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Abstract

Due to its simplicity and low memory requirement, conjugate gradient methods are
widely used for solving large-scale unconstrained optimization problems. In this paper,
we propose a three-term conjugate gradient method. The search direction is given by
a symmetrical Perry matrix, which contains a positive parameter. The value of this
parameter is determined by minimizing the distance of this matrix and the self-scaling
memoryless BEGS matrix in the Frobenius norm. The sufficient descent property of the
generated directions holds independent of line searches. The global convergence of the
given method is established under Wolfe line search for general non-convex functions.
Numerical experiments show that the proposed method is promising.

Keywords: unconstrained optimization, conjugate gradient method, self-scaling
memoryless BFGS matrix, global convergence
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1. Introduction

The method involved in this paper is designed to solve the following unconstrained
optimization problem:

min f(x),x € R", (D
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where f(x) is a continuously differentiable objective function.

The most popular methods for such unconstrained optimization problems, espe-
cially for large-scale problems, are first-order methods. Namely, only the gradient of
the objective function is used in iterations. Since Newton or quasi-Newton methods re-
quire calculating and storing Hessian or approximate Hessian matrix, for a n-dimension
problem, it need at least O(n?) storages and calculations at each iteration. However,
first-order methods only need O(n) storages and calculations at each iteration. So, in
this paper, we mainly focus on studying the first-order method for solving problem (1).
There are several types of first-order method to solve problem (1).

Gradient descent method is the simplest iterative first-order method with the form :

X1 = Xk — Oy, ()

where the step size o is either fixed or determined by a line search, and g = V f(x;)
is the gradient of the objective function. It requires only vector operations. However,
its convergent rate is slowly and it is easy to form a zigzag search path.

Subgradient method [1]has the similar form with gradient descent method:

Xy = Xy + 0% fi, 3)

where 0 f;is the subgradient of the objective function f(x) at x;.

Nesterov accelerated gradient method [2] is one of well-known accelerated gra-
dient method which accelerates first-order method by foming estimating sequences.
Gonzaga and Karas [3] presented a variant of Nesterov’s method that adapts to un-
known strong convexity. To improve the convergence rate, O’Donoghue and Candés
[4] proposed a heuristic for resetting the momentum term to zero.

Th heavy ball method proposed by Polyak [5] adds an adjusted term to the gradient
step:

X1 = X — 0V f (i) + Brdis “4)
where d; = x; — x;_1. The motivation is to avoid the bounce between the walls of nar-

row ’valleys’ on the objective surface which may occur in gradient descent method.

However, in the heavy ball method, the objective function f(x) is supposed to be
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strongly convex and strongly smooth, namely:

strongly convex with the constant

£0) 2 )+ V)T (=) + Sy =P, )

strongly smooth with the constant L

1) < F@+ V)T (=) + 5= ©

And, the step size oy depends on two constants L and L.

The conjugate gradient (CG) method can be considered as an instance of the heavy
ball method with adaptive step size. However, conjugate gradient method has an ad-
vantage that it does not require knowledge of L and u to determine step size. The

iterative formula of conjugate gradient method is given by

X1 = X+ Ody. @)

—8k+1; for k=0;
dis1 = (8)

—8k+1 +ﬁkdka for kZ 1)
where P is a scalar called the conjugate gradient(CG) parameter, oy > 0 is the step size
obtained by some line searches [6, 7]. Among them, the so-called Wolfe line search

[8, 9] requires oy satisfying

F O+ ogdy) — f(x) < powgl dy, )

and

g (x + o) dy > ogj dy, (10)

where 0 < 0 < ¢ < 1. In the convergence analysis and numerical implementations of
the conjugate gradient methods, the step size ¢ is often computed by the strong Wolfe

line search [9] which requires o satisfying (9) and
|g(xk—|—ockdk)Tdk| < —O'g,{dk. (11

Due to its simplicity and low memory requirement, conjugate gradient methods are

widely used in solving large-scale optimization problems. In the past decades, a variety




47

48

49

50

51

52

53

54

55

56

57

58

59

60

62

63

64

65

66

67

of conjugate gradient methods are developed. There are some well known conjugate
gradient methods, such as Fletcher-Reeves (FR) method [10], Hestenes-Stiefel (HS)
method [11], Polak-Ribiére-Polyak (PRP) method [12, 13] and Dai-Yuan (DY) method
[14].

Recent effors have been made to relate the nonlinear conjugate gradient method
to modified conjugacy gradient conditions and quasi-Newton method. The following

Dai-Liao [15] conjugacy condition

Ay = —18h st (12)

where sy = Xp1 — X, Yk = 8k+1 — &k and ¢ is a positive parameter, is one of the most in-
. . . . . . . DL
teresting conjugacy condition. Based on condition ( 12), Dai and Liao obtained f3, ©

as follows , ,
DL Sk+1Yk  8kr15%
(1) = —t (13)
k dlyk dl yk

2
Hager and Zhang [16] presented an another choice for the parameter ¢ = 2% and
sTyi

obtained CG-Descent method by computing the parameter 8 in (8) with

B = max{BY,mi}, (14)

in which

—1

_4 N _ g1{+1yk AlE 8zf+1dk
= 3 , Bl = -2 (15)
||di|[min{n, ||g/|}

dly dlye dlye’

Nk

where 7 is a fixed positive parameter. By seeking the conjugate gradient direction
closest to the direction of the scaled memoryless BFGS method, Dai and Kou obtianed
CGOPT family [17], in which the parameter f;(7;) is determined by

dkTng
[kl

T
Sk Yk

T T 2
Vi 8+t di &kt ||ill
Pule) =r ==, el

= (lJer
dlyi dlyi dl'y

)+ (16)

Combining with two types of modified secant equations, Kou [18] proposed an im-
proved CGOPT method. Similar with Dai and Liao’s approach, based on modified
secant equations proposed in [19, 20, 21], other conjugate gradient methods have also
beeen developed by Li, Yabe and Zhou et al. in [22, 23, 24], respectively. Other choices
for the paramter ¢ in (13) can also be found in [25, 26, 27].
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On the other hand, by using quasi-Newton techniques in conjugate gradient method,
some authors considered conjugate gradient method as a special type of quasi-Newton
method. Based on this technique, Perry [28] proposed the following formula for com-
puting the parameter f in (8):

P glf+1yk - g/fmk

e =———F—— A7)
dk Yk

By substituting (17) into (8) and applying some simple algebraic manipulation, we can

obtain the corresponding Perry’s search direction as follows:

df = —0F 18k+1, (18)

where
T T
Skyk Sksk
T T ®
YisSk Vi Sk

From equations (18) and (19), it is obviously that Perry conjugate gradient method

Qr=1- (19)

can be considered as a special case of quasi-Newton method. In Perry method, the
matrix Q,f 41 18 used to estimate the approximation of the inverse Hessian matrix of the
objective function. From a strictly point of view, Perry’s method can not be considered
as a quasi-Newton method, since the matrix Qf 1 18 not positive symmetric and does
not fullfill secant condtion.

To overcome the asymmetry, combining with Dai-Liao conjugacy condition (12),

Babaie-Kafaki and Ghanbari [29] proposed the following matrix Ay

syl +yest sys?
Ap1 = —5% fT—k; (20)

S Yk S Vi
to replace the the matrix Q,’: 41 in (19). Andrei also presented a symmetric matrix to

estimate the inverse Hessien approximation as follows:

T T T
N o SkYr — VS SkSk
O =1- — a7, Tl -
Si Yk Si Yk

(2D
By computing the parameter ¢ in some different manners, Andrei obtained some differ-
ent conjugate gradient methods [30, 31, 32, 33].

The above results indicate that conjugacy conditions and quasi-Newton techniques

can be used to improve the traditional conjugate gradient efficiently. In this paper, we
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will investigate Perry conjugate gradient method by mininizing the distance between
a symmetrical Perry matrix with a positive parameter and the self-scaling memoryless
BFGS update in the Frobenius norm.

The structure of the paper is as follows. In the next section, the motivations of
this paper will be discussed. After that, the corresponding method will be proposed.
In section 3, the global convergence results of the obtained algorithm are established
under Wolfe line search. In section 4, the numerical Dolan-Moré performance profile
[34] of the proposed algorithm with some will known conjugate gradient algorithms

will be shown by using the unconstrained optimization test problems from [35]

2. Motivations and the corresponding Perry conjugate gradient method

2.1. Motivations

Let us simply review the update matrices Ay and QkN .1 proposed by Saman and
Reza [29] and Andrei [30, 31, 32], the iterative update matrix both can be expressed as
the following form:

Qi1 =I+R5™ + 1R, (22)

where RS and R are given rank 2 and rank 1 adjusted matrix respectively.
Motivated by this observation, in this paper, we propose the following symmetric

Perry matrix

o | = I+ AN 4 AR (23)
where
T T T
S + Vs
A§+l — kykT yk k , AI;"‘FI — sl;‘ss , (24)
Sk Yk Sk Yk
t; is a positive parameter to be determined. The search direction is generated by
dipr = =08k, k=1, (25)

2.2. The optimal choice for the parameter

In the following, we will discuss some properties of the method formed by equa-

tions (23), (24) and (25). And then, the parameter 7, will be determined by minimizing
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the distance between the matrix Qﬁl and the self-scaling memoryless BFGS matrix in
the Frobenius norm.
It is well known that, BFGS method [36, 37, 38, 39] is one of the most efficient

quasi-Newton method. The BFGS update matrix is given by

Sky;{Hk+HkykS;{+(1+y,{Hkyk Skt

Hpyy =Hi — -
y;{Sk y;{Sk y;ZSk

(26)

For large-scale problems, the expenditure of storing and computing the matrix Hy is
huge. Perry [40] and Shanno [41] proposed the self-scaling memoryless BFGS update
matrix by replacing H; with a scaled identity matrix &J/. The corresponding self-
scaling memoryless BFGS matrix is given as follows:

T T 2 T
SV + YieS Yk SkS
=& - =k +(1+5k” I )= 27)

Hék
Vi sk yisi " ylsi

k+

Since the self-scaling memoryless BEGS method is one of the most efficient memo-
ryless quasi-Newton method, and, the matrix QQ’{H defined by (23) has similar structure
with the self-scaling memoryless BFGS matrix Hkéfrl given by (27), in this paper, the
parameter ¢ at each iteration, in (23) is defined by

. M 2
i = argmin(|lQY, — HEL )
>
T T 2 sest
' SkY, + Vs ||yk|| SkS
= argmin{ || (1 + 245" + AT — (G — S~ 5 + (1 + & ) 75 IF )
>0 Vi Sk YieSk Vi Sk

(28)
where || - || is the Frobenius matrix norm. For convenience, we use Dy () to denote
oY, - HEfH. Since ||Dyi1(t)||% = tr(Dis1(t)T Dyy1(2)), it follows that the problem

(28) can be expressed as

1 = srgmin{ir(Dyca (1 Diy (1) (29)
>

After some directly and tediously computation, we can have

tr(Dis1 ()" Dy (1)) = (24 2a)t> — 4t + g(ar, &), (30)
where
llselI* Lyl
= — 31
(SZYk)Z GV
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gla, &) = (1 - &)*n— (a; —2)6 — 20,8, + 4. (32)
Based on equation (31), obviously, a; > 1 and (2 + 2a;) > 0, so, the problem (29) has

the following unique solution

1
1+ ay’
It should be noticed that, since a; > 1 given by (31), the value of #; < % From (33),

*

I

(33)

the optimal value 7; depends only on gy instead of . It is an amazed result, since
this result indicates that whatever the scale parameter &, the solution of (29) uniquely
exists.

On the other hand, the descent property of a given search direction is very important
for the convergence analysis. Now, we discuss the descent property of the direction
generated by (23), (24) and (25). By substituting ((23), (24)) into (25) and multiplying

both sides of (25) with g1, we have

T T T 2
8k+1Vk8k+15k (8k15%)

diy gk = — gk || + 2t
kiR sTyk sTyi
T T 2
Shs 15k (8hs15%)
S*||gk+1||2thk(||gk+1||2+(—k}rl )2||Yk||2)*7k;1 (34
S Yk S Yk
T
8+15k
= —(1=1) gk 1 I — (=) [sf i — tillyiell -
Sk Yk

If the Wolfe line search (10) is utilized to compute the step size oy, we can deduce that
sZyk > 0. From equation (34), in order to ensure the sufficient descent property, in this

paper, we make the following restriction on #;

T
s
§< T (35)
[kl
Based on the above discussion, the parameter 7, in this paper is determined by
. 1 sy
ty = min{ ——, —~—1, (36)
T !

2.3. The corresponding Perry conjugate gradient method
To facilitate the convergence analysis, we rewrite the method formed by (23), (24)

and (25) as a typical three-term conjugate gradient method as follows:

dir1 = —&i1 + Brdi + Sk, 37
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where
T T
_ W8k 1Yk — ki 1Sk

Br ) (38)
d yk
&L Sk
§ =~ (39)
Sk Yk

in which # is determined by (36). Furthermore, in order to establish the global conver-

gence for general function, we need to make a nonnegative restriction on f; as follows:

B¢ = max{p,0}. (40)

Now, we present the detailed description of the obtianed algorithm for solving un-

constrained optimization problems.
Algorithm 1. New Three-term Perry Algorithm (NTPA):

e Step 1: Givenx) €R", €> 0,1, >0, setd) = —g1, k=1, if ||g1|| < &, then stop;

Step 2:Compute oy, such that the Wolfe line search conditions (9) and (10) hold;

Step 3: Let xp11 = X+ Odi, 8kv1 = &(xir1), if l|8kr1l| < €, then stop;

Step 4: Generate dyy 1 by dyv1 = —grr1 + ﬁ,jdk + & yx in which ﬁ,j O and 1y,
are determined by (40), (39) and (36) respectively.

Step 5: Setk:=k+1, go to step 2.

The symbol || - || stands for the Euclidean norm in this paper.

3. Convergence analysis

In this section, we investigate the convergence properties of the presented Algo-
rithm 1. In the rest parts of this paper, we assume that g; # 0 for all k, otherwise a
stationary point has been found. We also make the following basic assumptions on the

objective function.

Assumption 1. 1. f(x) is bounded below on the level set T' = {x € R" : f(x) <
x| <B.

F(x1)}, i.e., there exists a positive constant B such that for all x € T,
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2. In some neighborhood N of T, f(x) is differentiable and its gradient g(x) is

Lipschitz continuous, namely, there exists a constant L > 0 such that

lg(x) =gl < Lllx—yll, for all x,y€N. (41)

Under the above assumptions on f(x), there exists a constant ® > 0 such that ||g(x)|| <
O forallx eI

The descent property of search direction is critical in the convergence analysis for
conjugate gradient method. The following proposition shows that the search direction

generated by the proposed Algorithm 1 possesses sufficient descent property.

Lemma 1. Suppose that dy is generated by (37), (38) and (39) in which t; is deter-
mined by (36), then the sufficient descent property holds for all k > 1, namely, there

exists a positive constant c, such that
—gidi > cllgell,  for all k>1. (42)

Proof: From equations (37), (38) and (39), we have

al _ 2 g[+1Yk81{+1sk (8Z+1Sk)2
er18k+1 = —llgrr1ll” + 21 Ty Ty
k k

T
8+15%
< — (1= t)llgrs1 I = (CEE=)2 st v — tllyil7)-
S Yk

(43)

Combining the equations (36) and (33), we have t;, < % . Inequation (43) indicates that

the sufficient descent condition (42) holds for ¢ = %

It should be noticed that, the sufficient descent property of the search direction gener-
ated by the proposed Algorithm 1 is independent with the line search scheme, also, the
objective function f(x) is only required to be continuously differentiable.

The following lemma shows that, if the objective function satisfies the Assumption
1, and the step size o fullfills the Wolfe line search conditions (9) and (10), then for

all k£ > 1, the step size o has a positive lower bound.

Lemma 2. Suppose that dy is generated by (37), (38) and (39) in which t; is deter-
mined by (36), f(x) satisfies Assumption 1, if the step size o fullfills the Wolfe cond-

tions (9) and (10), then
(o —1)gidx

: (44)
L|idyl*

oy >

10
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where o and L are positive constant in (10) and (41) respectively.
Proof: Based on Lemma 1, di is a descent direction, namely dkT g1 < 0. Combining

with Lisschitz inequation (41), Wolfe condition (10) deduces
(0= 1)gfdi < (s — &) die = yi di < |lyellldi | < oLl ||
So, (44) holds immediately.

Zoutendijk condition [42] plays an important role in the analysis of global convergence
for conjugate gradient method. In the following, we will prove that the proposed Algo-

rithm 1 possesses the Zoutendijk condition.

Lemma 3. Suppose that dy is generated by (37), (38) and (39) in which t; is deter-
mined by (36), in which step size oy fullfills Wolfe conditions (9) and (10), if f(x)

satisfies the Assumption 1, then the following so-called Zoutendijk condition holds:

T 2
y e 5)

=i ldel?
Proof: Wolfe condition (9) means that
SOa) = £+ oudy) > —poygl d,

combining with (44), we have

p(1—0)(g[d)

J (o) — f o+ oyedy) > A

(46)

By summing up both sides of (46), and using the bounded below assumption on f(x),

we can have zoutendijk condition (45) immediately.

For uniformly convex functions, i.e. there exists a constant ¢t > 0 such that

(V) =VLON (x—y) > pllx—yI, 7

for all x, y € R", we can prove that the norm of the directions {||dy| }generated by

Algorithm 1 is bounded above.

Lemma 4. Suppose that d; is generated by (37), (38) and (39) in which t; is deter-
mined by (36), in which the step size 0y, is determined by Wolfe line search (9) and (10).

11
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If the objective function f(x) is uniformly convex, then the norm of ||dy|| is bounded

above, namely, there exists M > 0 such that
lldill < M, (48)

holds for all k > 1.

Proof: Based on Lipschitz condition and uniformly convexity, we have

el S LlIskll,  yEse > pllsl> (49)

The sufficient descent condition gl dy < —c||g||* indicates that the sequence {x;} €
I'={xeR": f(x) < f(x1)}. By Assumption 1, there exists a constant ©® > 0 such that
llg(xe) || < © holds for all k > 1. On the other hand, from the definition of diy1, (49)
and (36), we have

18141 Vk — by 1Sk 8h 1Sk
i || = || — gryr + —HL M s+ 1 kH Vil
kYk k k
tell a1 1 wel] + 1l gr 1l sl Nlgw+ skl
<&kl + [l skl + & [lyell
el sll? s
< ool + 22 gl £ g
S || 8k+1 8k+1 A 18k+1
2u
L+1

S(+7 )0 =M.

With Lemma 4, we can prove the following convergence results for uniformly convex

function.

Theorem 1. Assum that f(x) satisfies assumption 1. Consider the search direction dj,
generated by (37), (38) and (39) in which t, is determined by (36), and oy is calculated

by Wolfe line search. If furthermore, f(x) is uniformly convex, we have
lim [|gi[| = 0. (50)
k—yo0

Proof: Based on Lemma 4, we have ||dy|| < M. According to Lemma 1, the sufficient

descent condition —gl dy > c||gk||* holds. By using zoutendijk condition (45) we have

gk k (gk k 2
o0 > > > lgkll” (51)
Liar 2L e 2 DZI

The above inequation deduces (50).

12
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From Theorem 1, we know that, for uniformly convex function, the global convergence
can be established without the nonnegative restriction on f3; given by (38). Now, we
will discuss the global convergence properties for general functions. In order to prove
the establish the global convergence, we need to make a nonnegative restriction on [
as B,” = max{y,0}, in which f is given by (38).

For general function, we can obtain a weaker convergence result in the sence that
liminf||g,|| = 0. (52)
k—yoo

For this purpose, we are going to prove this convergence result (52) by contradiction.
Suppose that (52) does not hold, which means that there exists a positive constant ¥ > 0
such that

lgll >, for all k> 1. (53)

Lemma 5. Suppose that f(x) satisfies Assumption 1. Consider the proposed Algorithm
1 in which dy 1 is generated by by dy1 = —gr+1+ By di + Sy in which B,’, 8 and t;
are determined by (40), (39) and (36) respectively, step size oy is calculated by Wolfe
line search satisfying (9) and (10). If (53) holds, then,

2
Y Mgy — w]* < oo, 54
k>1
where Uy = Hgﬁﬁ' Proof. Based on the sufficient descent condition 42, dy,| =0

implies g1 = 0 which contradicts with (53), so, uyy| is well defined. From equation

dry1 = — 81+ B,:’dk + & yi, we have

d - d
k1 8k+1 +[3k+ k 5 Yk
el lldirall iy 1]l lldis 1]l
(55)
_ 81 T8k oy Nl dk
i1l i | el
Rewrite (55) as follows:
Upp1 = O + My, (56)
where
—gki1 +8
. — 8k+1 %Yk (57)
iy 1]l

13
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G+l

58
s 9
Using the identity ||ug11 || = ||ux|| = 1 and (56), we obtain
@l = lotger — Muarell = (1wt — we|- (59)
Since My, > 0, triangle inequality and (59) imply that
Upy1 — Uk|| = k) Uk4+-1 — k) Uk
| <1+ m) (14 1)
< ks — M| + [t — | (60)
=2 axll-
By the definition of @y, 8 and t; substituting (39) into (57), we have
T
815k
— 1,
||wk|| _ || — 8k+1 +5kyk|| _ ” 8k+1 1k SI{}'k yk”
”dk 1“ ||dk+1|| (61)
~ ||gk+1H||SkH||>kH
- l8k1ll + 15 Ty
- | dis1l
By using the definition of ay (31), (61) indicates
(st yi)? eI
||wk|| < ||gk+] || + ||gk+l|| S T2+ el P el S/{}'k
_ |41
e 11+ gyt 62
St Lo +Hlsel 2Tl (62)
- sl
< 2llgrll

= ksl
If (53) ||gk+1l = v, from the sufficient descent condition (53), and Zoutendijk condition
(45), we have

oo >

(8hy1dk+1)* =) Allgr|I* =) AP lgrnl? (63)
S ldenll® — & ldenll — &0 lldiall?

Equations (60), (62) and (63) deduce (54).

The above Lemma 5 shows that the search directions u;,; change slowly, asymp-
totically. To establish the global convergence for general functions, we need to require,

in addition, that f8; be small when the step s; = x| — x; is small.

14
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This property is firstly formally stated by Gilbert and Nocedal [43], and is widely
used in the convergence analysis of the typical two-term conjugate gradient method,
namely the method formed by (7) and (8). For three-term conjugate gradient method
formed by (7) and (37), similar with Gilbert and Nocedal [43], we present this property

as follows.

Property(*) 1. Consider a method of the form (7) and (37), and suppose that
0<y<|&ll <7 (64)

for all k > 1. Under this assumption, we say that the method has Property(*) if there

exists constants b > 1 and A > 0 such that for all k

|Bx| < b, (65)

and

1
sl <A =Bl < % (66)

For general conjugate gradient method with the form (7) and (8), it is known that
many methods satisfy this property. In the following Lemma, we will show that the
proposed three-term conjugate gradient method formed by (7) and (37) also possesses

this property.

Lemma 6. Consider the three-term conjugate gradient method form by (7) and (37),
in which By, & and t, are defined by (38), (39) and (36) respectively, if the objective
function satisfies Assumption 1 and step size 0 is determined by Wolfe line searches
(9) and (10), then the method possesses Property (*).

Proof. By Wolfe line search condition (10) and the sufficient descent property 42, we
have

diye> (o —gldy > c(1-0)| gl (67)

15




w6 Combining (67), Assumption 1 and (64) with the definition of By given by (37), we have

T T
W8k 1Yk — 815k

Bel = | T |

< tllgrs yell + lges s«

=T =0l .

< sllgerillllgrrs — gell + lgeell sl

B c(l—o0)llgll?
7+

Tc(l-o)yr

%7 Define

_ Pl-oP¥ )
C2P(HB)(G )

268 On the other hand, if ||s¢|| < A, from the second inequation of (68) and (69), we obtain

S| gkt llskll + [l gestll skl

1Bl <

c(1—0)|gl
1 l7m &
LY+ sLy+
c(l—o0)y? c(l—o)y?
P o
S 2
269 Since the proposed three-term conjugate gradient method possesses Property(*), in

a0 the next lemma, we will show that if the gradients are bounded away from zero, then a
o fraction of the steps cannot be too small. Let N denote the set of positive integers. For
a2 A >0let

K*:={ieN: i>1, |si]| >}, (71)

a3 i.e., the set of integers corresponding to steps that are larger than A. We will need to

s discuss groups of A consecutive iterates, for this purpose, let
Klyi={ieN: k<i<k+A-1, sl >A}. (72)
s Let |K{,| denote the number of elements of K{',, and | -] denote floor operator.

o Lemma 7. Consider the three-term conjugate gradient method form by (7) and (37),
o in which By, & and ty, are defined by (38), (39) and (36) respectively, if the objective

s function satisfies Assumption 1 and step size oy is determined by Wolfe line searches
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(9) and (10). If (64) holds, then there exists A > 0 such that, for any A € N and any

index kg, there is a greater index k > ko such that

A
KAl > o (73)
Proof. We prove by contradiction. Suppose that
for any A >0, there exists A€ N and ko such that, o
7

for any k> ky, we have |K,&A| < %.

Based on Lemma I and Lemma 3, we have that the sufficient desent condition (42) and
Zoutendijk condition (45) hold. From the definition of & and t; given by (39) and (36)

respectively, we have

8zf+15k
SZ k
T
<1 |gk+1sk
T I+a sty
S 1) — MLV
(spvi)? + sl Plyvll® ™ sty
||)’k||2||5k||2||gk+1||
= (st )+ Nkl 2Lyl 1?

Since the proposed method has Property(*), there exists A > 0 and b > 1 such that
(65) and (66) hold for all k. For this A, let A and kg given by (74) For any given index

18yl = lex el

[yl
(75)

< |lgk+1ll-

I > ko + 1, from the definition of di| given by (37), we have

i1 I < (Belldil| + 1| = gx1 + Sevell)
< 2B |l dil|* + 21| — grr 1+ Seyil® (76)
< 2B¢1Idk||* + 22| grs1|I* + 21| Sve ),

the above inequalities follow from the fact that, for any scalars a and b, we have 2ab <

a® + b, hence (a+b)? < 2a* +2b*. Equations (75) and (76) indicate that
dr 1% < 2Bl del|* + 8]l gwes1 1 an
For any given index | > ko + 1, by induction, we have
i[> < e1(1+2B2 +2B2 2B¢ 5+ +2B7 2B 5 2B),  (78)
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where ¢y deponds on ||dy,

(78):

, but not on the index l. Let us consider a typical term in

2B212B7 - 2BE, (79)

where kg < k <1— 1. We now divide 2(1 — k) factors of (78) into groups of 2A elements,
i.e,if A:=|(l—k)/A], then (78) can be divided into A or A+ 1 groups as follows:

(2B7--2BL), . (2B 2B, (80)

and possibly
(2B7,, -+-2B7); (81)

where [ =1—1—(i— 1A fori=12,---A+1, and k; =l 1+ 1, fori=1,2,---A.
Since ki > ko for alli=1,2,--- | A, so that we can apply relationship (74) for k = k;.

Thus we have
A

pii= KAl < 7 (82)

Which means that in the range [k, ki + A — 1] there are p; indices j such that ||s;| > A,
and (A — p;) indices with ||s;|| < A. Using this fact, (65) and (66), for a typical factor
in (80), we have
2[31? . 2[3,(21 < 2Ab2Pi(i)2(A_pi)
= (2p*)?Pi—A <1,
since by (82), 2pi — A < 0 and 2b* > 1. So, each of the factors in (80) is less or equal
to 1, and so is their product. For the last part given in (81), by simply using (65), we

have

27,267 < (207)°

So, it is obviously that each term on the right-hand side of (78) is bounded by (2b2)A,
and as a resut we obtain

di||* < ca(l — ko +2), (84)

for a certain positive constant ¢y independent of 1. (84) shows that ||dy||> grows at most

linearly, which also indicates
1

A )

k>1
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On the other hand, from Zoutendijk condition (45), sufficient descent condition (42)
and (64), we have

llgxll* (gzzdk)z
<c < oo
<< Lo < L T S

k>1 k>1

this contraicts (85), concluding the proof.

Theorem 2. Suppose that f(x) satisfies Assumption 1. Consider the proposed Algo-
rithm 1 in which dy. | is generated by by dy..1 = —gr+1+ ﬁ,:rdk + Oyi in which ﬁk’L O
and t are determined by (40), (39) and (36) respectively, step size 0y is calculated by
Wolfe line search satisfying (9) and (10). Then the method converges in the sense (52).
Proof. We proceed by contradiction. Assume that (52) does not hold, this means that
the condition (64) holds. Therefore, the conditions of Lemmas 5, 6 and 7 hold. Com-
bining with Assumption 1, we can obtain a contradiction silimarly to the proof of the

Theorem 4.3 in [43].

4. Numerical experiments

In this section, we investigate the numerical performance of the proposed algorithm
1 (NTPA). Based on (37), (38) and (39), the proposed algorithm NTPA can be consid-
ered as a special three-term conjugate gradient method which has similar structure with
THREECG method [31] and TTCG method [30]. So, in this paper, we will compare
the numerical performances of the following different methods: NTPA, THREECG
and TTCG methods. THREECG and TTCG methods are proposed by Andrei [31, 30]

in which the directions are generated by

dit1 = —8k+1+ Sk — Mk
5 SkedkO8LSk  Ssk
S Yk Si Yk
In THREECG, v = 1 + ””‘H ,in TTCG, o = 1+ Z‘LiTk—)”; In this test, the code was
downloaded at https.//camo.lcl.ro/neculalfT HREECG/threecg.for, which was written
by Andrei and widely used in conjugate gradient method numerical test. 75 uncon-

strained test problems are selected for comparison which are in the generalized or ex-

tended form in [35]. For each test problem, the numerical experiments are carried out
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with the number of variables increasing as n=1000, 2000, . . . ,10000 which are the
same with [31, 30]. All the default values of the parameters involved in the methods
are the same with [31, 30]: The Wolfe line search is implemented with p = 0.0001 and
o = 0.8, stopping criterion is ||gk || < 10~® and the maximum number of iterations is
limited to 10000, etc.

The comparing data contain iterations, function evaluations and CPU time. To
approximately assess the performance of different algorithms, we use the performance
profile introduced by Dolan and Moré [34] as an evaluated tool.

Dolan and Moré [34] gave a new tool to analyze the efficiency of Algorithms. They
introduced the notion of a performance profile as a means to evaluate and compare the
performance of the set of solvers S on a test set P. Assuming that there exists n; solvers
and n,, problems, for each problem p and solver s, they defined:
tp,s= computing cost required to solve problem p by solver s.

Requiring a baseline for comparisons, they compared the performance on problem
p by solver s with the best performance by any solver on this problem; that is, using

the performance ratio:

tps
[ o LE— 86
'ps min{t,:s €S} (86)
Then they defined
1
ps(7) = n—size{p €EP:rps <7}, &7
P

thus p,(7) is the probability for solver s that a performance ratio r, s is within a factor
T > 1 of the best possible ratio. Then function p; is the distribution function for the
performance ratio. The performance profile p; is a nondecreasing, piecewise constant
function. That is, for subset of the methods being analyzed, we plot the fraction P of
the problems for which any given method is within a factor 7 of the best.

Figure 1 shows the performance profile with respect to the number of iterations.
From Figure 1, we can find that NTPA method solves about 70% of the test problems
with the least value of iteration. But with the factor 7 increasing, THREECG method
outperforms NTPA and TTCG methods. Figure 2 gives the profile with respect to
function evaluations. Based on Figure 2, we can also find that NTPA method solves

about 73% of all problems with the least value of function evaluations, THREECG
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Figure 1: Performance profile based on iterations

method solves about 65% and TTCG method solves about 57% with the least value.
Also, with the factor 7 increasing, THREECG method outperforms NTPA and TTCG
methods. Figures 1 and 2 indicate all three methods perform similarly with respect to
the number of iterations and function evaluations. Figure 3 presents the profile with
respect to cup time. From Figure 3, NTPA method outperforms THREECG and TTCG
methods, which means that NTPA method is very efficient in solving unconstrained

optimization problems.
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