JOURNAL OF
COMPUTATIONAL AND
APPLIED MATHEMATICS

Journal of Computational and Applied Mathematics 79 (1997) 299-317

On the convergence of the MAOR method'

Yongzhong Song*
Department of Mathematics, Nanjing Normal University, Nanjing 210097, China

Received 28 March 1996; revised 8 January 1997

Abstract

In order to solve a linear system Ax = b, Hadjidimos et al. (1992) defined a class of modified AOR (MAOR) method,
whose special case implies the MSOR method. In this paper, some sufficient and/or necessary conditions for convergence
of the MAOR and MSOR methods will be achieved, when A is a two-cyclic matrix and when A is a Hermitian positive-
definite matrix, an H-, L- or M-matrix, and a strictly or irreducibly diagonally dominant matrix. The convergence results
on the MSOR method are better than some known theorems. The optimum parameters and the optimum spectral radii of
the MAOR and MSOR methods are obtained, which also answers the open problem given by Hadjidimos et al.
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1. Introduction

Let us consider a system of n equations
Ax=b, (1.1)

where A € C™*", b, x € C" with b known and x unknown.
For A satisfying Property A, in particular, for 4 with the form

A:(_D;( ;?) (1.2)

where D, and D, are square nonsingular diagonal matrices, Young [17, Ch. 8] proposed the mod-
ified SOR (MSOR) method, where one relaxation factor w, is used for the “red” equations, which
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correspond to D, and the other relaxation factor w, is used for “black” equations, which correspond
to Dz.

Clearly, the MSOR method is better than the SOR method and, therefore, the Gauss—Seidel method.

In [17,9,10,2,6,7] some convergence theorems are proved, when A is positive definite, strictly
diagonally dominant, an H-, L-, M-, or a Stieltjes matrix. In [16,5,4] the optimum spectral radius
of the MSOR method was obtained.

In [3] a class of MAOR method was proposed whenever the matrix 4 is a GCO( p, g)-matrix.
Some convergence conditions for two-cyclic matrix were given.

In this paper, we assume always the coefficient matrix 4 of (1.1) having the form (1.2), i..,
A 1s a two-cyclic matrix. We shall investigate the convergence of the MAOR and MSOR methods.
Some sufficient and/or necessary conditions for convergence will be achieved, when 4 is a Hermitian
positive-definite matrix, an H-, L- or M-matrix, a strictly or irreducibly diagonally dominant matrix.
The convergence results on the MSOR method are better than some known theorems. The optimum
parameters and the optimum spectral radii of the MAOR and MSOR methods are obtained.

For convenience we shall now briefly explain some of the terminology used in the next sections.
We write B> C (B>C) if b;; >c;; (b, >c;;) holds for all entries of B=(b;;) and C =(c;), calling B
nonnegative if B>0. The matrix [B| =(]b;]|) is called the absolute value of B. These definitions can
be applied immediately to vectors by identifying them with n x 1 matrices. We denote the spectral
radius of B by p(B).

Definition 1.1. A matrix B=(b;) € R"™" is called
(a) an L-matrix if
b;>0, i=1,...,n, (1.3)
b;<0, i#j, i,j=1,...,nm (1.4)
(b) an M-matrix if (1.4) holds, B is nonsingular and B~! >0.

Young [17, Theorem 2-7.3] has shown that a Stieltjes matrix is also an M-matrix, and it is proved
in [17, Section 2.7] that an M -matrix is an L-matrix.

Definition 1.2. A matrix B=(b;) € C"™" is called
(a) an H-matrix if the comparison matrix m(B) defined by

mi,-=|b,~,~|, i=1,...,n,
my= —|byl, i#j, i,j=1,...,n

is an M -matrix.
(b) strictly generalized diagonally dominant by rows (or columns) if there is a nonsingular positive
diagonal matrix P such that 4P (or PA) is strictly diagonally dominant by rows (or columns).

Clearly, an M-matrix is also an H-matrix. By [1, Theorem 6-2.3] it is easy to prove that
a matrix B is an H-matrix if and only if it is strictly generalized diagonally dominant by rows
or by columns. Hence, if B is strictly or irreducibly diagonally dominant (by rows or columns), then
it is an H-matrix.
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2. MAOR method

In [3] a class of MAOR method was defined whenever the matrix 4 is a GCO( p, g)-matrix. For
the two-cyclic matrix 4 given in (1.2), let

A=D-C, - Cy

be an usual splitting of 4, where

(D, 0 /0 0 (0 H
p=(% 5,) c=(x o)- = )

Then the Jacobi iteration matrix can be defined by

J=D"NC,+Cy)=L+U (2.1)
with
L=D"'C;= ( 0] 0) ., U=DCy= (O DrlH) .
Dy'K 0 0 0
The modified AOR (MAOR) method is defined as follows:
= Lo rx + darp, k=0,1,..., (2.2)

where, for Q = diag(w, /), w:5,), w1, w, #0, and I' = diag(51,,y1,), the MAOR iteration matrix %, r
is defined by

FLor =D —-TC) ' - QD+ (Q—-T)C,+ QCy)
= -TLY'I-Q+(Q-T)L+ QU]
and
bors=(D—TC ) 'Qb=( —T'L)"'D™'Qb.

It is easy to show that the MAOR iteration method is independent of § so that we can denote the
iteration matrix by %, u,.,, i.¢., the MAOR method can be defined by

xF = o gy X+ Do onpbs k=0,1,..., (2.3)
where the iteration matrix %, , , is defined by

ywhwz."/ = (1 - VL)_I[I —Q+ ((1)2 - ’)))L + OJ]U]

=< (1 - ), o\ DT'H ) 2.4)

(0, —yo)D;7'K (1 — o), + yo DT'KDT'H
and

Don.nns = —yL)'D'Qb.



302 Y. Song/!Journal of Computational and Applied Mathematics 79 (1997) 299-317

When the parameter y equals w, the MAOR method reduces to the MSOR method [17, Ch. §]
and the iteration matrix is denoted by %, 4,, i.€.,

gwl,wz = (1 - sz)—l[] —-Q+ (I)IU]

_( (1 — ) w,DT'H )
N1 —o)D'K (1 — w)h + w0, D' KDT'H )

It is easy to prove that if y#0 then the MAOR method is an extrapolated MSOR (EMSOR)
method with extrapolation parameter w,/y and overrelaxation factors w;y/w; and 7, i.e.,

Ly = (1 - ﬂ) I+ 22 %oy 2.5)
Y ¢
In addition, the MAOR method is also a special case of the method given in [8] by
= —a@L) ' - @+ (1 —a)RL+ QU + (I — QL) 'D™'Qb, k=0,1,..., (2.6)
where deiag(cbl,...,cb,,) and o a real parameter. In fact, if we set Q=0 and 2w, =19 then (2.6)

reduces to (2.3) with (2.4).

3. Convergence

In this section we discuss the convergence of the MSOR and MAOR methods.

3.1. Hermitian matrices

We assume that 4 is a Hermitian matrix with positive diagonal elements. In this case K# =H
and, therefore, C/{ = Cy. Consequently, the matrix

J=D""A(C,+ Cy)D™*=D"JD™'"

is also a Hermitian matrix. Hence, with J the Jacobi iteration matrix J has only real eigenvalues.
We denote the eigenvalues of J by

U < -0 Sy,
and let
a=p(J).
Then it follows by [17, Theorem 5-4.7] that
A== — Uy
Under the assumptions above we define a set #(w;,w;,7) by

O<w <2, O0<w; <2,
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and either 7 is arbitrary whenever =0 or

1 1
cu;,_—w—_2 [Zmin{i,—} — 1] <y<w2+9_E [Zmin{L,—} — 1] ,
7 w; Wy n w W

whenever i #0.
Now we describe convergence theorems.

Theorem 3.1. Let A be a Hermitian matrix with positive diagonal elements.

@) If (0, 2,7) € #(wy,02,7), then the MAOR method converges if and only if A is positive
definite.

b) If 0<w, <2, 0<w, <2, then the MSOR method converges if and only if A is positive
definite.

Proof. We write

fofy O N\'(D 0
M(V’Q)_( 0 60212) (—')/'K D2 i

foy 0\ ((1-w)D o H
N“m*<5lwm>(w»$m}u—%w)'
Then
“S’pwhwz,)’:[M(V’Q)]‘IN(%Q)

(3.1)

and
A=M(y,2) - N(7,2)

hold. Furthermore, we have

My, )1 +N(y,Q) = (

2
— Dl (07]—1)11 0 ) ( _L) 1/2 —1/2} 12
D K 0 (2 - +{1 = DY?yD~"?| DY2,

Assume that the eigenvalues of the Hermitian matrix
Ji= @) | D1/2JD—1/2
=(™73 2 2 s)* =)

w2

(2 -1D (1-DH
(1- 2 (2 -1D,

are {v|,...,v,}. By [15, Ch. 2, Section 44] we obtain

2 .
V; = min {——1}+ min {(1——))—) /1,}, i=1,...,n
i=12 | w; 1<j<n W,

Because (@, ws,7) € #(w;,wy,7) it follows that v;>0, i=1,...,n. This shows that the matrix J,
and, therefore, [M(y, 2)]” + N(y, Q) is positive definite. Now the statement (a) follows directly by
[11, Corollary 2.10] or [1, Corollary 7-5.44].

The statement (b) is a special case of (a).
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The above convergence theorem on the MAOR method depends on the eigenvalues of the Jacobi
iteration matrix. Now we present a sufficient condition for convergence, which only depends on the
values of the parameters w;, w, and 7.

Theorem 3.2. Let A be a Hermitian positive-definite matrix. Then the MAOR method converges
if the parameters w, w, and y satisfy either

O<o <, <y<2, wy<2 (3.2)

or

2
0<%<@<L(m@<i%. (3.3)
1

Proof. Let M(y,L2) and N(y, Q) be defined by (3.1). Then

Z-1p, (1-2)H
(1- LK %~U&>

:(l - 1) A+ (29—1 - ll) D.
(00 ax

We denote the eigenvalues of 4 and M (y, Q)" + N(7,2) by {n,...,1,} and {vi,...,v,}, respec-
tively. If w,, @, and y satisfy either (3.2) or (3.3), then

: )2 Y :
v = 2 1) min nj+{mnq{—>—— | min aq;
W, I<j<n i=L2 | ay Wy | Isj<n

. 2 . .
Z|min{—>~—1] mn#n>0 i=1,...,n
J=12 | 1<j<n

since 0 < min;¢;<, ;< MiN; ¢;<p G5
This shows that the matrix [M(y, @)} + N(y,Q) is positive definite and the convergence of the
MAOR method follows directly by [11, Corollary 2.10] or [1, Corollary 7-5.44].

My, Q) +N(%Q)=(

3.2. H-matrices and strictly or irreducibly diagonally dominant matrices

First, we consider the case when p(|J/|)<1 holds.

Theorem 3.3. Let p(|J|)<]1. Then the following inequalities hold:
(a)
P(Zor,0n,) < MAX{|1 — i + wip(|J])} <1, (3.4)
whenever 0<w; <2/[1+ p(|J])], 0<w, <2/[1 + p(|J])] and 0<y < w,; or
i=1,2

(Lo any) S {1 - E"ﬂ + max {‘% — co,-‘ + co,-p(lJ[)} <1, (3.5)

whenever 0 <w, <y <2/[1+ p(|J|)] and 0 <w; <2w,/{y[1 + p(|J)]}-
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(b)
(L) < MaX{|1 — w;| + w;p(|[J))} <1, (3.6)

whenever 0 <, <2/[1 + p(|JD], 0<w, <2/[1+ p(|ID].

Proof. We first assume that

O<wi < O<m< 0<y<w,.

2 2
1+ p(|J]) 1+ p(|J1)’
Let

T=( —y|L)7'[ — Q| + (w; — PIL| + an|U[]. (3.7)

Then T is nonnegative and, hence, by [13, Theorem 2.7] there exists an eigenvector x>0, x#0,
such that

Tx=p(T)x
holds, 1.e.,

[ — Q] + (w0, = PIL| + o |U|1x = p(T)J — yIL[)x.
Multiplying by 27!, it follows

e 11 - 7= (

As [(w; —y +yp(T))/w,]|L] + |U| =0, it follows by [12, Theorem 11] that
w, — 7+ yp(T)
1)

; —y+?p(T)‘LIJr IUI)x
()] '

minfor o(1) ~ 1 — o7l <p ( i+ 101). (3.8)

Assume that p(7)>1 holds. Then

w; —y+yp(T)
w3

1< <p(T)

is true, and, therefore,
min o' p() — |1 — o7} < 22D i1y 4107 <)o)
This shows that there exists i, i =1 or 2, such that
o' p(T) — |1 = &7 | < p(T)p(V]). (3.9)
Case 1: w;<1. In this case it follows that
w7 p(T) — o' + 1< p(T)p( ) <p(T),
and also
(07" = DIp(T) - 1]1<0,
which contradicts w;' — 10 and p(T) — 1=0.
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Case 2: w;>1. Now from (3.9), we have
o7 p(T) + w7t = 1<p(T)p(M)).

As w; <2/[1 + p(|J|)], it implies

1
5[1 + p([IDI1 + p(T)] = 1< p(T)p(|J]),
and also

(1 - p(UDIp(T) - 11<0,

which contradicts 1 — p(|/])>0 and p(T) — 1>0.
Now we can conclude that

p(T)<1
holds. Hence, we obtain

vy
1- L + L (T)<1
%+%M)

and (3.8) implies
min{o;p(T) — [1 - o '[}<p(IL| + U] = p(J)).
Consequently,
A1) < max{[1l — wif + wip(|)}-
On the other hand, it is easy to see that
| Lo ST,
and [13, Theorem 2.8] ensures
(Lo wny) <p(T).
Notice that if w; <1, we have

1 — | + wip(lJ))=1— w; + w;p(|J]) < 1.

(3.10)

(3.11)

(3.12)
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While if w;>1, we have

= wi[1+p(VD] -1

2
< ——[1+p(D] -1
= 1. (3.13)
Summarizing (3.10)—(3.13) it has shown (3.4). Inequality (3.6) is a special case of (3.4).
Using extrapolated principle it follows from (2.5) and (3.6) that

(03] W
P Lowny) < |1 — — ip(g(wuy/wz),v)
vy
(93] (63,
<J1- 2|4 —zmax{‘l - 22 ST g1~ +yp(|J|>}
vy W,
(40}
=[1- 22+ {]——w,‘w,p(un} (3.14)
whenever
(63)) 2
0<— 3.15
1 +P(=?(ww/wz)v) ¢ )
and
0<@ 2 gyc 2 (3.16)
w, 1+ p(J]) 1+ p(J]) '

Since p(L(wiyjwn),y) <1 it implies (w,,y) to satisfy (3.15) if 0 <w,<y. Now, from (3.14) and
(3.16) we obtain

p(‘yml,ﬂ)z,'}’)< (1 - 'U')‘z) + % = 1,
Y Y

and it completes the proof of (3.5).

From [14, Theorem 1] we know that if 4 is an H-matrix then p(|J|) <1 holds. Hence, by Theorem
3.3, we have the following convergence theorem.

Theorem 3.4. If A is an H-matrix then the convergence results of Theorem 3.3 are valid.

Since a strictly or irreducibly diagonally dominant matrix is also an H-matrix, Theorem 3.4 is
valid for these kinds of matrices.

Furthermore, for these matrices, ||/|» can take the place of p(|/|) in Theorem 3.4. In order to
describe convergence theorems, we denote

0 = ||| co> 0= ”DI_IH“oos 0= ”DZ_IK“oo-
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If 4 is strictly or irreducibly diagonally dominant by rows then
o(|J]) < max{gy,0,} =0 <1.

For irreducibly diagonally dominant matrices the parameters ;, w, can equal 2/[1 + o).

Theorem 3.5. Let A be irreducibly diagonally dominant by rows. Then the following inequalities
hold.

(@) p(Loprr) < max;—12{[1 — | + 0,6} <1,
whenever 0 <y<w, <2/[1+ o] and 0<w, <2/[1 + 7] or

i=12

(Lo ) < ‘1 - %‘ + max {‘% - wi‘ ‘|‘Q)i0'}<1,

whenever 0 <w, <y<2/[1 + a] and 0<w, <2w,/[y(1 + ¢)].
(b) p('gwl.wz)< max,-=1‘2{|1 - CU,'| + CO,‘O‘}S 1’
whenever 0 <w; <2/[1 + 0], 0<w, <2/[1 + a].

Proof. Assume that T is defined by (3.7) and 0 < y<w, <2/[1 + ¢] and 0<w, <2/[1 + ¢]. Since
A is also an H-matrix, the proof of Theorem 3.3 is valid and, hence, the inequalities

v b
T)<l1 d 0<1-—+ —p(T)<1
p(T)<1 an ot D)

hold. If p(T) =0, then p(%Z,, «,,) = 0<1, and the inequality (a) is true. Now we consider the
case p(7)>0. With 4 the matrices J and {1 — y/w, + [y/w,]p(T)}|L| + |U| are irreducible. By [13,
Theorem 2.1] it follows that

Y
p (1= 2+ Zon)| 1+ 1U1)<p(izl +1U1) = 1<
W,
From (3.8) we can derive the first inequality in (a), and (b) is its special case.
Similar to the proof of Theorem 3.3, using extrapolated principle we can prove the second in-
equality in (a).

Remark 3.1. This result improves the one by [9, Theorem 5].

For strictly diagonally dominant matrix we have the following convergence theorem.

Theorem 3.6. Let A be strictly diagonally dominant by rows. Then the following inequalities hold:
(@) (Lo, 0y) < max;— {1 — ;| + w;o;} <1,
whenever 0 <w, <2/[1+ 0], 0<w, <2/[1 + 03] and 0<y < wy; or

P(gw.,wz,y)<}1 — %’ + max{

i=1,2

w
=2 CO," + (,O,'O'i} < 1,
Y

whenever 0 <w, <y<2/[1+ a,] and 0<w; <2w,/[y(1 + o7)].
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(b) p(.ﬁfwl,wz)S max,-:m{ll — Cl)il + CO,‘O',‘} < 1,
whenever 0 <w, <2/[1 + a1], 0<w,; <2/[1 + 7,].

Proof. Assume that 0 <w, <2/[1 + g,], 0<w, <2/[1 + 6,] and 0<y<w,. From (2.4) we obtain
P( Lo on) S| ZLorons |0
<max{|l — o + w01, |1 — w,| + |w2 — yoi|07 + yw,010,}.
If w, Zyw, then
|y — yw1|02 + Y010102 = 0207 — Y10, + Y0610, W20,

as o, <1.
If w, <yw; then

|y — ywi|oy + 16,0, = Y16, — W6, + Y0010,
= ywi(1 + 0,)0; — W02
< 2y6; — 20, S 0,07,

since y<w, and w; <2/[1 + a,].
This has shown that

|1 - Cl)2| + |CL)2 — '})CO1|0'2 + '))(1)10'10'2<|1 — 0)2’ “+ 0,0,
and, hence,

P Lo.ony) S maxX{|1 — ;] + w0, }.

In addition, clearly,
1 — ;| + wo, <1, i=12
Hence, the first inequality in (a) holds, and (b) is its special case.

By (b) and using extrapolated principle we can prove the second inequality in (a).

Remark 3.2. On the MSOR method this theorem presents the same convergence region as
[6, Corollary 3.1], which is better than the one in [10, Theorem 2].

3.3. M-matrices

We have known that an M -matrix is also an H-matrix, hence, the statement in Theorem 3.3 is
valid for M-matrix. Here we shall prove that 4 being M-matrix is also a necessary condition for
convergence, whenever 4 is an L-matrix.

We first give two lemmas.
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Lemma 3.1 (Berman and Plemmons [1, Theorems 1-3.18, 1-3.35]). Let B>0 be an irreducible
matrix. Then

Bx<ax for some x>0, x#0
implies x>0 and

p(B) <.

Lemma 3.2. Let A be an irreducible L-matrix. Then for 0<w; <1, 0<w, <1, 0<y<w,, we have

in {M—w)j + 1}<p ({y[p(z""“’”) L I}L + U)

1
i=1,2 w; 27}

oy (o)L Ga7)

2 w;

4

<m
Proof. For simplicity we denote p = p(ZL, 0,.7)-
Since 4 is an L-matrix, L>0, U >0 and %, ., ,=>0. Hence, there is x>0, x#0, such that
Lo,y X = PX,
ie.,
—-Q+(w;—y)L+ o Ulx=( — yL)px.

Multiplying by Q7!, it derives

Kp—ng*+nx:(ﬂiﬂﬁﬁfL+U>x
(1]
Hence,
- - —1
[mm(p 1+1ﬂx<(9L4EETL+LQx<{mu<Q——+1ﬂx. (3.18)
=12\ () =12 \

Notice that w, — y + yp >0, it implies

-1
ax(p +1>>0
1,2

i

and

L=VEW; L o,
27}

By (3.18) and [1, Theorem 2-1.11] we derive directly the first inequality in (3.17). If w,—y+yp=0,
then w, =y and p =0 so that the second inequality in (3.17) is trivial. If w, —y +yp #0, then with
J the matrix [(w; — 7+ yp)/w,]L + U is irreducible. It follows from the second inequality in (3.18)
and Lemma 3.1 we obtain the second inequality in (3.17).

Using Lemma 3.2 we give the connection between the convergence of J and %, ,, ,-
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Theorem 3.7. Let A be an L-matrix. Then, for 0<w; <1, 0<w, <1, 0<y<w,, the following
statements are true:
(a) 0<p(J)<1 if and only if 1 — max,_;» @; <P(Zu,m,,y) <1, and in this case we have

P(ZL,00,7) S n_l?)z({l — o+ wp(J)} <1,

(b) p(J)=1 if and only if p(Leo,w,y)=1, and in this case we have
P(Lorom,y) Z 1111“%{1 —a; +wp(J)} =1
Proof. First we assume A4 is irreducible. If p(J)<1, by [17, Theorem 2-7.2], 4 is an M -matrix.
Theorem 3.3 implies

P(Loy.0,7) < max{l — ; + wip(J)} <1.

Further, as 0<y(p — 1)/w, + 1 <1, by Lemma 3.2 it follows that
-1 -1

Moo i pys o,
[0 maXx;-y,2 W;

o]

and, hence,

p=1 — max w,.
i=1,2

Conversely, assume that p <1 holds. If p(J) =0, then the proof is completed. Now we consider
the case when p(J)>0 holds. In this case, as y(p — 1)/w, +1<1, Lemma 3.2 derives the following
inequality:

1 —1
[L) + 1] p(NH<—L—" 11 (3.19)
12} max;—,> W;

If y(p — 1)/w, + 1 =0, then p =0 and, consequently, (p — 1)/max;_; , w; + 1 <0, which contradicts
(3.19). Hence y(p — 1)/w; + 1#0, and from (3.19) it derives

p(J)< (ﬁg + 1)/(v(pT—21) + 1)<1.

This shows (a).
From (a) it follows immediately that p(J)>1 if and only if p> 1. In this case y(p — 1)/w,+12>1,
and, hence, Lemma 3.2 derives that

p—1

() ——
min;—,» ;

+1,
and also

p21+1p(0) ~ 1] | mine| = min{1 - &+ wp())} >1.
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Up to now, we have proved the statement under the condition that A4 is irreducible. Now, we
assume that 4 is reducible. We construct an irreducible L-matrix 4, by replacing all zero elements
of —K and —H by a small negative number —e. Let

Jo=D — 4,

and let %, ., ,(¢) be the MAOR iteration matrix with respect to 4,.
Obviously,

p(J:) — p(J), P(ZLoywy(€)) — (Lo ry) as e— 0.

Since A, is an irreducible L-matrix, by the proof above, p(J;) and p(%,,, «,,(€)) satisfy (a) and (b).
Putting ¢ — 0 we obtain (a) and (b) hold for p(J) and p(Z,, w,.,)- This shows the statement to be
true when 4 is reducible.

Now, using [17, Theorem 2-7.2], Theorem 3.3, Theorem 3.7 we prove an equivalence theorem.

Theorem 3.8. Let A be an L-matrix. Then the following statements are equivalent:

(a) 4 is an M-matrix.

(b) p(J)<1.

(c) The MAOR method is convergent, whenever 0<w;<2/[1+ p(J)], 0<w, <2/[1 + p(J)],
O<y<w,.

(d) The MSOR method is convergent, whenever 0 <w; <2/[1 + p(J)], 0 <w, <2/[1 + p(J)]

Proof. The equivalence between (a) and (b) is proved by [17, Theorem 2-7.2]. If 4 is an M-matrix
then it is also an A-matrix. By Theorem 3.3 we derive (c).

Conversely, we assume (c) to be true. If @, and w, satisfy 0 <w; <1, 0<w, <1 then, by Theorem
3.7, we obtain (b). If either @, or w, is larger than 1 then

_.._2_.___>1
L+p(J)" 7

and, therefore, p(J)< 1. Hence, if (c) holds then (b) is true.
We have proved (c) is equivalent to (a) and (b). (d) is a special case of (c).

Remark 3.3. The result on the MSOR method here is better than the ones by [9, Theorem 3], where
the parameters w; and w, only satisfy 0 <w, <w, < 1.

Remark 3.4. In this section we assume that 4 has the form (1.2), where D, and D, are square
nonsingular diagonal matrices. For general cases that the matrices D; and D, are only nonsingular
we can prove that all the convergence theorems above are valid, but some additional conditions
for Theorems 3.1, 3.7 and 3.8 are necessary. For Theorem 3.1 we shall assume that D is positive
definite. For Theorems 3.7 and 3.8 the additional condition is D being an M -matrix.
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4. Optimum choice of parameter factors

In this section we study the optimum factors and the optimum spectral radii of the MSOR and
MAOR methods.

First the following lemma was obtained in [3].

Lemma 4.1. Let the eigenvalues of %,, ., and J be, respectively, {A} and {u}. Then it holds
A+ — DG+ o — 1) = 0w, — 7 + pA,
Le.,

22— (2= — @+ youl)i+ (o — 1)@, — 1)+ oi(y — 0)u* = 0.

We denote the eigenvalues of the Jacobi iteration matrix by {u;, i =1,.. .,n}, and let

f=max ||, p= min |u},
2 2
i— i+
wp=1+ ik ; wy =1+ ATE ;
1_H2_|_ I — 2 1__2+ 1 -2

In [16] the optimum virtual spectral radius of the MSOR method and the corresponding optimum
parameter factors were derived. With the completely similar proof we can prove the following
theorem.

Theorem 4.1. If the eigenvalues of J are real and i<1, then
P( L) = P(Loyn) = B

and unless (w1, ;) = (w1, W) 0o (@1, W2) = (W, W1,) We have
P(Lo0:)> P

Now we consider the MAOR method.

Theorem 4.2. If the eigenvalues of J are real and ji<1, then
min p(Lp,.m,) = b,

W1, W2,7

and the optimum parameter factors wi,, Wy, are defined as follows:
(a) For p=p=0,

Wo = Wy =1, 7y, arbitrary.
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(b) For i=pu>0,
1
W1 =

(1 — A2)
(c) For i>u=>0,

1
Yo = 020(2 — W) + = (1 — 0 )’, w0 #0 arbitrary.
i

Yo = W20,
and either

(@10, W20) = (W15, W25)
or

(@10, W20) = (W25, W1p).

Proof. Similar to the proof of [17, Theorem 8-3.3], by [17, Theorem 8-2.1, Lemma 6-2.9] we can
obtain

p(gwhwz,}') = max p(wlawb 75 #12)’

I<ign
where p(w;,w,,y; u?) is the root radius of
A= b(u*)A+c(u?) =0
with
b(i) =2 — 0 — 0y + you’ = 1 + c(y?) — wywy(1 — p?)
and
() = (w1 — Dz — 1) + o1(y — ;).
Obviously, one and only one of the three cases
p=p=0, g=u>0, g>u=0

appears.
Case I: 1= pu=0. In this case we have f =0 and

(Lo, a,9) Z0.
Clearly, p(Zs,,0,,y) =0 iff
b0)=2—-w —w, =0, c(0)=(w — 1) w2 —1)=0,
ie.,
w=w;=1.
Case 1I: = p>0. Now, we have § = 0. Furthermore, we have that p(.%,, ., ,) =0 holds iff
2—w —w; +ywifi2 =0, (w1 — 1)(w2 — 1)+ o1(y — w,)i2 = 0.
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Solving these equations we obtain

1 (1 — w,)?

w; #0, w; = 7=(2 — W)+ 2

B wy(1 — ﬁz)’
Case III: 1>p>0. In this case, we have p>0.
If either |c(p?)| > B* or |c(ji2)|> B is true, then

p(wlaw% Vs E2)> \/ |c(ﬂz)| >ﬁ
plwr, w2,7; 12} 2/ le(i2)| > B

and, hence,

(Lo ony)> B.

Now we consider the case when |c(u?)| < f* and |c(ji%)| < B are true.
For

or

4

(JT=+vT=)

W W) 2

we get

4(1 — ) _ _2p

bR = 1+ () — (1 — ) <1+ B -

which implies

p(wi, s, 7; 1) = 51b(?)] = B.
If
4

(e V=)

we can derive

/RS

4 _(—py
(i@ +vi=m) '°F

_A=BB-F) (= BB~ ()]
pa-p) - p?)

W &

and, therefore,

|+ o(@?) — oas(l — @)=+ %c(ﬁz),

315

(4.1)

4.2)
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ie.,
bty > + %c(m»o.

It follows that

plwn x5 1) = 5 |bGE) + fIb(EF — (i) |

N —

—

=

; [B + el + \/ p+ et - 46(;12)}

_ % [/H %c(m) + (ﬁ - %c(;v))]
= B.

From (4.1)-(4.3) we have shown that

(4.3)

max{p(wy, ws,7; 12), p(wy, 02,7 p*)} =P

Furthermore, by the proof above, it is easy to prove that the equality
(4.4)

max{p(w;,w,,7; 12), p(w1,wy,7; 4°)} =P
holds if and only if
C(E):(a)] — 1wy — 1)+ o (y — 602)&2 =B,

c(ii) =(w; — (w2 — 1)+ o1(y — )i’ = 7,
4

Solving these equations we obtain

w1y =

and either
W1 = W1p, Wy = Wy (4.6)

or
W) = Wap, Wy = Wyp. (4.7)
Now, by the proof above, we obtain

p(gwl,wb)’) Zmax{p(wls 2,7, ﬁ2)9 p(wl’ 2,7, Hz)} Zﬁ
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If

p(gwpwz,}') = ﬂ:

then (4.4) holds. Hence (4.5) and either (4.6) or (4.7) are true.
Conversely, when (4.5) and either (4.6) or (4.7) hold, the MAOR method reduces the MSOR
method and by Theorem 4.1 we get

p($w1~wl~}') = ﬁ

Remark 4.1. We have shown that the optimum spectral radius of the MAOR method is equal f.
When > p>0 the optimum MAOR method is just the optimum MSOR method. The results here
also answer partly the open problem in [3].

Acknowledgements

The author wishes to express his thanks to Professor Apostolos Hadjidimos and the referees for
helpful suggestions and comments.

References

[1] A. Berman and R.J. Plemmons, Nonnegative Matrices in the Mathematical Sciences (Academic Press, New York,
1979).
[2] Lj. Cvetkovic and D. Herceg, A modification of the overrelaxation method, Z. Angew. Math. Mech. 69 (1989)
187-188.
[3] A. Hadjidimos, A. Psimarni and A.K. Yeyios, On the convergence of the modified accelerated overrelaxation
(MAOR) method, Appl. Numer. Math. 10 (1992) 115-127.
[4] A. Hadjidimos and Y.G. Saridakis, Modified successive overrclaxation (MSOR) and equivalent 2-step iterative
methods for collocation matrices, J. Comput. Appl. Math. 42 (1992) 375-393.
5] A. Hadjidimos and A.K. Yeyios, Some recent results on the modified SOR theory, Linear Algebra Appl. 154/156
(1991) 5-21.
[6] D. Herceg, M.M. Martins and M.E. Trigo, Extended convergence area for the (MSOR) method, J. Comput. Appl.
Math. 33 (1990) 123-132.
[7]1 D. Herceg, M.M. Martins and M.E. Trigo, On the convergence of the MSOR method for some classes of matrices,
SIAM J. Matrix Anal. Appl 14 (1993) 122-131.
[8] K.R. James, Convergence of matrix iterations subject to diagonal dominance, SIAM J. Numer. Anal. 12 (1973)
478-484.
[9] M.M. Martins, On the convergence of the modified overrelaxation method, Linear Algebra Appl. 81 (1986) 55-73.
[10] M.M. Martins, A note on the convergence of the MSOR methods, Linear Algebra Appl. 141 (1990) 223-226.
[11] JM. Ortega and R.J. Plemmons, Extension of the Ostrowski-Reich theorem for SOR iterations, Linear Algebra
Appl. 28 (1979) 177-191.

[12] W.C. Rheinholdt and J.S. Vandergraft, A simple approach to the Perron-Frobenius Theory for positive operators on
general partially-ordered finite-dimensional linear spaces, Math. Comput. 27 (1973) 139-145.

[13] R.S. Varga, Matrix Iterative Analysis (Prentice-Hall, Englewood Cliffs, NJ, 1962).

[14] R.S. Varga, On recurring theorems on diagonal dominance, Linear Algebra Appl. 13 (1976) 1-9.

[15] J.H. Wilkinson, The Algebraic Eigenvalue Problem (Oxford Univ. Press, London, New York, 1965).

[16] AK. Yeyios and A. Psimarni, Convergence analysis of the modified SOR (MSOR) method, Internat. J. Comput.
Math. 35 (1990) 231-244.

[17] D.M. Young, Iterative Solution of Large Linear Systems (Academic Press, New York, 1971).



