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Abstract

Hyperbolic Maxwell’s equation with an unknown time dependent source is investigated. We consider a nonlinear generalized
Ohm’s law in our model. The source is reconstructed from a single boundary measurement over a part of the boundary. We use
well-known Rothe’s method to show the existence of a solution. In the case of regular solution, we provide a uniqueness proof as
well. To support theoretical results a numerical experiment is provided.
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1. Introduction

The domain Q < R? is assumed to be either smooth Q € C"!' or convex. The boundary of Q is denoted by
0Q = TI'. The symbol n stands for the unit outward normal vector on the boundary I'. We derive our model from the
traditional Maxwell equations (for further details, see [1, 2])

VxE=—0B, V.-B=0,

VxH=03D+J+Jup V-D=p, M

where E stands for the electric field, B denotes the magnetic induction field, H is the magnetic field, D represents the
electric displacement, J is the total current density, p is the density of electrical charge and .J,,, expresses the source
term.

The constitutive relations between the four vector fields B, H, D, E are generally expressed in the following man-
ner

B=B(E.H), D=D(EH).
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Their exact form depends on the particular physical phenomenon we are modelling. In many cases the present values
of solutions depend on their previous values. These dependencies are expressed with a memory term. There are
plenty of applications, for instance in chiral media [3], meta-materials [4, 5], nonlinear optics [6, 7, 8] or geophysics
[9, 10, 11, 12]. The physical phenomenon which is often observed in geophysics is charge accumulation in rocks that
serve as capacitors. The charge then decays, and this introduces an effective change to the traditional Ohm’s law that
does not assume capacitance. Hence it becomes a convolution in time. The authors of [11] considered a generalized
Ohm’s law

J(1) = (o = E)(1),

where the symbol = stands for the usual convolution in time, e.g. (f * g(x)) () = S(t) f(t—s)g(x,s) ds.
In our paper we adopt a generalized Ohm’s law in the following nonlinear form

J(1) = (o = E)(t) — (1« N(E))(1).
The electric conductivity term o is assumed to be separable, i.e.
o(x,1) = 6(x)o(t).

Both 6-(x) and o (¢) are known. Therefore to improve the readability of our paper we assume §-(x) to be a positive
constant. Time dependent part o(¢) is assumed to be Lipschitz continuous and bounded, i.e. 0 < 04 < 0 < o* < .
The nonlinear function N is supposed to be globally Lipschitz continuous and it also fulfills the following boundary
condition

N(E)xn=0 onT. (2)
Next, we consider a homogeneous dielectric material, i.e.
B = uH, D = ¢E,

where i and & are positive constants. Elimination of H in (1) then yields
1
e0}E+ 60, (0 +E) +V x =V x E = N(E) — 0,J upp-
u

The tangential component of E is supposed to be continuous across the boundary, i.e.

Exn=0 onT. (3
The initial data are prescribed as follows

E(x,0) = Ey(x), 0E(x,0) = Wy(x). 4)
The source term 0,J ,, is assumed to be separable, i.e.

— 0 app = h(1)f (x).
Here, the function f(x) is given but A(¢) is unknown. We suppose that

fxn=0 on I.
For the sake of simplicity, we assume y = € = & = 1. Then our PDE becomes

O?E +0,(0c+E)+V xV x E=h(t)f(x) + N(E). 6)
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Figure 1. Vertical cut of the measured part of the boundary.

The measurement introduced below will be used to recover the time dependent part of the source term (r)

f GE - ndl' = m(1). ©)
r

With ¢ being a function from C*(Q) with meas{supp(¢) n T} > 0. After applying the measurement operator to
equation (5)" and assuming that {. f(x) - n¢ dI” # 0, we eliminate A(r) to obtain

(1) + (0% m) (1) + [,V x V x E - Vg dx — . N(E) - np T
§of(x) - ng dT ’

We used the fact that 0,(f = g)(¢) = (f = d,2)(¢) + f(#)g(0) for any given functions f, g and applied the Green theorem
in the following way

h(1) =

(N

f(VxVxE-n)qul":JV><V><E-V¢dx+fV-(V><V><E)¢dx=fV><V><E-V¢dx. (®
r Q Q Q

The inverse source problem reads as finding a pair {E(x, 1), h(¢)} such that equations (5) and (7) are satisfied.

Remark 1. In the theoretical part of our paper, we do not assume any noise to be present in the measurement.
Otherwise (6) and (7) would not hold.

There is a broad range of literature considering Inverse Problems. Many papers are dealing with Inverse Source
Problems in hyperbolic setting. There are different techniques used to reconstruct the source term, for instance Carle-
man estimates have been used in [13, 14]. If the source is also space dependent then an extra measurement in space
(e.g. solution in the final time) is needed, cf. [15, 16]. Linear problems have been addressed in [17, 18, 19]. Boundary
measurements were used in [20, 21, 22].

We measure only the normal component of E on a part of the boundary I' which is modeled by the function ¢.
Let us explain the purpose of this function in more detail. Assume that the measurement is done on a part of the
boundary denoted as 1. Naturally, 7 is a subset of T, i.e. n < I'. Then the function ¢ is defined as ¢(x) = 1 if x € p
and meas{supp(¢) n n} = [77], moreover, meas{supp(¢) N T'} = |7| + &, for some small and positive &. For better
interpretation see Fig. 1. The implementation of ¢ in our measurement is solely due to mathematical reasons. With
this addition, we can use the Green theorem as in equation (8).

Structure of our paper is organized as follows. In Section 2, we propose a weak formulation of our problem
and then in Section 3, we discretize the time variable and approximate (3),(4),(5) and (7). Moreover, we prove the
existence of a unique solution at each time step. A numerical scheme for obtaining this solution is also provided. In
Section 4, we provide some stability results for our solution. Then in Section 5, we use Rothe’s functions cf. [23] to

'We multiply (5) with ¢ € C® (5) take a dot product with a unit outward normal vector n and integrate over I'.

3
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approximate our discretized system in the continuous form and state an existence theorem. Uniqueness of the solution
is then proved in Section 6. To support our numerical scheme, we provide a numerical experiment in the last section.

2. Weak Formulation

Let us introduce some functional spaces and basic notations which will be used in the sequel of the paper. We
denote the traditional inner product of L?(Q) by (-,-). Norm induced by it is denoted as |-||. Functional space
C([0,T];Y) is a set of abstract functions g : [0,7] — Y with the usual norm max,c(o7] ||-|y. For p > 1 we define a

1/p
norm in the space L?((0,77);Y) as (SZ [ H’;) . The dual space of a given functional space Y is denoted as Y*.
Functional spaces H(curl; Q) = {p;p € L?(Q),V x ¢ € L?(Q)} and H(div; Q) = {p;p € L*(Q),V-p € L*(Q)}
are commonly associated with the solutions of problems derived from classical Maxwell’s equations. We will be
working in the following spaces (see [24, 25])

X = H(curl; Q) n H(div; Q),
Xy =Xn{p;¢ xn=0o0nT} =Hy(curl; Q) n H(div; Q).

Norm in the space Xy is defined as |w| x = [w|+[V x w|+||V - w|. According to [24, Theorem 2.12] Xy < H'(Q)
if Q € C!. The same embedding is also obtained from [24, Theorem 2.17] if Q is convex. This embedding is very
important since we will be using it extensively throughout the paper.

Space Xy is associated with the solution of (5). To obtain the weak formulation of (5), we multiply it by a test
function ¢ € Hy(curl; Q). Then integrate over Q, take into account boundary condition (3) and use Green’s theorem
to obtain

(O7E.@) + (0(c + E), @) + (V x E,V x @) = h(t) (f(x),¢) + (N(E), ), ©9)

for any ¢ € Hy(curl; Q).

Then, the weak formulation of problem (3), (4), (5) and (6) reads as:
Find a solution pair {A(), E(x,1)} satisfying (3),(4),(7) and (9) such that h(¢) € L*((0,7°)), E € C([0,7T];L*(Q)) n
L*®((0,7); Xy) with its first order time derivative ¢,E € L*((0,7); L?(Q)) n C([0,7]; X¥) and second order time
derivative 6>E € L*((0,7); (Hp(curl ; Q))*).

3. Time Discretization

To discretize our continuous formulation (5), (7), we start by splitting the time interval [0, 7 ] into n € N equidistant
parts with the time step 7 = 7 /n. We use the following notation (w is an arbitrary function)
Wi — Wi

t; = it, w; = W(l‘i), ow; = ——, 62W,‘ =
T T

5Wi — 5Wl‘_1
2

The discretized convolution for given functions f, g is then defined as

(f *8)i = ) fiok&T.
k=0
This also implies

i—1
(7 +8) T(f*g)"l = fogi+ > 6fisgi, fori> 1.

k=0

5(f+g)i=
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Now, we consider a system with unknown variables {e;, h;} and approximate our ISP at each time step #; for i =
1,...,n

62e,<+(0'*6e),»+V><V><e,» :N(e,;l)-f'h,'f—ﬂ',‘Eo in Q
eexn =0 onI

eo = Eo (DPi)
580 :Wo
and
m! + (ocx=m'); +(VxVxe_;,Vo) —\.N(e;_) - ng dT’
L CA LR 1.V¢) — §p N(ei—1) - ng (DMPi)

§o f(x) - np dT

The scheme above is nonlinear and decoupled. The abbreviations DPi and DMPi stands for the Discretized Problem at
the time step ¢ = ¢; and the Discretized Measured Problem at the time step ¢ = #;, respectively. The pseudo-algorithm
for obtaining the solution pair {e;, i;} at each time step # reads as

Algorithm 1 Implicit Euler
Require: m, o, f,0ey = Ey,0e = Wy,ne N
1. fori=1,i<ndo
2: h; < Solve: (DMPi)
3: e; — Solve: (DPi)
4: i—i+1
5. return {h,e,},...,{h,,e,}

We now proceed with a Lemma which guarantees the existence of a unique solution pair {e;, #;} at each time step
tifori=1,...,n.

Remark 2. From now on, the inequalities of a type a < Cb, where C > 0 is a generic constant will be denoted as
a < b. The symbol C will always denote a positive constant.

Lemma 1. Let Q € C"!' or Q be convex. Moreover assume that N is globally Lipschitz continuous, ¢ € Cw(ﬁ)
with meas{supp(¢) " T} > 0, f € Xy,Eq € Xy,Wo € Xy,m € C*([0,7]) and § f(x) - n¢ dU # 0 and also
0<oy <o) <o* <wforanyt e [0,T]. Then foranyi = 1,...,n there exists a unique pair {e;, h;} solving
(DP1) and (DMP1). Furthermore, h; € R,e; € Xy,V XV X e; € LZ(Q) andV xV xe;xn=0onT.

Proof. ForagivenV xV xe;_; € LZ(Q) and e;_; € Xy we can compute s; from (DMPi). We also see that

P (14 V612 ) IV % ¥ % e+ 1012 ) INGeit) o))

) ) H'(Q)cL(T) 2 2
S(1+IVx Vet +lecilin) = (1419 %V x et + leimi i)

XycH'(Q) ) )
s (1+1VxVxei +eiil, ) <G

Now, assume thateq,...,e;_; € Xy and let us take a look at (DP1i)

i—1
1 oe;_ 1

elop+ =) +VxVxe = ¢i-1 +e_1|0o0+—= )+ N(ei—1)+hf — E oi_oe, T — oiEy. (10)
72 T 72 =

Now, let us state the weak formulation of (10):
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Find e; € Hy(curl; Q) with ey = E and dey = W, such that

<0_0 + Ti2> (ei"p) + (V X ei,v X sp) :% ((5ei_1,(p) + (0'() + Tiz> (ei—l»sp) + (N(ei—l)"p) + hi (f"p)
i—1
- 2 oi«7 (e, ) — i (Eo, @)
k=0

is true for any ¢ € Hy(curl ; Q). Since the right hand side of the weak formulation above is from the space L?(Q), we
can apply the Lax-Milgram lemma to obtain a unique e¢; € Hy(curl; Q).

To conclude the proof, we need to obtain some additional estimates for our solution e;. After employing a diver-
gence operator to the equation (10), we also see that

2 i—1

T T

Vee=Ve +— Ve +—— [V Ne_)+hV - f—S o,V et — oV - Eo | .
! 1+O’0T2 ! 1+0’07'2< ( 1) ‘f ];)O— 1 KT — 0 0)

. 2 . . .
Since ‘ﬁrorz ﬁmrz < C, we obtain the following estimate for V - e;

<Cand‘

i—1
IV-eill<[V-ein] + <1 + V- eia ] + el q) + Ci IV - Sl + D1V dexf 7+ |V - Eol)
k=0

XycH' (Q)
< Gl +ein]x,) <Ci

Therefore, e; € Xy. Furthermore, we can also see that

V xV x e = N(e,-,l) -‘y—/’lif—O'iEo —528,'— (0’*68),'6]_42(9)

VxVxe[xn:N(e[,l)xn+h,-f><n—a',-E0><n—62e,-xn—(o-*dexn)i:OOnF,

which concludes our proof. O

4. A priori energy estimates

In this section, we provide some energy estimates for e; and /;. Both discrete and continuous version of Gronwall’s
lemma will be key in the proofs of the following sections. For that reason, we state them here.

Lemma 2 (Discrete version of Gronwall’s lemma, from [26]). Let {y,} and {g,} be non-negative sequences and C a
non-negative constant. If

n—1

Y <C+ Y gy forn=0,
i=0

then

n—1

yn < Cexp <Z g,-) forn = 0.

i=0

Lemma 3 (Continuous version of Gronwall’s lemma, from [26]). Let y and g be non-negative integrable functions
and C a non-negative constant. If

3

y(t) <C+ Jo g(s)y(s)ds fort =0,
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then

y(r) < Cexp (L[g(s) ds) fort=0.

Lemma 4. Let N be a global Lipschitz continuous function. Assume that f € L?(Q), Wy € L?(Q), E € Hy(curl ; Q)
and 0 < o, < 0 < 0* < 0. Then we have the following estimate

max ||oe;[* + fnax HV xej|* + Z |6e; — dei_|* + Z IVxe—Vxe_i|*< (1 + Zh?r) :

1<<
i=1 i=1

Proof. We multiply (scalar multiplication) the first equation in (DPi) by de,t, integrate over €, use Green’s theorem
and sumup fori = 1,..., jto get

i 6e,,(5e 2 o *de);,0e;) T i (Vxe,oVxe)T i N(ei—1),de;) Z(h,-f,ée,-)‘r
i=1 i= i=

i=1 i=1

J
N Z(Ti (E(),&éi)‘l'.

i=1

The convolution term on the left hand side can be bounded in the following way

Zj] ((o = Se);, 0e;) T <1+ZH5€1H T.

In the next step, we take into account Abel’s summation formula

bi(bi — bi_y) = {bz b2+2 (bi — bi_1)? }
1 i=1

Now, using the above-mentioned formula, we can rewrite the terms on the left hand side as follows

e

l

/ / o> [Wol? 1
2(62e,-,5e,-)'r=Z(éei—éei_l,éei)=@—@qLEZH&ei

i=1 i=1 i

! IV xei|> |V xE

Z(Vxei,6Vxei)T= 5 iy 2 0” Z||V><e,—V><e, 2.

i=

The first term on the right hand side is handled via the Lipschitz continuity of N(-), Young’s and Cauchy’s inequalities
and the identity e; = Eo + > _, 0exT
1 |oe; || =

J J J
Z (ei—1).0€;) T Z + llei—1]) [oe:] 7 Z ll +
=1

i=1 i

joi
< Y [0+ |Eofl] 0ei] T + ZZ\MII |Gei| 2
i=1k=1

i=1

J
<1+ e’z
i=1

Ey + Z oe;t

i=1

~.
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The rest of the right hand side is estimated using Young’s and Cauchy’s inequalities once again

Zj: (hif,0e) T ZJ] (Ep,be;) T

~.

2 £ 7+ | Eol? +2H581H T

i=1 i=1
J J
L+ > hr |+ [oe| =
i=1 i=1

Collecting all partial results above, we obtain

J Jj Jj J
[oe, 1> + [V x ;> + > [de; — dei* + D[V x e, — V x 1 |* < (1 + Zh?f> + > o .
i=1

i=1 i=1 i=1

The rest of the proof follows from the application of the discrete version of Gronwall’s Lemma 2. U

Remark 3. The identity e; = Ey + Z{Zl oe;T and Lemma 4 above also imply

n
2
[max. le;|* < (1 + Z;hi7> .
im

Lemma 5. Assume that N is a global Lipschitz continuous function. Moreover, we suppose that f € H(div; Q), W, €
H(div; Q),Eg € Xy and 0 < 0 < 0 < 0 < 0. Then we have the following estimate

2 2 2
max [V - e, + YV e — V- dei | < (1 —&-Z;hir).

Proof. First, we apply the divergence operator to the first equation in (DPi), then multiply by V - de;7, integrate over
Q and sumup fori = 1,..., j. We obtain the following

Il
M\.

J
DV 6%V - de;) T

i=

J
(V-N(ei_1),V - e T—|—Z/’l V. f.V-6e)T— > (07V - E,V-be;)
i=1

i=1

_.
Il
-

((c=V-6e);,V-de;).

'M\-

The left hand side can be rewritten using Abel’s summation formula

2
|V-de;|” V- Wol®

J
Z (V~62ei,V~6e,~)‘r= 5 >

i=1

1{ )
+§;HV’68,'7V'585_1H .
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First term on the right hand side is estimated as

J J

DUV N(ei1).V-de) T < > [V-N(ei1)| [V 5e,HT<ZHe, e oy IV - G 7

i=1 i=1 i=1

J J

< leicilx, V- dei 7= > (leis] + |V x eii| + [V - ei1])) |V - G| T
i=1

i=1

J J J
2
1+ Zh,%) + Vel T+ Y|V e |V deif 7
i=1 i=1

i=1

~

Lemma 4,Remark 3
<

V-E0+ZV-6ekT
k=1

|V - dei| T

< <1 +ih,?r+zj:|v-5eizr> +Zj]
i=1 i=1 i=1
J J

< (1 + YT+ V- 6ei27) .
i=1 i=1

The other terms on the right hand side are estimated using Cauchy’s and Young’s inequalities. Therefore, gathering
all partial results, we arrive at

J J J
V- ej|> + )|V - de; — V- e |> < (1 + Y ||v~<se,»|2f> .
i=1 i=1

i=1

An application of discrete version of the Gronwall Lemma 2 and taking maximum over 1 < j < n yields to the
desired result. O

Remark 4. Using the identityV -e; =V - Ey + Z;=1 V - dejT and Lemma 5 above, we obtain an estimate for V - e;

< 2
[max IV e (l +Zlh’T> .

Lemma 6. Let N be a global Lipschitz continuous function and also assume f € Hy(curl; Q), Wy € Hy(curl; Q), E, €
Xy, VxVxEyeL?(Q)and0 < oy < 0 < 0* < 0. Then we have the following estimate

max |V x de;|* + max HVXVXeJH +Z|\V><6e, V x ey

I<jsn i=1
+Z|\V><V><ei—V><V><e,-,1H2$ (1—&—2}11.21),
i=1 i=1

Proof. We start by applying the curl operator to the first equation in (DPi), then we multiply it with V x de;t, integrate
over Q, use Green’s theorem (Lemma 1 guarantees V x V x ¢;xn =0onI)and sumup fori =1,...,j

D=

Jj
D1V x 0%,V x de;)T +

i=1

J
(VxVxe,-,VxVxéeJr—&—Z((o-*V><6e)i,V><(5ei)T
1 i=1

'M- 0

j
(V x N(ei—1),V x de;) T+Zh x f,V x 6e;) T Z (o:V x Ey,V x be;) 1.
i=1

i=1 i=1
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To bound the first two terms on the left hand side, we employ Abel’s summation rule once again, i.e.

2
[V x de,|” |V x Wol?
2 2

-

(V x 6%,V x e;) 7 =

EZ IV x e; — V x de;_|*,

Il
—_

\|V><V><ej\| HV><V><E0||
2 2

D=

(VxVxe,VxVxde)T

+ = ZHVXVxe, VxVxe|*.
11

Last term on the left hand side can be bounded as follows

J
< <1 + [V x 6ei21'> .

i=1

J
Z ((c %V x de);,V x de;) T

i=1

We continue with estimates for the right hand side. Starting with the first term, we obtain

J J
D1V x N(ei-1).V x 6e;) 1< <E0HI +Z\|el\|m<g )+Z|vme,~|zr
i=1

i=1

2 2 2
< <|E0XN + Yleli, ) + SV % o e
i=1

i=1
Lemma4,5 ] 2 ] 2
< 1+ D)+ )V x de|P .
i=1 i=1

The rest of the right hand side terms can be bounded via Cauchy’s and Young’s inequalities

J
Db (V x £,V x de;) T<Zh2|\V><fH T+Z||VXae,H T<Zh2T+ZHV><6e,H T,
i=1 i=1 i=1 i=1

i=1

J J
S|V x Eof* + Z IV x 6e;l|* 7< (1 + Z |V x 6ei|2‘r> :

i=1 i=1

J
D00V x Eo.V x de;) T
i=1

Now, we can congregate all partial results above to see that

J J
|V x be|* +Z IV x 6e; — V x Seiy|* + |V x V x ¢ +2 IVxVxe—VxVxe_|
i=1 i=1

J J
< <1 + thr) + D1V x e .
i=1 i=1
Using Gronwall’s Lemma 2 and taking maximum over 1 < j < n, we conclude the proof. O

Lemma 7. Let N be a global Lipschitz continuous function and suppose f € Xy, Wy € Xy, Ep € Xy,V XV X Ej €
L?(Q),me C*([0, 7)), f(x) - ngp dT # 0and 0 < oy < o < o* < 0. Then we have the following estimates

s 112 112 <
(i) max ejly, + max |V x Vx e’ < 1

} .
@) max <1

(iii) 1r£ja§n H6 e]H (Hp (curl;;Q))*

10
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Proof. (i) According to the proof of Lemma 1 and (DMPi), we have

J J J
B+ V<V x e+ leily,) = Dlhrs (1 VXV Prd ey, ) .
i=1 i=1 i=1

Lemmas 4,5 and 6 together with the bound above yield

J J J
lejlx, + IV x V x e (1 + Z;&) < (1 + ) ey, T+ 21V x V xei |2T> :
i=1

i=1 i=1

Thus, employing Gronwall’s Lemma 2 once again and taking maximum over 1 < j < n the first statement of Lemma
7 is proven.

(ii) The second statement is directly implied by (i).

(iii) We take ¢ € Hy(curl; Q) and make a scalar multiplication with (DPi). Then we integrate in Q and use
Green’s theorem to observe

(8%ei,0) = (N(ei—1). @) + hi (f, @) — (ciEo, @) — (0 % 5€)i,0) — (V x €,V x ).

Using statements (i), (if) and Lemma 4, we conclude

|(6%i @) < el + [V x @ < lell ety curt ) -

Therefore,

5e;,
Sup MS 1.

[6%€ 1 et curt iy =
(Ho(curl;;Q)) 00, cH, (curl 1) HSOHHO(curl;Q)

5. Existence of a solution

We construct piece-wise constant and piece-wise linear in time functions and show the convergence of subse-
quences of these functions to a weak solution {E,h} which satisfies (9) and (7). These functions are also called
Rothe’s functions and are created in the following manner

E,(t) = e te (ti_y,t),
@(I) =e;_1 + (t* ti_l)ée,- te (ti_l,t],
E,(0) = E,(0) = Ey,
W, (1) = de; te (tioitl,
W, (1) = deiy + (t — ti1)de; t€ (ti-1,1],
WH(O) = WI’I(O) = WO’
ha(t) =hi - te (tior,t],
m,(t) = m;, m)(t) =m;, m)(t) =m! te(tiy,1],
ou(t) = oy t e (ti—1,1].
Now, we can rewrite (DPi) and (DMPi) in a continuous form (for ¢ € (f;_1, ;)
OWu(t) + (70 * W) (1) + V X V X Ey(1) = N(E,(t — 7)) + hy(t)f — 5(t)Ep  in Q
E,(t)xn =0 onT
E,(0) = Eo (OF)
W,.(0) =W,
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) = ml! (1) + (T = m})(1;) + (V % z X i (.tn¢TdrV¢) SoN(E,(t—1)) - n¢ dl". (DMP)

Then the variational formulation of (DP) has the following structure for any ¢ € (1,1, ] and ¢ € Hy(curl; Q)

(OWa (1), ) + (@ * Wa) (1) + Ta(t)Eo, ) + (V X En(1),V x @) = (N(En(t = 7)),0) + ha(t) (f(x), ).
(an

The abbreviations DP and DMP stands for the Discretized Problem and the Discretized Measured Problem, respec-
tively.

Theorem 1. Let Q € CU! or Q be convex. Assume that N and o are global Lipschitz continuous functions and f €
Xy, Eo€ Xy, Wo € Xy, V x V x Eg e L2(Q),m e C*([0,T]), § f(x) - ng dT" # 0, ¢ € C*(Q) with meas(supp(¢) N
IN>0and0 <oy, <o <o* <o

Then there exists a weak solution {E, h} which satisfies (9) and (7). Furthermore, we have h € L*((0,7)), E €
C([0,7];L*(Q))nL*((0,7); Xn) with 0,E € L*((0,7); L*(Q))nC([0, T ]; X}), 07E € L*((0, 7 ); (Ho(curl ; Q))*)
andV x V x E € L*((0,7); L*(Q)).

Proof. The Lipschitz continuity of o implies

7, — o in L*([0,7]). (12)

Lemma 7 says that §) [/,(s) |2 ds< 1. From the reflexivity of the space L*((0,77)), we have a subsequence of 7, (still
denoted as h, for the sake of clarity), which converges weakly to /4 in this space, i.e.

ho(t) — h(f) in  L2((0,7)). (13)

Remark 5. In the sequel, we will frequently use the convergence of subsequences. To enhance the readability and
clarity of our paper, we will not distinguish between the original sequence and a subsequence and continue to denote
the subsequence with the same denotation as the original sequence.

From [24, Theorem 2.8], we have a compact embedding for any Lipschitz domain Q.
Xy EL*(Q).
Deducing from Lemmas 4,5,6, and 7, we obtain
T
| e wr et B <1 Ve 07

Applying [23, Lemma 1.3.13], we obtain an existence of a vector field E € C([0,7];L*(Q)) n L*((0,7"); Xy) with
OE € L*((0,7);L?(Q)) and a subsequence of E, for which the following convergence results hold

E, > E in C([0,7];L*(Q)),

E, > E in L2((0,7;L*(Q))),

E,(t) — E(t) in Xy, Vte[0,7], (14
E,(t) — E(1) in Xy, Vte[0,7],

W, =0,E, — E in L*((0,7);L*(Q))).
Lemma 7 together with Xy < Hy(curl; Q) < (Ho(curl; Q))* — X7 implies

Hath”X;‘f £ H@WHH(HO(curl;Q))* < L

12
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Now, thanks to the embedding Xy € L?(€), which implies L?(Q) € X}, and Lemma 4, we also have for 7 € (t;_1, 1]
[Wall e < [Wall = [6ei1 + (t — tio1)6%:| <(|6ei] + |ei—1])<

Hence, the sequence W, is equi-bounded in C([0, 7|; X}). Moreover, for any 7 # s,z, s € [0,7 | and any ¢ € Xy, we
have

(W) = Wo(5). )] = j (W, (2).0) d

< o= sllaWal x= lelx, < It = slelx, -

Thus the sequence W, is also equi-continuous in C([0,7 |; X}) and so applying a modification of Arzela-Ascoli
theorem (see [23, Lemma 1.3.10]), we conclude that the sequence is compact in there, i.e.

W, — W in C([0,7]; X%). (15)

Now, for any 7 € (#;_1,;] and any ¢ € Xy, we have

(W= W) = |[ @51 0) o

Therefore,
W, — W in C([O,‘T];X;'\‘,). (16)

n—0oo0

< 7|oWal x+ el x, =7 lelx, — O

Using this and (14), we conclude the following for any ¢ € Xy

T T T
J (OE,@) dt = lim [ (W,(1),9) dtzf (W,p) dt =— O,E=W.

0 =90 Jo 0

Lemma 7 implies 0,W,, € L*((0,7); (Ho(curl;Q))*). Since this space is reflexive, there exists a z from the space
L2((0,77); (Ho(curl ; Q))*) such that &,W, — z in this space. Using the previous results for the sequence W,, we
conclude for any ¢ € Hy(curl; Q)

[ @) 0) ds = W) - Wi0).9) = Jim (W)~ W 0).9)

0 n—o0
! !

lim | (OW,(s),¢) ds =J (z(s), ) ds.

n—oo 0 0

Therefore, O°E = z,i.e. oW, — 0*E in L*((0,7"); (Ho(curl ; Q))*). For the convolution term, we have the following
estimate for any ¢ € Xy and ¢ € (¢;_1, 1;]

(@ (W ))(6) — (7 % (Wi

(@ )0
J’ (Wa(ti — ), ) Tuls) ds — fo (Wa(t — 5), @) Tu(s) ds

0

= ft (VVn(z‘i —85) =W, (t— s),(p) on(s)ds — J;l (‘Vn(ti — s),tp) on(s)ds

0

!
<t |Wat)| = lelx, + JO [Wati = 5) = Walt = )| xx [l x,, ds.

The first term on the right hand side can be estimated as 7 |¢|| X, since HVVnH x* < 1. We can bound the second term
N

13
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in the following manner

(Wt — ) = Wit = )] g = [Walls — ) = Walt = ) & Wl = 5) = Wt = 5) s
< Wt = 5) = Wl = 5)] g + [Walt = ) = Wit — )| g
<T1oWa0)l s
= 7[6%i] g
ST HézeiH(Hg(curl Q))*
<t

This implies

t
9= ) = Wato = o)y I, ds<rlel,
Therefore,
(T % (W) (1) — (@ (W) (0)] <7 0] x, =5 0.
Now, using (12),(16), and Lebesgue dominated convergence theorem, we conclude for any ¢ € Xy and ¢ € (f;,—1, ;]

lim (@ (W 9)) (1) = lim (@ * (W 0))(1) = (0 % (OE. 9)) (0).

n—0o0

Thanks to Lemma 4 and the Lipschitz continuity of N, we have for any 7 € (#;_1,#;] and ¢ € Xy
|(N(E, (1 = 7)) = N(E,(1)), ¢)| S |En(t — 7) = E,(1)| | @]l = [l —eii | [ @] = [6ei] [ ¢l 7<7 o] -

Since E, — E in L*((0,7); L?(Q)), also N(E,(t — 7)) — N(E) in this space.
Now, we can integrate (11) in time over 7 € [0,£] < [0, 7 ] and according to the results above, we can pass to the limit
for n — oo and ¢ € Xy to obtain

3 3

((o* GE)(t) + o(t)Eo, ) dt +L (VX E(@®),V xgp) dt

(QE©).0) — (Wo.0) + f

Of '3
=J (NE®W). 0) di + J h() (fop) di.

0 0

Then differentiating with respect to the time variable £ yields
(GPE.@) + (0 O,E) + 0Eo,9) + (V x E.V x @) = (N(E).9) + h(1) (f.9) -

The equation above is true a.e. in [0, 7| and for any ¢ € Xy. The space Xy is dense in Hy(curl ; Q), therefore, (9) is
valid for any ¢ € Hy(curl; Q) and 0?E € (Ho(curl; Q))* a.e. in [0, 7).

14
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Next step is to pass to the limit for n — o0 in (DMP). Since m € C*([0,77]) and o is bounded, we deduce

(50500 — @) 0] = | 0= 9yts) s = [ o = (o) 0

0

[ = 9) = mita = )eats) as— [yt~ (s as

0

n—0o0
—

<mﬂ+ﬁkﬁm—w—@u—ma&nm
0.

Taking into account (12), we observe the following
(T # m}) (1) "= (o % m")(0).

Thanks to Lemma 7 and (14), we have for any ¢ € C{°(Q) and ¢ € [0, 7]

(V <V x E_',,(t),tp) Green’gheorem (V < E_,l(t),V « ‘0)
Green’ghearem (E—.n (l), V x V x Sa)

n—0oo

— (E(1),VxVxe)=(VxVxE({),p).
Since C(Q) is dense in Hy(curl ; Q) and in L?(Q), we conclude (V x V x E,(1),¢) — (V x V x E(t), ¢) for any
@ € Hy(curl; Q) and for any ¢ € [0, 7 ]. Again, thanks to Lemma 6 and Lemma 7, we have
3 — — 2 . 2 n—o0
J [VxVxE,()—=VxVxE,(t—71)| dt<2|jV><V><ei—VxV><e[,1\| <t =500,
0 i=1
Using this and the fact that ¢ € H'(Q) for any ¢ € CZ (Q), we obtain the following convergence result

3 3
lim | (VxVxE,(—1),V¢) dt = f (V x V x E(1),V¢) dt.

Lemma 4, Lemma 5, and the embedding Xy < H' (Q) gives us an estimate for E, ie.
— 2
HEn(’)HHI(Q) SRR
We recall the Necas inequality cf. [27] or [28, (7.116)]
W7y < £IVWI* + Celwl®,  Vwe H'(Q), (17)

where 0 < & < g and C, := < for some C > 0. Strong convergence of E,(r) towards E(t) in L?(Q) for any
t € [0,77], cf. (14), and the inequality above imply

HEn(t) - E(t)

L) S B0 — By ) + Ce [Ealt) — EO)] <6+ Co | Ear) — E()[
Thus,

lim |E,(1) = E(1)|f ) S6 50 ie. E,() - E() in L*(I), Vre[0,7].

n—0o0

15
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Using Lemma 4 and same technique as above, we conclude the following for ¢ € [;,_1, ;]

|Ea(t) = Eo(t = )iy S |Ea) = Ealt = 1)) + Co | Ealt) = Bl =)

<e+CloeP 2 =3 & =% 0.

Now, we integrate (DMP) in time over ¢ € [0,&] < [0, 7], consider all convergence results above, take into account
that m € C*([0,77]) and the Lipschitz continuity of N and pass to the limit for n — o0 to obtain

lim
n—0o0

h
0 Srf(x) - ng dr

Differentiation with respect to the time variable £ yields (7), which also concludes our proof. O

f - §6m” (1) + §5[(0 = m') (1) + o (t)m(0)] + §5 5,V x V x E - Vg dx — §; §. N(E) - ng ar

6. Uniqueness

Due to the nonlinear term N, we are not able to provide an uniqueness proof without any further regularity
assumptions on the solution E. Thus, we assume E € H"*(Q). Taking this into account and also presume that
N is supposedly smooth, i.e. N € C2, we conclude the following for any vector fields u,v : R? — R? and some

&1,6,6¢€[0,1]

Ni(u) — Ny (v) VNi(v+ &(u—v)) - (w—v)
Nu)—N@u)= | Na(u) = No(v) | = | VN2iv + &(u —v)) - (u —»)
N3(u) — N3 (v) VN3(v+ &(u—v)) - (u—v)

Assuming that u,v € H°(Q) and using the Cauchy-Schwarz inequality, we obtain an estimate for derivatives in the
following form

|0x;(N(u) = N(v))| < ) [\6ijNi(v +&i(w —v))|[0xj(v + &i(u —v))| [u —v|

i=1
+ VNI + & = v))| 0xj(u )] ]
S(lu—v[ + [0x;(u —v))).

Now, we can provide some further estimates which are obtained in the similar manner as estimate above

[V x (N(u) = NO)| < u—v|mg ifNeC’ uveH*(Q) (18)
and

[V-(N@) - NO)| < u—v|pe ifNeC?, uveH*(Q) (19)
We continue with the uniqueness theorem.

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Moreover, presume that N € C*. Then there exists at
most one weak solution {E, h} to the problem (5),(3), (4) and (7) fulfilling h € L*((0,7)),E € C([0,7T];L*(Q)) n
L*((0,7); H*(Q)) with 6,E € L*((0,7); L*(Q)) nC([0, T ]; X}), 07E € L*((0,T); (Ho(curl ; Q))*) and V x V x
E € L*((0,7); L3(Q)).

Proof. Let us have two solutions {E, h} and {G, g} to the problem (5),(3), (4), (7) and denote

E-G=P,  h(1)—g(t) = plt).

16
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Our goal is to show that P = 0 a.e. in Q x (0,7 ) and p = 0 a.e. in (0,7 ).The measurements for both solutions are
the same, therefore, we have

(Vx Vx P(1),V¢) — [(N(E(1)) — N(G(1))) - n¢ dr

1) = 20

p(1) §.f(x) - ngdr <0
Subtracting (5) for E and G yields

PP+ (00, P)+V xVxP=fp+NE)—-N(G). 1)

Remark 6. P x n = 0 on the boundary T and P(x,0) = 0, 0,P(x,0) = 0.

We continue with several energy estimates implied by (20) and (21).
Part (A): Looking at (20), taking into account the embedding H' (Q) < L? (I') and the Lipschitz continuity of N, we
obtain

P& S IPE)fnq) + IV x V x PE)|*. (A)

Part (B): Multiply (21) with ¢, P, integrate over Q, use Green’s theorem and then integrate in time to deduce

1 1 3 3 ¢
3 10PEL + 519 x PO < | Ipl 111021+ | INE) =M@ 1P+ | I =Pl 12l
We also have the following bounds for the terms on the right hand side
3 3 ) 3 )
N N MY
0 0 0
3 3 )
| W samiar < [ 1arr.
0 0
3 3 3 )
| e -N@ari< [ Ipar< | lorr.
0 0 0
Here, we used the traditional Cauchy and Young inequalities, boundedness of o, the Lipschitz continuity of N and

1P(1)] =
that

SE) 0/P(s) H < §y110.P(s)|. Collecting all partial results and applying Grénwall’s Lemma 3, we conclude

'3
[0P@I + IV x P& SL Il (B)

Remark 7. This result also implies | P(£)|* < Sg Ip|*.

Part (C): Apply the divergence operator to (21), then multiply it by V - ¢, P and integrate in space and time to
obtain

1 '3 '3
S0P < f Pl IV £119 - 6.2 + j o=V -aP)||V- 6P|

'3
) j IV (N(E) — NG)| |V - 0.2
0

17
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First two terms on the right hand side are estimated via the Young’s inequality, i.e.
3 3 3 ) 3 )
[liesiiw o+ [ 1oy apni-aris [l [ 1v-ar,

For the last term we use (19), (B), the embedding Xy < H'(Q), and the inequality |V - P(¢)| =
§o1V-a.P(s)| ds

[ V- 0,P(s) dsH <

'3 3
L IV (N(E) ~ N(G))||V - 6. < f 1Py IV - 0P|
3
< f IPlx, |V o
'3 '3
< f (1P| + 1Y x P|) |V - 0P| + f V- PV a,P|

3 &
2 2 2
< | (P19 < pr)+ [ 1o

& 3
SN AR
0 0

We employ Gronwall’s Lemma 3 to get
2 ¢ 2 Ce
|V-aP&)]" < ; | and IV-PE)]" =< ) lpl” ©

Part (D): Apply the curl operator to (21), multiply it by V x ¢, P, then integrate in Q and use Green’s theorem and
then integrate in time to obtain

1 1 3 3
31V PP + 51V <V x POP < [ 171V % A1V < aPL+ [ 1o« ¥ x 2P 17 2P
&
+L |V < (N(E) = N(G))[ |V x é,P].
Again, we use Young’s inequality to handle the first two terms on the right hand side
3 & & ) 3 )
| 1ol % 119 % b+ [ 1o e 7 oY < aP1s |1+ |19 <o,
The last term on the right hand side is estimated with the help of (18), the embedding X < H! (Q), (B) and (C)
3 3 3
17 V@) = NG ¥ % PIS | 1Py 7 x 2P1 < | 1PL, 19 2P
¢ 2 2 2 ¢ 2
< L (1P + 19 - PI* + 19 x PI) + fo IV x &P

& &
<[ P | v o,
0 0

18
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Utilizing the Gronwall Lemma 3, we achieve the following estimate

£
IV x a.P@)|> + |V x V x PE)J SJO pl*. (D)

Summary: Taking into account the embedding Xy < H'(Q) and gathering the results from (A), (B), (C) and (D), we
have

3 3
Py + 17 ¥ x PEP S [ 175 | (1Pl + 19 7 PP).

Thus, employing the Gronwall Lemma 3 one more time, we see that P = 0 a.e. in Q x (0,7) and from (A), we
conclude that p = O a.e. in (0, 7). O

7. Numerical experiment

The main goal of this section is to support theoretical results stated above. We want to demonstrate the conver-
gence of numerical scheme proposed in Section 3. Since Rothe’s method is semi-discrete, we only analyze the time
dependent part of the error of the numerical solution. Consider the following test problem. Find {E(x, 1), h(¢)} such
that 2

PPE(x,1) + (0 % O,E)(t) + o(t)E(x,0) + V x V x E(x,1) = f(x)h(t) + N(E(x,1)) + F(x,1) in Q x (0,7)
E(x,t) xn=0 in T x (0,7)
f(x)xn=0 on T. (22)
With initial data prescribed as
E(x,0) = Ey(x), 0:E(x,0) = Wy(x)

and additional measurement in the form of (6).

7.1. Setting of the experiment

Let Q be a sphere in R® with radius r = 1ie. Q = {x = (x,y,2) e R}|x* +y* + 22 < 1} and 1 € (0,7) with
7 = 1. To show the convergence of our scheme, we need an exact solution {E(x, ), ()}, so we can compute the
error of the numerical solution. For that reason, we define the exact solution as

The remaining functions are determined accordingly

o(t) = 48 + 8 + 16t + 32,
N(E(x,1)) = |E(x,0)| " E(x,1) + E(x,1),

X

F =88y, Fw»——(

+ 127 + 40t + 56>
Z

N =

(xz +y2 + Z2)1/4

21f the vector field F(x,1) is sufficiently smooth then all theoretical results achieved in previous Sections remain true. Hence, we can add this
term to the right hand side in (22).
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In order to examine the nature of error (whether it is diminishing with the decreasing time step) of our numerical
solution {E,umericat> Pnumericar}> W€ compute multiple solutions for time steps 7 = 0.1, 0.05,0.025,0.0125, 0.00625.
The spatial part of our time-space domain is then divided into 553 cells (tetrahedra) with diameters ranging from
0.38513 to 0.65231. We use Lagrange finite elements of order 2 at each time step to provide a numerical solution.
This leads to a system with 16590 degrees of freedom.

Remark 8. Sometimes, when computing the electromagnetic solutions, we obtain a non-physical (spurious) solution.
This is when the discretized space V), (spatial discretization) does not belong in V. = lim,_,o Vj. If we require a
divergence-free constraint on the discrete test functions we suppress the non-physical solutions. In this case the use
of Nédélec (edge) finite elements is the obvious choice. However, in our case, the solution E(t) € Xy does not have
to be divergence-free, even though its divergence is controlled. Therefore, we choose the Lagrange finite elements for
our numerical computations.

The part of the boundary where the measurement (6) was done is displayed in Fig. 2. The errors for the numerical

Figure 2. The boundary measurement

solutions are computed in the following manner

2 12 !
- L2((0,7);L2(Q)) , errory = \/J\ |hnumerical - hexacl‘|2 dr.
| exacr||1_2((0,7’);L2(Q)) ‘

H E numerical — E exact

errorg =

We can see the time step dependency of these errors in Fig. 3 and Fig. 4 and in the Table 7.1 below. The quality of

T 0.1 0.05 0.025 0.0125 0.00625
errorg | 0.1387535 | 0.0648619 | 0.030508687 | 0.0141785 | 0.006821868
errory | 0.07026298 | 0.03500252 | 0.0187912 | 0.01103294 | 0.00724477

Table 1. Values of errorg and errory, for different time steps 7

the numerical reconstruction of the source term A(f) can be seen in Fig. 5.
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-3 T T T T T T T T T T T T T T T T
®  tau dependent error of numerical solution Enum 3r ® tau dependent error of numerical approximation of h(t) > 1
4T —— least square line — least square line
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= 7 1 = -45F 1
e e
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Figure 3. T dependency of error of Epumerical Figure 4. 7 dependency of error of hyumerical

o6 ®  numerical approximation
: — exact source h(t) = e'

h(t)

Figure 5. Reconstruction of the source term h(f) = e’ using the time step 7 = 0.05

The performance of our algorithm with noise in the measurement is pictured in Fig. 6. As we can see, the
reconstruction of the source term was quite good for 1% and 5% noise in the data. However, when 15% of noise was
present, our reconstruction was slightly off. To reconstruct the source, we also need the information about the first
and second order time derivatives of the function m(¢) (measurement). Therefore, if the noise in the data is too high
(15%), the smoothness of m(z) is not sufficient. This causes the errors in the reconstruction.

If the error of a given numerical solution E from the exact solution E,,,. depends smoothly on a time step 7 then
there exist an error coefficient A such that

ET - Eexact = A7’ + O(Tp+l),

where p represents the order of convergence. Using the formula above, we can estimate the order of convergence for
our numerical solutions E, and A, i.e.

ET - Eexact At? + O(Tp+l)

= Y
E.p —Eepur  A(7/2)P + O(7PH1) 27 4+ O(7).
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4.5 T T

—— Exact solution
1% Noise
* 5% Noise
+ 15% Noise

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Figure 6. Source reconstruction using noisy data.

Which gives us (analogously for /)

E‘r - Eexacl
1 —— | = p+O(7).
& <ET/2 - Eexacl P (T)

Applying this method, we obtain an estimation for the order of convergence of our numerical solutions.

E s E E\ o5 ] ] 10,025 !
logy e [ logy o [ log, oo [logy e | [logyt [ log, 22 [ log, 2 [ log, o
pg | 1.097 1.088 1.105 1.055 DPh 1.0053 0.897 0.768 0.6068

Table 2. Estimation of the order of convergence for E; and &,
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