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1. Introduction

There are mainly two forms of pension plans, defined benefit (DB) and defined contribution plans (DC). In defined
benefit pension schemes, the benefit is fixed in advance and contributions are adjusted along the way to balance the
fund and ensure benefit is met whereas in defined contribution plans the contribution is fixed in advance and the benefit
depends on the evolution of the fund. In a DB plan, the investment risk is borne by the sponsor and in DC plans, the risk is
shifted to pension members. Due to the development of equity markets, the DC pension plan has become more popular.

In this paper, we consider the problem of optimal investment of the wealth from contributions in a market with a
riskless and risky asset. We assume that the pension members are interested in maximising utility of terminal wealth.
Several authors have considered a similar problem. In [ 1], this problem is solved under the constraint that terminal wealth
should exceed a minimum guarantee in the presence of stochastic interest rates. In [2], the results are extended to include
inflation risk where pension planner can invest in indexed bonds and in [3] they use stochastic dynamic theory in a
stochastic volatility framework.

In [4], a stochastic control problem for DC pension is analysed where interest follows generalised Cox and Vasicek
processes. They find a nonlinear Hamilton-Jacobi-Bellman equation which they transform to a linear PDE using Legendre
transform to find closed form solutions for the investment strategy. In [5], a general utility function is used and the
problem is solved using stochastic dynamic approach.

Some authors assume that pension members are interested in maximising return and minimising volatility of fund,
i.e., they formulate the DC pension problem as a mean-variance optimisation. In [6], they extend the model in [3] as mean-
variance optimisation problem and use stochastic control methods to determine optimal strategies. In [7], a DC pension
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with return of premiums clauses is studied as a mean-variance control problem. Closed form solutions are found using
stochastic control methods. In [8], a mean-variance approach is compared with an expected utility of terminal wealth
problem. In [9], time-consistent strategies are found using game theoretic methods since the mean-variance problem
cannot be solved using the usual stochastic control methods.

We note that most of the literature above assumes that the market is complete and so the martingale method can
be used [1,2]. In this paper we extend the analysis and model the risky asset as a jump diffusion process. In [10], a
jump diffusion stock is included in a mean-variance optimal control problem and a time-consistent investment strategy
is found using game theoretic methods by extending the Hamilton-Jacobi-Bellman principle. In the present paper we
use the usual stochastic control methods and characterise our strategies as solution to integro-differential equations.
Most of the literature on DC pension plans mainly seeks to find analytic strategies, [2-4,6,10,11] etc. The methods in
the aforementioned papers work for specific situations by taking advantage of linearity of PDEs in [10] or existence of
replicating assets in the market e.g., in [3] or the form of utility functions e.g., in [4]. Our method provides a new solution
to an extension of Gao paper where we consider exponential utility. The dual method of Gao would not be applicable
in the present paper. For more general cases, the above methods may fail. Our main contribution is to solve a general
problem using a numerical method. The other added contribution is a detailed analysis of the impact jump parameters on
the optimal strategy. In this paper, we consider an example of a typical jump distribution and analyse the impact of jump
size, likelihood of jumps and the nature of jumps themselves i.e. positive or negative jumps. This analysis is not provided
by some authors see Garrido and Vazquez [12], Courtois and Menoncin [13] or Nkeki [14] for example. In [12], pricing of
pension plans is considered but impact of jump parameters is not shown precisely even though a normal distribution for
jumps is modelled and in [13], a Levy process is considered with examples but the sensitivity analysis of parameters is not
given. In [14], a jump diffusion model for DC pensions is considered but example of jump distribution is not shown with
the author focusing on effect of mesh size on price of plan. This paper also provides an alternative to Monte Carlo methods
that are increasingly being used for optimal control problems see Ma et al. [15], Rogers [16], Henry-Labordéreet al. [17]
etc. Together with the Monte Carlo methods, our method is able to handle more general problems with complex utility
functions [15] in our case we have an exponential utility.

Our method is not without its own shortcomings. Since it is based on the bisection method used in root finding, if
the function has a singularity, the method may fail. Also, if the function has many roots, the method can only converge
to one of them. This implies that the method is sensitive to initial guess. In this paper, we consider double exponential
functions where these issues can be avoided.

The paper is organised as follows. In Section 2, we introduce the dynamics of the assets available for investment and
deduce the fund process. In Section 3, we present the stochastic control problem and a verification theorem. Section 4
provides the solution of our control problem together with an existence result for the optimal strategy. Section 5 provides
numerical experiments and sensitivity analysis.

2. Market model

The market model in this contribution is a special case of the model introduced in [10]. As in [10], we assume that all
processes and random variables are defined on a filtered probability space (2, 7, P). The market has risky and riskfree
assets available to the pension planner to invest in. The riskfree asset whose value Sy(t) at t is given by

dSo(t) = rSe(t)dt, So(0) =1, (1)

where r > 0 is the riskfree interest. The price S;(t) of the risky asset is given by the jump diffusion process

N(t)
dSy(t) = Si(t—) (Mdt—i-cde(t)—i-dZ]i), $1(0) = 1, )

i=1

where W(t) is a standard Brownian motion, « and o are positive constants N(t) is a homogeneous Poisson process with
intensity A, ] is the size of jump drawn from a distribution with mean u; = E(J). We assume that W(t), N(t) and ] are
mutually independent.

The above dynamics refer to a special case of Sun et al. [10], where r, u and o are deterministic functions of t. We
have chosen these parameters to be constant but the method used here can be extended to one in [10]. One reason for
this is that we want to focus on the impact of jumps. As we will see later, Eq. (15) can be adapted to these functions, e.g.
b(t)= —yexp (f[T r(s)ds) in this case, by following the argument leading to that equation.

However, if r, u and o are stochastic as the case of Gao [4], then the resulting HJB equation becomes complicated and
at this stage we have not found a way to solve it.

We assume that the pension planner invests 5 (t) in the risky asset and the rest in the riskfree asset. In addition, we
assume pension members contribute premiums at the rate of c(t) at time t. To simplify the analysis, we also assume that
the contribution is non-random. The dynamics of the wealth are therefore given by (Gao [4]),

dsq(t) dSo(t)

+ (X(t) — (1))

X =r¢ 5 So(0)

+ c(t)dt.
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The dynamics of wealth can be simplified to get
N(t)
dX(t) = (1X(t) + (. — r)(t) + c(t))dt + m(t)odW(t) + m(t)d Z],-. (3)

i=1
3. Optimal control problem

We assume a standard Merton problem where the pension member is interested in maximising terminal utility of
the wealth since the wealth provides age-old pension to members upon retirement. We assume the utility function is
exponential

u(x) = —le*”,
Y
where y > 0 is the coefficient of risk aversion. This form of utility is popular since it provides closed form solution due
to its scaling properties [18-20]. The problem can be written as

ma%(E[u(X(T))],

s.tdX(t) = (rX(t) + (u — r)m(t) + c(t))dt + 7 (t)odW(t)
N(t) (4)

+(t)d Y i
i=1

The value function is defined as follows
H(t,x) = sup E[u(X(T))|X(t)=x], 0<t<T. (5)

well

The following theorem (see [21]) provides a Hamilton-Jacobi-Bellman (HJB) equation which characterises a solution to
the Merton problem.

Theorem 1. Assume H in (5) is such that H(t, x) € C2([0, T] x R,.). Then

1
0= mﬂax{Hr + (rx+ (u —r)m 4+ c)Hy + EJTZO‘ZHXX

+ MAE[H(t,x + 7]) — H(t, x)]} (6)
with boundary condition
H(T, x) = u(x). (7)

The proof is standard see Flemming and Soner [21]. The following verification theorem is necessary to ensure that the
solution to HJB equation indeed solves the optimisation problem.

Theorem 2. Assume W(t,x) € C“2([0, T] x R..) satisfies HJB subject to the boundary condition. Then H(t, x) = W(t, x). If
*(t) satisfies
1
0= H: +(x+ (i = 17" + Ot + (7)o H
+AE[H(t, x + 7*]) — H(t, X)] (8)
¥(t, x) € [0, T] x R.. Then *(t) is optimal i.e, W(t,x) = H™ (t, x)

The proof can also be found in [21].

We remark that as pointed out in this section, the application of stochastic control to deduce HJB equations is standard
here. The main difference with [10] and [11], is that the optimal strategy 7* cannot be found in closed form. Later in the
paper, we show how the optimal strategy can be found by numerically solving HJB equations. This section serves to ensure
a self contained exposition.

4. Solution of optimisation problem

From the boundary condition (7), we try a solution of the form
H(t, x) = —e/Oox, (9)
This implies that a(T) = — log(y) and b(T) = —y. Therefore
H; = (d' +b'x)H, Hy=bH, Hx = b’H.
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Substituting into (6), we obtain
0= mnax{(a/ +bX)+(x+(n—1)T +C)b+ %nzozbz
+ AE[" O™ — 1]} (10)
Comparing coefficients, we deduce that
b'+rb=0, bT)=—y,
whose solution can be found as b(t) = —ye"™~9, Therefore our trial solution becomes
H(t, x) = —e-reTx (11)

The form of this solution can be compared to the ones in [11,18,20] etc.
We also deduce that a satisfies the differential-integro equation

1
0 = max{a — (u — r)m(t) + c)ye "0 + inz(t)ozyzezr” 2
b

4 AE[ere U@ ), (12)
Let
800) = &' (0 = Na(0) + e 4 2 (1) 200 4 aple v T 1,
Then our HJB can be written as
Ozmnaxg(n). (13)
Applying a first order condition g’ = 0 to the static optimisation problem (13) implies
0=p—r—mo’ye T 4 2E[e e ], (14)

The following lemma shows that 7* can be found as a solution to Eq. (14).
Lemma 1. Eq. (14) has a finite root 7.

Proof. Let
h(w) = — 1 = w2y T 4 e ),
Then
W) = —o2ye T — AE[yeT-0p2e—r¢ O]
—ye T2 4 AE[2e e )
< 0.

So h is monotone decreasing and lim,_, _, h(7) > 0 and lim,_. h(r) < 0. The result then follows by applying the
intermediate value theorem. O

Substituting 7 into Eq. (12), we deduce that a satisfies the integro-differential equation
1 HT—t) 2
0= (=R + e = Z22(00 T —aEe Y 1

with boundary condition a(T) = — log(y ). We deduce that if the distribution of jumps J is known then a closed form of
a can be found. We summarise the above discussion in the following theorem.

Theorem 3. The optimal investment policy to maximise terminal expected exponential utility is given by the solution to the
equation

0=pu—r—n"t)o?ye "0 4 AE[J exp{—y e T Or*(t)}]. (15)
The maximal expected utility is given by
H(t, x) = —e®0—7e "%,

where a(t) satisfies the integro-differential equation
1 r(T—t)_ %
a/ _ ((,LL _ r) ( )+ C)yer(T—t) _ 5(7_1,*([.))20_2)/2821’ (T—t) )\E[e_ye (T—t) ty _ 1]’

with boundary condition a(T) = — log(y).
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Fig. 1. Effect of y and r on 7*(t).

5. Numerical examples

In this section, we present some numerical experiments based on a particular distribution of jumps. We also perform
sensitivity analysis of 7*(t) on various parameters. Assume jumps have a double exponential distribution with density

fi(%) = pme " 1pz0) + 412" 150, (16)
where p,q > 0,p + q = 1. Unless otherwise stated, the following parameters are used: T = 40,t = 0,1 = 3,p =
0.5,n; = 1/0.02, 7, = 1/0.03,r = 0.01, y = 0.4, u = 0.1, 0 = 0.2. We have taken these parameters from Kou [22] and
Kou and Wang [23] where jump diffusion models are introduced to option pricing. Some of these parameters are also
used in [10]. According to Kou and Wang [23], these parameters reflect typical financial applications.

Eq. (15) now takes the form

-0 4 Apm
(m + yerT=0*(t))?

0=p—r—n*t)olye

_ Aqm
(2 — yerT=0m=(£)?
This equation can be solved using a simple Bisection method.

Let r € [0,0.1] and y = 0.1,0.2, 0.3, 0.4. With these parameters we solve for 7*(t) in (17) to obtain Fig. 1. From
Fig. 1 we see that 7*(t) is decreasing in y. This is intuitive, as y is a measure of risk aversion meaning that the larger
the value of y is, the less the members are willing to take more risk meaning that they will invest little in the risky
asset. This conclusion is also reached in [10]. The added value here is that we are able to analyse the impact of y and
r simultaneously. Although the conclusion is the same, it is remarkable that we still get the same result working with a
more general utility function namely the exponential. Here, using an ansatz or guess will not lead to a closed form for
7*(t) on using the first order condition in the HJB, as in [10] for example. The methodology here allows one to work with
complicated utilities where analytic forms for 7*(t) are unlikely to be found.

Fig. 1 also shows that 7 *(t) decreases with r. An increase in r implies an increase in the return of the riskless asset.
This entails that members will invest less in the risky asset and more in the riskless asset.

Let u € [0.1,0.5] and o0 = 0.1, 0.3, 0.5. With these parameters we solve for 7*(t) in (17) to obtain Fig. 2. From Fig. 2
we see that 7*(t) is decreasing in o, the volatility of risky asset. The larger the value o, the higher the risk of investing
in risky asset hence pension members will likely invest less in risky asset. We also see that 7 *(t) is increasing in u. Since
w is the expected return of risky asset, an increase in this value means DC members can get more by investing in risky
asset.

We now consider the effect of jump parameters. Let A = 0.01,0.1, 1,3 and p € [0, 1]. With these parameters we
solve for 7*(t) in (17) to obtain Fig. 3. From Fig. 3 we see that 7*(t) is firstly decreasing then increasing in A. When
p is small, a large A means an increase in the likelihood of a downward jump (by considering the density (16)), which
implies increased risk of investing in risky asset. Pension members respond by investing less in risky asset. When p is
large and A is large also, this implies an increase in the likelihood of a positive jump resulting in an increase of expected
return from risky asset. Pension members respond by allocating more in risky asset. We also observe that 7 *(t) increases
in p. Since p is the probability of a positive jump implying an increase in expected return from risky asset, this entails

(17)
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Fig. 3. Effect of p and A on 7*(t).

a higher allocation in risky asset. The results are also found in [24]. The observation adds value to pension modelling
literature by analysing the impact of jump parameters on the optimal allocation which is not done in [12], [13] or [14] for
example. In [12], pricing of pension plans which is an indirect way of determining optimal allocation is considered but
impact of jump parameters is not shown precisely even though a normal distribution for jumps is modelled and in [13],
a Levy process for surplus is considered with examples later given of exponential jumps but the sensitivity analysis of
parameters is not given. In [14], a jump diffusion model for DC pensions is considered but example of jump distribution
is not shown.

Although not all papers deal with analytic strategies, there are very few that deal with numerical methods on pension
models. The closest would be Garrido and Vazquez where a normal distribution is used for the jumps. In order to compare
we could replace f;(x) i.e. (16) by a normal density.

6. Conclusion

In this paper, we considered a defined contribution pension plan, where the pension planner has to maximise utility of
terminal wealth by deciding how much to invest in a risky asset driven by a jump-diffusion process. We used stochastic
control theory to derive the investment strategy as a solution to an integro-differential equation which can be solved by
a simple root finding technique given the distribution of jumps.

Our findings confirm existing theories. Further, as we have noted in analysis of results, our approach enables one to
obtain a detailed analysis of the impact of jump parameters on the optimal allocation by considering typical models of
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jumps. We have added value in this direction by analysing the nature of jumps and the likelihood of a jump happening in
an interval of time. For example, we are able to investigate the probability of positive and negative jump occurring and
number of jumps in a unit time interval in a single analysis. As we have explained, this analysis is not usually present in
most articles on DC pensions.

The allocation strategy depends on risk preferences of pension members. We found that risk averse members will invest
less in risky asset. The likelihood of the stock having positive (negative) jumps results in more (less) being allocated to
risky asset.
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