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1. Introduction

The transport of substances between surface water and groundwater has attracted a lot of interest into the coupling of
viscous flows and porous media flows (| 1-6]). In this work we consider coupled problems in fluid dynamics where the fluid
in one part of the domain is described by the Stokes equations and in another (porous media) part by the Darcy equation and
mass conservation. Velocity and pressure on these two parts are mutually coupled by interface conditions derived in [7-9].
Such systems can be discretized by heterogeneous finite elements in the two parts, e.g. Taylor-Hood or MINI elements for
the Stokes part, and mixed elements of Raviart-Thomas type or Brezzi-Douglas-Marini elements for the Darcy region. Such
an approach is analyzed by Layton et al. in [ 1]. In more recent works, unified approaches become more popular. For instance,
discontinuous Galerkin methods were analyzed by Girault and Riviere [3], mixed methods by Karper et al. [4], and stabilized
methods by Braack et al. [6]. In this work, we take the same variational formulation of the coupled problem as in [1,4], but
we discretize by standard equal-order finite elements enriched with bubbles functions and use local projection stabilization
technique (LPS) together with the grad-div term to control the natural H(div) velocity norm on the Darcy region. We note
that the various types of stabilization cited in references [ 10-13] can be applied to the Stokes-Darcy using a similar analysis.

2. Coupled systems of equations

Let 2 C R? (d = 2 or 3) be a bounded domain split into two subdomains 25 and £2p with 25 N £2p = @. The Stokes part
£25 and the Darcy part §£2p have a common interface I7 = 25 N £2p. The region £2s is filled by a fluid and the Stokes system
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has the velocity and the pressure solutions v and p defined on £25 by
—2vdiv(D(v)) +Vp=f, inf2s (1)
divv=0, in{2 (2)

with symmetric deformation tensor D(v) = %(Vv + (Vv)"), external force f and constant viscosity v > 0.
In the Darcy region £2p the velocity v and the pressure p are solutions of the Darcy system

K'v+Vp=f inp (3)
divv=g, in§p (4)

where, the permeability K = K(x) is a positive definite symmetric tensor and g denotes an external Darcy force.

2.1. Boundary conditions

On I's = 30825 \ I3, we prescribe homogeneous Dirichlet conditions for the velocity v.
v=0 on/s. (5)

The boundary of £2p is split into three parts §2p = I7U I'p 1 U I'p 2. We prescribe zero flux on I'p ; and a homogeneous
Dirichlet condition for the pressure on Ip ;.

v.-n=0 onlp; (6)
p=0 onlp,. (7)

The boundary condition on I'p ; involves the Euclidean scalar product of the velocity and the outer normal n on the boundary,
pointing from §2p into §2s. This boundary condition ensures a zero mass flux.

On the interface I7, the coupling of the two regimes is modeled by the so-called Beaver-Joseph-Saffman conditions.
Since velocity and pressure are not necessarily continuous across I7, we use the notations vs := V|g, Vp :=V|g , ps :=
Plags Po =Plg, and [¢] := ¢pp—¢ps the jump of a scalar quantity ¢ across I'7. With these notation, the boundary conditions
on the interface I read:

[v-n] =0, (8)
—2vD(vs)n-n = [p], 9
(Vs — 2a vD(vs)n) - t = 0. (10)

Eq. (8) ensures mass conservation across the interface, (9) represents a balance of pressure forces and viscous forces
acting across the interface. Eq. (10) involving the tangential vector t, is the Beaver-Joseph-Saffman condition ([7-9]) which
gives a relation of the tangential slip velocity vs - t and the normal derivative of the tangential velocity component in the
Stokes region.

3. Variational formulation

As variational formulation we consider the so-called L2-formulation used by Karper et al. [4]. Using standard notations
for function spaces, the variational spaces for velocity and pressure are

Vi={vel’(@)"|vs e H'($25)", v=0onTy, v-n=00nIp;}
Q:={pel’()" | ppeH (2p), p=0o0np,} (11)
X =VxQ.

Due to the positive definiteness of K with respect to the L?(£2p) norm ||. || 2p» there exist positive real numbers k; and k;
such that

kv, < K'v,v) <kglvl%,. Vvev. (12)
For convenience, we define the associated bilinear forms on the parts of the domain by
. . 1
As(v, p,w, q) = (ZUD(V)7 D(w))ﬂg - (pv div w)ﬂs + (dlv v, q)Qg + / a (VS . t) (WS : t) ds
I
Ap(V, p; W, q) = (K~ 'v, W)g, + (Vp, W), — (V, VQ)gp.

Hence, the bilinear form for the coupled problem is the sum of 4s(v, p; w, q), 4Ap(v, p; w, q), and a term to enforce the
continuity of the normal part of the velocities across the interface.

AV, D W, q) := As(V, p; W, q) + Ap(V, p; W, q) -I—/ (Pp (Ws - m) — (Vs - m) gp) ds. (13)
n
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The variational formulation of the coupled Stokes-Darcy system becomes:

find (v, p) € X solution of

AWV, p;W,q) = (F;w,q), Y(w,q X (14)
with right hand side
(F5 w, Q) = (f5 W).Qg + (ga q)QD (]5)

It can easily be shown that a sufficiently regular solution (v, p) € X of (14), i.e. vs € H*(£2,), vp € H'(82p)4, p €
H'(£2,U 2p) is also a classical solution of (1)-(2) and (3)-(4). An alternative formulation is the so-called H (div)-formulation
which uses the term —(p; divw) o, + (divv, q)o, instead of (W, Vp)o, — (Vq, V) g, ([11]).

We equip the spaces V, Q, and X with the norms

1/2
12 1
lvily := <2V ||D(V)||?;5 + ||K 1V||QD +/r o (vs - ) ds) ,
1

1/2
Ipllg = (Ipli%, + 1VpI1%,)

v, plix = (IvIlg + liplig)

3

1/2

The existence and uniqueness of the solution of problem (14) follows from Brezzi’s conditions for saddle point problems,
namely

AV, p;v.p) = IVl§, YveV (16)
and
divv,
inf ( v q)Qs Qﬁs,
q€12(2s) vert (2ot I1VVIas 11l o
—(v,V
inf W VDa, (17)

4ei!(2) verz(apt 1VVIg, lallg, ~
These conditions lead to the coupled inf-sup condition (17)

(divv, @)os — (V, V@) g,
1/2 Z
)" gl

inf sup . .
9= vev (| Vvl + (v,

with a positive constant 8 > 0. Which ensures the existence and uniqueness of the pressure field p € Q.
The next lemma follows from the continuous inf-sup conditions (17) ([6]).

Lemma 1. For every (v, p) € X thereisw € V such that w = 0 on 02 satisfying

1
AW, p;W,0) > = il — callvily
with  lwllv < cllpllo,

with positive constants ¢, and c,.

4. Finite element discretization

Let 7, be a shape-regular partition of triangular or tetrahedral elements of £2 ([14]). The diameter of element T € 73, will
be denoted by hr and the global mesh size is defined by h := max{hr, T € 73}. Let P,(T) be the space of all polynomials on
T with maximal degree r > 1. Here we will use the continuous finite element space

Pr(Th) = {vn € ()N C(2) s vply € P(T), T € Ti} . (19)

For the discrete spaces V, and Q;, we use the equal-order finite element spaces of piecewise polynomials of degree r.
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4.1. Stabilization
It is known that the standard Galerkin discretizations of Stokes and Darcy systems are not stable for equal-order elements.

This instability stems from the violation of the discrete analog of the inf-sup condition. One possibility to circumvent this
condition is to work with a modified bilinear form Ay(.; .) by adding a stabilization term 4;(.; .), i.e.,

n(Vh, Py W, q) = An(Vh, Prs W, @) + 80 (Vh, Prs W, q) 5 (20)
such that the stabilized discrete problem reads
SAn(Vi, pps W, @) = F (W, q) V(W, g) € Vy x Q. (21)

In this work, we will use the one level local projection stabilization of the pressure gradient and the divergence of the
velocity on the Darcy domain. This leads to a weaker consistent method, but the consistency error decreases, with mesh
size as h — 0, at a faster rate than the optimal order of approximation. In this paper, we will consider the following form of
a symmetric stabilization:

3n(Vh, Prs W, @) = (an kn VD, kn V@) 2 + (Thicn (div Vi), kn (divw)) o, (22)
where, i, is a locally acting fluctuation operator
kn: L2(2)4 = 12(2)°. (23)

ap : 2 — Rtand 1, : 2 — RT are patch-wise constant functions, on each element, that are chosen such that the
consistency error asymptotic rate is greater that the rate of convergence of the method. Hence, they should be carefully
selected so that the method gets enough stability.

4.2. Fluctuation and interpolation operators

The general framework developed in [15] and [16] has opened up the way to consider continuous approximations and
discontinuous projections which are defined on the same mesh 7;. Let 7, be the L‘Z’—projection into the space D, = Dﬁ =

(P;’fﬁ(’fh))d, kp = I — my, with I denoting the identity and P%5(7;,) the space of discontinuous polynomial functions of
maximal degree r > 1on 7}
P (T3) = {v € [*(2) s vy € P(T), ¥T € T} . (24)

Let br be a bubble function defined on T € 7}. Then, the velocity and pressure approximation spaces V;, and Q. Here, for
the Stokes system we use a generalized MINI element [17,18] and for the Darcy system we use a polynomial approximation
of order r supplemented by local bubble functions, i.e.

Vi =P/(T) NV,

o, = | B, T C 2
“\PP@w. T C 2,

with
PX(Th) = {v € C(2) : vlp € P(T) + brP_1(T), VT € Ty}
The linear projection operator 7y: (LZ(.Q))d — Dy, defined as patch-wise [?-projection 7y, |;: (LZ(T))d — (P,_1(T))?,
T € T, such that
d
Thlre — @, ¥)r =0, V¥ €Dyly, Yo € (IX(D)". (25)

A simple local projection scheme of low order for this class, corresponding tor = 1, is to use MINI element approximation
for the stokes system and continuous piecewise linear approximation for the Darcy system. Then, we enrich the velocity and
pressure spaces of the latter by a cubic bubble function, and use the space of piecewise constant functions as projection space.
Hence, one of the merits of the proposed method is that it uses essentially the same type of approximation on both parts of
the domain but with slightly different approach.

The following properties hold for the fluctuation operator:

Lemma 2. The local fluctuation operator kt = iy, |1 is locally L?-stable, i.e.

llerqllo.r < Cligllo.r- (26)
In addition, krq is small for smooth functions q, in the sense that

lkrgllor < Ch*lglirs VYT € Th, q € HY(T), k<. (27)

Here and in the error analysis below C > 0 is a suitable generic constant independent of the mesh parameter h.
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In order to investigate the stability and derive the asymptotic error estimates we use the following interpolation
operator [15]

/" HY(2) = PX(T) NH'(2) (28)
with the orthogonality property

("v—v,w)=0, VYve H(R), Yw e Dy (29)
and the following stability and approximation properties

[Vi"v|,; <cIVolyr, YoeH'(R2),TeT, (30)

" =], < ch™ " ol Yo e HHYY(R), m={1,2}, T € T (31)

The vector-valued version for velocities is denoted by

i v H'@) > Vi (32)

4.3. Stabilization parameters

For the analysis of the method the mesh parameters o, and 1, are chosen such that

= 0, ifT € Tpand T C £2 (33)

It =Y, T € Thand T C 2p
with

kr = inf{(K~'v, v)r, v € L*(2)%, |v[r = 1}. (34)
Since K~ is a positive definite, k; > 0. In addition, we choose t;, such that

__Jo, ifTeTpandT C £2
Th |t {1, ifT € Tpband T C £2p. (35)
Below we prove the discrete stability of the method with respect to the norm
1
v, Pl = NV, P)llx + Sn(v, p; v, p))2. (36)

5. Stability
Theorem 3. Let 7}, be a quasi-regular partition and assume that the rr~lesh parameters oy, and T, be as in (33) and (35). Then, the
following discrete inf-sup condition holds for some positive constant B independent of the mesh size h.

. A(Vn, Ph; Wi, qn)
inf sup
(Vh.pn)€Xn\{0} (Wp,qp)€Xp\{0} ”l (Vh ) ph) |||Xh ||| (Wh, Qh) |||Xh

™t

—
w
~

—

>

Proof. First, let (vy, pp) € X, then the diagonal testing gives

An(Vh, Ph; Vi, Ph) = A(Vh, Prs Vi, Pr) + 35(Vh, Phi Vi, D) = IVIIS + 85 (Vh, Dh; Va, Pr)- (38)
Second, let w be as in Lemma 2, associated with (vy,, py) € Xp, and set z = j"w — w. Then,

AVh, Dr; §'W, 0) = A(Vh, pr; W, 0) + A(Vh, py; Z, 0)

A%

1
5|||Ph 15, — c2llVally + As(Vh, Pr: Z, 0) + Ap(Vy, pi; 2, 0).

Next, we estimate +As(Vp, pr; Z, 0) and Ap(Vy, pp; Z, 0) as follows:

1
As(Vh, Pr; 2, 0) = (2vD(V), D(2)) o5 + (Vp, 2) g +/ 5 Vis -0 (s -1 ds. (39)

I
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The first two terms bounded using Cauchy inequality together with the approximation, stability, and inverse inequalities
|(vD(V), D(2)) | < v IDW)| g 1D(@) ]l

1/2
< V"2 |vlly V2l g
1/2
< v"%c|Ivily VWl g
1/2
< v e viivilpillo
and
1/2 1/2
-2 2 2 2
(VPh. 2)g; < ( Yook ||z||0,T> ( oo ||Vph||0,r)
TeT, TCS2s TeT, TCS2s
< e VWl g Pl
<

< ciacllpally
The integral term is bounded using the trace theorem and the H!-stability by

—-1/2

A

cya vallv 1Vl o

1
/—(vhsn (25 - ) ds
['IOI

-1/2

IA

cy st “Iallvlipnllo-
Hence, by Young'’s inequality we obtain

As(Vh, Pr; 2,0) < v"2coci + ¢, ™A IVIIvIlpalle + cicrcallpally

IA

1 2 2
g IPalle + cslivily (40)
with ¢3 = ¢3(v, a). For the Darcy bilinear form we have
Ap(Vn, pr; 2,0) = (K™ 'V + Vpp, 2) 2,
= (K 'V, 2)0, + (k4 VDh, 2) 2,

K2 K772, + g 280 (vn, pus Vi )2 izl g,

_ —1/2
(CK [ 2w g, + /5h(vh,ph;vh,ph)l/2) Izll o,

INIA

IA

_ ~1/2
(CK 2w, ”99 + ;" 84U, pi; Vh,Ph)l/z) caCillpalle

IA

1
3 pallg + callVally + 584 (Vh, Phs Vi, Pr)- (41)
Further, the Cauchy-Schwarz inequality and the [2-stability of j* give

84(Vh, pr: "W, 0) < C84(Vi, pr; Vi, 1) | thW”szD

< Cca¢s8n(Vi, Ph; Vi Pi) lIPnllle

1
< §|||Ph 1§ + c68n(Vn. Pi: Vi D). (42)
Combining (40)-(42) we have

. 1
AV, i J'W, 0) = UPullg = CoCUNIIG + 84V P Vi, P1))

scaling j"w we obtain

An(Vh, i J'W, 0) = lpwlly — Cr(llvnlly -+ 81(Vh, Pr: Vi, Ph))- (43)
Choosing (Wy, qy) = (Vp, pr) + Hic(jhw, 0) € X;, we obtain
C
An (Vi Prs Wiy ) = VRl + 85 (Vh, P Vi, Pr) — ! (IVal + $1(Vh, Pr; Vi, Pr))

1+G

1 2 2
= —(|Iv + 84 (Vh, DPh; Vh,
153G (vl + Nl + 88 (Vhs Dh; Vhs PR))

LT
_1+C1 hs Pr) iy
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and

1 h
Wy, < (v, —IG"w, 0
Wi, g)lle < WVh, PR + 1+C”|(‘l )l

< Ik, Pk + || Vi"w|
< Gk, pu)lln,

gives the required result

An(Vh, Pr; Wi, qn)

inf sup > B (44)
WP XY (wy . gpyexp\0) 1 Vhs PR Wl Il (W, Gr) [l

with =G, '/(1+C). O
6. Error analysis

In this section we derive error estimates.

Theorem 4. Assume that the solution (v, p) of the Stokes-Darcy problem (14)is such that (v, p) € VNH™T1(£2)?xQNHT1(£2)
and (vy, pp) be the solution of the stabilized problem (21). Then, the following error estimate holds

v =V, p = pu)lln < CH" (W], 11 2 + IPlry1.0), (45)
with a constant C independent of h.

Proof. As usual, we split the error into interpolation error and projection error

(V—Vu; p—pn) = (v —j"vip—j'p) + G"V—vi; j"p — pn). (46)
Using the stability estimate of Theorem 3 we know there exists (wy, qn) € Xp, with ||(wy, go)lln < c satisfying
. ; 1
NG" = Vi J"p —p)lln < =  sup AV — Vi, P — P Wh. qn)
B wh.anexy
l :h h .
+=  sup ARGV —V,jD— p;Wh, qn). (47)
(Wh,qn)€Xp
By Galerkin orthogonality property we obtain
Ap(V — Vi, P — Ph; Wh, gn) = Sn(V, P; Wh, n). (48)
So, the first term can be bounded as follows:
An(V — Vi, p— Pp; Wh, qn)  8n(V, p; Wh, qn)
Il (Wi, gr)lllk Il (wr, g lllk

Since
1 1
8n(V, p; Wy, qn) < 8r(V,D; V, P)Z 84(Wh, qh; Wh, qh)2
1
< (v, p; v, D)2 [|(Wh, ) lln-
Then, the approximation properties of x; imply

Ap(V — Vp, p — Dn; W, qn)

< Clan || € VpII% + T lIcdiv v]%) "/
(W, gr)llln e @

~ 172 172
=< Ch'(ah/ IPlit1.0 + Th/ VvVl o)

i.e. the projection error is of order O(h").
To estimate the second term above consider separately each individual term

AsGhV =" = piwn @) < v [ VGV =) o 1DWillg + [P = p[ o Wil
+ [t = v] o lgnllag + Ca [V = v, .
and
ApG™ = v, j'p = pywn, @) < [K2G = )| K Pwi |+ VG = ), Wkl
+ IVanllg, | 3" =], -



282 K. Nafa / Journal of Computational and Applied Mathematics 270 (2014) 275-282

Then, the approximation properties and the Poincare inequality for the integral terms give the required result

v =, p = p)lln = CH' (VI 11,0 + IPlrs1.0), (49)

which proves the estimate of the theorem.

Remark 5. Another type of stabilization that enforces the control of the natural H(div) velocity norm on the Darcy region
is to include the term (txdiv v, div w) in the bilinear form of the variational problem and use

8h(Vn, Prs W, @) = (@rkn VD, knV Qg (50)

Then, using the same tools as above we obtain the same error estimates as in Theorem 4. O
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