— max &, Xmax — h] — {o0}. (3.51)
JeE o

We can show that

Wr iy (%) — Uy (X) = sup (Wyiy (%) — Uiy (x)). (3.52)

X€[— maxjeg %-Xmax*h]*(oo)
Suppose the contrary, that is

Wriy(X) — 1, (%) < sup Wiy %) — i1y, (%)). (3.53)

i
X€[— maxjeg ch- »Xmax —h]—{co}

By noting that W; ; , (— max;cg pl_) — U, (— maXieg pl_) = 0, that Wr ; ,, (x) — u,, (x) is bounded and that limy_, .o (Wr ; ,, (x) —
fiy JEE & Y JEE fiiy Y fiiy

i, (x)) = 0(see (3.42)), we can find an x; € (— maXjcg %, Xmax — h] — {00} and x; # X such that

Wr iy (1) — 1y, (1) = sup (Wr,iy ®) — 11, (). (3.54)

xe[—max g,xmax—h]—{oo}

JjeE 7
Let {x; } be a sequence converging to x; and define y; = x; + yi, — X;,. Then by (3.47) we have lim,,» y; = x;. Hence,
it follows by (3.53) and (3.54) that for large enough n, Wf,,-,y(xén) — i, (y{n) > Wr i, (Xe,) — U, (). As a result, for large

enough n,

My (0, V1) = Wy () — By (V) — 20, — Y )? = i
n n’Jtn/ T oL n n n n /
tn Yt y X, y Ut 5 i tﬁ% _ytn)2 T,
_ th 2 2K
> Wr iy (%) — Uy (Ve,) — E(Xt” — Vo) — m
7 Xty — Yy n
= mg, (Xe,, Yt (3.55)

which contradicts (3.46).
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Now consider two functions e”@w (x) and e’”‘g , (x), where

_ t 5 2K
X)=1u + X =yt + ———— F m (X, ),
Qt’y( ) y We) 2( ye) 2 — X2+t (e, Ye)
By ) = Wriy (%) — = (x¢ — y)? 2K me (X, Ye)
ty V) = Wiy e 5t y 2 —y)? +1 tXe, Ye)-
We can see that Qt y and Etn’y are both continuously differentiable, that Wy (x, 1) — eV"Qt y(x) = er*(my, (X, ¥r,) —

my, (X, Yr,)) attains its local maximum 0 at x = x;,, and that u(y) — e”y@n,y ) = eV (—my, (X, y) + me, (x¢,, Yt,)) attains
its local minimum O aty = y,. By the fact that the functions W (-, i) and u(-) are respectively the viscosity solution and
super-solution of (3.25) on (— maxjcg % Xmax) and by the definition for viscosity solutions and (3.51) we have for small
y > 0and large n,

max{&(f, i, v, n), & (f, i, y, m} = 0 > max{&(fF, i, v, n), L, i, v, m}, (3.56)

where
iy =1-e" (vo, () +8] ),

alf.iy.n = (P41 &) —ai X)) (;@[n’y(xfn) + ggn,y(xt,,)) e’ — (Ai + qi + 8 Wy (xe,, 1)

Xtp +MaXjeR oTJ:
i [ Wy, — v, DARO) + 3 aif (.,
0 [T

EF. iy =1-e" (y,,0,) +,,0,)).

and
o iy =P+ G =i 0n)7) (yﬁy(ytn) + %,V (Vrn)) e
Ytn +MaXjeR %
— (i + Gi + 8)TWL,) + Ai / Uy, —ARE) + > qif (x.J).
0 #
Notice that
- 4K (Y, — X))
¢ () = By, O) = talxe, — Vi) + o Tl (3.57)
" (ta Wy = Xe,)2 + 1)
Recall limy_, o0 X, =X =y = limy, 00 ¥, and X € (— Maxjeg %, Xmax — h] — {o0}. Therefore, using (3.41) we have
lim (e % 5y(f, i, y.n) — e gy (f, 1, v, n))
n—oo
=@+ ®"—a-®7) (v, ® — yWriy®) + i+ g+ 8) (Wriy ®) — 1, (%))
X+maxjeg %
+ Ai/ (T R —y) — Wiy X —y)) e 7V dFi(y)
0
>hita+si—yEi+rn ® —a-®7)] (Wi, ® -1, ®)
X+maxjeg 07‘_
— ki f sup (Wy,iy ®) — T, (x)) e 7 dF,(y). (3.58)
0 x€l— g Xmax—h]—{oo}
It follows by (3.46) that for any x € [— maX;cg Z—j Xmax — h] — {00},
_ 2K
M, Kty Vi) = max Mg, (X, y) = Mg, (X, %) = Wy iy (0 — Uy (%) — —, (3.59)
X,y€[— maxjeg ijjquax—h]—{OO} ty
which implies
_ 2K
Mg, Xey s Vi) = sup Wi,y (%) — Uy, (%) — T (3.60)
n

P
xe[— SUPjer oTj- Xmax —h]—{oc}
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Therefore,

nlingo My, Xty Ver) = sup Wiy (%) — 1y, (%)) (3.61)

)
X€[— maxjeg ;j,xmax—h]—{oo}

5

By choosing small enough y € (0, Ao O e @]

), it follows immediately from (3.58) and (3.52) that
nlifgo(fz(f, Ly.m)—a.iy,m) = hi+q+8—y@i+n- @ —a-®7)V0—21]

x sup (Wr iy %) — Ty (1))

D,
X€[— maXjeg % ,Xmax —h]—{o0}

1) _
> <q,~ + 5) sup (Wyiy %) — T, (x)) > 0, (3.62)

b
X€[— maXjep #,Xmax*h]*{oo}

where the last inequality follows by

sup (Wriy @) — T, (x)) > 0 (3.63)

i
X€[— maxjeg oTi» ,Xmax —h]—{o0}

due to (3.40). Hence, &(f, i, ¥,n) > &i(f, i, y,n) for large n and small y > 0. This combined with (3.56) implies
&(f,i,y,n) > &(f,i, y,n). Then by noticing Wy ; ,, (x;,) = Qt J/(xtn) and u, (y,) = qb[n,y(ytn), we can obtain

e (Y Wriy (%) + ¢ (%)) < €V (v (vs,) + Biry Vi) (3.64)
It follows immediately from (3.57) and (3.64) that
I G
(tn 0ty —th)2+1)2 "

e Wy iy (xe,) — €7y, (yg,) < ey — Xg,) (770 — em), (3.65)

14
By noticing (3.63) and lim,,_, o, t, = +00, we can find a positive integer N; such that for alln > Ny,

6K
sup (W iy ) — T, (%))

b
X€E[— maxjeR yﬁ.sxmax—h]_{oo}

t, > max | 4K,

(3.66)

Since (y, — X;,)(e”™ — e™n) is always nonnegative, then it follows by (3.65) that
er Wy i, (X)) — e, (y,) <0 forn > Nj. (3.67)
For any € > 0, let N, (¢) be an integer such that for all n > N, (¢),
le¥*m — e¥¥| < ¢, eV — e <€ and [U,(x,) — Uy (Vs,)| < €.
Then for n > N,(¢), we have
Wy iy () (1 = €75 — T, (v, ) (1 — e7n)
= Wiy (X)) (1 — ") — 10, (x;,) (1 — 7)) + (U (X,) — Uy (v,)) (1 — €77'n)

< Wiy () — Uy (X)) (1 = €7) + (Wi, (X,) + Ty (Xe,) + De. (3.68)

In(3/2)
®~

In(3/2)
(€9

Note that 1 — e"* < 1 for0 < y < .Hence, for0 < y <

- 1
Wiy (Xe,) — Uy (%)) (1 — ") < = sup Wy iy %) — 11, (X)). (3.69)

xe[— maxjeg %,Xmax_h]_{ool
As Wy ; ,, and U, are both bounded, by (3.63) we have

sup (Wf,i,y (X) - Ey (X))

D
X€[— maxjeg (,Tj,,xmax*h]*{oo}

— >
sup [Wr iy (%) + 1, (x) + 1

b
X€[— maxjeg OTj' ,Xmax —h]—{oo}

0. (3.70)
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It follows by (3.44) and (3.66)-(3.70) that for

sup Wr iy () — 1, (%))
pj
X€[— maXjeg 5 -Xmax—h]—{co}
€< & — )
3 sup [Wr i, (%) + 1y, (X) + 1]

b
X€[— maxjeg DTj' ,Xmax —h]—{o0o}

for any large n > max{Ny, N»(¢)} and for any small y € (0, nG/2) A 1),

®)~
Me, Xty Vo) < Wriy (Xey) — Uy (Vey,)

- - S e 2K 2K
= e Wy iy (X,) — €U, (¥,) + Wy R ) (1 — e ) — U, (3, ) (1 — e”n) — . + .
n n

_ 2K

< sup Wiy (%) — U, (%)) — . (3.71)
n

i
X€[— maxjeg gjvxmax*h]*{oo}

which is a contradiction to (3.60).
(ii) If u(x) is a v1sc051ty solution, it is also a viscosity super-solution and therefore by (i) we know u(x) > W;(x, i) for all
xe|l[— maxjem xmax) By interchanging the positions of u(-) and W; (-, i) in the proof of (i) we can show Wy (x, i) > u(x)

forx e [— max]E]E L Xmax)- This completes the proof. O

Remark 3.4. It follows by Lemma 3.3(ii) that for any fixed i € Eand f € O, W (-, i) is the unique viscosity solution to (3.25)

on (— maxjeE L 00) that is locally Lipschitz continuous, takes value 0 at x = — maxjeE % and satisfies the linear growth
aj

condition.

For any fixed i and f, define an operator 9{ by

X+Mmaxjeg g’
@I = pict 1 (07— (07 = G+ i +-8)900 + s [ px— AW + Y af ). (372)
0 J#

We can define the crucial sets similar to the compound Poisson case that are essential for the construction of the candidate
for the optimal strategy.

Defmltlon 3.2. Define for f €D andl € F,
={xe (- maxjem L, 00) 1 G (W (-, D) (x) = 0},

:Bf {x e (— maxjeE 1 00) Wf(x i) = 1and gf(Wf( i))(x) < 0}, and

(9{—( maxje[gaj, A{U:B{.

Recall that the set D is defined right above Lemma 3.1. Define a subset D = {f € D : foranyfixedi € E, f(x, i) <
x + C for all x and some constant C > 0}.
Lemma 3.4. Forfixedf € D andi € E,
(a) the set £{ is left-open;
(b) if f € D, the set :8{ is not empty and there exists a y such that (y, co) C :8{
(c) the set A’; is closed;
(d) if (x0,%1] C :Bf and xg &€ :B’if U {— max;ecg %}, thenxy € A{;
(

e) the set Af is not empty;
(f) the set @,f is right-open.

Proof. (a)Itis sufficient to show that forany x e :6’[ (x—h,x) C :Blf for small enough h > 0.Define foranyz > — maxjeg Z—j
a function

. Dj
Wr(y, i —max — <Yy <z,
Bf,i,z(.y):{ r0. ) JeE @ y (3.73)
Wiz, ) +y—2z y=>z

Forany y € (—maXjeg ; ﬂ — h), we use ¢,(z) to denote any continuously differentiable function such that o) =

Brix—n(y) and ¢y (z2) < Bf,x n(z) forallz > — maxjem =L As W;(-, i) is a viscosity solution on (— maxJE]E 1 00), then
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by Remark 3.1 and (3.73) we have
max {1 — B, £ (¢, Bf,i,x,h)(y)} <0 forye (— max LI h) . (3.74)
JEE

For any y, if By j x—x (y) is differentiable at y, it is not hard to see that, ¢>§ y) = B;/‘,i.xfh (¥). Otherwise, the function ¢, (-) is
larger than By j x_;(-) either in the left-hand side neighborhood or in the right-hand side neighborhood of the point y. Note
that

B i@ =1 forye (x—h,x] (3.75)
Hence,

¢,¥) =B, ) =1 forye (x—h,x]. (3.76)
As ¢px_n(x — h) = Bs j x—n(x — h) and ¢,_n(-) < B i x—n(-), it follows by (3.73) and Lemma 3.1(i) that

Bfix—n(X —h) — By ix—n(2) Wr(x — h, i) — W(z, 1) -

¢r_p(x — h) > limsup = lim sup > 1, (3.77)
24 e—h) x—h-z 24 (e—h) x—h—-z
and
. Brixon(X—h) — Bfixn(2)
Ly — h) < liminf = ok =1
Prnx =) = zlfglrﬁ) x—h—z
Hence,
¢l (x—h) = 1. (3.78)
It follows by (3.28), (3.76) and (3.78) that
°C{(¢y; Brix—n)¥) = Gi+1i- W —ai- 7)) — i + qi + 8By ix—n(¥)
y+maxjeg é
[ By i n(y — AR + 3 yf () fory € [x— h, x1. (379)
0 2
As W (-, i) and By j x_x(-) are continuous, for any € > 0 we can find a small h > 0 such that
. €
(A + qi + 8) 1B ix—n(¥) — Wr(x,1)| < 3 fory € [x — h,x], (3.80)
. . €
D ailf 4. ) —fxpl < foryelx—hxl (3.81)

J#
By (3.73) and Lemma 3.1(i) we can see that By ; y_p(-) is nondecreasing and By j x_n () < Wj (-, i) and therefore,

P

y+maxjeg % X+maXjcg FJ“
Ai / By ix—n(y — wdFi(u) — / Wy (x — u, i)dF;(u)
0 0

P P
y+maxjeg 3 X+Mmaxjeg a
=i/ Byas-alx — R — [ Wi (x — u, DdF W)
0 0

<0 forye[x—h,x]. (3.82)

Note thatp;+r- ()" — ;- )™ <pi+r1i- (¥)T —a;- (x)~ fory € [x — h, x]. This combined with (3.72) and (3.79)-(3.82)
shows

LDy, Brinm)¥) < §H(Ws(-, i))(x) + € fory e [x — h, x] and small h > 0. (3.83)

F oWe (i
w It follows by the arbitrariness of ¢ > 0 and (3.83) that

Note that 9,{(Wf(~, i))(x) <Oduetox € {b’,f Lete < —

L0 ¢y, Brixn)(¥) <0 fory e [x —h,x]and smallh > 0. (3.84)
Combining (3.76), (3.78) and (3.84) shows max{1 — ¢§(y), £{(¢y, Bfix—n)(¥)} < Ofory € [x—h, x]and small h > 0, which

together with (3.74) implies that By ; x_(-) is a viscosity super-solution on (— maxjecg % x]. As W (-, i) is locally Lipschitz
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continuous, so is By ; x—n(+). Then it follows by Lemma 3.3 that By ; ,_n(y) > Ws(y, i) fory € [—%, x] and small h > 0. By

Lemma 3.1(i) and the definition of By ; x_x(-), it is obvious that By ; x_y (y) < W;(y, i) fory > — maXjcg % As a result,

Bfix—n(y) = Wr(y,i) forye |: mellEx b x] and small h > 0. (3.85)
J€E o

Hence, we can find h > 0 such thatforanyy € (x — h, x), 9,{(Wf(-, D)y = g{(Bf,i,x_h)(y) = £{(¢y, Brix—n)(¥) < 0, where
the last equality is due to (3.79) and the last inequality due to (3.84). Note B},iqx_h(y) = 1fory € (x — h, x). Consequently,
(x—h,x) C 3{ .

(b) Note that forx > y > 0,

X+maxjeg 5- g
91 (Briy)(X) = pi+ 1y — (i + G + 80Briy (0) + Ay f Briy(x — w)dF(u) + Y qyf (x.))
0 Ji

p;
X+maxje #

< i 1= Gk 0 804,00 + Ay ) [ aF ) + 3 gsf (x, )
0

J#
Spitrx— @G+ W@ D) +x—y) + Y qf (x.)). (3.86)
#
Note that Wr(y, i) > y 4+ maxice % due to Lemma 3.1(i), that f (x, j) < x+ K for some K > 0 and that ) .. g;; = q;. Then it
f JEE o j#i i
follows by (3.86) that for large y,

51311,)00 < o+ (11— 0x = (@ + Symax (L +aK <0, forx >y >0, (387)
JE j

where the last inequality follows by notlcmg 8; > r;. By applying the same lmes (starting from the Eq. (3.73)) in the proof
for (3.85) in (a) by replacing [— maxjeE % x]and x — h there by [— max,E]E L 00) and y (y large enough), respectively, we

can show that for large y,
. Dj
Briy(x) = Wr(x,i) forxe |—max—,00]. (3.88)
JEE o
Therefore, for large enough y, we have Wf’(x, i) = f ; y(x) = 1forx > yand 9f Wr () (x) = g’;(Bf,,-,y)(x) < Oforallx >y
(due to (3.87)). Consequently, we can conclude by Definition 3.2 that for large enough y, (y, co) C :Blf . The existence of such
a y also indicates that :8{ is not empty.
(c) The continuity of the function 9{(Wf(. i))(x) implies that Af is closed.
(d) Assume that x; > xo > maxJE]E L (x0,x1] C Bf and xg & :8f We need to show xy € Af

Note Wf/(x, i) = 1forallx € (xo, xl] Therefore, forany € > 0, Wy (x, i) = Wy(xg+¢€,1) +x— (xo+¢€) forx € [xo +¢€, x1].
Letting € converge to 0, we get W (x, i) = Wy (Xo, 1) + X — Xo for x € [xo, x1]. As aresult,

We(x, 1) — Wr(xo, 1
fim W *D =Wy, D _ - (3.89)
x{Xp X — Xo
Write a = lim infy4, %}W By Lemma 3.1(i) we can see a > 1.

Suppose a > 1. Then for any b with 1 < b < a, we have

W (x, 1) — Wr(xo, i o We(x, 1) — Wr(xo, 0
lim sup r &0 f(O):1<b§llmmf rx. D f(O).
xyxg X—Xo x1Txg X — Xo

(3.90)

Note that W (-, i) is a viscosity sub-solution, it follows by Remark 3.2 that there exists a continuously differentiable function
¢ @ (— maxjeg % 00) — R such that Wy (x, i) — ¢(x, i) reaches a maximum at x = xo with ¢'(xo) = b. Therefore, by

pj
+Mmaxjer -
Remark 3.1 it follows that (p; + ri - (o)™ — o - (x6) )b — (A + i + &; )Wf(xo, Do fo S W — y, DAE(Y) +
Z#,. qif (x,j) > 0.By letting b — 1 we get 91‘ (Wf( ,1))(xo) > 0. Note that 91. (Wr (-, 1))(x) < Oforx € (xo, x1] because
(%0, x1] C o’Bl-f. By the continuity of 9{ (Wr (-, 1)) (x) we can see that g,{(wf(-, i))(xo) = 0. Hence, xq € ,A{.
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Suppose a = 1. We can find a positive sequence {h,} with h,, | 0 such that

I Wy (o, 1) — Wy (Xo — hn, 1)
m =
n—o0 hn

1. (3.91)

Define d, = %0 W0 .D _ 4 Then [im,_,  dy = 0. By Lemma 3.1(i) we know d, > 0. If there exists an no such that

hn
dn, = 0, then Wy (xo, i) — W (Xg — hy,, i) = hp,. Note that by Lemma 3.1(i) again, Wy (x, i) — W (xo — hpy, 1) > X — (o — hp)
for x > xo — hy,. As a result,
Wi (X0, 1) — Wr(x, i) = Wr(xo, 1) — Wr(Xo — hny, 1) — (Wr(x, i) — Wr(xo — hy, 1)
< X —x forx e [xg — hyy, Xol. (3.92)
As by Lemma 3.1(i) we have Wy (xo, i) — Wy (x, i) > xo — x for x < xo, we conclude

Wy (X0, 1) — Wy(x,1) =xo —x forx € [xg — hp,, Xo]. (3.93)

It follows by (3.89) and (3.93) that Wf’(xo, i) = 1. Therefore, by noticing 9{ (Wr(,i)(x) < Oforx € (xo,x;] because
(%0, x1] C :3{ X0 & £{ and the continuity of 9{(Wf(-, i))(x) we can see that g{(Wf(-, i))(xo) = 0, implying xo € A{.

If d, > O for all n, instead. Define A, = {x € (—maXje Z—j h,] : Wf/(x, i) exists and Wf/(x, i > 1+ 2d,}.
Note that Wj (-, i) is differentiable almost everywhere, and that Wf/ (-, 1), if exists, is greater than 1. Therefore, d, + 1 =
(fAh Wf’(x, idx + f[O,hn]\An Wf/(x, i)dx)/h, > (|Aq|(1 4 2d,) + (h, — |A4]))/h,, where |A,| denotes the Lebesgue measure
of the set A,. Hence, |A,| < %" — 0asn — oo. Therefore we can find a sequence y, 1 xp such that Wf/(yn, i)
exists and 1 < Wf’(yn, i) < 1+ 2d,. Consequently, lim,_, Wf/(yn, i) = 1. If there exists a subsequence {y, } with
Ynk 1 Xo such that Wf’(ynk, i) > 1, then GC{(Wf(', )W) = 0 due to (3.25). Note limy_, o Wf/(ynk, i) = 1. Hence
G Wi (-, D)) (%) = iMoo F Wi, D)) = limys oo £ (W (-, ) (k) = O, which implies x, € AL If, on the other
hand, there exists an integer ng > 0, such that for all n > ny, Wf/(yn, i) = 1, then g,{(Wf(', i))(xo) < 0by (3.25). In this case,
we can show 9,];(Wf(', i))(xo) = 0 by using proof by contradiction. Suppose g{(Wf(', 0))(xo) < 0. Note lim,_ o0 yn = Xo
and y, < Xo. Further note that By ; ;,(x) = W;(x,1) for x € [— maX;eg % yal and that By ; , (x) converges to Wy (x, i) for

X € [yn, X0l as yn 1 Xo. Hence, lim,_, oo 9{ (Bfiyy) (X0) = 9{ (W (-, 1)) (x0) < 0. Therefore, we can find an n large enough such
that

!
f i (Br.iya) (Xo)
(B ; 0 and xp—yn < ——————.

i (Briy,) (%) <0 and xo —yn =< 200 + a1 + 8

Note that Wy (x, i) > W;(Yn, i) + X — yn = By iy, (%) for allx > y,, where the last function is defined in (3.73). Then by the
increasing property of By ; , (-) and f (-, j) and non-negativity of By ; , (-), we can obtain that for all x € [yn, Xol,

(3.94)

G Briy)® =pi+1i- (O — ;- (07 = (i + i + 8By y, (X)

x+%
[ Brann = 9RO + 20
i
<pi+ri- &)t —ai- (x0)7 — (ki + qi + 8)Bf iy, (%)

x0+5—’i
+Ai / By iy, (xo — y)dFi(y) + Z qif (x0,J)
0 i
= 9] Br.iy) (X0) + (i + Gi -+ 8) Br.iy, (X0) — By iy, (X))
= 61 (Br.iy,) (o) + (ui + Gi + 8) (X0 — X)
<0 (3.95)

where the last inequality follows by (3.94).
For any x € (— maX;cg B xol, use ¢x(+) to denote any continuously differentiable function such that By ; ,, (-) — ¢x(-)

]

reaches a local minimum 0 at x. As W;(-, 1) is a viscosity solution on (— maxjeg %, oo0) and By, (x) = Wy(x,i) for
J

X € [— maxjcg (% yn] by (3.73), it follows by Remark 3.1 that

max {1 — ¢ (%), c,Cf(qu, Bf,i,yn)(x)} <0 forxe <— m%x &,yn> . (3.96)
je Olj
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Noting that B}’i’y" (x) = 1forx > yy, and hence due to the same reason mentioned right above the Eq. (3.75), ¢y (x) =
B}’i,y” (x) = 1for x > y,. This together with (3.95) implies

max 1= 409, £ (6. Briy) 0] <0 forx e g, . (3.97)
Note that it follows by Remark 3.2 that any test function ¢y,, if it exists, fulfills
Wf(yn, i) - Wf(Z, i) fo.i,yn (.Vn) - Bf,i.yn (Z) _

1 < limsup < ¢y’ (yn) < limin 1,
Ztyn Yn — " zlyn Yn—2
which combined with (3.95) implies
max {1 ¢}, 00). £ @y, Briy) )} < 0. (3.98)

Combining (3.96)-(3.98) shows that By ; ,, (x) is a viscosity super-solution on the interval (— maxjeg Z—j Xo). Then it follows

by Lemma 3.3 and the fact By ; ,, (x) < Wy(x, 1) for allx > — maxjeg ‘% that Wy (x, i) = By ; , (%) for x € [— maxjeg ‘% Xo]. As
aresult,

We(x, 1) — Wr(xo, i . Briy, (x,1) — Briy (X0, 1
im f( ) f( 0 ) — lim f,l,yn( ) f,t,yn( 0 ) —

li li

1, (3.99)
xtxo X — Xp x1xo X — Xp

which together with (3.89) implies Wf’(xo, i) = 1. This combined with (3.95) implies xy € 3{ This contradicts the fact that
Xo & Bif. Consequently, 9{(Wf(o, i))(xo) = 0, which implies xy € A{.
(e) The non-empty property follows immediately by (b) and (d).
(f) Consider any fixed x € C{ By definition we have 9{(Wf(~, i))(x) < 0. Since 9{ (W (-, 1)) () is continuous, there exists an
€ small enough such that

g.'if(Wf(', 0)(y) <0 forally € [x,x+ ¢€). (3.100)

Ifx,x+¢e)N :8{ is empty, then [x, x + €) C @{ If, on the other hand, there exists an x; € (x, x + €) such that x; € i;’lf
then according to (c), there exists an xo < x; such that xy € A{ and (xg, x1] C i)’{. Asx < xjandx ¢ ;B’{ we conclude that

X0 € (x,x1) C (x,x + €). Furthermore, we have 9{(Wf(', i))(xo) = Oduetoxg € A{, which is a contradiction to (3.100).
This completes the proof. O

Remark 3.5. By the Eq. (3.88) in the proof for Lemma 3.4(b), we can see that, forany f € D and i € E, there exists a large y,
Wy (x,1) = B iy(x) = x —y + W;(y, i) for x > y. Hence, there exists some constant C > 0 such that W;(x, i) < x4 C for all
xand i.

Lemma 3.5. For any fixed f € D andi € E, the function W; (x, 1) is differentiable from the right hand side with respect to x if
X € @{ and differentiable if x € int(@{) (the interior of @{), and DC{(Wf(-, 0)(x) =0forx e int(@{).

Proof. Since Wy (-, i) is a viscosity solution to the Eq. (3.25) on (— maXjecg % 00) and therefore a super-solution, it follows

by Remark 3.1 that for any y € (— maxjeg ‘% 00) and any continuously differentiable function ¢ with ¢(y) = W;(y, i) and
¢C) < Wr (- 0),

max{1 — ¢'(y), £} (¢, W; (-, )) 1)} < 0, (3.101)
which implies DC{ (¢, Wr(-,1)(y) < 0.1t follows by Remark 3.2 that

Wr(y, i) — Wr(y — h, 1)
h

>1 forye (— max &, oo) s (3.102)

¢’ (y) > limsup r
hi0 J€E

where the last inequality follows by Lemma 3.1(i). Hence, by the definitions in (3.28) and (3.72) we have 9{ Wr (-, D)) =
pi+ri- T —ai-@H)A—-¢'y) + £{(¢, W (-, 1))(y) <0fory e (—%, 00). This together with Definition 3.2 implies
that

6/ (W (-, ) <0 forxe el n [—p", oo) . (3.103)
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Now we will show that

§(W(.1))(x) > 0 forxe el n [— max % —%) . (3.104)
i i

Suppose the contrary. That is, there exists an x € @{ N [— maxjeg %, —%) such that
'j i

W, N <o.

Then by the definition of A{ and @,-f , we have g{ (Wr (-, 1))(x) < 0, because otherwise we will have x € A{ . Noting that @,f is
right open, we can find xq € G,f N [— maxjex %, —%) with xg > x such that

G (Wi (-, i))(y) <0 fory e [x, Xo). (3.105)

Note that the function Wy (-, i) is differentiable almost everywhere. So we can find at least one point yy € [X, Xo) such that
Wf/ (yo, i) exists. Therefore, it follows by the definitions in (3.26) and (3.72) that

LLWs (-, D) 30) = L Wi (-, ) B0) + i+ 17 - 00) — - (o) I W/ (o, D) — 1) <0, (3.106)

where the last inequality follows by using (3.105) and noting p; +1;- (o) ™ — ;- (Vo)™ = pi—ai- (o)~ < 0and Wf/(Vo, >1
(by Lemma 3.1(i)). As W; (-, i) is a viscosity solution to the HJB equation (3.25), then

max {1 = Wiy, 0, £/ W, )30} =0, (3.107)
which combined with (3.106) implies Wf’(yo, i) = 1. Note it follows from (3.105) that

91 (W, ) (o) < 0.
As aresult, yg € i)’{ , which contradicts the fact that yo € [x, xo) C 0{ .
Now consider any fixed x > — maX;cg % andx € C‘,f Define x = sup{y > x : [x,y) C Gif}. As C’lf is right open, we can
show x > x. Consider the initial value integral differential equation

y—x
Pi+ri- " —ai- M) — Gi+ g+ 8Hu®) + Aif u(y — 2)dfri(2)
0

y+maxicg 07._
+M/ Y Wiy -z, )dFi2) + Y gy (v.) =0 fory € (x. %), (3.108)
y=x j#

u(x) = Wr(x, ). (3.109)

pj
S+MmaXjep G-
_ QiFqi+8)u(s)—Ai f§ ¥ us—2)dFi(2) =2 f;_ ! W (s—2,0)dF;(2)— Y iif (5.) . .
Define i;(s) = ——— =0 ;~+r~(ls'>[‘s*fxaw(s)* : @24 D he existence and uniqueness of a
1 1 1

differentiable and increasing positive solution u to the above equation can be proven using the same method in Lemma
3.1 of [8]: consider an operator 7 (u)(y) = fxy u;(s)ds + W (x, i) on the space of continuous and increasing functions over
a small interval [x, x + h) (h is independent of x), then verify that it is a contraction on the above-mentioned space and
therefore the existence of a fixed point. Now we know the existence and uniqueness of continuous and increasing positive
function u such that u(y) = fx Y 1i;(s)ds + Wy (x, i) on [x, x 4 h). Such a function u is the desired solution. Applying the same
argument to [x + h, x 4+ 2h), ... completes the proof.

Let u; x denote the unique solution to the above initial value equation on (x, x). Define a function

Uix(y) = {vag,)') i =% (3.110)
We can see
LIU 00 = L)) =0 fory e (x,3). (3.111)

By the continuity of u; »(-) and W; (-, i), we know that g,{(Uf,,;X)(-) is also continuous. It follows by (3.103) and (3.104) that
¢ (U@ = ¢ W, D)) < 0ifx > —2 and G (U@ = ¢l (W, ) (x) > 0ifx < — 2. Hence, we can find y > x
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such that g{(Uf,,;x)(z) < 0forz e [x,y)ifx > —% and g{(Uf,,-,x)(z) > 0forz € [x,y)ifx < —(%‘;_. Define

inf [y > x: 6/ (U0 @ = 0} xz -
X1 = . '
inf[y >X: g,{(Uf,i,x)(z) = O] A (_p,) X< —&.
(041 (041
Obviously, x; > x,
(x,x1] C (—pi, oo) ifx > —&, and (x,x(] C (— max&, —pi] ifx < —&, (3.112)
(o] (04} JeE o o o
and
6/ (Ui = 0 fory e [x,x], ifx < =2, (3.113)
[o4]
6 (Ui <0 fory e [x,x], ifx > b (3.114)
i
Hence,
AT —a- () >0 forye xxlifx> -2, (3.115)
o
pitri-t —ai- ()" <0 forye (xx),ifx < —P. (3.116)
i

By the definitions of 9,{ (3.114) and (3.113) we can see that if x > _571, then fory € (x, x1),

Yy+maxjeg g
Pt 0 —ar ()7 < G i+ 800aa0) — s [ " Uiay - DdR@ — Y aif 0.9)

0 J#i

y—x
= Ou+ G+ S)u) — A f Uiy — 2)dF )
0

y+maxjer % ‘ )
- [ Wiy — 2, 0dE@) — 3 aif ) (3.117)
yx ez

and that if x < — % then fory € (x, x1),
1

y—x
pi+ri-MT —ai- )7 = (hi+ G+ 8)uix(y) — }»i/ uix(y — 2)dF;(z)
0

y+maxjeg oTj:
— f Wiy — 2. DdFR(2) — Y g5 (v..)- (3.118)
y—x J#i

Notice that fory € (x, x1],
Uf/,i,x()’) = U;,X(V)

yx y+maxjcg % )
(hi + i + 8)ui(y) — A fy Uiy —2)dFi(2) — Ai [, Wr(y — z, )dFi(z)
pitri-WMT —ai- ()

> qif 0. 1)
#
_ ) (3.119)
pit+ri-Mt—ai- )"
Combining (3.115)-(3.119) we can obtain that
Urix@ =1 fory e (x,x). (3.120)

Similarly,

Uih 0 = 1. (3.121)

5L
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Combining (3.120) with (3.111) we conclude that Uy ; x(y) is a classical solution to the HJB equation (3.25) on (x, X1). For any
y,weuse ¢y (-) (Qy(-)) to denote any continuously differentiable equation such that U ; x(-) — ¢, (-) (Ur i x(-) —Qy(-)) obtains

a local minimum (maximum) O at y. Then,
max(1 — (), £] (¢y, U0} = 0 = max{1 — ¢ ), £ (@, U0 ®)) fory € (x, x1). (3.122)
It follows by Remark 3.2 and (3.110) that

Ur ix(2) — U ;
¢L(x) < lim inf L2 LS ix@) = Urix®) _ Ut (x), (3.123)
zx zZ—X ’

Ur.ix(®) — Usix(2) Wik, D) —Wr @, 1)

¢, (x) > limsup = lim sup 1, (3.124)
ztx X—Zz X X—Zz
Urix(z) — Urix(x
¢ x) = lirzsxup Urix(@) = Urix) ; — Xf”‘x( ) _ Ut (), (3.125)
Ur i () — Uy ; Wi (x, i) — Wi (z, i
¢ ) < liminf L2 ® = Urin@ o (WG D = Wy D) (3.126)
—X X X—2Z ztx X—2Z
It follows by (3.123) that if x > —Z—’;_,
L (e Uri)®) < i+ 11 (07 — o - O ULE — (i + ¢+ 8) Uy (%)
x+max}'€]EOTJI_
+Ai / Upix(® — 2)dFi@) + Y qsf (x.j) = 0, (3.127)
0 J#
and by (3.125) that if x > —Z—';,,
£ (6 Uri) @) = @i+ 1i - (0 — o - )7k (%) — A + i 4 8) Upix (%)
x+max)-e]Ea7._
+ i / Upix(® — 2)dFi@) + Y qsf (x.J) = 0, (3.128)
0

J#
where the last equalities in (3.127) and (3.128) both follow by noting Us ; x(x — z) = W;(x — z, 1) for z > 0 (see (3.110)),

Ur i x(X) = ujx(x) and the fact that u; , solves the Eqgs. (3.108) and (3.109).
We can find test functions v (-) (ﬂ(()) for Wy (-, 1) such that Wy (-, i) — () (W (-, 1) — ﬂx(-)) reaches local minimum

WD Wy @ WD=Wr @D 1t follows by (3.124) and
— . .

(maximum) 0 at x, and Y (x) = limsup,, - and ﬂ((x) = liminf,44 .

(3.126) that ¥, (x) < ¢y (x) and y;(x) > Qi(x). Therefore, if x € (— maxeg £, —2

Ctj’ a;”’

A

Lo Ui () < Gi+1i- 07 —ai- 0V — (i + @i + 8D U ix (%)

x+maxjer OTJI,
+ / Urix(x = 2)dF(2) + ) gif (x.J)
0 J#

L (Y, W (-, D) (x) <0, (3.129)

where the last equality follows by noticing Uy ; x(x — z) = Wy (x — z, 1) for z > 0 (see (3.110)), Uy ; x(x) = W (x, i) and the
last inequality follows by the fact that W (-, i) is a viscosity super-solution. Similarly, if x € (— maXcg %, - %),

\

L6 Upi)® = i1 0 = - (7)Y ) — O + G + 8 Up 12 ()

X+MmaXjcr oTJI-
+Ai / j Upix(x = 2)dFi(2) + ) _ gif (. J)
0 i
= LY W (D)) =0, (3.130)

where the last inequality follows by the fact that W (-, i) is a viscosity sub-solution.
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As Ur i x(¥) = Wy (y, 1) is a viscosity solution to the HJB equation (3.25) on (— maX;cg % X), we have

max{1 — ¢, (), £{(¢x, Urix)®)} <0 forye ( max 2 x) (3.131)

JeE o
max{1 — ¢’ (y), £{(¢ JUrin)(®)} >0 forye (— max &, x) . (3.132)

—X —X jE]E aj

Combining (3.131), (3.122), (3.120), (3.127), (3.124) and (3.129) yields

max{1 — ¢, (y), £ (by. Ur.ix) ()} <0 fory e (— max b X1> ; (3.133)

JE€E o

and combining (3.122), (3.128), (3.130) and (3.132) yields

max{1 — ¢’ (y), £{(¢> JUrin)®)} >0 forye ( max & xl) ) (3.134)

—X —X ]E]E aj

Therefore, we can conclude that Uy, ix(-) is a viscosity solution on (— maxjex, ﬂ , X1). Hence, it follows by Lemma 3.4 that

Urix(¥) = Ws(y, i) fory € [— maxjeE L x1). Using the continuity of both U ; X( ) and W (-), we can obtain

Ur,ix) = Wr(y,i) forye [— max &, x1] . (3.135)
JjEE Olj
We can show x; > X. Suppose the contrary, x; < X. Note gf(Wf( N)(x) = 9 (Ur,ix)(x1) = 0 and therefore, x; € Af
which contradicts the fact [x, x) C (E‘f As aresult, Ui x(y) = Wr(y,i) fory € [—— X] and therefore, Wy (y, 1) = u;x(¥)
fory e [x, X]. Hence, W; (-, i) is a continuously differentiable function on (x, x). We can further show Wf(y i) > 1 for
y € (x,Xx). Otherwise, if there exists a point yo € (x, X) at which the inequality does not hold, then Wf’(yo, i) = 1and
hence £{(Wf(-, ) (yo, i) = gf(Wf(-, 0))(yo, 1) < 0, implying y, € A{ U JS’{ which contradicts the assumption [x, X) C C’if.
Therefore, Wy (y, i) = Ui x(y) and DC{(Wf(-, i))(y) = 0fory € (x, X). Note that Uy ; «(-) is differentiable from the right hand
side at x. Hence, W; (-, i) is differentiable from the right hand side at x. If x € int(€§r ), since @{ is right open, we can find
Xo € C’,f such that x € (xg, Xo) where xo = sup{y > xo : [X0,y) C O,f }. Repeating the same argument above by replacing
x and X there by xo and Xo, respectively, we can conclude W;(y, i) = Uy ;x,(y) and £{(Wf(~, )(y) = 0fory € (xq, Xo).
Therefore, Wy (-, i) is differentiable at x and £{(Wf(-, NHx =0. O
Now we can construct a dividend strategy I/ for the risk process starting from state i € [E as follows.

Lemma 3.6. For any fixed f € D and i € E, let L/ denote the dividend strategy under which, at any time t, the insurer

(a) pays out dividends contlnuously at rate p; + 1; (RLf ' —a;( RLf l) if RLf' € ,A,{; .

(b) pays out a lump sum RL — Xo as dividends immediately after time t, where xg € A{ U{— maxjcg %} is the point that satisfies
Xo < Rff'i and (xo, RLf 1C i)’f if RLfl € :B{;

(c) pays out no dividends at the moment if RLf" € @f

Let I/ denote the strategy that at any time t, pays dividends according to /! if J, = i. For any fixed f € D, the strategy Lf is
optimal with respect to the auxiliary optimization criterion, i.e. Wy (x, i) = gf(Lf)(x i) = gf(Lf N(x, i) forallx > — MaXjer; p—

andi € E.
Proof. Recall the function space

= {g € O : foranyfixedi € E, g(x, i) < x+ C forall x > 0 and some constant C > 0}.

Define the distance d(gq, g2) = sup , ek lg1(x, 1) — g (x, i)| for any g1, g, € D.

X>— maxjcg

Fix f € D. Define the operator X by
Kr(g)(x,1) = E, l)[D(RJ)(O Siao AT +e_A51g(R 8 )1{51 <o ATy
+e M f (R JoI{or < St AT (3.136)

We will use the fixed point theory to prove the result. It is sufficient to show (i) the operator X is a contraction on the
metric space (D, d); (ii) s () € D and W € D; and (iii) both s (/) and Wy are fixed pomt of the operator Xy on D.
Then the operator has X has a unique fixed point on the space D and as a result, s ) =
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We prove (ii) first. (i) For any f € D, W e D follows immediately by Lemma 3.1(ii) and Remark 3.5.

By noting that ruin occurs immediately if the initial value of the surplus is less than or equal to — maxjem we can obtain
¥ H(— maxjeE ,1) = 0. Note that under strategy I/, for any fixediand y > x > — maxjel; I the value of the controlled
process starting w1th initial surplus y and initial regime i will always be greater than that of the process starting with initial
surplus x and initial regime i. The same relationship holds for the value of the corresponding dividend process {Lf, t > 0}.
Hence, gf(Lf)(y, i) > g(f(Lf)(x, i) fory > x > —maXeg % and i € E, implying that for any fixed i € E the function
I (IF)(-, 1) is non-decreasing. By Lemma 3.4(b) we know that there exists a y; > — Mmaxjcg % such that (y;, o0) C 3{ for
i € E. Define X = inf{ly > — mane]E% : (y,00) C £if} fori € E. Obviously, X € [— maXje %,yi].As :8{ is left open (by
Lemma 3.4(a)), X & i)’lf . Then it follows by Lemma 3.4(d) that X € A’; . According to the definition of the strategy I/, we know

that under I/, a lump sum x — X; will be paid out as dividends immediately after time 0 givenRy = x > XandJo = i.Asa
result, s () (x, 1) = x — X + g¢(I/)(%, i) for x > X. Therefore, we can conclude g (L)) € D.

(i) By using same reasoning as above we can show X (g) € D forg € D. Notice

_ ;o ro
sup ‘E(x,i) [e A1(g1(Rg, . J5,) — & (RE L JE NS < o1 A TL}]‘

pj .
X=— MaXjeR OTJ,,IEE
J

d(Ky(g1) — Kr(g2)

IA

(g, &)  sup  |Ewy[e ]l (3.137)

pj .
X=— MaXjeR 07}_ ,iEE
J

Note that given Jo = i, S A o1 has the same distribution as the minimum of two independent exponential random variables
with mean ;- and ql by the model assumption. Hence, sup |Eqeiy [e7571 ] | = maxies 2% < 1. Therefore,
1 1

x>— max}E]E = ieE Ai+8i+q;

Xy is a contraction on (D, d).

(iii) It is not hard to see that the dividend strategy I/ and the controlled surplus process RY have Markov property with
respect to {#;}. Therefore, it follows by the definition of §; in (2.4) and the Eq. (3.10) that

Fr W) (x, 1) = K (G () (x, ). (3.138)

Hence, g7 (L) is fixed point of X;.
Now we proceed to show that W is also a fixed point of K.

GivenRy =x € A{ and Jo = i, as all the incoming premiums are paid out and there are no claims before time o A Sy, the
controlled surplus under I remains at the level x until time o; A S; and then the company pays out dividends continuously
atratep; - (xX)* +r; - (X)7 — «; - (x). Further note T/ > Sy. Hence, givenRy = x € A{, Réf; =x—Ujon{S; < al},Rf71 =X
on {o; <S¢}, and

S1Aoq
f f _5 _
Ew[Digyy (0,51 Aoy ATH)] = Eqy [/ e it 0 —a- () )dt}
0
o0
B / e R (py 17 (0 — e (0.
0
As aresult, forx € A{,
[o¢]
K (Wp) (e, i) = / e~ IR (1 () — o () )
0
+Ey [e7 W (x = Us, DI(S) < 01} + €71 (x, Jo )M {on < S1)]
o0 o0
- / e~ M (p 1y (Y — - (07)dE +/ gie %
0 0
t o) Gii oo
X (f kie—(8i+ki)5f Wf(x -y, i)dF,-(y)ds) dt + Z Jf(x’j)f qie—(/\.-+qi+8i)tdt
0 0 i qi 0
o0
N / e (W, D)(X0) + Ou + 8+ @)Wy (x, 1)) e
0
= Wr(x, 1), (3.139)
where the second last equality follows by (3.72) and the last equality by Definition 3.2.
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Note
Dj . Dj .
KiWp) | —max —,i) =0= W[ —max—,i]). (3.140)
JeE o JEE
Forx e :Blf there exists an xo < x such thatxy € ,A{ U {— maxjeg %} and (xg, X] C B,f By the definition for B{, we have
Wr(x, i) = x — xo + Wy (xo, i). Hence, by the structure of I/, we have
Kr(Wr)(x, 1) = x — xo + K (Wr)(xo, 1) = x — xo + Wy (xo, 1) = Wr(x,i) forxe i)’if, (3.141)
where the second last equality follows by (3.139) in the case x € A’; and by (3.140) in the case Xy = — maXjcg %

Now we consider x € G,f As C’,f is right open, we can find an xo > x such that xy € A’: U :B{ and [x, xg) C C’,f Let 7y,
denote the first time that the controlled process R hits Xo. Note that no dividends will be paid out when the surplus is in
@{ . Define ay ;(s) to be the solution to the ordinary differential equation g'(s) = (p; + ri - (g(s))T — a; - (g(s))7)ds with

g(0) = x. Let ty be the quantity satisfying ay ;(tp) = Xo. Note that Rﬁf = ay,i(s) forx < S; A oy and R(L,f] = ayi(07) if oy < Sy
By the Markov property,

Kr(Wp)(x,1) = E [675"51 Wi (ayi(S1) — Up, DI{S1 < 01 A Ty} + €700 Ky (Wr) (X0, Joy M{Txy < S1 A 01}]

+ e f (ay (1), Jo )I{o1 < S1 A Ty}

o] tAty o]
- f gie 4t < f rje~Hise 0 / W (ayi(s) — y, i)dF,-(y)ds) de
0 0 0

" to
e G0 3 (W) (xo, D) + Y / gie™ M (g (6, jdt
= 4di Jo
J#

to [e’e]
- f g™ (rrartins (xi / Wi (@xi(s) — ¥, DAFiy) + ) quf<ax,f(s>,j)> ds
0 0 J#
+ e_()‘i+qi+5i)t0JCf(Wf)(Xo, i). (3.142)
Noticing by Lemma 3.5 we have DC{ (W (-, 1)(y,i) = 0fory € (x, xo). Hence,
to [ee]
/ o~ it ai+8)s Ai/ Wr(ayi(s) —y, DdFi(y) + Zq,’jf(ax,i(s),j) ds
0 0 i

£
= f g Gitais (hi + qi + 8)Wr(ax,i(9). i) — (pi 4 11 - (@xi(5) T — @i - (axi(5)) ™) W[ (ai(s). i) ds
0

to
=- / d (e” W HTW (ayi(s), 1)
0
= Wy (ay,i(0), i) — e~ N0 W, (a, (to), i)
= Wy (x, i) — e” HHatolow (xq, 1) (3.143)

where the second equality follows by noticing a;’i(s) = pi+1i- (ayi(s))t — o - (ax;(s))~ and the last equality by a, ;(0) = x
and ay i (tg) = Xo.

Since, xg € A{ U JS’{ it follows by (3.139) and (3.141) that K (Wf)(xo, i) = Wy (Xo, i), which together with (3.142) and
(3.143) shows

K (Wp)(x, 1) = Wy(x, i) forx e €. (3.144)
Combining (3.139)-(3.141) and (3.144) implies that Wj (-, i) is a fixed point of X;. O

4. The optimal dividend strategy

In this section we will construct a candidate for the optimal dividend distribution strategy and show that the candidate
strategy is optimal with respect to the original optimization criterion.

Since the original optimal return function V belongs to D, all the results in Section 3 hold when we set f there to be V.
Hence, we know that given the initial regime i, it is optimal, with respect to the performance functional gy, to follow strategy
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L' before time o, the time that the first regime switch occurs. It is natural to suspect that during the period between the
consecutive switches of the regime, a similar strategy dependent on the regime may be optimal.

Applying standard arguments in stochastic control for Markov process, we can see that the optimal return function V
satisfies the dynamic programming principle, that is, for any stopping time t:

TLat
V(x,1) = sup Ex. / e MdLS + Z e MLy — L) +e VR, L Jriag) |- (4.145)
Llent 0 O§t<T’-Ar
By setting T = o7, we have

TLAU]
. _ _ —A
V(x, i) = supEy / eMdli+ Y e MLy —L)+e VR, i)
Len 0 0<t<TLagy

TL/\O'1
= supE f eMdili+ Y e MLy — L) +1{or < THe VR, o) |, (4.146)
Lell 0

0§t<TLA01

where the last equality follows by noticing 0 < V(R;L, Jrt) < V(— maxjeg % Jr) =0.
It follows by (3.11) and (4.146) that
V(x,i) = Wy(x,i) forx e Randie E. (4.147)
Define 4; = A!, B; = 8,and ¢; = ¢}'.

Remark 4.1. By noticing (4.147), we have the following equivalent version of definition: A; = {x € (— maXje %, o0) :
9/ (V)(x) = 0}, B; = {x € (— MaXjex ij 00) : V/(x,i) = 1and §/ (V)(x) < 0}, and C; = (— maXjcg g; 00) — A; U B
Furthermore, it follows by Lemma 3.4 that
(a) ~;is nonempty and closed;
(b) 8B;is nonempty and left-open. And there exists a y such that (y, c0) C 8;;
(c) if (xo, x1] C Biand xy & B;, thenxy € A; U {— maXjeg Z—j_};
(d) G;is right-open.

Now we can construct a dividend strategy with similar structure to the optimal strategy for the auxiliary optimization
problem when the process is in a certain regime.

Definition 4.1. Define the strategy L* such that at any time t > 0,

(a) ifRf: € Ay, the insurer pays out dividends contiiluously atratep, +1, - R —a;, - R~ ,

(b) if R € By, the insurer pays out a lump sum RE™ — xq as dividends, where Xy € #;, U {— max;ce %} is the point that
satisfy xo < R and (xo. R}’ ] C 8),;

(c) if Rf* € G}, the insurer pays out no dividends at the moment.

It is not hard to see that the strategy L* is a Markov strategy. Moreover, it is a stationary strategy. Note the process (R, J)

without dividend payments is itself a Markov process. Therefore, the controlled process (R, J) is also a Markov process.
We proceed to show that the strategy L* is optimal with respect to the original optimization criterion (defined in

Section 2). Let (R1", J) : (lR x E)®+ — (R x E)®+ be the canonical process and let ¥ denote the right-continuous canonical

filtration induced by (R, J). Define the shift operators 6; : (R x E)®* — (R x E)*+ fort > 0 by (6;@); = wsyq, s, t €

Ry, w € (R x E)®+. For any two random variables X and Y, we use X o Y to denote the composition, as long as it is well

defined. It is clear that 6; are measurable with respect to F, and 6; (RL* J) = (RL* ,J) 0 6;. Let oy = 0 and o, represent the
time that the nth transition of the state of the process J occurs. Then we have

Opy1 =0p+0100,, n=0,1,2,.... (4.148)

Theorem 4.1. The dividend strategy L* defined above is an optimal strategy.
Proof. It follows by setting f = V in Lemma 3.6 and using (4.147) that
VRS, Jo) = Wy (RS, Jo) = g (L Vo) (RE Joy)- (4.149)

From the structure of L* we can see that given the initial state J, = i, the strategy L""! is equivalent to L* before time o7.
Hence, given that the initial state is J,, , the strategy LJon is equivalent to L* before the next transition time. By noting that
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the operator Jy is fully defined by the path of (RY, ) up to the first transition time and using (4.149), we can obtain
VL Jo) = Fv(LIRE Joy)- (4.150)
By noting V(R?;* ,Jyi+) = 0and using (3.13) and (4.150) it follows that for any x € Rand i € E that
v VR Jo) = B, [Dhey @000 + €4V RE ooy < T | + B [Pl (00, T 01 2 7]
—E [Dg’;n 1)) (000 00, 010 00y); 01 0 65y < T 06, |5f—:,n]
+E [e*/‘«noegn V(REZ 00y Jo; ©05,); 01005, < T o (2 I}‘an]
+E [Dg; 1) (00 0 00y, T 00,): 01 005, = T 06, mn] Piciy-a.s.. (4.151)

where the last equality follows by the strong Markov property of L* and (RL*, D.
Note that o, + 01 0 05, = 041 and

{01060, <T" 06, )N{o, <T} = {Rf* > —m%x& forallt € [0y, an+1]}
je Olj

n {Rﬁ* > —max 2 forall ¢ € [O,Un]}
J€E o

= {opy1 < T). (4.152)
Therefore,
E [Dg;(RJ)(ao 005, 01000 01060, <TE o 90n|3q,n] How < TV}

=E [DLgﬂn(RJ)(ao 005,01 004,); 010605, <T- 06,0, <T" |3’7,,n]

=E [eA""D%RJ)(G,,, Ont1); Opp1 < Tt |?’Gn] . (4.153)

Further noting A, + Ag cp,, = A we have

on+1?
E [e’/‘f’w@rrn VRY. © 60y, Joy © 0y)i 01 0 0y < T o 9[,,,|3-:,n] How < TX)
=E [eAUn e Aony1 V(Rg 00y, Jo; ©65,); 0100, < ™ o Ooys On < T |$’Un]

= e/lonE [.e—A""+1 V(RE

On+1

o) Onis < TV 155 ). (4.154)

It can also be seen that o, + T'" 0 0,, = T on {0, < T""} and that

{0106, =T 06, )N {0, <TH} = {Rf* < —r]tle?Ex% for some t € [o,,,crn+1]} N o, < T}
i

= {on < T" < ops1). (4.155)
Then, we can obtain
E[Dh 0y (@0 0 00, T 060,101 065, = T 0.0, 15,, | How < V)
=E[e" Dl 00 T s 00 < T < 001117, | (4.156)
It follows by (4.150), (4.151), (4.153), (4.154) and (4.156) that for any x € Rand i € E,

e Ao VRE J, o < TV} = E [Dﬁ,’;J)(an, Oni1); Onst < Tl*mn] +E [e*AanHV(RL*

On+1

7.]6,1+1); Ont1 < TL |‘¢0n]
+E I:Dl(-RJ)(O'nv " );on < " =< O'n+l|-7'van:|
=E [DfRJ)(on, On+1 A T o, < TH }|}"an]

+E[e‘A“n+1V(RL* o M {Onin <TL*}|5L}"], Ppy-a.s. (4.157)

On+1
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We will show in the following that fori =1, 2, ...,

V(x, i) = Eqs [ O, T A o) + e VR, [ {0k < TL*}]. (4.158)
We prove this by induction. Using the same argument as in the proof of (4.150), we have
Vx, i) = gv(L")(x, 1)
= Epp [135;1)(0, ™ Aoy +e VR, Jo)I{or < TL*}] , (4.159)

where the last inequality follows by the definition of ¢ in (3.10). Therefore, the Eq. (4.158) holds for k = 1. Now suppose
the Eq. (4.158) holds for k = n. Then,

Vx,i) = E(x,i)[ &) (0, T Aoy) +e VR, Jo ) {on < TL*}]
= E(x,i) I:Dl(;,])(o’ TL* A Gn)] + E(x,i) [E I:D%;;,_])(O-ﬂa Ont+1 N TL*)I{UH < TL*”?an]iI

FEws [E[ A VRY Ty Ons1 < TL*}|3%“]] (4.160)

where the last equality follows by (4.157). Consequently, by double expectation formula it follows

VD) = Epy [ Dl . T Aonin) + e VRE o, Dot < )] (4.161)

On+1’

Note that D%R 0 (0, t) is increasing in t and lim_, o, oy = 00 a.s. Then it follows by the monotone convergence that

Jim Eg [DZ;])(O, TV A ak)] = Ep [ L0, T" )] (4.162)
Consider the stochastic processes {Y;; t > 0} given by

Yo =Ro and ClYt = (p]t— + r]t_Yt_)dt. (4163)
Comparing (2.2) and (4.163) shows

RY <y, forallt>o0. (4.164)

Since for any fixed k, J; = J5, , forall oy_; < t < o}, We can see from (4.163) that

dy; = (pjdk_1 + 1, Yi_)dt, o1 <t < oy. (4.165)
Solving the above gives
Dby, - Py,
Yo = [ Yo, 4 L ) lon @O0kt _ ket (4.166)
rj"k—] r]”k—l
Therefore,
ng + p]”k—l p]"k—l er]“k—l (ok—0k—1) (4.167)
Tox—1 Toy—1

Yo
Y

+
s + Dioy_, ) o1 (ok—0k—1) n (pj”kl _ Pioy_, ) elloy_q @k=0k=1) (4.168)
Mok Top—1 Tor—2

+

k-3

p]”k—Z _ pj"k—3 er]a,ﬁz (Ok—lfak—z)”]akﬂ(ffk*<7k—1)+ pj"k—l _ pfﬁk—z erfakfl(""*“k—])
r]“k—z

J
To—s To—1 Tox—a
k
YO‘] + p]ﬁ eZ]’f:z r]o];] (‘Tj—Jj—l) Z p]o, 1 pj"l 2 ZJ ,r](,ji1 (oj—0j—1)
Tog =2 \ To_, L
0

po
YGO+Q

_ (ngz pj"k—3 ) er],,%2 (Ok—1=0k-2)+1)5, | (Ok—0k—1)
r
+

)eZ}{ﬂ gy @01 Z (Pja, 1 Pl Z, ,r,(,j_l(crjftqu)’ (4.169)
Top_1 Toy—a

r] o =2



238 J. Zhu / Journal of Computational and Applied Mathematics 257 (2014) 212-239

where the third and fourth equalities follow by using (4.168) and the last equality follows by using (4.167). Note that

k
~Aoy — o~ 2i=1 oy @D

e . Hence,

k k
oAy (YUO n Pfoo)ezj=1 r,g]._leam( — Vo, + Plog | ;= TGy, =11y, ) e=0j-)

Tog Tog

Y, + Piog ||~ minies 61-m) Xl (0-05-1)
Tog

IA

Djs,

= |Y,, + e_minleE(‘SI_rl)Gk’ (4.170)

Tog

and

k
e~ Aoy Z (p]a,1 _ p]rrlfz ) EZ};I Toj_1 (0j—0j—1)
T

k
Z (p]"ll _ Pjop_, ) ‘ e Z}‘:l(sjaj,l “Toj_4)(@=0j-1)
=2

=2 rj”l—l Jor_5 T](,H rfﬂlfz
< pj"k*l _ pj"O e~ minjeg (§j—17)ok . (417 1)
Toxer T

By combining (4.164) and (4.169)-(4.171), we have

* Pjoy._ Ploy_
e ok |Rffk| = e ( YUk + L + 1‘0#
Joy—1 Jox_q
< Y, + pfao + % . pJUo + max & o~ Minies (8o
= 00 ,
Tlsg oy Tog JEE T
D, pi\ _ . B
20 J
’_ ) .
e Pyp-as.,x e R,i€ E (4.172)

where the last one follows by noticing minjcg(§; — r;) > 0 and o, — ocoask — oo.

Consequently, by Remark 4.147(b) we know that there exists a yo > 0 such that (yp, o0) C B for all j € E and hence by
Definition 4.1 that R(L,: < yoif ox < TX. It follows by Lemma 3.1(ii) and Fatou’s lemma that

lim sup Ey y [e~ 47k V(R,sz,](,k)l{ok < T)] < limsup Eq y[e~ 7 (constant - Rf;; + constant)]
k— 00

k— o0

< Ewi |:lim sup e~ 4k (constant - Rf;; + constant):| =0. (4.173)

k— 00

By letting k — oo in (4.158) and using (4.162) and (4.173) we derive
V(x, 1) = Ey[Dlg (0, TH)1,
which implies that L* is an optimal strategy. O

The optimal strategy L* has a band structure with regime switching. According to the optimal strategy L*, the decision of
how to pay out dividends at any time depends only on the current surplus level and the environment regime.

If we let the state space consist of only one state, say E = {1}. This reduces to the compound Poisson case. Note now
the transition intensity q; = 0. Then we can see that the optimal strategy obtained here is a band strategy (with no regime
switching) with all the crucial sets 41, 87 and € defined exactly same as the compound Poisson case. Hence, the optimal
strategy here by assuming only one regime is same as the one obtained in the literature for the compound Poisson model
with credit and debit interest [10].

5. Conclusion
We solved the singular dividend optimization problem for the regime-switching compound Poisson process with interest.

Our results show that it is optimal to pay dividends according to a regime-switching band strategy: when the current surplus
at time ¢t is in the set 4y, dividends should be paid out continuously at the same rate as the surplus incoming rate, when
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the current surplus is in the set 8y, a positive lump sum of dividends should be paid out, and when the current surplus is
in the set C,, no dividends should be paid out. The decision of how to pay out dividends at any time depends not only on
the current surplus level and also the environment regime at the time. This is supported by the empirical study that shows
dividend policies behave according to macroeconomic conditions (see for example, [26, p. 296]).

References

[1] P.Azcue, N. Muler, Optimal reinsurance and dividend distribution policies in the Cramér-Lundberg model, Mathematical Finance 15 (2005) 261-308.

[2] S.E.Shreve, J.P. Lehoczky, D.P. Gaver, Optimal consumption for general diffusions with absorbing and reflecting barriers, SIAM Journal on Control and
Optimization 22 (1) (1984) 55-75.

[3] S. Asmussen, M. Taksar, Controlled diffusion models for optimal dividend pay-out, Insurance: Mathematics and Economics 20 (1997) 1-15.

[4] M.L Taksar, Optimal risk and dividend distribution control models for insurance company, Mathematical Methods of Operations Research 51 (2000)

-42.
[5] J. Cai, H.U. Gerber, H. Yang, Optimal dividends in an Ornstein-Uhlenbeck type model with credit and debit interest, North American Actuarial Journal
10(2) (2006) 94-119.
[6] J. Paulsen, Optimal dividend payments and reinvestments of diffusion processes with both fixed and proportional costs, SIAM Journal on Control and
Optimization 47 (5) (2008) 2201-2226.
[7] H. Meng, T.K. Siu, On optimal reinsurance, dividend and reinvestment strategies, Economic Modelling 28 (2011) 211-218.
[8] H. Albrecher, S. Thonhauser, Optimal dividend strategies for a risk process under force of interest, Insurance: Mathematics and Economics 43 (2008)
134-149.
[9] N.Kulenko, H. Schmidli, Optimal dividend strategies in a Cramér-Lundberg model with capital injections, Insurance: Mathematics and Economics 43
(2008) 270-278.
[10] J. Zhu, Optimal dividend control for a generalized risk model with investment incomes and debit interest, Scandinavian Actuarial Journal 2013 (2)
(2013) 140-162.
[11] P. Azcue, N. Muler, Optimal dividend policies for compound Poisson processes: the case of bounded dividend rates, Insurance: Mathematics and
Economics 51 (1) (2012) 26-42.
[12] L.R. Sotomayor, A. Cadenillas, Classical and singular stochastic control for the optimal dividend policy when there is regime switching, Insurance:
Mathematics and Economics 48 (3) (2011) 344-354.
[13] Z.Jiang, M. Pistorius, Optimal dividend distribution under Markov regime switching, Finance and Stochastics 16 (3) (2012) 449-476.
[14] L.R. Sotomayor, A. Cadenillas, Explicit solutions of consumption-investment problems in financial markets with regime switching, Mathematical
Finance 19 (2009) 251-279.
[15] D.O. Cajueiro, T. Yoneyama, Optimal portfolio and consumption in a switching diffusion market, Brazilian Review of Econometrics 24 (2004) 227-247.
[16] J. Buffington, R.J. Elliott, American options with regime switching, International Journal of Theoretical and Applied Finance 05 (5) (2002) 497-514.
[17] X. Guo, Q. Zhang, Closed-form solutions for perpetual American put options with regime switching, SIAM Journal on Applied Mathematics 64 (6)
(2004) 2034-2049.
[18] J. Zhu, H. Yang, On differentialbility of ruin functions under Markov-modulated models, Stochastic Processes and Their Applications 119 (2009)
1673-1695.
[19] J. Wei, H. Yang, R. Wang, Classical and impulse control for the optimization of dividend and proportional reinsurance policies with regime switching,
Journal of Optimization Theory and Applications 1 (2010) 358-377.
[20] G.Yin, Z. Jin, H. Yang, Asymptotically optimal dividend policy for regime-switching compound Poisson models, Acta Mathematicae Applicatae Sinica
(English Series) 26 (2010) 529-542.
[21] ]. Cai, On the time value of absolute ruin with debit interest, Advances in Applied Probability 39 (2007) 343-359.
[22] W.H. Fleming, H.M. Soner, Controlled Markov Processes and Viscosity Solutions, in: Applications of Mathematics, Springer-Verlag, New York, 1993.
[23] F.E. Benth, K.H. Karlsen, K. Reikvam, Optimal protfolio selection with consumption and nolinear integro-differential equations with gradient
constraint: a viscosity solution approach, Finance and Stochastics 5 (2001) 275-301.
[24] A. Sayah, Equations d’hamiltonian-Jacobi du premier ordre avec terms intégro-différentiels, partie I: unicité des solutions de viscosité,
Communications in Partial Differential Equations 16 (6-7) (1991) 1057-1074.
[25] M.G. Crandall, L.C. Evans, P.L. Lions, Some properties of viscosity solutions of Hamilton-Jacobi equations, Transactions of the American Mathematical
Society 282 (1984) 487-502.
[26] M. Gertler, R.G. Hubbard, Corporate financial policy, taxation, and macroeconomic risk, The RAND Journal of Economics 24 (2) (1993) 286-303.


http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref1
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref2
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref3
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref4
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref5
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref6
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref7
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref8
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref9
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref10
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref11
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref12
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref13
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref14
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref15
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref16
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref17
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref18
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref19
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref20
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref21
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref22
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref23
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref24
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref25
http://refhub.elsevier.com/S0377-0427(13)00445-7/sbref26

	Singular optimal dividend control for the regime-switching Cramér--Lundberg model with credit and debit interest
	Introduction
	Problem formulation
	An auxiliary optimization problem
	The optimal dividend strategy
	Conclusion
	References


