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In this paper, we consider an extension to the compound Poisson risk model for which
the occurrence of the claim may be delayed. Two kinds of dependent claims, main claims
and by-claims, are defined, where every by-claim is induced by the main claim and may
be delayed with a certain probability. Both the expected discounted penalty functions
with zero initial surplus and the Laplace transforms of the expected discounted penalty
functions are obtained from an integro-differential equations system. We prove that the
expected discounted penalty function satisfies a defective renewal equation. An exact

representation for the solution of this equation is derived through an associated compound
geometric distribution, and an analytic expression for this quantity is given for when the
claim amounts from both classes are exponentially distributed. Moreover, the closed form
expressions for the ruin probability and the distribution function of the surplus before
ruin are obtained. We prove that the ruin probability for this risk model decreases as the
probability of the delay of by-claims increases. Finally, numerical results are also provided
to illustrate the applicability of our main result and the impact of the delay of by-claims on
the expected discounted penalty functions.
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1. Introduction

It is well known that the classical risk model, in which claims occur according to a Poisson process, has been extensively
analyzed; see Bowers et al. [1, Chapter 13], [2,3] and references therein. Ruin probabilities and many ruin related quantities
such as the marginal and the joint defective distributions of the time to ruin, the deficit at ruin and the surplus prior to ruin
have been analytically studied.

A unified approach to studying together the above fundamental risk quantities in just one function has been proposed
in the seminal paper [4], by introducing the expected discounted penalty function for the classical risk model. Soon after,
much of the literature on the expected discounted penalty function for the compound Poisson risk model was extensively
developed, for instance in [5-7].

In reality, insurance claims may be delayed for various reasons. Since the work in [8], risk models with this special feature
have been discussed by many authors in the literature. For example, Yuen and Guo [9] studied a compound binomial model
with delayed claims and obtained recursive formulas for the finite time ruin probabilities. Xiao and Guo [10] obtained the
recursive formula for the joint distribution of the surplus immediately prior to ruin and the deficit at ruin in this model.
Xie and Zou [11] studied an extension to the risk model proposed in Yuen and Guo [9]. Xie and Zou [12] also studied the
expected present value of total dividends in a risk model with delayed claims under stochastic interest rates.

All risk models described in the paragraph above were discrete time risk models. Motivated by these papers, we explore
analogous problems, but in the compound Poisson risk model with delayed claims. In our risk model, two kinds of dependent
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claims, main claims and by-claims, are defined, where every by-claim is induced by the main claim and may be delayed with
a certain probability. This kind of specific dependent risk model may be of practical use: for instance, a serious motor accident
causes different kinds of claims, such as ones for car damage, injury, and death; some can be dealt with immediately while
others need a period of time to be settled. We study the expected discounted penalty function for this risk model and obtain
many ruin related quantities through the expected discounted penalty function.

The model proposed in this paper is a generalization of the compound Poisson risk model. Hence our results in this paper
include the corresponding results for the compound Poisson risk model obtained in [4]. The work of this paper can also be
seen as a complement to the works of Yuen and Guo [9] and Xiao and Guo [10].

It is obvious that the incorporation of the delayed claims makes the problem more interesting. It also complicates
the derivation of the expected discounted penalty function. Our aim is to give an exact representation for the expected
discounted penalty function in the risk model with delayed claims. The paper is structured as follows. A brief description
of the delayed claims risk model is considered in Section 2. In Section 3, we derive an integro-differential equations system
for the expected discounted penalty function. Both the expected discounted penalty functions with zero initial surplus
and the Laplace transforms of the expected discounted penalty functions are obtained in Section 4. Then the defective
renewal equation for the expected discounted penalty function is obtained and an exact representation for the solution
of this equation is derived through an associated compound geometric distribution in Section 5. The explicit results for the
expected discounted penalty functions with positive initial surplus are given when the claim amounts from both classes
are exponentially distributed in Section 6. Moreover, the closed form expressions for ruin probability and the distribution
function of the surplus before ruin are obtained. We also prove that the ruin probability for this risk model decreases as the
probability of the delay of by-claims increases in this section. Finally, in Section 7, numerical results are also provided to
illustrate the applicability of our main result and the impact of the delay of by-claims on the expected discounted penalty
functions.

2. Model description and notation

Here, we consider a continuous time model which involves two kinds of insurance claims, namely the main claims and
the by-claims. Let the aggregate main claims process be a compound Poisson process and {N(t); t > 0} be the corresponding
Poisson claim number process, with intensity A. Its jump times are denoted by {T;};>1 with Tp = 0. The main claim amounts
{Y;}i>1 are assumed to be independent and identically distributed (i.i.d.) positive random variables with common distribution
F.Let {X;}i>1 be the by-claim amounts, assumed to be i.i.d. positive random variables with common distribution G. The main
claim amounts and by-claim amounts are independent and their means are denoted by ur and u, respectively.

In this risk model, we assume the claim occurrence process to be of the following type: there will be a main claim Y;
in every epoch T; of the Poisson process and the main claim Y; will induce a by-claim X;. Moreover, the by-claim X; and its
associated main claim Y; may occur simultaneously with probability 8, or the occurrence of the by-claim X; may be delayed
to Ti;1 with probability 1 — 0. If the occurrence of the by-claim X; is delayed to T;;;, we assume that the occurrence of the
delayed by-claim X; is independent of the occurrence of next main claim Y;; ;. When 6 = 1, that means that the main claim
and its associated by-claim occur simultaneously in every epoch. Actually, this case is very similar to the classic compound
Poisson risk model. In our set-up, there is a by-claim, X, occurring simultaneously with the main claim Y. Hence, the only
difference is that we use Y + X as our claim amount random variable while the compound Poisson risk model simply
considers Y.

In this set-up, the surplus process U(t) of this risk model is defined as

N(t)
Uty =u+ct— Y Yi—R(), (2.1)
i=1
where u is the initial capital, ¢ the constant rate of the premium, and R(t) is the sum of all by-claims X; that occurred before
time t.

Now, we consider the number of claims that occurred before time t. From the definition of the aggregate main claims
process, the number of main claims that occurred before time t is N(t). The last main claim that occurred before time ¢ is Yy ).
The main claim Yy, will induce a by-claim Xy . If by-claim Xy and its associated main claim Yy, occur simultaneously,
the number of by-claims that occur before time t is also N(t). The probability of this event is 0. If the occurrence of by-claim
Xn( is delayed, the number of by-claims that occur before time ¢ is N(t) — 1. The probability of this event is 1 — 6. From
these discussions, it follows that

N(t) B N(t) B .y (o) ()\f)n
E| D Yi+R®) | =E| > Yi|+ER®D] = Atpr + Ot + (1—0)e ™ ) (n— Dpuc

]
p i1 =

o (A"
= Atpr + Ortpc + (1 — 0)e (Ate“ -3 ) e

|
1 n:

= Atpr 4+ OAtpg + (1 — 0)e M (rte™ — (€™ — D)) e
= Mpup + Apug — (1 — O)pug(1—e ™).
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Thus in order to guarantee the positivity of the security loading, we assume that

A(ur + pg) < c. (2.2)

We define the time of ruinby T = inf{t > 0: U(t) < 0} (T = oo if the setis empty). Let |U(T)| and U(T —) be the deficit
at ruin and the surplus immediately before ruin, respectively. The expected discounted penalty function & (u) is defined as

@) = EleTw(U(T—), [UTDIT < 00)|UO) =ul, u>0, (2.3)

where I(A) is the indicator function of a set A, w(x1, X), 0 < X1, X, < 00, is the penalty function, and ¢ is a non-negative-
valued parameter. We remark that choosing different forms of the penalty function w(x1, x,) in Eq. (2.3) gives rise to different
information relating to the deficit at ruin and the surplus before ruin. A special case of the expected discounted penalty
function (with § = 0 and w(xq, x) = 1) is the well-known ultimate ruin probability ¢(u) = P(T < oco|U(0) = u), u > 0.
The financial explanations of w(x1, x;) can be found in [4].

3. The system of integro-differential equations

In order to derive the system of integro-differential equations for the expected discounted penalty functions, we need
to consider an auxiliary risk model. With all else being the same, we consider a slight change in the risk model. Instead of
having one main claim and a by-claim with probability 6 in the first epoch T3, another by-claim is added in the first epoch.
We denote the corresponding expected discounted penalty function for this auxiliary model by @ (u) which is very useful
in the derivation of @ (u).

We are interested in the expected discounted penalty function @ (u). Consider what will happen in the first epoch T;.
Obviously there will be a main claim Y;. The main claim Y; will induce a by-claim X;. If the by-claim X; also occurs in the first
epoch Ty, the surplus process U (t) will renew itself with a different initial reserve. The probability of this event is 0. If the
occurrence of the by-claim X; is delayed to T,, U(t) will not renew itself in this case but will transfer to the auxiliary model
described in the paragraph above. The probability of this event is 1 — 6. Remember that the expected discounted penalty
function for the auxiliary model is @ (u). Taking what happened at T; into account, we can set up the following equation
for @ (u) and @1 (u):

o0 u4-ct
®(u) = 9/ Ae~ AL </ @ (U + ct — y)dF x G(y) + /
0 0

u+-ct

o0

wu +ct,y —u— ct)dF = G(y)) dt

o] u+-ct 00
+( —9)/ re~AFo (/ @1 (u + ct — y)dF(y) +/ wu+ct,y—u— ct)dF(y)) dt, (3.1)
0 0 u

+ct
where * denotes the distribution functions convolution. With the auxiliary model, similar analysis gives

o0 u+-ct
®1(u) = 6 / pe~ Dt (/ @ (u+ct —y)dF %G * G(y) + /
0 0 u

o0
w(u +ct,y —u— ct)dF *G*G(y)) dt
+ct

oo u+-ct
+(1-0) / PGl (/ @1(u + ct — y)dF x G(y) + /
0 0 u

o]

w(u+ct,y —u— ct)dF * G(y)) de.
+ct
(3.2)

Setting s = u + ct in (3.1), (3.2) and differentiating with respect to u, we get the following system of integro-differential
equations:

CO'(w) = ( + ) D) — A9 ( / @ — y)dF % G(y) + wz(U)) _A(1-06) ( / @1 (u — YAFY) + w1(U)) . (33)
0 0
cP1(u) = A+ 8)P1(u) — 20 (/u @ (u —y)dF * G x G(y) + w3(u)>
0

u

oo

@1(u—y)dF « G(y) + wz(u)> (3.4)
0

where wi(u) = [~ w(u,y — wdF(y), wa(u) = [~ w(u,y — w)dF * G(y), and w3 (u) = [~ w(u,y — u)dF % G * G(y).
4. The Laplace transform

Henceforth, we focus our interest on the expected discounted penalty functions @ (u) and @ (u). Their Laplace transforms
can be derived as follows.

As in [13], we define an operator I of a real-valued function f, with respect to a complex number r, to be

rfx) = / T ey, x> 0.
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It is clear that the Laplace transform of f, f (s), can be expressed as I'f (0), and that for distinct r; and 5,
Lf () = Tf

1_;‘1 [;’zf(x) = Ezrr1f(x) = T r
2— N

x> 0.
Ifri=rn=r,
o0
[ nf () = / ¥ —0e YV G)dy, x>0,
X

The properties for this operator can be found in [13-16].

For Re s > 0, we define
o0

br(s) = / exp(—sy)dF(y),  be(s) = / exp(—sy)dG(y),
0 0

oo

Brac(s) = f exp(—sy)dF # GO, Bracec(s) = / exp(—sy)dF # G % G(y).
0 0

Note that br.c(s) = br(s) - be(s) and br.cuc(s) = bruc(s) - ba(s).
We also define the Laplace transforms of @ (u) and @ (u) as

P(s) = / exp(—su)® (u)du, @1(s) = / exp(—su)®q(u)du.
0 0
Define w;(s) to be the Laplace transforms of w;(u) fori = 1, 2, 3. Taking Laplace transforms of (3.3) and (3.4) and making
some simplifications, we obtain
(=B (0) +5P(5) = (h + )P (5) — A0(D()bruc(5) + W2(5)) — A(1 = O)(D1(5)be (5) + W1(5)),
c(=@1(0) + 5@1(5)) = (A + 8)@1(5) — A0 (D()brucic(s) + W3(5)) — A(1 — 0)(P1(S)brsc(s) + W (s)),
which can further be simplified to

(cs =8 — A+ A(1 = O)bruc($)) (W(s) — cP(0)) — A(1 — 0)be(s)(W*(s) — c®1(0))

d(s) = ~ 4.1
® —(cs — 8 — A)2 — Abpc(s)(cs —8 — )) (41)
b.(s) = (cs — 8 — A + AObrig(s)) (W*(s) — ccbf (0)) — ABbr.cic(5) (W (s) — c®(0)) ’ (42)
—(cs — 8 — A)2 — Abp,c(s)(cs — 8 — X)
where

W(s) = A(Owz(s) + (1 = Owi(s)),  W*(s) = A(Ow3(s) + (1 — )W (s)).
In order to obtain @ (s) and @;(s), for the further sake of deriving @ (1) and @1 (u), we only need to find @ (0) and @;(0).

Note that the denominators on the right-hand side of (4.1) and (4.2) coincide. Now we discuss analytically the roots of
the equation

(cs — 8 — A% + Abpuc(s)(cs — 8 — 1) = 0. (4.3)

Proposition 4.1. Let § be strictly positive; then Eq. (4.3) has exactly two distinct positive real roots, say, p1(8), and p,(§) =
(A + &) /c. Further, p1(8) and p,(8) are the only roots on the right half of the complex plane.

Proof. Noting that Eq. (4.3) can be rewritten as (cs — 8§ — 1)? + Mbpac(s)(cs — 8 — A) = (cs — § — A)I(s) = 0, where
I(s) = cs — & — A 4 Abpc(s), it is easy to check that [(0) = —§ < 0 and lim_, ;, I(S) = +00. Also,

[(s) = ¢ + Mbp(5) > ¢ — Aur + pg) > O,

and then I(s) is an increasing function of s. Hence, I(s) = 0 has exactly one positive real root, say, p1(6). Then p;(8) is also
one positive real root of Eq. (4.3). Note that (A 4 8)/c is another positive real root of Eq. (4.3), say, p2(8). Moreover, it is easy
to see that p1(8) # p2(8). We conclude that Eq. (4.3) has exactly two distinct positive real roots, say, p1(§) and p,(3).
Now, we prove that p;(§) is the exactly one positive real root of equation I(s) = 0 on the right half of the complex plane.
When s is on the half-circle: |z] = r(r > 0) and Re(z) > 0 on the complex plane, [cs — A — 8| > A = AEF*G(O) > |kEF*G(s)|
for r sufficiently large; while for s on the imaginary axis, Re(z) = 0, |cs — X — §| > A > |M~)F*G(s)|. That is to say, on the
boundary of the contour enclosed by the half-circle and the imaginary axis, [cs — A — §| > |)\EF*G(S)|. Then we conclude,
by Rouché’s theorem, that on the right half of the complex plane, the number of roots of the equation I(s) = 0 equals the
number of roots of the equation cs — A — § = 0. Furthermore, the latter has exactly one root on the right half of the complex
plane. It follows that I(s) = 0 has exactly one positive real root, say, p1(§), on the right half of the complex plane. It is easy
to see that p,(8) = (A +8)/c is the exactly one positive real root of equation cs — A — § = 0 on the right half of the complex
lane.
P It follows from all of the above that Eq. (4.3) has exactly two distinct positive real roots, say, p1(8) and p,(8), on the right
half of the complex plane. This completes the proof. O
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Note that p1(8) — 0" as 8§ — 07, In the rest of the paper, the p;(8) are simply denoted by p;, fori = 1,2 and § > 0.
Since @ (s) is finite for Re s > 0, its numerator is zero if s = p; and p», i.e.,

(coi — 8 — &+ 2(1 = O)br.(p1)) (W (p;) — c®(0)) — A(1 — )b (o)) (* (i) — cP1(0)) =0, i=1,2.
By solving this linear equation system for @ (0) and &1(0), we get

@(0)

_ be(o){=(p2)g(p2) + M(=1+ O)br (p2)w*(p2)} — b (p2) (= (p1)g(p1) + M(=1 + O)br(p1)w* (p1)}
c(br(p2)g (1) — br(p1)g(02))
®,(0) = w*(p2) n g(p2)(W(p2) - c®(0)) (45)
¢ re(1 = 0)br(p2)

whereg(s) = A+ 6§ — AEF*G(S) + )LGBF*G(S) —CS.

, (44)

5. The defective renewal equation for the expected discounted penalty function

In this section, our goal is to show that the expected discounted penalty function also satisfies a defective renewal
equation in the compound Poisson risk model with delayed claims. To identify the form of this defective renewal equation,
we first analyse the Laplace transform of @ (u).

After some calculations, (4.1) can be rewritten as

PYRIN (UL ON 51
—(h1(s) — ha(5))
Wheref1 (s) = —c®(0)(cs—A—9), 2 () = (s—r—=d)w(s)+A(1— 0) (br.c () W(5) — br (s)w* (5)) +Ac(1—0) (P4 (0)br (5) —
q)(O)bF*G(s)) hl(s) = (cs—68 — A)Z hz (s) = —ka*G(s) (cs — & — A). Define the functions f; (u) fo(u), h1(u) and hy(u) to
be the inverse image functions of f1 (s), f1 (s), h1(s) and h, (s), i.e,, I f1(0) = f1 (s), If2(0) = fz (s), Ish1(0) = h1(s) and
Thy(0) = hy(s). We use the Lagrange interpolating theorem to rewrite (5.1), which will eventually lead to the defective
renewal function for the expected discounted penalty function.

Lemma 5.1. The Laplace transform @ (s) of the expected discounted penalty function satisfies

- I,r, I, hy(0) -~ I,r,r 0
(P(S) — sd py /2)1 2( )¢() st pp ;1f2( ) (5.2)
c c
Ijroof. With @(s) analytic for Re s > 0, the numerator of (5.1) is zero if s = p; and p,. Therefore, it follows that

fi(p) = —fz (pi) fori = 1, 2.1t is easy to see thatfl (s) is a polynomial of degree 1 in s. Using the Lagrange interpolating
theorem, one deduces

1) = Fu(on) ( > +Fi (o) ( — P ) _ L) = p2) — falp2)(s — Pl),
— P2 P2 — P1 P1— P2

which implies

(s — p2)(F2(5) — o(01) — (s — p1) (2(8) — a(p2))

fis) +fls) =
r1— ,02
0 0
= 5= P — po ) Iy, f2(0) — I, >(0)
L1 — P2
= (s — p1)(S — p) 5T, Iy, 2(0). (5.3)

A similar procedure is used to find an alternative expression for the denominator —(h (s) — hy (s)) of ®(s). From
Proposition 4.1, we know that h1(,o,) = hz(,o,) fori = 1, 2. Also, it is easy to see that hi(s) is a polynomial of degree 2

in s. Using the Lagrange interpolating theorem, one knows that

(s—p1)(s—p2) hi(p1) s— p2 n hi(p2) s— pi )

hi(s) = hi(0) +s<

£102 P11 P1— P2 P2 P2 — P1

~ S — S — Fl S — Fl S —
Pt myH<xm> P, oo m)
£102 P11 P1— P2 P2 P2 — P1
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— 7,(0) (s —p)(s—p2) n

h 1 h 1
(s—p1)(s—p2)< 2(p1) n 2(02) )

£102 P11 P1— P2 P2 P2 — P1
e S— P2 b S—p1
+ hy(p1) + ha(p2) .
L1 — P2 P2 — P1

Therefore, using Property 6 of the Dickson-Hipp operator of Li and Garrido [4], hy (s) — ha (s) becomes

flz(ﬁl) Flz(/’z)
p1(p1—p2)  p2(02 — p1)

(s —p)(s— p2) n
102

hi(s) — hy(s) = hi(0) (s = p1)(s — p2) (

~ - s—p - S—p
- (hz(S)—hz(m) 2 ha(pa) . )
P1— P2 P2 — P1

flz(s)
(s —p1)(s— p2)

_ Flz(,O]) . F‘Z(p2)
(s — p1)(p1 — p2) (s — p2) (02 — p1)

= (s—p1)(s— p2)UTol,, [, hi(0) — [T, I, hy(0)). (5.4)

=(s—p1)(—p2) (roppzrmhl(o) - (

It is easy to prove that Iy, I, h1(0) = c? which implies that (5.4) becomes

hi(s) — ha(s) = (s — p1)(s — p2)(c? — I, [y ha(0)). (5.5)

3Ty Tpy f2(0)

Combining (5.3) and (5.5) with @(s) = _hOHH one deduces & (s) = ~FT L
—isipte

i st At which leads to (5.2). This

completes the proof. O

Using Lemma 5.1, we are now in a position to derive the defective renewal equation for @ (u).
Theorem 5.1. @ (u) satisfies the following defective renewal equation:

SW) = ks / B — Py + P W), (5.6)
0

where

Ty bric(y)

A
6 = CTlnbrc0), ()= s

and

(1 = 0) (T, Ty, A () = Ty Ty Av(W)) + A1 = )(@1(0) [y Ty b () — B(0) Iy T, brac (W) — T, w(w)]

F(u) = — =

~A1(u) and A, (u) are the inverse image functions of Bp(s)cb*(s) and Ep*c(s)cb(s), ie, IFA1(0) = Ep(s)d)*(s) and IA,(0) =
bric(s)@(s).

Proof. From the definition of the Dickson-Hipp operator I, one deduces

AC sbpaG () —P2braG(P2) _ SbruG(S)—p1bFac(01)
S—p2 S—=p1

Fstsz hZ(O) = )\()\ + 5)Rrp2 F,ol bF*G(O) +

L1 — P2
= A(A + 8) I3y, Iy, brs(0)

e (Bm@ — P2l bric(0)  bruc(s) — pi 1T, bf*cw))

P1— P2 P1— P2

IsT,. brec(0) — oo I5T,, bryc(0
:A()\+5)1§szrplbp*c(0)+)»C<p1 sd p FG(0) — 021 02 G ( ))

P1— P2
= )\()V + a)rsrpz F,ol bF*G(O) + }\C(rsrp] bF*G(O) - PZFSF/JZ Fple*G(O))

= ACT3T ), brag(0). (5.7)
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Let A (s) = be (s)w*(s) and A, (s) = brsc (s)w(s). From the definition of the Dickson-Hipp operator I", we can deduce

LT3 Ty fo(0) = (1 = 0) (1L, [y Ar(0) — [Ty Ty A1(0)) + Ac(1 = 0) (@1 (0) [T, Iy, b (0)

c ($2©=r2i(o2) _ suﬂs)wﬂv(m))
S—p2 S—p1

- ‘i)(o)rsrpzrp]bF*G(O)) - ()L + 8)1—‘31-‘/)21—‘/)110(0) + 07 — P
= A1 —=0)U5T),I,,A2(0) — I, I, A1(0)) + Ac(1 — 6)(D1(0) 5T, Iy, br(0)
c(p1 5T, w(0) — paI517,w(0))
P2 — P1
(1 = ) (I3, Ty A2(0) — 3T, Ty Ay(0) + Ac(1 — 6)(@1(0) 31, T, br (0)
- (p(o)rsrpz r,ol bF*G(O)) - CFstlw(O)

= —2L(0). (58)

— @) 5Ty, Lo brac(0)) — (X + 8) 15T, I, w(0) +

Therefore, substituting (5.7) and (5.8) into (5.2), one deduces

b(s) = %é(smrm bric(0) + I39(0). (5.9)

Inverting the Laplace transform in (5.9), one finds

}\’ u
@ (u) = ;f @ —y) Iy brc)dy + U (w)
0

Fpl bF*G (.y)

dy + 9 (u)
I T, bryc(0)

)\' u
zfofplbf*c(o)[ Du—y)
0

which corresponds to (5.6).
For (5.6) to be a defective renewal equation, it remains to show that ks < 1. Let us first assume that § > 0. By comparing

. . h
(5.7) at s = 0 to the expression for «g, it follows that k5 = M From (5.5)ats = 0,

_ Dl lnh© _ m@-h©) | 86+x

Ks
c? c2p1p2 c2p1p2

given that p;(§) > 0and p,(6) > 0. For § = 0, we know that
A A
Ko = EFOFObF*G(O) = E(MF + ue) < 1,

where the inequality is derived via (2.2). O

Now, we define an associated compound geometric distribution function K (u) = 1 — K(u) as follows:

— € o 1 nf*n
K(u) = — ) Z W, ux=0,
W=7 () T

n=1

where € = (1 —«k;)/ks, z" (u) is the tail of the n-fold convolution of Z(u) = 1 —Z(u) = fou ¢ (y)dy. Explicit solutions of the
defective renewal equation (5.6) can be derived directly by applying Theorem 2.1 of [5].

Proposition 5.1. The expected discounted penalty function @ (u) satisfying the defective renewal equation (5.6) can be expressed

as
1 [ — B(0) —
Du) = Ef [1—K(u—y]I1dBy) + T“ - K], (5.10)
0
or
1 [ 1
D) = ,/ B(u —y)dK(y) + ——B(w), (5.11)
€ Jo 1+e€

where B(u) = ¥ (u)/«s.

Proof. The proof is straightforward using Theorem 2.1 of [5] and Eq. (5.6). O
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Remarks. When 6 = 1, that is to say, in any time period, the main claim and its associated by-claim occur simultaneously.
Actually, this risk model is the compound Poisson risk model and the claim amounts are {Y; + Xj}i>; with common
distribution function F * G(x). In this case, Eq. (5.6) may be simplified as

)\, u o0 )\‘ oo o0
D (u) = f/ d(u— x)/ e P1UVAF % G(y)dx + = / e 1w / w(x, y — x)dF % G(y)dx.
C Jo X CJu

X

This equation is consistent with Eq. (2.34) in [4]; the only difference is that we use X + Y as our claim amount random
variable while Gerber and Shiu [4] consider X.

6. Explicit results for exponential claim size distributions

We now consider the case where the claim amounts from both classes are exponentially distributed, with distribution
functions F ~ Exp(v) and G ~ Exp(w), respectively, where v = 1/ur and o = 1/ug; then be(s) = v/(v + s) and
bs(s) = w/(w + s). Moreover, if v # w, then

e~ — e w?e ™ + ve” (v + vox — (2 + xw))

v
FxGX)=1— —, FxGxGkx)=1-—
V—w (v — w)?

and if v = w, then
1
FxGX) =e™@E —1—xv), FxGxGX) = ie*”(zex” — 2 —2xv — x2v?).
From (5.2), we know that

(s —p1)(s— p) I, 1) f>(0)
—(cs — 8 — A\)2 — Abpuc(s)(cs — 8 — A)

d(s) = (6.1)

It turns out that (6.1) can be transformed to another expression by multiplying both the denominator and numerator by
+v)(s+ w):

B(s) — (s + V)5 + @)(s — p1) (s — p2) 3T, Ty, 2(0)
(s + 1)(s + W) {—(cs — 8 — )2 — Abpac(s)(cs — 8 — &)}

where in the numerator of (6.2)

(6.2)

s+ VIS + )T, 15,£(0) = (s+v)(s + @)A1 = 0) 5T, [, A2(0) — I T, 5, A1(0)) — c I, w(0)]

+ac(1—6) {(s—i—a)) x [ v20 v (0)
(o1 +v)(o2+v) (o2 +Vv)(p1 +w)(p2 + o)
B vod (0) ] n vod (0) }
(o1 + V(2 +V)(p1+ o) | (1 +o)p+w) ]

The common denominator of (6.2), denoted by D4(s), is a polynomial of degree 4 with the leading coefficient —c?, given by
Da(s) = —(cs — 8 — M2 (s + v)(s + @) — Avaw(cs — 8 — 1),

which has four roots on the complex plane and all the complex roots are in conjugate pairs. Noting that s = p; and s = p;
are two roots, we have

2
Da(s) = —c*(s — p1)(s — p2) [ [ s+ Ro).
i=1

Note also that all R;’s have positive real parts, since, otherwise, they would also be roots of Eq. (4.3), which is a contradiction
to the conclusion of Proposition 4.1.
Furthermore, if Ry, R, are distinct, we obtain, by partial fractions, that

1 - aq n a; St+w _ b1 + bz
(s+R)G+R)  s+R s+Ry’ (s+R)(+R) s+R s+Ry
(s+v)(s+ w) o (o}

S + =2,
(s+R)(s+Ry) s+R s+R
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wherea; = 1/(R; — Ry), a3 = 1/(Ry — Ry), bi = (w — Ry)a;, and ¢; = (v — R))(w — Ry)a;, fori = 1, 2. Then (6.2) can be
simplified to

- v (0) ; v®1(0)
] = Aic(1—-06
() =l ){(P1+w)(02+w);S+Rz+;S Rl[(p1+v>(pz+v>

v ®(0) B vo® (0) } ]

(02 +V)(p1 + @) (o2 + @)  (p1+V)(o2 +V)(0o1 + )

where @(0), @1(0) can be derived from (4.4) and (4.5).

Accordingly, explicit expressions for @ (u), when the claim sizes from both of the classes are exponentially distributed,
are given by

o) = kc(l—e):‘mzal —Ru +Zbe*R1 [ v, (0)

) [}"(1 9)([;Fp2 F,D]AZ(O) - strpz Fp1A1(O)) - CRFp1w(O)]7

(o1 + ) (02 + @) (o1 +v)(o2 +v)
~ vo® (0) B vo®(0) ] }

(o2 +v)(p1 +@0)(p2 + @) (o1 +v)(p2 +V)(01 +w)
+FA(1 =), TpAx(u) — Iy, Iy A1 (u)) — el w(u)

2
+ Z c,-e’R"”i{)\(l — ) (I, I, Ax(u) — I, Ai(w) —cl, w)}, (6.3)
i=1

where * denotes the operation of convolution which is different from the distribution functions convolution.
Now, we discuss the special case § = 0. In this situation,

D4(s) = —(cs — M)?(s + v)(s + @) — Avw(cs — L) =0
has four roots, namely
A A—cv—cwo— A A—Ccv—cw+ A

ST = =0, Sy = = —, s3=—Rj=————, sS4 =—Ry=—7-———
1= 0 2 = P2 c 3 1 2 4 2 2%

where A = \/(cv + cw — A)? — 4c(cvw — Av — Aw). The positive relative security loading condition, ¢ > A(1/w + 1/v),
implies that only s, is positive. This result also confirms the conclusion of Proposition 4.1.

Example 6.1. Assume that§ = 0, w(xy, X,) = 1; then (6.3) is the ruin probability ¢ (u). Accordingly, we have wq(u) = F(u),
wy(u) = F % G(u), and w3 (u) = F * G % G(u). From (6.3), we obtain the ruin probability

Gmcv—co—u AA (@ + V) — cov){A? + co(c(w + 20V — v) — A) + A(c(v + 2w) — A)}
¢ CovA(O + co)(c(@ + 1) — A+ A)
Gmev—cora MA@ + V) — caov){A? + co(c(w +20v —v) + A) + Ac(v + 2w) + A)}

+e u>0. (64)
cwvAAD + co)(A —c(w+v) + A)

Pu) =

Two extreme cases of (6.4) are

(x cv—co=Au A (w + V) — cov){A? + col(c(w —v) — A) + Ac(v + 2w) — A)}

oW = v A +v) — A+ A)
G—cv—cotan A(A(w + V) — cov){A? + co(c(w — v) + A) + A(c(v + 2w) + A)}
+e = P , for6 =0,
c’w’vAA —c(w+v)+ A)
(A cv—co- A 5 M 2 2
M@ 4 v)(A =2) —c(? + o) +e M@+ v)(A+ 1) +c(” 4+ 07)]
du) = ’
2cwv A
for6 = 1.

Another value of interest in Example 6.1 is the impact of the delay of by-claims on the ruin probability. We can prove the
following result.

Theorem 6.1. For the risk model considered in Example 6.1, the ruin probability, ¢ (u), decreases as the probability of the delay
of the by-claims increases, i.e., ruin probability is an increasing function of 6.
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Proof. Differentiating ¢ (u) with respect to 6, we can get

i |:e Gmcv—co— A (@ + V) — cov){A? + co(c(w + 20V — v) — A) + A(c(v + 2w) — A)}
do cawvAAE + co)(c(w+v) — A+ A)

(Ot A (@ + V) — cov){A? + co(c(w + 20V — v) + A) + A(c(v + 2w) + A)}]

cwvAAD + cw)(A — c(w+v) + A)
G—cv—co—au A(A(w + V) — cov) (A + co){2c?wv — cA(w + V) + A(A — A)}
8 caov(c(@+v) — A+ A)AO + cw)?
Gocvcoran A(A(@ + V) — cov) (0 + cw){2ctwv — cA(w +v) — A(A + 1)}
cov(h —c(w +v) + A (MO + cw)? '

+e

Assume
A (@ + V) — cov)(A + cw){2c?wv — ch(w + V) + A(A — 1))
- cov(c@+v) — A + A)(A0 + cw)?
o — A (@ + V) — cov)(A + cw){2c?wv — ci(w 4+ v) — A(A + 1))
2T cov(h — c(@ + 1) + A) (A0 + cw)? '

The positive relative security loading condition, ¢ > A(1/w+ 1/v), implies that A(w +Vv) —cwv < 0,c(w+v) —A+ A > 0,
and A — c(w +v) + A < 0. Moreover,

Ay

)

2¢2wv — cAM(@ + 1) + A(A = 1) = 2c(cov — Mo + 1)) + A(c(w+v) — A+ A) > 0,
2¢2wv — cA(@ + 1) — A(A + 1) = 2c(cov — Mo + 1)) + Ac(w+v) — A — A) > 0.
From these discussions, it follows that A; < 0 and A, > 0. According to the definitions of A; and A,, we know that
|A1] 2?0y — cM@ +v) + (A =) (c(@+v) =1 — A)
[A;2] — 2wy — ch(w +v) — A(A + M) (Cc(w+v) — A+ A)’
and moreover,
2wy — cA(@ + V) + A(A — D)) (c(@w +v) — A — A) — 2c2wv — ch(@ + V) — AM(A + 1)) (c(w +v) — A+ A)
=4cA(AM(w + V) —cov) <0,

and then % < 1. Also, it is easy to see that . —cv —cw — A <A —cv —cw + A < 0. Hence

i |: Gmcv—co— A A (@ + V) — cov){A? + co(c(w + 20V — v) — A) + A(c(v + 2w) — A)}
a6 |° Caov A0 + c) (@ +v) — A+ A)
Gev—coan MM +v) — caov){A? + co(c(w + 20V —v) + A) + A(c(v + 2w) + A)}] ~ o

te Cov A + co)h — cw+ v) + A)

and then the ruin probability is an increasing function of 6.
Since the probability of the delay of the by-claim is 1 — 6, the ruin probability decreases as the probability of the delay
of the by-claims increases. This completes the proof. O

Example 6.2. Assume that § = 0, w(xy, X2) = I(x; < x); then (6.3) is the distribution function of the surplus before ruin,
denoted by F(u, x). Accordingly, we have

wl(u):/ww(u,s—u)dF(s):/ool(ufx)dF(s):I(ufx)/oodF(s):I(ufx)l_’(u),

wo(u) = I(u < x)F * G(u), w3(u) = I(u < X)F * G * G(u). Hence, when v = w, by (4.4) and (4.5), we have
F(0, x)

eG4 ) (RO — DOV — 230 — 4) + e EFcv(1 — 6)(2 + 2x0 + x20v2) + 2424 + (1 + O)v)
- 2cv (A0 + cv) ’

(6.5)

and

e A0 — 1)0v? — 2xv — 4) — e—X<%+“>w(2 + 2xv 4+ x%01%) + 212 + 0)

F10.%) = 2000 + cv)
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Then, by (6.3), F(u, x) can be derived for when0 < u < x as

Flu,x) = CA20(0 — 1) — cOV)(V? — RiRy) + e~ ¢ ® W= c212R Ry (9 — 1)(2 + 2xv + Ox212) + 2% ¥}
’ 2RiRyv (A + cv)?
cM{e " RITRy(Ry — v)? — e "R Ry (Ry — v)? — e ™ (Ry — Rp)(RiRy — v?)} x2
+ 2R1Rv(R1 — Ry) (A + cv)?
220 — DiE(Ry) — &E(Ry)} cr{e "R £ (Ry) — e MRy 6> (Ry)}

2\)(R1 — Rz)()\. + C\))z()\,g + C\)) R]RzV(Rl — Rz)(}\ + CU)Z
e ™ea(14 0 + ubv e er{d + 2xv + x2(1 — 6)0v?
_ ( : ) + { 3 ( ) }, (67)

where £,(s) = 2e % (cv2(A0 + cv) + (242 4 3chv + c2012)) — e B XE ) e (2 4 2% + x2012) [V (@A + cv) — s(h + (2 —
O)V)} —e B (A 4cv)2 (44 2xv +x2(1—0)01?)s, £5(5) = Av2(0 — 1)(cOV — 1) +52 (A% +cAv(2+0 +02) +c2v2(140)) —
sV(BA2+2cAv (240 +6%) +c?v?(1420)), x1 = RiRy {0((222 + 1) (1 + uv) + cAv(4 4 3uv)) — v(UA(A + cv) — ?v)},
X2 = 2622 (1 4 0 + 0xv) + A2(4 + 2xv + x*(1 — 0)0v?) + chv(4 + 2xv + 02(2 + 2xv — x*v?) + 6(2 + x*v?)), and for
when u > x as

cA?2(1 —0)(A — cOV)(R1R; — 1?) N cA(eTHRTVR Ry — )2 — e THRTRIU(Ry — 1)) 2

F(u,x) =
( ) Rlel)(}\. + Cl))2 2R1R2U(R1 — Rz)()\ + CU)Z
N cA?(@ — 1)(cOv — M)[e"@PRR(Ry — )2 — e W PRR (R, — 1)?] e WexA?v(0 — 1) x3
R]R21)(R1 —Rz)(}»-‘rcl))z 2()»+CU)2

+ cAf2e" @Ry (Ry) — e MRy (Ry) 4 e MR E R g (Ry) — 26Ky (Ry))
2R1U(R2 — R])()\, + CU)Z()\Q + CV)
n CcA{2e~ @Ry (Ry) — e MR =MV (Ry) + e~ URaXE ) 15 (Ry) — 2e~UR2 1, (R,))
2R2U(R] — Rz)()\, + CV)Z()&G + CU)
n cA2v(A + cv)? (e RV TRUR, s (Ry) — e "R RIR s (Ry)) — €7 xa)
2R]R2\)(R1 — Rz)(}n + CU)Z ’

(6.8)

where y1(s) = A0 — 1) (v —5)%(cOv — M) (A0 +cv), ¥2(s) = A(1—0)s2 (A +cv)?[4+2xv +0(1—0)x*v?], y3(s) = s[v(A6 +
cv)—s(A4+c(2=0)v)]cvri (0 — 1) (2+2xv+x201%), y4(s) = L(1—0)v*(cOv—L1) (A0 +cv) —s*[2X3+c(5—0(1—0—6%))A2v+
22430 +0H12 33 (140) [ +sv[2c03A2v+cAvh2 (BA+-4cv) +cv(BAZ +cAv+c2v?) +0 BA3 +cA?v+-4c2av? 4+-2c313)),
y5(5) = (14 x0v) — v(1 40 +x0v), x3 = c[x20v% + 2x(1 — O)v — 2 — uv (2 + x6v)] — A[x(0 — 2 — xOv) + u(2 + x6v)],
X2 = A(1 = 0)(Ry — R)(R1Ry — v?)[A(2 4 2xv + x?*012) + cv(2xv — 6(2 + 2xv — x*12))].

On the other hand, when v # w, by (4.4) and (4.5), we have

1 ( AR F )+ c)(V?O(0 — 1) + o(v — )
F(0,x) =
cv(A + cv) (A0 + cw) v — w)?
i ME A V)M + co)(@ — v+ w8(1 — 0)(1 + x(w — v)))
¢ v — w)?w
n AA+cv)(M(v 4+ w) + co(Ov 4+ w)) n —x(E ) cAvo(l1—0)(A+cv)(w— (1 —0)v)
w ¢ v —w)?
_ e rc(@ — DV2(h + cv)(v + x0vw — (140 + X@a)))) ’ (6.9)
(v — w)?
and
_ A _ 2 —Xv _ 2 _
F1(0,x) = STV Cw)((v 0 (W14 0) + ) + e w(wlv — w) + 0130 — 1))
Fe 2 (xf (@ — 1) — 1) + (140 + X0 — 02(1 + x0))) — e X Eva(w — v(1 — 0))
— e G002 (0 4 x0vw — w(1+ 0 + x0w))). (6.10)

Hence, the expression for F (u, x) can also be given by (6.3).
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Fig. 1. (a) Ruin probabilities in Example 6.1. (b) The distribution functions, F(0, x), in Example 6.2.
7. Numerical illustrations

Let A = 1,c = 2, F ~ Exp(2), G ~ Exp(1.5). The positive relative security loading condition (2.2) is obviously fulfilled.
In this case, Ry = 2.5and R, = 0.5.

Fig. 1(a) shows the ruin probabilities @ (u) in Example 6.1, for different values ofu € [0, 5]and # = 0, 0.25, 0.5, 0.75, 1.
From this graph, we can see that, as expected, these ruin probabilities decrease as the initial surplus u increases. Moreover,
with fixed u, ruin probabilities increase as 6 increases. This result confirms the conclusion of Theorem 6.1.

Fig. 1(b) shows the distribution functions of the surplus before ruin, F(0, x) in Example 6.2, for different values of
x € [0,3]and & = 0, 0.25,0.5, 0.75, 1. From this graph, we can see that, with fixed x, these distribution functions also
increase as 6 increases.

With fixed & = 0.75, the F(u, x) in Example 6.2 can be derived for when 0 < u < x as

F(u,x) = —0.4e~ 2> _ 0.16667e > — 2.05556e %% + 0.8e0-54=2:5% _ pe0-5u=2.5x
+e719%(5.6 + 3.6x) — e 04 1%(3,57778 + 2.3x) + "5 (1.66667 — 1.5x)
+e72%172%(0.33333 — 0.3x) + e 247 1%(0.46667 + 0.3x) + e *42(—0.66667 + 0.6x),

and for when u > x as

F(u,x) = _0.3e~ 25t _ (g 1p—0-5u-2.5¢ 4+ 0.2e25u+05x . e—zAsu—zx(O.275 — 0.225x)
— e 05U=2(0 291667 + 0.075x) + e~ %>4~15%(1.42222 — 0.05x) + e~2>4~15%(0.23333 4 0.15x)
+e 05U (—1 4 0.675x) — 0.075e 25 T*x + 0.18¢7+>“2(0.346668 + 0.80000x — x°)
+e 05U (49 5 — 27x + 6.75x%) 4+ e~ %%(—49.5306 + 2.25x — 1.125x°)
+e72%(—0.339533 — 0.15x + 0.075x°).

8. Concluding remarks

In this paper, we study the compound Poisson risk model with delayed claims. Two kinds of dependent claims: main
claims and by-claims, are defined. In this risk model, there will be a main claim Y; in every epoch T; of the Poisson process
and the main claim Y; will induce a by-claim X;. Moreover, the by-claim X; and its associated main claim Y; may occur
simultaneously with probability 6, or the occurrence of the by-claim X; may be delayed to T;;; with probability 1 — 6. If the
occurrence of the by-claim X; is delayed to T;;, we assume that the occurrence of the delayed by-claim X; is independent
of the occurrence of the next main claim Y;, . The results obtained in this paper show (although the risk process is neither
a compound renewal nor a compound Poisson one) that the expected discounted penalty function satisfies the defective
renewal equation. The results also illustrate the impact of the delay of by-claims on the expected discounted penalty
function.

We also derive the explicit expressions for the expected discounted penalty functions when the claims from both classes
are exponentially distributed. The results may be extended if, for example, the claim size distributions for both classes are
Erlang(n), or more generally, from the K,(n € N*) family.
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