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1. Introduction

Stochastic hybrid systems (SHS) are dynamical systems with interacting continuous and discrete behaviors. This general-
ized class of systems arises in numerous applications of dynamical models with multiple modes. Engineering systems like
air traffic management, biological networks and manufacturing systems are characterized by hybrid dynamics as they ex-
hibit complex behaviors resulting from the interactions between heterogeneous components. The analysis and control of a
stochastic hybrid system have attracted considerable interest from many researchers and constitute an important topic in
hybrid system modeling. For continuous SHS, early contributions include the studies of [1-4], with [5,6] establishing the-
oretical foundations for the measurability of events for reachability problems. In [7], the authors focus on the reachability
problem using the Markov chain approximation of [8] and apply the results to air traffic management problems. For various
applications of stochastic hybrid systems we refer the reader to [9,10] and the references therein. Some other classes of
stochastic hybrid systems which have been studied in the literature include diffusion processes with Markovian switching
parameters [11,12], switching diffusions [1], and Markov decision drift processes [13].

In this paper, we concentrate on the approximation of SHS, where the continuous state is governed by a stochastic
differential equation of It6-Skorohod type with the drift coefficient, the diffusion matrix and a jump function depending
on the discrete component. The main difference of our model from related SHS models is the presence of controlled jumps
which represent the impulsive behavior in the continuous state. We apply the well-known approach presented in [8] to
our extended SHS which incorporates jumps in the continuous state with autonomous switchings in the discrete state. The
approach has been considered in many different classes of stochastic systems [ 14-16]; however, the extension to SHS with
jumps (SHSJ ) remains novel. The main contribution of this paper is the application of the weak approximation approach of 8]
to controlled autonomous SHS with jumps, which is extended to autonomously switching controlled diffusions by [15] and
to SHS by [14]. We extend the method employed in [14] to SHS] where a randomized switching policy that guarantees the
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continuity of switching times under certain conditions is introduced. Then, using an extension of the methodology presented
in [8], we show that the approximating processes converge to the original stochastic hybrid systems.

The approximation of SHS is achieved by appropriately chosen Markov decision processes (MDPs) defined on a discrete
state space. The discrete approximating processes are chosen in such a way that they preserve certain “local” properties that
are similar to those of the original controlled process. Then, to investigate the validity of the approximation we consider the
stochastic optimal control problem of minimizing a cost until a target set is reached. The advantage of the discretization
method is that the cost of the approximating MDPs converges weakly to the original cost. Under rather broad conditions,
we also prove that the solution of the problem for the sequence of the approximating processes converges to that for the
underlying original process as the approximation parameter goes to zero.

The rest of the paper is organized as follows. Section 2 introduces our SHS] model and Section 3 presents the stochastic
optimal control problem as well as the approximation method. In Section 4, computational methods and the discretized
optimal control problem are described. Convergence results and optimality discussions are presented in Section 5. A
numerical example from finance is provided to illustrate the performance of the approximation method in Section 6. Finally,
some additional remarks and ideas for future studies are provided in Section 7.

2. Stochastic hybrid systems with jumps

We define a stochastic hybrid system with jumps as follows:
X,0,U,8,A,a,b,f,8,R, (x0, 00)) , (1)
where

(') X C RY is the continuous state space,
={1,2,..., M} is afinite set of discrete states,

= {Ug}pco, With Uy C R™ (0 € ©), is a finite family of sets of continuous controls,
(iv) the partition of X is denoted by £2 = {25}y, With 20 C R (8 € @),

(v) A= {Ap}geo, WithAy C 082y (6 € ©), is the collection of switching points,
a: Rd x © x Uy — R%is a controlled drift term,
(vii) b: RY x ©® x Uy — R? x RY is a controlled diffusion term,
(viii) f : R? x ® x Uy x R — Ris a controlled jump function,
(ix) § : ® x A — O is an autonomous switching map,

ii) ©
i) U
)
) A
(vi)
)
)
)
)

X) R: ® x A — P(X) is the reset map which assigns a reset probability kernel to each x(-) € Ay and 8 on X, and P(X) is
a family of probability measures on X,
(xi) (xo, Bp) is the initial state defined on X x ® at time to = 0.

To describe the dynamics of an SHS], we need to consider an R9-valued standard Wiener process W (-) and a Poisson random
measure N (-, -). Let us suppose that at time t; (i € Np), the state of the SHS] is (x;, 6;)) = (x[,., 9[,.) with x; € Qgi. Here, £2°
denotes the interior of the set §2. While the continuous state x; stays in ng and the discrete state 6, remains constant, the
evolution of x; is given by the following stochastic differential equation (SDE):

dxe = a(x;, O, u)dt + b (x;, 6, u) AW, + /f (¢, O, U,Y)N(dt, dy), (2)
R

where N(dt, dy) is defined as

— _|N(dt,dy) — v(dy)dt, ifly| <R,
N, dy) = {N(dr, dy), if |yl <R

for some R € [0, oo]. Here, N(-, -) denotes a Poisson random measure with intensity dt x v(dy), where v(-) is the Lévy
measure of x; on a compact support I C R.
Let us define the stopping time ;1 := inf{t > t; : x; & .Qgi}. At time t;, 1, the discrete state switches autonomously,

resulting in a reset in the continuous state. Following this switching, the new discrete state becomes 6;11 = 3(6;, x(t; 1))
while the new continuous state x;, , is randomly determined according to the probability measure P(¢;, x,- 1 )(&), where
i+

E C £, C RY is a measurable set. Here, x(t ™) denotes the left limit of x(t). The evolution of x(t) is then described by
the SDE (2) with 6(t) = 6,41 and initial condition x(t;; 1) until the next switching time. Thus, x; switches from one jump
diffusion path to another, as the discrete state 6, moves from one state to another.

With these definition and this notation, a typical stochastic execution starts at time ty, from (xq, 6p), and the continuous
state x; evolves according to the SDE (2) until time t; when x; first hits d£24,. Then, depending on the hitting position x(t; ),
the discrete state jumps to 6(t;) = 6; and the continuous state is reset randomly to x(t;) = x;.

Considering the complete probability space (£2, #, P), we assume that the functions a(x, 6, u), b(x, 8, u) andf (x, 6, u, y)
satisfy Lipschitz and growth conditions, for a given 6 € ®. Moreover, we assume that a, b and f are continuous with respect
to (x, 0, u), and f(x, 8, u, -) is bounded uniformly in u € U, in a neighborhood of y = 0. These assumptions ensure that for
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each admissible control u € U, there exists a unique strong solution to (2) with an initial condition (see [10]). Therefore, the
controlled SHS] also has a unique strong solution between switching points (see [17]).

We make the assumption that every point in Ay is a regular point, in which case a sample path of (2) that starts at x € Ay
will not remain in Ay for a nonempty time interval. We note that if x € Ay is regular for Ay, then it is also regular for a
neighborhood of Ay around x and it can be concluded that

t

lim P(xs € Nc.(Ag))ds = 0,
e—>0 0

where N.(4g) = {x € RY : d(x,As) < €} and d(x,Ag) := inf{||x —all, : a € Ay} is the Euclidean distance between x
and Ay. By assuming regularity, we guarantee instantaneous occurrences for autonomous switchings. For this assumption
a sufficient condition is that the set Ay is a surface of dimension d — 1 and the diffusion coefficient is non-degenerate. We
also assume that there exists a § > 0 such that

P{inf{t > tiy1, X € Ap}} = 1

for x(tit1) € E C $2,41, d(x(tiy1), Ag) > €. Therefore, the inequality tiyq — t; > § (i = 1,2, ...) holds with probability
1. For the control policy, we consider an admissible continuous control u(t) which is non-anticipative with respect to W (-)
and N(-, -) and takes values in a compact set U.

To define the jump term given in (2), we work with the jump times and sizes directly. Let v, denote the time of the
nth jump with vg = 0 and y, € I" denoting the jump size for n > 1. The jump term is represented by the function f (-)
and the Poisson measure N(-) with intensity measure Adt x F(dy). Here, F(-) is the common jump size distribution with a
compact support I". The function f (-) is assumed to be bounded, measurable and continuous on X for each value of y and 6.
Let {vy1+1 — Up, yn : N € N} be mutually independent random variables with v, 1 — v, being exponentially distributed with
mean value 1/A. In addition, for each n, and let {v;;1 — v;, y; : i > n} be independent of {x(s), vit1 — v, yi 1S < Uy, i < n}.
There exists a sequence {v,, y, : n € N} such that we can represent the jump term of x(-) as

JO =Y Fxwy), ya)- (3)
vp <t
Since v,41 — vy is exponentially distributed, we can write
P{x(-) jumpson [t,t + A)|x(s), W(s), N(5),s <t} = LA + 0o(A). (4)
By the independence properties and the definition of y,,, we can write
P{x(t) —x(t”) € Hljumpatt, x(t7) = x, W(s), x(s), N(s),s < t} =F{y: f(x(t7),y) € H},
for any subset H C I.

3. Stochastic optimal control

3.1. Foundations

The optimal control methodology includes a powerful recursive algorithm that selects the optimal policy for the current
state on an optimized path of future policies. For detailed information on the classical theory, we refer the reader to
[18,19,17].

In this section, we consider an optimal control problem of minimizing a cost until a target set is reached. Consider the
SDE (2) that evolves in .Qg and let G € X C RY be a compact set which is the closure of its interior G°. For B > 0, we consider
the discounted cost

H(Xo, 6o, u) :==E [ f e Pk(xs, 6, ug)ds + e—f”g(xf)] : (5)
0

where k : R - Randg : R — R are continuous running and terminal cost functions, respectively. t = inf{t > 0 :
x(t) & G% is the first time of escape of x(-) from G°. The optimal control problem is formulated as the minimization of the
discounted cost (5) on the basis of dynamic programming arguments. To guarantee that the stopping time t and the cost
function (5) are well-defined and bounded, we assume that for every initial state (xq, 6p), there exists an admissible control
policy such that x(t) will reach the target set G, in the case where § = 0.If 8 > O, the cost will be bounded, even if the
stopping time is not.

The value function is defined by

V(xo, 6p) = inEH(Xo, B0, U), Xo € $2¢,. (6)
ue
By standard dynamic programming, we can formulate the following verification theorem analogous to the classical

Hamilton-Jacobi-Bellman (HJB) form (see [17, Theorem 4.1]). Let us generally denote the value function by V (x, 6), for any
initial state (x, 9).
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We note that for a control u = u(x), x; is a jump diffusion with infinitesimal generator

AV (x, 0) = Za(x 0, u) + Z(bbT)(x 0, u) (x 0)

111

1
+Y fR VE+FPx,0,u,y),0) = V(x,0) — AV Of P (x, 0, u, y) } AF(dy)). (7)

Theorem 1 (The HJB Form for Optimal Control of Jump Diffusions).
(@) Suppose V € C%(G%) N C(G) satisfies the following:
(i) A"V (x,0) + k(x,0,u) <O0forallx € Qg, uelU,0 e o.
(ii) x(r) € 0Gas. on {t < oo} andlim,_, .- V(x, 0) = g(x(t)) a.s. for all admissible controls.
(iii) EX(lV(x(7), 6)| + fOT |AV (x¢, 6;)|dt) < oo for all admissible controls.
(iv) V(x(t), 0) is uniformly integrable for all admissible controls and x € G°. Then,
VIX,0) <V, 0), Y8e®, xchy, 0 =2580,x), X ~R6,x)(5).

(b) Moreover, suppose that for each x € G there exists u(x) € U such that

(v) A"V (X, 0) + k(x,0,u(x)) = 0and

(vi) V(x"(t), 0) is uniformly integrable,
where A is the infinitesimal generator given by (7). Then, V (x, 6) is the optimal cost and u(x) is the optimal control.

The computation of the optimal value function V (x, ) can be very difficult for some cases and usually requires computa-
tional methods based on discretization of the state space. In this paper, we apply a discretization method for the approxi-
mation of the SHSJ by appropriately chosen Markov decision processes (MDPs) as described in [8].

3.2. Constructing the approximating MDPs

In this subsection, we discuss a method for approximating the continuous dynamics by discrete MDPs only in the interior
regions of £2,. The system is approximated at every location of 6 by a controlled Markov process that evolves in a state
space which is a discretization of the region §2y. The criterion which must be satisfied by the approximating MDP is local
consistency. Local consistency means that the conditional mean and covariance of the MDP are similar to the local mean and
covariance of the original process. An approximation parameter h analogous to a finite difference interval parameterizes the
approximating Markov process. As h goes to zero, the local properties of the MDP resemble the local properties of the original
stochastic process. The approximation of the system at the switching points will be considered in the next subsection.

Foreach h > 0, let {g: : n < oo} be a controlled discrete MDP on a discrete state space S, C R with transition probabil-
ities denoted by p"((x, 6), (z, 0)|u) for u € Uj. Let us further assume that uﬁ is the actual control for the chain at time n. We
consider an interpolation interval length of At"(X, 6, u) and define At! .= At"(&!, ul'). Let sup, , At"(x,u) — 0ash — 0,
but with infy , Ath(x, u) > 0 foreach h > 0. Furthermore, let f,(-) be a bounded measurable function such that

nx,0,u,y) —f((x,0,u,y))| — 0

uniformly in x for eachy € I" and let it satisfy x + f,(x, 0, u, y) € Sy, for x € S,. We will use the values of f,(x, 0, u, y) to get
approximations of the jump terms. In the case of a continuous diffusion process where the SDE is given as

dXt =(1(X[,9[,u)dt+b(xt,9t,u) th, (8)

a locally consistent MDP must satisfy the conditions

E(AEM) = ax, 6, u)At"(x, 0, u) + o(t"(x, 6, u)), (9)
E((AE" — B(AEM) (AN —E(AEM)T) = b(x, 6, w)b" (x, 6, w) A" (x, 6, u) + o(t"(x, 6, v)), (10)
which represent both local mean and covariance, respectively, where Ag/' = & | — &1, £ = x (for details see [8]).

A controlled MDP is said to be locally consistent with (2) if there is an interpolation interval At"(X, @, u) which goes to

zero as h — 0, uniformly in X, 6 and u, such that:

(a) There is a transition probability pg((x, 0), (z, 6)|u) case which is locally consistent with (8) in the sense that the
conditions (9) and (10) hold for an interpolation interval At"(x, 6, u).

(b) There is a function 8"(x, 8, u) = o(At"(x, 8, u)) such that the one-step transition probability p"((x, ), (z, 8)|u) for the
chain can be represented in the factored form

p((x,0), (z,0)|u) = (1 —AAL"(x,0,u) — 8"(x, 0, u)pp((x, ), (z, 0)|u)
+ (WA, 0, u) + 8"(x, 0, U)FYIfu(x, 0, y, u) =z — X). (11)
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The rule (11) is equivalent to the experiment of flipping a coin with probability of heads being (1 — AAt'(x, 0, u) —
8"(x, 6, u)). This probability depends only on S,i’ and the current control at time n, and not on the past. If heads occurs, then
the next state S,? 1 is determined using the diffusion transition probability pg((x, 0), (z, 0)|u). Hence, as the MDP evolves,
there is a sequence of coin tosses, and heads and tails correspondingly.

3.3. Switching boundaries

The method discussed in Section 3.2 approximates the dynamics of the SDE (2) only in the interior of the regions §24. To
approximate the whole SHS]J, we should define the MDP in the neighborhood of the switching boundaries in such a way that
it preserves local consistency. To achieve this, we will follow and extend the approach of [14] for our SHS]. The main idea
consists of transforming the partition of the SHSJ to a cover and then defining appropriate random switching functions to
approximate the switching behavior at the boundaries.

We consider the boundary set Ay of £24 as

Ap = {x e RY : qp(x) = 0},

where g : R — R is a smooth functional. To ensure that Ay is a (d — 1)-dimensional hypersurface, the functional ag must
satisfy Aag(x) # 0, for all x € Ag. The region £2y is expanded to £2;, defined by

24 ={xeR":0=<aqX < yh}
where y (h) > h > 0forevery h > 0and y (h) — 0as h — 0.By expanding 2y to £2/, we obtain a new family 2" = {£2,}
for all @ € ©. Herewith, £2’ is a covering of the continuous state space of the SHS] as |, 20 € (Uyep 24 for every 6.
Let {(£]', 61 : n < oo} be an MDP on a discrete state space S = {(x,0) € S" x £ : x € £2,} with transition probabilities

denoted by p"((x, ), (z, 8')|u). For all the states that are interior points of £2,, thatis ay(x) < 0, the system does not switch,
and the transition probabilities are computed as given in (11). Hence, for all (x, ) € S which satisfy as(x) < 0, we have

P"((x.0). @.0)lu) = p"((x, 6). (z,O)]u),
P"((x.0). (¢, O)]u) = p"((x, 0). (x. O)|w), (12)

and p"((x, 6), (x,8")|u) = Oforall@ #£@'.

Extending the method presented in [ 14] to our SHS]J, the switching behavior of the system is approximated by introducing
random switching times of the discrete state and discretizing the reset map of the continuous state. Considering the
boundary sets A, = {x € RY : ag(x) = y(h)} for £2;, a switching rate function Ay (x) is defined for each boundary Aj,
continuouslyonly = {x € R? : 0 < ag(x) < y (h)}. Moreover, we assume that 14 (x) = 0if ag(x) = 0, and Ay (x) — o0 as
x — A} in the Euclidean sense. The reset map R(9, x) (=) is also approximated by a discrete transition probability kernel. If
a discrete transition occurs, the next continuous state is determined randomly from the grid points that belong to & via a
uniform distribution.

On the basis of the newly introduced random switching times and discretized reset maps, for any (x, ) € S such that
0 < ay(x) < y(h), the transition probabilities of the approximating MDP for states (x, ), x € Ly, are defined as

(1 — e WA 00N (0 0) (z,0")|u), if6 6 andz € &,

P((x,0), (z,0)|u) = 1
PO, (& 1) {e“’(x)“l("‘e’”)p((x, 0). (z.0")u), ifo =6"andz ¢ 5.

4. Computational methods

Let N, denote the stopping time when g,’; reaches the target set G. Then, assuming constant 8 in the intervals [t,’;, t,’;’ )
the cost (5) can be approximated by

Np

_pth —pth
H"(xo, 6o, u) == E <Ze P, o uly + e ﬁt”hg(gl’;h)> :
n=0

where c(gl, 0F', ul) := k(&h, 01 ul) A¢h. Assuming that the above sum is well-defined and bounded, minimizing the cost

becomes a discrete problem and it can be solved using standard dynamic programming algorithms based on value iteration
methods. Defining the optimal value function of the approximated cost as

V" (xo, 60) := inf H" (xo, 6o, u),
u

and using standard programming arguments, we can derive the equation

V(x.0) = min (Zﬁ((x, 0), (z,0)IWV"(z,0") + c(x, 6, u))

z,0
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ifx € X\ G, and V(x,0) = g(x) ifx € G. The optimal value function can be computed as follows from Jacobi iterations
[8, Theorem 2.2]:

Vi1 (x. 0) = min (Z’ﬁ((x, 0), (z, 0" WV, (z,0") + c(x, 6, u)) .

z,0

The value function V" (x, #) given above is an approximation of the optimal cost (6) for the SHS]. Given the discrete optimal
value function, a feedback control scheme can be constructed to compute u(x). For (x, 6) with x € £2y, the control law is
given by

u(x) = arg milrjl (Z e PAXOWT (x 0), (2, 0)WH(, 6, u) + c(x, 6, u)) ) (13)

z,0

The cost of the discrete-time approximating processes converges weakly to the original cost as shown in the next section.
This convergence supports the validity of the approximation approach employed.

5. Convergence

Consider the optimal control input {u’; : n < oo} and the locally consistent approximating process {(5,?, 9,?) :n < oo}
Let {tih} denote the sequence of switching times for i > 0. In [14], a continuous-time Markov interpolation {(y¥"(t), 8"(t))}
is constructed such that {y"(-)} is a Markov process for the construction of the continuous part, which is a Wiener process.
We extend the approach and apply the method to our SHSJ. We define ré' = 0 and let {r,i1 : n € Np} denote the moments of
change of {"(-)}. Further, we put v/l = TL’,M to distinguish the jump times of {1/"(-)} which are due to the approximation

from the other jump times. By the definition of the approximating chain, we have
Y = ¥R = R W), v

Let £! = x. Then we can write

Y(t) = ¢"(0) + / a(y(s), 0"(s), u"(s))ds + M"(t) +J"(t) + 8% (0),

to

where E[sup;, 8']‘(5)] — 0ash — 0.Here, M"(-) is a martingale whose discontinuities go to zero as h — 0, with quadratic
variation

t
/ (bYW "(5), 0"(s), ul(s))ds + 82(¢),

to

where E[sup;; 8;‘ (s)] — 0as h — 0.The computational methods will give an optimal control sequence of {uﬁ}. However,
the optimal control may not exist as h — 0. To show the convergence, a relaxed control representation is employed as
introduced in [20,8]. We denote the space of the relaxed control by + and obtain a relaxed control representation by defining
probability measures i on 8,4, and the Borel o -algebra on ». Letting M? denote the corresponding probability measure for
the sequence " (t), we can write ¥ (t) as

t
y'(t) = ¥"(0) + f / a(y"(s), 0"(s), u" ()l (duyds + M"(¢) +J" () + 8}(0).
to JA

Next, we give a theorem which states that {y"(t), 8"(t)} converges weakly to the execution of the SHSJ based on the weak
convergence results, as given in [21].

Theorem 2. Consider the locally consistent approximation process {(5,2‘, 9,?) : n € N} with an admissible control sequence
{(uﬁ) : n € N} and a sequence of random switching times {(tih) :n e N} Let {¢/"(t), 6"(t)} be the continuous-time Markov

interpolation and u"(-) a relaxed control representation of {ul} for {y/"(t)}. Then {y"(¢), 0"(t)} converges weakly to the
execution of the SHSJ.

The next theorem follows from Theorem 2 and the results of [8], and shows the convergence of the optimal cost. The cost
for the continuous-time interpolation {("(t), 0" (t))} with control sequence " (¢t) is

H"(xo, 60, ") = E ( / " e Bse(yts), 66, )yl (duyds + e-ﬁfhg(wp) :

to
We define V" (x, 6) := inf,» H"(xo, 69, u") and let V" (x, 6) be the optimal value function for the process {(£!, 6") : n € N}

with an admissible control sequence {u” : n € N}. Then, |V"(x, 9) —V"(x, 0)] — 0ash — 0.We will use V"(x, 6) to denote
the optimal value function for both processes.
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Theorem 3. Consider the locally consistent approximating process {(é;f, 9,?) : n € N} with an admissible control sequence
{ul : n € N} and a sequence of random switching times {t!'}. Let {(y/"(t), 0"(t))} be the continuous-time Markov interpolation
and u"(-) a relaxed control representation of {ug :n e N} for {y/"(t)}.If B > 0orif B = 0and the sequence T, is uniformly
integrable, then H" (xo, 6y, u) — H(xo, 6o, 1) and Vi (x, 6) — V(x, 6).

5.1. Remarks on optimality

Here, provided that we are facing a minimization task on overall costs, an important role is played by the possible
convexity of the value function and its admissible set. In the case of a maximization task on, e.g., expected overall utility, it is
concavity. The two positions are often dual to each other. Whenever the conditions are attained from their strict counterpart,
i.e., by strict convexity (or concavity), we aim to numerically find a global minimum. If a very “qualified” structure is given
in terms of a global well-structuredness, as given in conic optimization and conic optimal control, we can study duality
theory and follow up optimality or sub-optimality in the course of a running algorithm by following the length of the duality
gap. Further cases of similar qualifications where primal-dual methods and interior point algorithms are applicable can be
found in related literature and are often well-understood, e.g., with the help of so-called self-concordance. Discussions on
optimality and sub-optimality related conditions in optimization and optimal control can be found in [23]. In general, an
important concept for observing and, if needed, accelerating the convergence and, thereby, the sub-optimality of members
of an iterative algorithm of optimization and optimal control is that of merit functions. Apart from the special cases of strict
structure, local minimizers may exist which are not global minimizers, and then special attention has to be paid to the form
of local a priori information. Furthermore, local approximations can be placed, established and left for the next ones, when
incorporating elements of trust-region algorithms [24].

We will pay attention in the future, also, to convergence orders of algorithms, including varieties of our method. Our

algorithms are founded in the discretization schemes related to the SDEs; after having addressed those, the convergence is
influenced by the choice of the preferred optimality criterion.
The convergence level of approximation is controlled by a parameter € and to investigate the sub-optimality level, we
introduce an upper bound based on relaxed control which could be considered as an a priori measure of sub-optimality.
Let 1€ (-) denote the relaxed control of a piecewise constant control u€(-). The optimality level of 1€ (-) is given by € and the
solution (x¢, 8¢) based on u€(-) satisfies |H(xq, 0o, ) — H(Xo, 69, )| < €.t can be shown that the approximating process
(Y"(+), "(-)) with control " (-) converges to the solution (x¢, 6¢) with control ;¢ (-) in the weak sense.

6. A numerical example

In this section, we illustrate the proposed approach using a simple surplus model of an insurance company presented
in [22]. We have modified the model of [22] by considering a generator matrix for the discrete state that depends on the
continuous state.

We consider the financial market with a risk-free asset B(t) and a risky asset S(t) with prices satisfying

dB(t)

W = l(8)dt,

ds () = b(6,)dt 0,)dwW,
W_ (Or)dt + o (0;)dWr,

where foreach 6; € ©, [(6;) and b(6;) are the return rates of the risk-free and risky assets, respectively. We assume that c(6;)
is the premium rate which satisfies c(6;) > 0 for each 6; € ©®. The discrete state 6; denotes the random environment and
other random factors. W, is a standard Brownian motion and o (6;) is the corresponding volatility. The investment process
of the insurer is modeled as a portfolio process ¢(t), where the proportional surplus ¢(t) € [0, 1] was invested in the risky
asset S(t). The goal is to maximize the expected total discounted dividend payment until ruin. We consider a special case
of SHS by assuming a Markov discrete state 6(t) that takes values in the set ® = {1, 2} with the x-dependent generator
matrix

Q) = (—0.5 — si?(x) cos(x) 0.5+ sii(;() cos(x)) .

Z(t) denotes the dividend strategy for t > 0, corresponding to the accumulated amount of dividends paid up to time ¢t
such that it is a nonnegative and nondecreasing stochastic process that is right continuous with left limits. The investment
strategy ¢(t) and dividend payment policy Z(t) are regular and singular stochastic controls of the problem. The surplus
process considering dividend payment and investment satisfies the stochastic differential equation

dx(t) = [[1(6:) (1 — (1)) + @(O)bE () 1x(t) + c(B()]dt + ()0 (6(0)x(t)dW, — dR(t) — dZ(t), (14)

where R(t) = fot f]R+ qx(t™), 0(t), p)N(dt, dp) and x(0) = xforallt < t.The function q(x, 6;, p) is assumed to be the mag-
nitude of the claim sizes, where p has the distribution /7 (-). Then the Poisson measure N () has intensity Adt x IT(dp). Assume
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Fig. 1. Numerical results with uniform claim sizes.
that q(-, 6;, p) is continuous for each p and each §; € ®. We impose x(t) = O forall t > 7, where t = inf{t > 0 : x(t) < 0}

represents the time of ruin.
Denoting by r > 0 the discount factor, for an arbitrary admissible pair # = (¢, Z), the expected discounted payoff is

T
J(x, 0, ) = By, [/ e"dZ(t)] . (15)
0
Then the value function is
V(x, 6;) == supJ(x, 6;, ), (16)
TEA

where 4 denotes the collection of all admissible pairs.

The surplus process x(t) under consideration is a jump diffusion process of It6-Skorohod type under singular control 7.
We numerically solve the optimal control problem and obtain the optimal value function by using value iteration methods
in value space. We assume a uniform distribution for claim sizes and consider the following parameters corresponding to
the different discrete states:

cH=1 c@=2 11)=002 IQ2)=0.04
b(1) =0.06 b(2)=0.07 o(1)=02 o(2) =18.

where c(-) denotes premium rate values, [(-) is the yield rate of the riskless asset, b(-) denotes the risky asset return rate and
o (+) is the volatility of the financial market. The portfolio rate ¢(t) is the control taking values in [0, 1]. Here, R(t) is assumed
to be a compound Poisson process with uniform claim sizes p = 0.01 and intensity A = 4. Furthermore, the initial surplus x
is supposed to have the maximum 20 and the minimum 0. We assume a discount rate of r = 0.2 and set the sub-optimality
tolerance level to be 1078,

The computation results are given in Fig. 1. In Fig. 1(I) and (II), it is shown that the value function is a bounded
concave function which increases with a linear trend after a certain threshold. Fig. 1(Ill) shows that the dividend policies
vary for different values of discrete state while the optimal values of the discounted total dividend remain close. Finally,
Fig. 1(IV) reveals that the proportion invested in the risky asset becomes zero after some barrier level and we observe
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that the investment strategy changes due to Markov switching. The advantage of the discrete approximation is that the
approximating process preserves the local mean and variance of the original system.

7. Conclusion and outlook

In this paper, we have developed a numerical approximation method for solving the optimal control problem for
controlled autonomous stochastic hybrid systems with jumps. The approximation is done on the basis of Markov decision
processes that preserve local consistency with the original solution. We recall the discussions provided in Section 5.1 which
also include research suggestions and directions to be followed further. In future studies, we also aim to further introduce
into our studies the tools of Lévy calculus, and interpretation of them in our generalized setting with jumps; we aim to
develop our algorithm further and apply it to real-life problems of finance, economics and engineering.
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