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Abstract

This paper is concerned with the numerical solution of delay differential equations (DDEs). We focus on the stability
behaviour and error analysis of one-leg methods with respect to nonlinear DDEs. The new concepts of GR-stability,
GAR-stability and weak GAR-stability are introduced. It is proved that a strongly A-stable one-leg method with linear
interpolation is GAR-stable, and that an A-stable one-leg method with linear interpolation is GR-stable, weakly GAR-stable
and D-convergent of order s, if it is consistent of order s in the classical sense. © 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction

In recent years, many papers discussed numerical methods for the solution of delay differential
equations (DDEs) (see [1, 2, 9, 12-14, 19-24] and their references). They mainly focused on the
stability of numerical methods for linear scalar model equation

Y'(t)=ay(t) + by(t—1), >0,
y()=¢@), t<0, (1.1)
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where a,b are complex numbers which satisfy
|b| <—Re(a),

7(>0) is constant delay, and ¢(¢) is a continuous function. The concepts of P-stability and GP-
stability were introduced and a significant number of results have already been found for both
Runge-Kutta methods and linear multistep methods. Recently, the stability of RK methods has been
studied in [13] based on the following test problem:

Y'(&)=Ly(t)+ My(t — 1), t>0,
w)y=e(), t<0,

where L,M denote constant, complex matrices. However, we can not say that a stable method for
(1.1) or (1.2) is also valid for a more general system of nonlinear DDEs. The stability results of
numerical methods for nonlinear DDEs are much less. Up to now, we only see the stability analysis
of some methods (cf. [2, 20, 23]). In this paper, we investigate the stability of one-leg methods with
respect to nonlinear DDEs.

On the other hand, error analysis of numerical methods for DDEs is mostly based on Lipschitz
conditions. For stiff DDEs, however, the Lipschitz constant will be very large, so that the classical
convergence theory can not be applied. In this paper, in addition to stability analysis, we will also
investigate the error behaviour and obtain the global error bounds independent on the stiffness of
the underlying system. We will continue to analyse stability and error behaviour of Runge-Kutta
methods for nonlinear DDEs in other papers.

This paper is structured as follows: In Section 2, we fix our attention on a particular class of
DDEs, collecting several results from the literature. In Section 3, some new concepts of stability are
introduced for nonlinear DDEs. They are reminiscent of that for the stiff ODEs field. In Section 4, we
analyse the stability of A-stable one-leg methods with linear interpolation with respect to nonlinear
DDEs. In Section 5, we investigate the error behaviour of A-stable one-leg methods with respect to
nonlinear stiff DDEs. In Section 6, we briefly discuss the numerical solution of DDEs with several
delays.

(12)

2. Test problems

Let (-,-) be an inner product on C" and || - || the corresponding norm. Consider the following
nonlinear equation:

y)= f(t,y(),y(t — 1)), t=0,
)=dgi(#), 1<0, (2.1)
where 1 is a positive delay term, ¢, is a continuous function, and f:[0,+00) x C¥ x CV¥ — CV, is

a given mapping. In order to make the error analysis feasible, we always assume that the problem
(2.1) have a unique solution y(¢) which is sufficiently differentiable and satisfies

2

< M.
)
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Definition 2.1. Let p,q be real constants. The class of all problems (2.1) with f satisfying the
following conditions:

Re(u; — ua, f(t,u1,0)—f(t,uy,v)) < plluy — u2|[2, t=0,u,u, veCV, (2.2)
|f(tu,v) — F(tu,v)| < qlloy —vall, ¢=0,uv,, v,€C", (2.3)
is denoted by D, ,.

Remark 2.2. In the literature with respect to nonlinear stability and B-convergence of numerical
methods for ODEs, the class D, , has been used widely as the test problem class (cf. [3, 4, 6, 7, 9,
18]).

Proposition 2.3. System (1.1) belongs to the class D, , where p =Re(a) and q = |b|.

Proposition 2.4. System (1.2) belongs to the class D,, where p = u(L),u(-) is the logarithmic
matrix norm corresponding to the inner-product norm on C", and q = supy_, [[Mx|.

For the nonlinear case, consider the following example (cf. [8]):

by(t — 1)
L+ [yt = D)
where a>0 and b are real parameters and » is an even positive integer. This equation is a model for
respiratory diseases, where y(¢) represents the concentration of carbon dioxide at time z. Obviously,
this equation belongs to the class D, ,with p = —a and ¢ =|b| for n =2 or 4.

In order to discuss stability and asymptotic stability of DDEs (2.1) of the class D, ,, we introduce
another system, defined by the same function f(z,u,v), but with another initial condition:

Z(t) = f(tz(t),z(t — 7)), t=0,
z(t)=¢o(2), t<0. 2.4)

V(1) =—ay(t) +

Proposition 2.5. Suppose systems (2.1) and (2.4) belong to the class D, , with ¢ < —p. Then the
following is true:

I(0) = 2Dl < max [|$:(x) — ¢=(x)[, > 0. (2.5)

The proof of this proposition can be found in [20].

Proposition 2.6. Suppose systems (2.1) and (2.4) belong to the class D, , with q < —p. Then the
following holds:

tim_ | 3(1) — z(0)]| = 0. (2.6)

The proof of this proposition can be found in [23], where a more general result was given.
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3. Some concepts

We briefly recall the form of a one-leg method for the numerical solution of the ordinary differ-
ential equation

Y(t)=ft,y(), t=0,

¥(0) = yo. (3.1)
The one-leg k£ step method is the following:
P(E)Yn = W (6(En, 0(E)Yn), (3.2)

where 4 >0 is the step size, E is the translation operator: Ey, = y,.|, each y, is an approximation
to the exact solution y(t,) with ¢, = nh, and p(x) = Zﬁ:o a;x/ and o(x) = Zj;o Bix’ are generating
polynomials, which are assumed to have real cofficients, no common divisor. We also assume p(1)=

0, P(1)=0(l)=1.
Apply the one-leg k-step method (p,0) to DDE (2.1)

P(E)yn = hf(6(Ety, 6(E)Yn, ¥,), n=0,1,2,..., (3.3)

where the argument y, denotes an approximation to y(o(E)t, — 1) that is obtained by a specific
interpolation at the point ¢ = o(E)t, — 7 using {¥; }i<n-

Process (3.3) is defined completely by the one-leg method (p, ) and the interpolation procedure
for y,.

It is well known that any A4-stable one-leg method for ODEs has order at most 2. So we can use
the linear interpolation procedure for y,. Let 1 = (m — 6)h with integer m > 1 and 6 €[0,1). We
define

.}-;n = 5G(E)yn—m+l + (1 - 5)O’(E‘)yn—ma (34)

where y; = ¢(Ih) for I < 0.
Similarly, apply the same method (p,¢) to DDE (2.4)

P(E)z, =hf(c(ENt,,0(E)z,,2,), n=0,1,2,..., 3.5
2, = 60(E)zy_mi1 + (1 ~ 6)0(E)zn—m, (3.6)
where z; = ¢»(lh) for I < 0.

Definition 3.1. A numerical method for DDEs is called R-stable if, under the condition that ¢ < — p,
there exists a constant C which depends only on the method, v and g, such that the numerical
approximations y, and z, to the solutions of any given problems (2.1) and (2.4) of the class D, ,,
respectively, satisfy the following inequality:

Iw =zl < € ( max 1y~ 2 + max |6:(0) - ¢x(0)] 67

0<j<k—1
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for every n = k and for every stepsize A > 0 under the constraint
hm=r1, (3.8)

where m is a positive integer.
GR-stability is defined by dropping the restriction (3.8).

Remark 3.2. Torelli [20] introduced RN- and GRN-stability for numerical methods applied to nonau-
tonomous nonlinear DDEs. They require that the difference of two numerical solutions is bounded
by the maximum difference of the initial values which means that the method is contractive. Here
we relax their requirements. R- and GR-stability only require the difference to be controlled and
uniformly bounded. Therefore, R-stability is a weaker concept than RN-stability. In fact, if a method
is RN-stable, then we can choose C =1 such that the method is R-stable.

Proposition 3.3. Any R-stable one-leg method is A-stable.

Definition 3.4. A numerical method for DDEs is called AR-stable if, under the condition that ¢ < —
p, the numerical approximations y, and z, to the solutions of any given problems (2.1) and (2.4)
of the class D, ,, respectively, satisfy the condition

lim |, 2] = 0 (39)

for every stepsize 4 > 0 under the constraint (3.8).
GAR-stability is defined by dropping restriction (3.8).

Definition 3.5. A numerical method for DDEs is called weak AR-stable if, under the assumptions
of Definition 3.4, (3.9) holds when f further satisfies

|| f(t,ur,0) — f(t,u2,0)|| < Llluy — w2]|’, £ 20, wy,up, vECY, (3.10)

where b is a positive real number and L is a nonnegative real number.
Weak GAR-stability is defined by dropping the restriction (3.8).

Remark 3.6. If the function f(¢,u,v) is uniformly Lipschitz continuous in variable u, then (3.10)
holds.

Remark 3.7. Both AR-stability and weak AR-stability can be regarded as the nonlinear analogues
of the concept of P-stability [1].

Up to now, error analyses of numerical methods for DDEs are mostly based on the function
f(t,u,v) satisfying Lipschitz conditions for # and v. For stiff DDEs, however, the Lipschitz constant
with respect to u will be very large, so that the classical convergence theory cannot be applied.
Now, we introduce the concept of D-convergence for stiff DDEs.
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Definition 3.8. The one-leg method (3.3) with interpolation procedure (3.4) is said to be D-con-
vergent of order s for the problem class D, , if this method when applied to any given problem
(2.1) of the class D,, with y; = y(t;), i <k, produces an approximation sequence {y,}, and the
global error satisfies a bound of the form

Hy(t ) - ynH C(t )hY nz= k9 hE(O,ho],

where the function C(¢) and the maximum stepsize 4, depend only on the method, some of the
bounds M;, the delay <, the characteristic parameters p and g of the problem class D, ,.

Remark 3.9. D-convergence concept was firstly proposed by Zhang and Zhou [24] for Runge—Kutta
methods. It was assumed that ¢ < — p in [24]. Here we drop this restriction. The D-convergence
concept is wider than the well-known B-convergence concept (see [6, 7, 9, 15, 16]). D-convergence
for the problem class D, is just B-convergence. B-convergence results of one-leg methods can
be found in [11, 15].

4. Stability analysis
In this section, we focus on the stability analysis of A-stable one-leg methods with respect to the

nonlinear test problem class D, ,.
Let y,,z, € CV,

yn — Zy
Y1 = Zpyy
w, =
Yntk—1 — Zntk—1

and for a real symmetric positive definite k¥ x k matrix G = [g;;], the norm | - || is defined by

1/2
|U”G - (Z glj Ui, U; ) s = (ul,uz, ug)T S CkN.

i j=1

Theorem 4.1. Assume that the one-leg k step method (p,c) is G-stable for a real symmetric
positive definite matrix G and that the solved problems (2.1) and (2.4) belong to the class D, ,,
then

[warillG < [Iwoll +h2[(2p+q)l|0(E)(y, —2)|* + 8qllo(EY¥)-m1 = Zj—m)II*

j=0

+(1 = O)qlloENYj—m — z-m)II*)- (4.1)
Proof. Suppose the method is G-stable for G, then for all real ay,a;,...,q;,

A{GA, — Ay GAo < 20(E)aop(E )ay,
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where 4; = (a;,a;11,...,8:44-1)", i =0,1. Therefore, we can easily obtain (cf. [4, 15, 17])
IWar Iz = Walll < 2Re(G(E YN Yn — 24 ), PE YN Yn — 2))- (4.2)
Hence
1Waii 15 — IWalls < 2Re(G(ENYn — 2) (S (5(E)t, 6(E) yns 7,)
— f(0(E)t,, 0(E )20, 2,)))
< 2Re(0(E) Y — 2n)s H(S(O(Etn, 6(E)Y1s 7,) — [(0(Etn, 6(E )z 7,)))
+2Re(0(E ) Y — 22 ) B(f(0(E Y, 6(E )24, 3,) = [(O(E s 6(E )z, 2,)))
< 2h[plla(EXyn — 2P + gllo(E)yn — 2| - 17, — Zall]
< Q2p + QhlloEY . — z)I° + ghll5, — 2|1
It follows from (3.4) and (3.6) that
17, = Zl* < OoE) Yn-met — ZnemsII* + (1 = O 6(EN Ya-m — Zn—m)I’
+25(1 = H|oEY Pn-ms1 — Zn-me Ml - 16E Y Ynem = Zu—m)l
< O EY Yn-mi1 = Zu-mi)l + (1 = Y OEN Y — Zam)
+0(1 = SYN|GEY Pn-ms1 = Zn-msDII* + 16CEY Ynm — za—m)|I*)
= | G(EYYnms1 = Zume)I* + (1 = O GEY Ve — Zu-m) |-
Therefore,

[Wasrille = Iwalle < 2P+ DRINSEN s — 20)II* + 5ghllO(EYYn-ms1 = Zo-msr)|I?
+(1 = 8)ghllo(EYYn-n ~ 2a-m)II*.

By induction we have that (4.1) holds, which completes the proof of Theorem 4.1. [

Theorem 4.2. Any A-stable one-leg method (p,0) is GR-stable.

Proof. Suppose the method is A-stable. Then f;/x, > 0 and the method is G-stable (cf. [5]). Ap-
plication of Theorem 4.1 in combination with the condition that 0 < ¢ < — p yields

n—m+1

[ wari I < llwolls + PR Y 0(EXy; — 2)IF +6gh Y Nlo(EXy; — )|

J=0 J=—m+1

+(1-o)h S oEYy, — 2P

J==m
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When m > 2 we have

—~1

—1
Waiil& < lwollg +0gh D No(EXy; —2)IP + (1~ d)gh Y llo(E)y; — 2)|?

J=—m+1 Jj=—m

< Iwollz + (m — 1)dgh_ max_ o(EXy; )|

mq
m+1<

+(1 - oymgh_max_ |lo(E)y; — )|
< ||wollg + (m — &)qh _max_ [lo(EXy; ~ z)|?
= [woll + g _max_ llo(E)(y; - 2)II" (4.4)

On the other hand, when m = 1 we have

[Wast 5 < llwolls + (1 = 8)ghllo(EYy-1 — z-0)|
= [woliz + gzlloEXy-1 — z-)II* (4.5)
Combining (4.4) and (4.5) yields

Wil < llwollG +g7_max Jlo(E)y; —2)IP, >0, m>1. (4.6)

Let A, and A, denote the maximum and minimum eigenvalue of the matrix G, respectively. Then
we have
k=1
A2l Yark = zark || < Ay Z lyi =zl + ¢t max |lo(EXy; — Zj)“Z, nz=0.
=0 mmsjsl
Hence,
kA

_ 2 2 2 qc
[ Ynke = Zwsell* < 7 0 Iax |y, —z|" + 7 X

[0(EXy; —z)IP, n>0. (4.7)

N

This shows that the method is GR-stable.
In the following, we further investigate the asymptotic stability of one-leg methods. A method is
strongly A-stable if it is 4-stable and the modulus of any root of o(x) is strictly less than 1.

Theorem 4.3. A strongly A-stable one-leg method is GAR-stable.

Proof. Analogous to Theorem 4.2, we can easily obtain

Waiilz + (=p = h Y o EXY; = 2)I

Jj=0

<|wollg +gv_max _ [lo(EYy; —2)IF, n>0. (4.8)

Because —p — g > 0 and 4 > 0, we have
fim [[o(E)(ys — 2,)|| =0. 4.9)
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On the other hand,

k
O-(E)(yn —Zn)=ZBj(yn+j _zn+j)a (410)

j=0

which gives

Wy =Aw, + B, 4.11)
where
[ 0 1 0 0 ] [ 0 T
0 0 1 0 0
A — ' . . ..' : ®IN’ Bn = .
0 0 0 1 0
Bo B i B 1
e Bl —0(E)yn — 2n)
L B B B Bi | L Bi |

Here ® is the Kronecker product, and Iy is the N x N-identity matrices. From the strong A-stability
of the method, we have the spectral radius of the matrix A strictly less than 1. Therefore, there
exists a norm || - ||. in C*¥ such that the corresponding operator norm ||4[|« = sup ., [[4x[}x < 1.
From ||B,||+ — 0 we know that, for any ¢ > 0, there exists / > 0 such that ||B,||x < (1 — ||4]|x)e/2
when n > [. Hence,

n—I[—1
wall« = 14" Wi+ > 4Byl < [lAI5 " willx + /2, n2>1, (4.12)

=0

which shows that there exists Ny, > / such that ||w,|| < ¢ when n > N,. Therefore, we have
lim ||y, —z,]| =0,
H—00

which completes the proof of Theorem 4.3. O

Lemma 4.4. Suppose {&(x)}_, are a basis of polynomials for P*~!, the space of polynomials of
degree strictly less than r, then there is always a unique solution y,,...,V,.,_ to the system of
equations

E(E)y,=b:, beC, i=1,...,r (4.13)
and there exists a constant D, independent of the b;, such that

max |Vuril <D max |B; |- (4.14)

0<igr—

Theorem 4.5. Any A-stable one-leg method (p, o) is weak GAR-stable.

Proof. It follows from — p—g>0 and A >0 that
tim [[o(E)(y — 2)]| =0. (4.15)
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Considering (3.10), we further obtain
Tim ||p(E)(ys — 2,)] = 0. (4.16)

On the other hand, p and ¢ are coprime, and both are of degree k. Hence, {x'p(x),x'o(x); i =
0,..., k — 1} form a basis for P*~', Considering (4.15), (4.16) and Lemma 4.4, we have

hm ”yn - Zn” = 03
n—o

which completes the proof of Theorem 4.5. [

Corollary 4.6. Any A-stable one-leg method (p, o) is GP-stable.

5. Error analysis of A-stable one-leg methods

In this section, we focus on the error analysis of A4-stable one-leg methods applied to stiff DDEs.
For the sake of simplicity, we always assume that all constants 4;,c; and d; used later are dependent
only on the method, some of the bounds M;, the characteristic parameters p and g of the problem

class D, ,, and 7.
Now, we consider scheme (3.3) and the following scheme:
P(E)D, + ae, = hf(6(Et,, 0(E), + Brew V), n=0,1,2,..., (5.1)
where
2
13 B 2 B . 1[N,
¢ =—§Z:(ﬁj_ a—k“j)J - (X_kZ]Bj+§ Z_:Jﬁj ; (5-22)
j=0 j=0 j=0
B, = y(tn) + e’y (), (5.2b)
Y, = y(o(EX, — 1), (5.2¢)

where y(¢) is the exact solution of problem (2.1). Then for any n>=0, e, is uniquely determined by
Eq. (5.1).

Theorem 5.1. Assume that the one-leg method (p,0) is G-stable with respect to G and that the
Sfunction f(t,u,v) satisfies conditions (2.2) and (2.3). Then there exist constant h,,d\,d, and d,
such that

||s,,+1||f; < (1 +d\b)|elE + drh||y, — I_’,,||2 +dh7! ||e,,||2, n=0,12,..., (5.3)
Where &y = ((yn - }’},,)T,(ynﬁ—l - j}n+1)T>- . -’(yn+k—1 - .j;n-i—k—l )T)T'
Proof. In view of G-stability, analogous to Theorem 4.1, we have

&1 lle < llealls + 2Re({0(EXYn — 5,) — Brens PIENYn — $;) — Oken), (5.4)
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where
En+1 = ((yn+l - 9"+1)T,(yn+2 - j’n+2)T5 .. "(yn+k - j}n+k - en)T)T'
It follows from conditions (2.2) and (2.3) that

&1l < lleallG + 2hRe(T(EY Y — 5,) — Brens f(O(E, 5(E )Y, 3,)
—f(O'(E)t,,, O'(E)j}n + ﬂkem Yn )>

< llenlls + 220pIlo(EXyn = 3,) — Brenll” + qllo(E)n — 3,) — Breal - 113, — T 1]
< llealls + 2[Q2p + DIoEXys — 3,) — Beeall’ + qll7, — Yal1. (5:5)
Let
_Jo, 2p+4¢<0,
¢ *{2p+q, 2p+4g>0, (5.6)
then
Ewii s < Neall, + Ale2 0GBy — 5,) = Beeall +all3, — Tl (5:7)
On the other hand, it follows from (3.3) and (5.1)
- Bx
oEX = 3) = iea=3 (B = 2) Gy = 31
j=0
ﬂk

h( S((Ety, 6(E)yn, 7,) — [(0(EM, 0(E)F, + Brens ¥,))-
From G-stability of the method we have f;/a, >0 (cf. [4, 5]). Then
lo(EXyn = 3,) = Breal’

k—1
=Re <0'(E)(yn -3 - ﬂkemz (ﬁ/ b ) (Pntj — JA’n+j)>

=0
ﬁk hRe(O’(E Yn = 3,) — Brens f(0(E)t, 6(E)Yr, 7,)

_f(U(E)tm G(E)yn + ﬁkem ? )>
k—

S (-2 0n - 5.

< |lo(E) Y = 5,) — Breall [

+ b hpllo(E)(y,, Yu) — Beeall + g—:hqllfn - Yn”:| :

When hp B /o, <1, we have

IoEXon — 5~ reall < 2 [l + bl = T (58)
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where

C3; = max
0<j<k—1

Br
C— — L
ﬂ] o J

/ Vi (59)

and A, denotes the minimum eigenvalue of the matrix G. Therefore, together with (5.7) and (5.8)

2¢,02h B \’ - -
Gt |)% < lleallt + —— c2£n2+(—h> 7, — VP + g7, — V)
&1l < llenlle o — fuhn ) sllealls 2 137, = Yall*| + qhll3, — Yl
2c,c2oth 2 2cx(Brhg)’ = T2
|14+ ——=— ] |le,ln + + ————— | h||y, — Y. hploy <1. 5.10
( ((xk — ﬁkhp)z ” ”G q (ak _ ﬁkhp)z “y ” ﬁk p/ k ( )

Let A; denote the maximum eigenvalue of the matrix G, then

lensllE < N liE + Ailleal +2v/Zlleall - 10 llo

- 1
<Ml + (145) Ale (5.11)
Let
1, p<0,
1= {min(l,z—;i‘; , p>0, (5.12)
2c,c303(1 + h)
di= su 1+ ——— ], 5.13a
' o ( (o — Behp)? (-132)
2¢,(Bihq)’
d,= su + ————""= | (1 + h), 5.13b
" heom) (q (o — Puhp)? ( ) ( )
d3:hr€r(1&1(l](l + h)A,, (5.13¢)

then (5.3) holds, which completes the proof of Theorem 5.1. O

Theorem 5.2. Assume that the one-leg method (p,o) applied to problem (2.1) of the class D,
is consistent of order s <2 in the classical sense for ODEs and that Bi/o; >0, then there exists
constant d, such that

le.l < dab*', he(O,m]), n=0,1,2,..., (5.14)
where h, is defined by (5.12).

Proof. Consider the following scheme:

B

—hy'(a(E)) + R, (5.15)
k

Y(o(E),) = kZ (ﬁ,» - b ocj) B T

j=0 Xk

p(E)D, = hy'(6(E)t,) + RS". (5.16)
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By Taylor expansion, there exists constant ¢, such that
IR < o,
IR < eah™*.

From (5.1) and (5.15) we have

WG(ENy) — o(EY3, — Bren = f—’k‘h[f(a(E)tn, W(E)), Wa(Ety — 1)

— f(6(E)t,, 6(E), + Pren, T)] + R

In view of (2.2) we can obtain further

I(a(EYtn) = 6(E)3, — frea|® < —hplly(G(E)t)—G(E)yn Breall?

+ RPN - | (0B M) — 0(E)F, — Brenll,
then
[9(a(Et,) — 0(E)D, — Breall < 2R, he(0,h],

where A, is defined by (5.12).
Substituting (5.19) with (5.20), we have

30(k

(ALY (0(E)ty) — f(O(Etn 0(E)S, + Bren T)]|| < HR‘”)H he(0,h].

On the other hand, a combination of (5.1) and (5.16) yields

e, = hf(0(EN,, 0(E)P, + Bren Tn) — hy' (a(EXt,) — RS

Hence

leall < == ||R(")||+ lHR(")II he(0,h].

1Bil ot
In view of (5.17) and (5.18), (5.14) holds, which completes the proof of Theorem 5.2.
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(5.17)
(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

Theorem 5.3. If an A-stable one-leg k step method (p, ) is consistent of order s in the classical

sense for ODEzs, then it is D-convergent of order s, where k > 1, s =1,2.

Proof. Suppose the method (p,o) is A-stable. Then f;/a; >0 and the method is G-stable. From

Theorems 5.1 and 5.2, we have
lens e < (14 dib)|lealls + dahll 5, — Tl + dsdub™*',  he(0,h1]

By induction, it is easily seen that

lenii s < lleollz + 2D [d2)l7: = VNP + dillells + dadak™),  heE(0,h).
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Therefore,

\ A &= A h o
“yn+k - yn+k||2 S /1_2 Z lly, —yj||2 + /1—2 Z[dzﬂyl — YIHZ
j=0 i=0

k-1

+dvia S i = Do I+ dsdah®), BE (0],

=0
On the other hand,
I3 — il = 1|7, — y(a(E): — 7))

< 160(E)Yis1-m = Jwr—)| + (1 = ONGENPizm = )
+ 166(E)Di_ + (1 — 8)o(E)P,_,, — ¥(o(EX; — 7))

k k
<Y 1B yisr-m = Frojrmll + (=) D 1B Vitsmm = Pyl

J=0 Jj=0

+“6Zﬂjyz+j+] m+(1 —6)Zﬁlyt+1 —m y(G(E)ti_T)“'

Jj= j=0
By Taylor expansion, there exist constants 4, and ds such that

k+1

“J_)n - YMHZ < d5 [Z ”yi+j—m - -)’}H—j—-muz + h4} » he (0,h2]
j=0

Substituting (5.23) with (5.24), (5.2) and y; = y(¢;), j <k — 1, leads to

k—1
Al n+

1 Vnek = Pusell’ < ke 2M2h4+ d kh Z lyi — Pl

=0

h n k+1 X
+ 1—2 E |:d2d5 (Z “yH—j—m - y,-+j_mH2 + h4) + d3d4h2s}
i=0

n+k—1
[(/llkczM2 + dodsnh)H + nhdsdah™ + hdikh S ||y —

i=0

n+k+1—m

+ dyds(k +2)h Y lly,»—yz-uz}, h e (0,hs),

i=—m

where Ay =min(h;, k) <1, m=21, n20, s=1,2.

(5.23)

(5.24)

(5.25)

Therefore, whether m = 1 or m>1, it is certain that there exist constants Ay,cy and d such that

n+k--1

“yrH—k yn+k“ CO(I +tn+k)h2s+hd0 z “yt ‘yzllz n_O 1 2 K]

i=0

(5.26)
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By induction we can obtain
| Ynrk = PusillP < exp(dotni co(1 + tuei B + hdok [max ||y — PPnn=0,1,2,...,
h € (0, ko). (5.27)

In fact (5.27) obviously holds when n = 0. If (5.27) holds for » < I, where / is a positive integer,
then it follows from (5.26) that

I+k—1

Ve = Drill? < coll+ b )W + hdo > |lyi — §iI?
i=0
I+k—1
< co(1 + 1 )h® + hdok Jmax, Iy = $:1? + hdo Z [exp(dot; )(co(1 + )h*
£j<

i=k
b — 1 2
+hdok max ||y — 3,)]

I+k—1
< [Co(l + tH_k)hzs + hdok max ”y, - )31”2] 1 + hdo exp(dot,-)
0sj<k

i—k
< exp(dotisi )[co(1 + tix )B + hdok Olgffk |y — 2:11°):

This shows that (5.27) holds for every n = 0. From (5.2) we further obtain

| Ynek = Y(Easi)|| < |1 | MR + CXP(%dothrk)[hs\/Co(l + tark) + Vdokho|ci |[MyR?),
n=20,1,2,..., he(0,h)]. (5.28)

This shows that the method is D-convergent of order s,s=1,2, which completes the proof of
Theorem 5.3.

Now, we review results from the literature for one-leg methods. For ODEs, Dahlquist [5] proved
that A-stability is equivalent to G-stability. Li [15] proved that A-stability implies B-convergence,
and Huang [10] further proved that B-convergence implies A-stability. For DDEs, from Definition 3.1
and Theorem 4.2, A-stability and GR-stability are equivalent. From Definition 3.8, D-convergence
implies B-convergence. Theorem 5.3 shows that A-stability implies D-convergence. Therefore we
have the following result.

Theorem 5.4. For a one-leg k-step method (3.3) with linear interpolation (3.4), the following
statements are equivalent:

(1) (p,0) is A-stable.

(2) (p,0) is G-stable.

(3) (p,0) is B-convergent.

(4) (p,0) is GR-stable.

(5) (p, o) is D-convergent.

For solvability of Eq. (3.3) with (3.4), we refer to [4] when m > 1. When m = 1, we have the
following result whose proof is similar to the proof of Lemma 1.2 in [4].
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Theorem 5.5. Suppose that
h(p +q) < a/Bs-

If ty, Yo—ms Yn—mits--» Va1 are given, then y,.; is uniquely determined by Egs. (3.3) with (3.4).

6. Equations with several delays

Consider the following equation with several delays:

yl(t):f(tay(t)’y(t - Tl)ay(t - TZ)a"'ay(t - Tr))a L= 0,
y()=¢:i(t), 1<0. (6.1)

Because t14,71;,...,7, are positive constants, there are no additional difficulties with respect to (6.1).
We can similarly define the concepts of stability and convergence in this case. All results given in
this paper can be modified easily to this more general situation. But we do not list them here for
the sake of brevity.
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