Journal of Computational and Applied Mathematics 240 (2013) 192-203

Contents lists available at SciVerse ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Upscaling for the Laplace problem using a discontinuous
Galerkin method

H. Barucq®®, T. Chaumont Frelet<, J. Diaz®P, V. Péron >4

2 MAGIQUE-3D (INRIA Bordeaux - Sud-Ouest), France

b Laboratoire de Mathématiques et de leurs Applications de Pau (LMA-PAU), France
¢ Laboratoire Mathématique de I'INSA (LMI), France

d Université de Pau et des Pays de I'’Adour, France

ARTICLE INFO ABSTRACT

Article history: Scientists and engineers generally tackle problems that include multiscale effects and that

Received 10 February 2012 are thus difficult to solve numerically. The main difficulty is to capture both the fine and the

Received in revised form 7 May 2012 coarse scales to get an accurate numerical solution. Indeed, the computations are generally
performed by using numerical schemes based on grids. But the stability and thus the

ﬁ?’s‘é"‘_ﬁgﬁsg-' accuracy of the numerical method depends on the size of the grid which must be refined

drastically in the case of very fine scales. That implies huge computational costs and in
Multiscale methods particular the limitations of the memory capacity are often reached. It is thus necessary to
Discontinuous Galerkin use numerical methods that are able to capture the fine scale effects with computations on
Interior penalty coarse meshes. Operator-based upscaling is one of them and we present a first attempt to
adapt that technique to a Discontinuous Galerkin Method (DGM). We consider the Laplace
problem as a benchmark and we compare the performance of the resulting numerical
scheme with the classical one using Lagrange finite elements. The comparison involves
both an accuracy analysis and a complexity calculus. This work shows that there is an
interest of combining DGM with upscaling.

Laplace problem

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The wave propagation is widely used in a large variety of scientific fields as in oil exploration where the issue is to
produce images of hydrocarbon stocks that are hidden and nowadays very difficult to detect. The principle is based on
the fact that the wave equation can be reversed in time, which means that any arrival time of a reflected wave can be
transformed into a spatial measurement providing the localization of the corresponding reflector. From a numerical point
of view, the process which is known as the Reverse Time Migration, requires to solve many wave equations in complex media
whose tectonic includes strong heterogeneities and the contrasts of the physical parameters can thus be very significant.
The quality of the image is obviously related to the accuracy of the numerical method, which justifies the development
of fast and accurate solvers for large problems. The size of the discrete system is an important issue but it is not the only
one. Indeed, it is necessary to consider real propagation domains, which means that multiscale problems must be solved.
Propagation domains are mostly wide, while the parameters that characterize the medium vary quickly. As a consequence,
the representation of the parameters should be done on a fine grid while it should be sufficient to cover the medium with a
coarse mesh. Obviously, it is possible to do computations with a fine mesh whose dimensions are fixed by the physical
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parameters. But, in that case, the resulting discrete system will contain a huge number of discrete unknowns, so that
computational costs of the RTM become prohibitive, knowing that several solutions of the wave equation are needed. A
numerical method capable of considering these two scales independently is thus of great interest, in particular for numerical
geophysics.

To tackle multiscale problems, different attempts have been proposed in the literature. They involve upscaling, which
consists in defining equivalent parameters. There exist many techniques of upscaling that are based on averaging or
renormalizing the parameters [1,2]. Homogenization can also be applied [3-5]. It allows to get an accurate solution
computed on the coarse grid without computing the full solution inside the fine mesh. It leads then to constant equivalent
parameters. Now, it is worth noting that homogenization assumes that the parameters vary into different scales and that
the medium is periodic.

In this paper, we focus on an operator-based upscaling method which can be applied without assuming periodicity of the
medium. Operator-based upscaling methods were first developed for elliptic flow problems (see [6,7]) and then extended to
hyperbolic problems (see [8-10]) such as the wave equation. The operator-based upscaling method is based on the splitting
of the solution into two parts, the so-called rough and refined parts. The rough component is computed on a coarse grid while
the refined component is obtained from computations on a fine mesh covering each coarse cell. The time computational costs
can then be reduced by making calculations inside each coarse cell independent. This can be done by enforcing a Dirichlet
boundary condition on the boundary of each coarse cell. By this way, the refined component is computed by solving local
problems while the rough component is obtained classically by solving the variational problem inside the coarse mesh.

Operator-based upscaling methods were so far developed by using continuous finite elements. For instance, they have
been carried out for wave problems by using mixed finite elements [8-10].

Herein, we consider the interest of developing an operator-based upscaling method using a Discontinuous Galerkin Finite
Element Method (DGFEM). By this way, we would like to know whether it is possible to reduce the computational costs
even more. DGFEMs perform well in the case of heterogeneous media because they match with hp-adaptivity and parallel
computing. Nevertheless, for the same mesh, they involve more degrees of freedom than continuous FEMs. Hence, it would
be interesting to see if, combined with an operator-based uspcaling, it is possible to reduce the computational costs.

This study is preliminary to a work dealing with harmonic wave equations and thus concerns the Laplace operator. We
consider the standard Laplace problem with homogeneous Dirichlet boundary conditions

—Au=f ing2, (1)
u=~0 onds2,

where £2 is the unit square ]0, 1[x]0, 1[ and the source term f lies in L?(£2). For the sake of simplicity, we restrict ourselves
to a square domain, but the study can be extended to any convex polygonal domain.

Since it is known for being both stable and consistent, we are interested in the Interior Penalty Discontinuous Galerkin
Method (IPDGM) [11]. We have organized the paper in such a way that we first show how to do upscaling with an IPDGM
and next we compare the performances of this approach with the one involving a continuous Finite Element Method (FEM).
In Section 2, we detail the variational framework to perform upscaling with the FEM and the IPDGM. The matrices resulting
from the upscaling discretization are clarified in Section 3. Section 4 is devoted to detail the upscaling algorithm and a
discussion on its performances. Finally, in Section 5, we compare the performances of the algorithms using the FEM and the
IPDGM through numerical results.

2. Continuous and discontinuous finite element methods for upscaling

The upscaling method consists in finding a finite element solution in a space Vy j, that is decomposed into the direct sum
Voh =V ® VH_h. The space Vy is defined on a coarse grid of characteristic length H partitioning the domain £2, and \A/H,h is
defined on a fine grid of characteristic length h which is obtained by refining the coarse grid. Then, the approximate solution
uy p is obtained as uy , = uy +1y p, whereuy € Vyandily , € VH_h. In the following, uy is called the rough component while
il p stands for the refined component representing the small scale effects. The space \A/H,h must be appropriately defined in
such a way that il , can be easily computed as a function of uy. The linear system involves thus only uy. The small scale
effects are then included inside the modeling afterwards thanks to the relation between iiy , and uy.

In this section, we present two different choices for the spaces V and \A/Hyh. The first one is adapted to continuous finite
elements and has been proposed in [6,7]. The second one involves discontinuous finite elements which we would like to
focus on. Herein, we consider the IPDGM. Once the spaces are introduced, we define the corresponding bilinear forms.

2.1. Definition of the finite element spaces

Before introducing the finite element spaces, we need to define a partition of the domain 2. For the sake of simplicity,
we restrict ourselves to regular Cartesian meshes in two dimensions, but our study can be extended without difficulty to
irregular meshes or to three dimensional problems. We fix N, M € N*, and we define two mesh sizes H = 1/N (the coarse
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Fig. 1. The mesh 73 (solid lines) and the submesh 73 (dashed lines).

step), and h = H/M (the fine step). The coordinates of the coarse nodes are defined by X! = IH (for0 <1 < N)and Y/ = JH
(for 0 < J < N). Then, we define the coarse cells K and the coarse mesh 73 by

N
KV = XU XYL Y A <L) <N),  Ty= {KU} :
1j=1

We subdivide each coarse cell K” with fine cells. We define X, = X' + Ph (for 0 < P < M) and Yé = Y/ + Qh (for

0 < Q < M). We then define the fine cells K#Q by
Koo =G5 Xp XY Yo '

M
which defines the submesh ‘TH"h = {Kng} and the global fine mesh, which is the union of all submeshes:
' P.Q=1

N
7= Tilh- (2)

In Fig. 1, we represent the mesh 7y and its submesh 7.
The set of internal edges of 73 is denoted by #; with

7= {e:BKﬂB]U(,]eTh},
while the set of external edges of 7}, is
ﬂb:{e:akmasz |Ke’7h}.
The set of all edges of 77, is thus
Frn=F UFL. (3)

Now, we introduce the usual discretization spaces Vy and Vj, involved in the FEM we apply. Here, we use the same
notations for continuous FEMs and for [IPDGMs. Regarding the FEM, the discretization space Vy on the coarse grid, called
“rough discretization space”, is defined by

Vy = [v € CO(22) | VK € Ti vlk € Qy(K), and vlap = o],

where Q,(K), p € Nis the space of polynomials of degree at most p in each variable on the element K. Concerning the
IPDGM, Vy is defined by

Vg = [u c12(2) | VK € Ti, v € @,,(K)}.
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It should be noted that the main difference between the two spaces lies in the fact that the solution to discontinuous Galerkin
problem is only piecewise continuous. Therefore, it is not in C°(£2) but only in L?(£2).
Let us introduce Vj,, which is built on the full fine grid 7, and is defined by

Vi = {v e @) | vik € Q) VK € 7,
for the FEM and as
Vi = {v e 12(@) | vl € Qp(K), VK € 73,

for the IPDGM.
Let us now remark that, since 73 is constructed as a refinement of 7, Vy C V}, and the sum of the two spaces is not

direct. Then, we introduce a third vector space, \A/H, h, Which is specific to the upscaling method. This space \A/H, p is associated
with both meshes 73; and 73, and is defined for both continuous and discontinuous approximations by

Vi = {v €Vi| VK € Ty vlox = o}. (4)

Then, it is clear that the sum of V and \A/H, n is direct, provided that p < N2+ 1, and we can define the upscaling discretization
space

Vih = Vu @ V.

Note that Vy C Vy C Vi The condition v|3x = 0 in (4) is crucial for the upscaling method, since it allows for a simple
calculation of the refined part iy j, of the solution from the knowledge of the rough part uy. We will detail this property
in the next section. The condition p < N? 4+ 1 ensures that no element of Vy could satisfy the condition v|;x = 0 on all
edges of the coarse mesh. It is always satisfied for practical applications, since p is generally smaller than 10 and N greater
than 10.

To describe more precisely the upscaling algorithm, we also need to define the spaces Vg,h, whose elements v are the

restrictions of v € ‘7th on a coarse cell K e 7y,
\A/g’h = {v € Vi | Supp v C K”},

and the spaces Vg whose elements v are the restrictions of v € Vy on KV € 7y,
vl = {v € Vi | Supp v c1<’f}.

Then, there holds Vy , = @ﬁ/ﬁ \A/g’h, Vy = @?']:1 Vg.
Now, let us focus on the bilinear form associated to the upscaling problem.

2.2. Bilinear forms associated with continuous and discontinuous finite element methods

The discretized problem reads: find uy , € Vi, such that, Vv € Vy p,

ah(uH,h,v)szvdx, (5)
2

where qy, is a bilinear form, coercive on Vy j. In the case of continuous finite elements, we have

an(u, v):/ Vu - Vudx.
2

For discontinuous finite element methods there are many kinds of Discontinuous Galerkin formulations, each of them
leading to a different definition of a,. We refer to [ 11] for a review of these formulations and a detailed study of their stability
and convergence properties. Herein, we have chosen to focus on an IPDGM, which has been proposed by Arnold in [12] and
is also known as Symmetric Interior Penalty method [13]. It has been shown in [11] that this method is stable and consistent,
which means that the convergence order is optimal, contrary to many other DGFEMs. This is the reason why we have chosen
to favor IPDGMs, but the upscaling method can be applied to any other type of DGFEMs without difficulty.

We first need to define the notion of “jump” and “mean” of a discontinuous function through an edge. Let e be an internal
edge shared by two elements denoted arbitrarily by K and J: e = 0K N 9] € 77,1". We denote by ny the unit normal vector to
e (see Fig. 2), outward to K, and we define the jump of a scalar function u € V,, and the mean of a vector function v € th
through e by

vkle + vyle
—_— .n

[[ulle = ukle — u]|€7 {vHe = 3
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Fig. 2. The elements K and J and the normal vector n.

For an external edgee = 0K N 952 € 1’7,1”, the jump of u and the mean value of v are defined by analogy as

(ulle =ule,  {{v}}e = vl - nk.

The interior penalty bilinear form ay, is defined for all u, v € Vy , by
ap(u, v) = By(u, v) — In(u, v) — Iy(v, u) +Jo(u, v), (6)

where

Bi(u, v) = /Vu Vodx,
KeTy K

In(u,v) = / [ull{{Vv}}ds,
ecFy

Jn(u, v) = / v]]ds,
ecFy

and « is a constant (independent of H and h) that can be chosen large enough to make a;, coercive (see [14,15]) on the space
V. We define the norm || ||pc by [16]

lulpe = > IVulg,+ > h Tl .

KeTh ecFy

Here, we denote by || - [|o.x the norm in L?(K), and by | - ||o.. the norm in L?(e). Recall that 7}, is the global fine mesh (2), and
Fn is the set of all edges of 77, (3).

According to the definition of Vy j,, this norm is equivalent on the spaces Vy , and Vj,. Hence, since aj, is coercive on Vj, ap,
is coercive on Vy , and the problem (5) has a unique solution uy € Vg .

2.3. Upscaling formulation

We seek a discrete solution under the form uy , = uy + iy, in Vy , where uy € Vy and iy, € Vi . The unknown uy p
is solution to the discrete problem

an(uy,n, vu,p) = Lvgp) Yupn € Vi
Using the direct decomposition of Vy , = Vi @ \A/H, h, We obtain the system of variational equations

{ah(uH + Qg h, vi) = L(vy) Yoy € Vy )

ap(upy + Uy n, On,n) = L(Ow,n) V@H,h € Vi p.

Thanks to the direct sum Vi , = EB;V =1 H w the second equation is then transformed into a collection of subproblems for
1 <1,] < N.Indeed, using that

A N
Uy h = UH h»

1Jj=1

each ﬁz’h satisfies the problem

Al Al Al Alj (7l
an(@) . 07 ) = L ) — anup, fy,) VR, € Vi, (8)
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Observe now that in (8), uy get involved in the right-hand side and we do not know its value at this stage. However, thanks
to the homogeneous Dirichlet boundary condition on dK? which is imposed in the space v,’_{,h, we can assume that each
subproblem is independent and well-posed on K” when uy is a data. Thus, we can use each subproblem to obtain the

expression ﬁgqh(uH) as a function of uy. Assembling all the solutions, we then obtain a way of computing iy j as a function
of uy. At this point, we are able to insert this expression in the first equation of (7) to get the variational equation

an(uy + iy n(uy), vi) = L(vy) Yoy € Vg, 9)
whose only unknown is uy.

The upscaling algorithm we use is then the following. As a first step, by solving the subproblems (8) we find the expression
of &y , which depends on uy. The second step consists in solving the rough equation (9) in order to compute uy. The final
step consists in computing uy , from uy thanks to the expression we obtained at step 1.

The main advantage of this algorithm is that there is no need to compute the solution on the whole fine grid covering £2.
We just have to solve subproblems defined on a fine scale, but on small subparts of §2 (the coarse cells K¥) plus a problem
on the whole domain, but defined on a coarse scale.

3. Properties of the linear systems

In order to describe the shape of the stiffness matrix X resulting from the upscaling discretization, we have to introduce

a basis of Vy . This basis is obtained from basis of Vy and \A/H.h.
We denote by (), _, @ basis of Vy, Ny being the number of degrees of freedom of the mesh 7. By construction of

\A/,.,,h, it is represented by the set ( ,'f)

of basis functions related to \A/g’h for (I,]) € 1...N2. Here Mj, denotes the
h

number of degrees of freedom of the submesh of K¥. We will consider classical Lagrange basis functions, but using other
types of basis functions should not impact on the properties of the resulting matrix. Concerning the global numbering of the
nodes of the fine mesh, we choose, without loss of generality, to number them coarse cells by coarse cells, from bottom to
top and from left to right.

The matrix X is then constructed as the assembling of four blocks. The first one, denoted by K., corresponds to the
interactions between the basis functions of Vy. The second one, denoted by K, corresponds to the interactions between
the basis functions of Vy . The two last ones, denoted by K and X, correspond to the interactions between the basis
functions of Vy and the basis functions of \A/H, ». Since the bilinear form aj, is symmetric, we have Xy = J{J,TC

e The coarse matrix K is defined by

(Keod)ij = an(¥i, ¥j), 1 =1,j < Ny.
It corresponds to the standard stiffness matrix we would obtain by using a standard FEM applied on the coarse mesh

only. It is thus symmetric positive definite.
e To define the fine matrix K, we first introduce the elementary “fine stiffness matrix” associated with the coarse cell

K" € 73:
(%7), =@l o). 1=<ij<m
To construct the fine matrix K we use the following proposition.
Property 1. The matrix Ky is block diagonal and each block is an elementary matrix JC#

This property follows from the choice of the space \A/gyh and in particular from the condition vj3x = 0 on the boundary of
each coarse cell.
Proof. We just have to prove that the bilinear form ay(¢; , o
the interactions between two distinct elements K and K™?).
The result is obvious for the FEM. Indeed, two functions ¢,U and qbe with (I,]) # (P, Q) have separated supports since
we impose a Dirichlet condition on the boundary of each coarse cell. Hence we have ah(qbf] , ¢>f q
on the IPDGM case. ,
1f K and K™ share no common edges, it is clear that ax (¢}, ¢

J
Bu(¢i . ¢/*) =0,

In(@, ¢/ = f [ 1M1 11ds.

) vanishes as soon as (I, J) # (P, Q) (i.e. when we consider

) = 0. We therefore focus

) = 0. If they share a common edge e, we have

(@72, o) = / [TV }1ds,

gl 9 = / BV (V™)) ds.
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Since e is an edge of the coarse elements K” and K2, we have [[(,zﬁiu]]e = [[qﬁjPQ]]e = 0, thanks to the Dirichlet boundary
condition imposed on the boundary of the coarse cell. Then, we have

(@l ") = @], /) = (9. ¢]) = 0.
We conclude that Ky is block diagonal and its diagonal blocks are JC}; O
We then obtain the full “fine matrix” by assembling each block:
chf:{xf’}} 1<I<N, 1<J<N.

Moreover, from the properties of the bilinear form ay, we easily check that each block is symmetric positive definite and
thus invertible.

Remark 1. In the case of regular Cartesian meshes of homogeneous domains, the matrix JC}} is the same for each coarse cell.

e We use a similar process to define the matrix K. For each cell K € 73, we define the submatrix JCZ

K ={a@edh], 1=k=N 1=1J=N 1=1=Mm,
and we set

Jccf:{,xgc} 1<I<N,1<]J<N.

Note that (KX gf)k,, obviously vanishes if the support of the coarse basis function v, does not contain the element K7,

We can now define the “full upscaled matrix” X (associated with the upscaling space Vy ;) by assembling the different
blocks:

Kee JCCf)
K=|"1 : (10)
(ch K

4. Upscaling algorithm

In this section, we first detail the upscaling algorithm to solve the Laplace problem (5) in the space Vy, = Vy @ \A/H,h,
using the expression of the stiffness matrix K. Then, we discuss the performance of the method.

4.1. Upscaling for solving the Laplace problem
In the following, we denote by Uy the vector of size Ny representing the decomposition of the rough solution uy in the
basis (1//,A),-:1“NH and by Uy j, the vector of size N? % M, representing the decomposition of the refined solution iy p in the

basis ( ,’{) k1M, .The vector Uy = (Uy, LAJH.h)T corresponds then to the total solution uy . We use a similar decomposition
=1.Mj, ,
1J=1.N

to compute the source term F = (F, Ff)T. Here,

Fe ={(f, ¥ }iz=1.ny»
Fr={{f, ¢’1‘1)}'{,7lm'
Then, the matricial form of the discretized Laplace problem reads
KUy =F.
Hence, using the decomposition (10) of the stiffness matrix X, we are led to solve the block linear system

G-
Keg Ky ) \Unn F ]
Now, we express LA]H,,,(UH) as a function of Uy:
Unn = Ky 'Fr — Ky KUy, (11)
and we obtain a linear system where the only unknown is the rough solution Uy:
(Kee — K Ky ' KUy = Fo — Kg K 'F. (12)

Since the matrix K is block diagonal (as proved in the previous section), inverting J resumes to invert each JC# We
thus discern the three steps of the algorithm:
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1. Solving the subproblems in order to obtain the expression (11) of 0qu1 in terms of Uy. This step resumes to invert the
submatrices Jjf.

2. Solving the coarse equation (12) to get Uy.

3. Using the value of Uy previously computed in (11) in order to get l:lH,h.

Note that it is not necessary to invert the total matrix . We just have to invert the matrices JCf'f’ (which correspond to
fine-scale problems on subparts of £2) and K (which corresponds to a coarse-scale problem on £2).

4.2. Performance of the method

We discuss here the performance of the algorithm. We can easily give an asymptotic cost of the method if we consider
that most part of computations consists in inverting matrices. We assume that inverting an | x | matrix requires O (%)
operations.

We introduce y, as the number of degree of freedom per cell. There holds y, = (p + 1)? for the IPDGM and Vp =
4/4+4(p —1)/2 + (p — 1)? = p? for the continuous FEM (four nodes shared by four elements, p — 1 nodes shared by two
elements on each edge and (p — 1)? internal elements).

The algorithm requires to invert each square matrix JCf'} There are N? matrices JCf'} and the size of each one is prz_

Therefore, solving the subproblems requires @ (yp3N 2M®) operations. To solve the coarse-scale equations, we need to invert
the matrix K. — JCCfJCffJCCTf which is of size y,N*. Thus, solving the coarse problem represents O (y, N®) operations. The

asymptotic cost of the algorithm is thus of order (N>M® 4 N°)y.
We can now compare this result with the standard IPDGM and FEM (without upscaling) on the coarse grid only and on
the full fine grid. In the coarse grid, we need to invert K., therefore the asymptotic cost is @ (N°® yp3) operations. In the full

fine grid, we need to invert a matrix of size y,N*M?. Hence, the asymptotic cost is @ (N°M®y,).

To conclude, when studying a very heterogeneous domain (M >> N) the upscaling algorithm is approximately N* times
less expensive than solving the full fine scale problem.

5. Numerical experiments

We now present numerical experiments devoted to analyze and to compare the performance of the upscaling algorithm
using the FEM and the IPDGM. We carry out two tests in a 2D square domain of size 2 = 1m x 1m. In the first test,
we consider a source function with slow variations. This test is similar to the one presented in [10] and illustrates how
the approximated solution converges when the space steps H and h decrease. Then we consider a source function which
presents much more oscillations. This test case illustrates more precisely the advantages of using an upscaling algorithm
instead of considering the classical FEM or IPDGM. The two source functions are chosen such that the analytic solution u
of the Laplace problem can be easily computed. Then, we can calculate the “rough” L?-error E", between u and the rough
solution uy and the “total” L?-error Ef between u and the total solution Uy p as

E'=|lu—uylle and E'=|ju— uypllo.

In all tests, we use Q; finite elements. Now, we recall the classical convergence properties of the FEM and the IPDGM.
When using the usual discretization space Vy, the IPDGM with Q, elements converges like HP*! in the L? norm for the
Laplace problem; see [15,11]. Therefore, we expect to observe a space-convergence of second order when we refine the
coarse mesh 7. Concerning the standard FEM, it is well known that the method converges like HP*!, when using the usual
discretization space Vy. We therefore expect once again a second order convergence.

5.1. The case of a slowly oscillating function

Relying on several numerical tests performed in [10], we consider a source function f(x,y) = sin(x) sin(;ry). This
function was chosen in order to produce the solution

1
ux,y) = 52 sin(x) sin(wy).

First, we fix the number of fine cells M in each coarse cell and we refine the coarse mesh. This test enables us to show that
the upscaling algorithm “preserves” the original convergence properties of the IPDGM and the FEM. Then, we investigate
the properties of the algorithm when the fine mesh only is refined. We fix the number of coarse cells N and we increase the
number of fine cells in each coarse cell.

We thus first consider a N x N coarse mesh, where N ranges from 10 to 50. We refine each coarse cell with a fixed number
of 5 x 5 cells. The “rough errors” and “total errors” are presented in Table 1 and the graphs are plotted in Fig. 3. We observe
a second order convergence for both the rough solution and the total solution and for both IPDGM and FEM, which is the
result we expected. There is no major difference between the accuracy of the two methods.
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Table 1
Errors E" and E* as functions of H and h.
H h IPDGM FEM
E" Et E Et
0.1000 0.0200 246 x 1074 6.54 x 107° 2.08 x 107* 6.36 x 107°
0.0500 0.0100 6.16 x 107> 1.59 x 10> 5.20 x 107> 1.57 x 107
0.0333 0.0067 273 x 1073 7.03 x 1076 2.31x 107° 6.96 x 1076
0.0250 0.0050 1.54 x 107> 3.94 x 107° 1.30 x 107 391 x 107°
0.0200 0.0040 9.85 x 107° 252 % 1076 8.33 x 107° 250 x 107°
0.1 ‘ 0.001 ‘
0.01} 1
0.0001 | 1
0.001 E
e
0.0001 | 1
1e-05 | 1
§ r t
1e-05 r L3 E' IPDGM -~ 1 E'IPDGM -
E' FEM -~ E' FEM -x
H2 - h2 R
1e-06 : 16-06 :
0.01 01 1 0.001 0.01 01
Fig. 3. Errors E" and E' as functions of H and h.
Table 2
Errors E" and E! as functions of h. H = 0.2.
h IPDGM FEM
E Et E’ Et
0.0667 9.84 x 1074 361 x 107 8.35 x 1074 350 x 1074
0.0333 9.92 x 1074 279 x 1074 8.35 x 1074 257 x 1074
0.0167 9.93 x 1074 2.64 x 107 8.35 x 1074 241 x 107*
0.00833 9.93 x 1074 261 x 107 8.35 x 1074 237 x 107*

Now, we fix the coarse grid to 5 x 5 cells and we divide the fine grid step by 2 in each subtest (hence M ranges from
3 to 24). The results are presented in Table 2. We observe that the error on the rough solution remains approximately
constant. It is not surprising since the coarse mesh remains unchanged. Actually the rough error obtained by an FEM is
totally independent of the fine mesh. This is due to the fact that, in the very particular case of Q;-Lagrange elements with
regular meshes in homogeneous media, the matrix K is null. This can be proved by a direct but tedious calculation of
ar (Vi ¢1)-

Concerning the total solution, we observe that accuracy is improved when the fine mesh is refined. Yet, this accuracy
is less and less significant as h decreases. This result confirms the observation of [10], where the authors have shown that
there is no second order convergence when only the fine mesh is refined.

5.2. The case of a more rapidly oscillating function

In the next experiment, we chose a source term f (f(x,y) = 27 %[sin(7x) sin(wy) + 8.1sin(97x) sin(97y)]) which
produces the following solution

u(x,y) = sin(rx) sin(wry) + 0.1sin(97x) sin(9wy).

This solution is composed of two parts. The first one oscillates slowly with a large amplitude, while the second part oscillates
rapidly with a lower amplitude. This experiment is devoted to mimic physical problems where the properties of the media
vary rapidly but with a small amplitude around a mean smooth function.

Hereafter, we consider three test-cases.

(a) We fix the number of fine cells in each coarse cell to 5 x 5. We refine a N x N coarse mesh, where N ranges from 5 to
50. The numerical values of the errors are presented in Table 3. As shown in the previous experiment, we observe again
a second order convergence for both the rough solution and the total solution. Once again, there is no major difference
between the IPDGM and the FEM.
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Fig. 4. Rough solution uy, and total solution uy , obtained with IPDGM. H = 0.1, h = 0.02,y = 0.48.

Table 3
Errors E™ and E® as functions of H and h.
H h IPDGM FEM
E Et E Et
0.2000 0.0400 3.69 x 107! 3.97 x 107! 371 x 107! 391 x 107!
0.1000 0.0200 3.50 x 1072 2,62 x 1072 7.37 x 1073 2.26 x 1072
0.0500 0.0100 1.01 x 1072 418 x 1073 8.24 x 1073 3.47 x 1073
0.0333 0.0067 4.46 x 1073 148 x 1073 373 x 1073 1.31x 1073
0.0250 0.0050 2,50 x 1073 7.51x 1074 2.10 x 1073 6.88 x 1074
0.0200 0.0040 1.60 x 1073 454 x 1074 1.35 x 1073 427 x 1074
Table 4
Errors E™ and E* as functions of h.
H h IPDGM FEM
Er E[ Er E[
0.0500 0.0167 9.80 x 1073 442 x 1073 8.24 x 1073 419 x 1073
0.0500 0.0083 1.01 x 1072 442 x 1073 8.24 x 1073 3.37 x 1073
0.0500 0.0042 1.02 x 1072 441 x 1073 8.24 x 1073 323 x 1073
0.0500 0.0021 1.02 x 1072 441 x 1073 8.24 x 1073 3.20 x 1073
Table 5
Errors Ey as function of H.
H FEM IPDGM
0.2000 371 x 107! 1.87
0.1000 7.37 x 1073 1.20 x 107!
0.0500 8.24 x 1073 407 x 1072
0.0333 3.73 x 1073 2.00 x 1072
0.0250 2.10 x 1073 1.17 x 1072
0.0200 1.35 x 1073 7.64 x 1073
0.0100 3.36 x 1074 1.97 x 1073
0.0050 8.39 x 1074 495 x 1074

(b) In the second test, we fix the rough step size to 0.05 and we reduce the fine grid step of 2 in each subtest. The rough part
uy, and the total solution uy , obtained by the IPDGM for H = 0.1, h = 0.02, and y = 0.48 are displayed in Fig. 4.

As observed in the previous experiment (see Section 5.1), we see from Table 4 that the errors are again approximately
constants. Therefore, if the coarse mesh is not refined the convergence cannot be expected. Once again, there is no
variation of the rough error for the FEM, due to the fact that the matrix X is null.

(c) In the last experiment, we compute the L? errors Ey; between the analytic solution u and the approximated solution uy
obtained by the two methods (the FEM and the IPDGM) without upscaling. The results are presented in Table 5. Before
computing the error, we have projected the approximated solution on a refined grid of space step h = H/5, in order to
obtain accurate results.

In comparison with standard FEM and IPDGM, we observe that the upscaling method improves the accuracy of the
augmented solution. Compare for instance line H = 0.05 in Table 5 with line H = 0.05,h = 0.01 in Table 3. The
improvement is more significant for IPDGMs, where the total error is ten times smaller than the error obtained with
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Table 6
Computational time for upscaling with FEM.
H h CPU time
0.2000 0.0400 0.008
0.1000 0.0200 0.020
0.0500 0.0100 0.076
0.0333 0.0067 0.212
0.0250 0.0050 0.580
0.0200 0.0040 1.540
Table 7
Computational time for classical FEM.

H CPU time

0.2000 0.000

0.1000 0.004

0.0500 0.020

0.0333 0.100

0.0250 0.384

0.0200 1.220

0.0100 68.60

0.0050 4380

standard IPDGM:s. As it was expected, we note that classical FEMs and IPDGMs are more accurate on the fine mesh than
upscaling (compare for instance line H = 0.01 in Table 5 with line H = 0.05, h = 0.01 in Table 3).

In order to emphasize the gain we obtain using an upscaling technique, we present respectively in Tables 6 and 7 the
computational time of upscaling with the FEM and of the classical FEM. Comparing line H = 0.1, h = 0.02 in Table 6 with
linesH = 0.1 and H = 0.02 in Table 7, we observe that the computational cost of the upscaling technique is five times
greater than the cost of the classical technique on a coarse grid but 60 times smaller than the cost of the classical technique
on a fine grid. The gain is increased when we refine the grid: for H = 0.05, h = 0.01, the computational cost of the upscaling
technique is four times greater than the cost of the classical technique on a coarse grid but 1000 times smaller than the cost
of the classical technique on a fine grid. Finally, for H = 0.025, h = 0.005, the upscaling technique is only 1.5 times more
expensive than the classical technique on a coarse grid, while it is 7500 cheaper than the classical technique on a fine grid.

6. Conclusion

Operator-based uspcaling allows numerical computations on very fine meshes to be sidestepped and thus contributes
well to reduce the computational costs of finite element methods. It is based on the idea of solving subproblems covered by
a fine grid after the computational domain being divided into independent subdomains.

By considering the Laplace problem, we have carried out operator-based uspcaling when using continuous and
discontinuous Galerkin finite elements. The combination of upscaling with discontinuous approximations is new and our
main objective was to see whether that can help to reduce the computational costs, and to improve the accuracy of the
numerical solution. Since this work is preliminary to a study on Helmholtz equations, we have chosen to use an IPDGM
which is well-known to be stable and consistent for wave problems [16]. Our main results are the following:

Concerning the asymptotic cost of the upscaling algorithm, it is of order (N2M®+N 6)yp3 (vp denotes the number of degree

of freedom per cell), while it is of order N°y,’ on the coarse mesh, and N°M®y,’ on the fine mesh without upscaling.

Regarding numerical experiments with Q; elements, we have observed a second order convergence for both IPDGM and
FEM when the coarse mesh is refined whereas a zero order convergence holds for both IPDGM and FEM when the fine mesh
is refined only. Operator-based uspcaling improves the accuracy of the solution for both approximations. The improvement
is more significant for IPDGMs than for FEMs, knowing that IPDGMs perform better than FEMs without upscaling. Since
discontinuous approximations are known to be cheaper when using higher order elements, a future work should focus
on the combination of operator-based uspcaling with a high order IPDGM and obviously on extending this work to the
Helmholtz equation.
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