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Abstract

The asymptotic distribution of branching type recursions (L,) of the form L, L4 L,_1 + B L, is investigated in the
two-dimensional case. Here L, is an independent copy of L, ; and 4,B are random matrices jointly independent of
L,,_l,ljn_l. The asymptotics of L, after normalization are derived by a contraction method. The limiting distribution is
characterized by a fixed point equation. The assumptions of the convergence theorem are checked in some examples using

eigenvalue decompositions and computer algebra. (© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The aim of this paper is to analyse the asymptotics of the two-dimensional branching type recursive
sequence

L 2AL,  +BEL,., (1.1)

where A=(4,;), B=(B;;) are random 2 x 2 matrices, L,_; is an independent copy of L,_, and {4, B}
are independent of {Ln_l,I:,,_l}. The one-dimensional case of branching type recursions has been
studied by Kahane and Peyriére [12], Holley and Liggett [11], Durrett and Liggett [9], Guivarch [10],
Rosler [16], and Rachev and Riischendorf [15]. The case with immigration has been investigated
in Cramer and Riischendorf [8] and Cramer [7]. Several applications of these recursions to iterated
function systems, fractal sets, a turbulence model and others can be found there. The multivariate
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case of random affine mappings is also well investigated (see [1-5,13]). In comparison the branching
part in (1.1) introduces an additional difficulty by the noncommutativity of the products of 4,B. It
turns out that the contraction technique developed for the analysis of algorithms in Rachev and
Riischendorf [15] and in Rosler [16] can be applied to branching type recursions. The paper is based
on parts of the dissertation of Cramer [6] where details of the calculations can be found.

To calculate the mean and covariances of L, define

{y=EL,=({",(\?), a=FEA, b=EB,

(1.2)
C::a + b = (Cij)a
and assume that L, has second moments. Then we obtain
l,=C",. (1.3)

For the calculation of the covariance matrix ¥,:=Cov(L,) it is useful to vectorize this matrix. We
introduce the relevant vector 9, by

9, = (Var(L"), Cov(L{", L?), Var(LP )"
:(ﬁn,laﬁn,Zaﬁn,ii)T (14)

and the corresponding squared expectation vector

ly= (L DD, (P (15)

Proposition 1.1.
(a) £, =N"{y with

Cc} 2C,,Cha C%,
N:: C11C21 C11C22 JF C12C21 C12C22 (1-6)
C3, 2C,,Cyy C3,

(b) ﬁn :MZIﬂn—l + Myl with
EA;, + EBj, 2E(Ay1Ayy) + 2E(By1B)») EA}, + EB},
E(AIIAZI) E(AllAlz) + E(AIZAZZ) E(AIZAZZ)
+E(B11By1) +E(B11By) + E(B12B>1) +E(B12B2)
EA3, + EB3, 2E(A3A») + 2E(B,1By) EA3, + EB;,

and
Var(4,; + By;) 2Cov(4;, + Bi1,412 + Bz Var(4,, + B1)
M, = Cov(4y, + By, Cov(4y; + Bi1, 42, + By) Cov(41; + B, ‘ (L7
Az1 + Ba1) +Cov(A41y + Bz, 421 + Bay) Az + Bxn)

Var(4y + By1)  2Cov(A4y + Bai, Ay + Bx) Var(4y + By)
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Furthermore, with M:=My + N — M,
9, = MO+ > My MyN""'t,
i=1

=M}(g+ £o) —N"Co+ > My '"MN""'¢,. (1.8)

i=1

Proof. (a) and (b) follow by straightforward calculation using Cov(UX, VY )= EUV Cov(X,Y) +
Cov(U,V)EX EY for real r.v. such that {U,V}, {X,Y} are independent. [

An equivalent form of M is

2E(A\1B1)  2E(A11Bi2) +2E(A1B1)  2E(A1B12)
o E(A11B2) E(A11By) + E(A»B11) E(A12B2) (19)
+E(A,B1)  +E(A1Bay) + E(4,B1,) +E(A2B12) ‘ ‘

2E(A21B21) 2E(A21B22) + 24E‘(1422B21) 2E(A22322)

2. Limit theorem for L,

The aim of this section is to prove convergence of a standardized version L, of L, where

. L — g0 i
L= () =(L,)) @.1)

\/ Var LY

(we assume that for n>ng, Var L) > 0). Then

Cov(L,) = (; f) (2.2)

where
Cov (LD, L2))

\/ Var (Lf,l)) Var (Lff))

Q

is the correlation coefficient of LV, L?. (L,) satisfies the modified recursion
L= ALy + B+ VA Loy + VBl — Vil (2.3)

where L¥_, is an independent copy of L,_, and with

(VarLS))_l/2 0
V,= .
0 (VarLff))_l/2
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A, =V, AV,
Var Lf,l,) . Var LE,{) |
~, () 11 <, (1) ‘112
Var L Var L

| Var Lf,l,)lA /VarLEi)IA
Var LY . Var L 2
and similarly

B,=V,BV

and (4,B), L,_,, L»_, are stochastically independent. The modified recursion implies for the coeffi-
cients of L,

(1) 2)
(1) ¢ VarL,’, ~(1) VarL,”, ~(2)
L= \ Varqul)A”L%l * V VarLf,l)AlzL"*1

\\]ZI-I_L]%BII(L:—I)(I)—F %312(14:—1)(2)
" vlw(/wf:)l + Al =10+ Byl + Bl (24)
ar Ly
and
. wuzliﬂl + Bx(L;_)")
Var L?

n—1

~(2) \
W(Azth +Bn(L,_)?)

1
t— (Al + Al + By £\, + Bpt®, — (), (2.5)
Var L,

For convergence of ijil to hold we would expect that the coefficients in (2.4) and (2.5) should
converge. We therefore assume existence of the following limits:
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Assumption A.

(1) eni= lim \/(Var L /Var £") > 0,

(2) B:= lim \/(VarLg”/VarLg”) > 0,

2.6
(3) ¢pi=lim(¢V/\/VarL"), 26)
(4) cra = lim(£P/\/Var L),
(5) 0 =limg,
Remark. Assumptions (Al)—(AS) imply existence of
Cypi= hm\/(VarLglz_)l/VarLi,z)) =C11,
Ccpi= lim\/(VarLffjl/VarLfll)) = %, (2.7)

Cri= lim\/(VarLfllll/VarLﬁlz)) = fean.

The limiting values of 4,, B, then are given by

cndn cndn -
¢4z A
cuBu ciBiy -
¢ By B

Therefore, by passing in (2.3) to the limit as » — oo one obtains a limiting equation of the form

GLT(G), (2.8)
where G is the distribution of L., and the limiting operator T is defined by
T@diAmV+BmV+mAm+Bm—e)(jj (29)
2!

where V£ F , V an independent copy of V. The limiting distribution is a fixed point of the operator

T. We use in the following also the notation 7(X) for T(F) if X iF.
The proper domain of the limiting operator 7' is

My ,:={F;F is a distribution on (R?, %*) with expectation 0 and F is square integrable}.
(2.10)

Proposition 2.1. For G € M, holds T(G) € M ,, ie. T : My, — M.
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Proof. Using independence properties of V, V, (Ao, Boo) We obtain

_ Cy
E(T(G)) = EAoEV + EBLEV + E(Ad + B — Ib) ( ! )
Cr

(2.11)

(ciEAn + cnEBi — D)ep + (cEdin + cnEBi)ern
((CZIEAZI + cnEBy)en + (ennEAyn + cnEBy — 1)6/2> ,
as EV = EV = 0. Further
10 = (an +bi)42, + (an + b)Y,
implies
filll VarLf’ljl (ay + b)) + /ﬁ)l VarL%))l (an +bin) — /Ell) 0.
\/\m Var Ly

M -
/Var qu 1_)1 Var L, \/ Var LE,I)

In the limit for n — oo this yields c¢/icy(a1;+b11)+cnci(an+bi)—cn=0, ie., the first component
in (2.11) is zero. Similarly, the second component is zero. The square integrability of 7(G) follows
by direct calculation. [

For the analysis of the operator 77 which describes the limiting equation we use the minimal
{>-metric defined by

/(F,G)=inf{(E | X —Y|»)"* XLF, Y =G} (2.12)

where || || denotes the euclidean metric. /7, defines a complete metric on M, , and convergence w.r.t.
¢/, is equivalent to weak convergence plus convergence of second moments (see [14]). We introduce
the following notation:

-2 ) -2 -2
e:=E[A4), + B, + 4, + By,
f :=E[A11A1; + B1\B1y + Ay Ay + By By,

-2 -2 -2 —)
g:=E[A,, + B, + 4, + Byl

Proposition 2.2 (Contraction property of 7). For F,G € M,, holds

((T(F), T(G))</7/2(F, G) (2.13)
where
J— sup ecE(Ur = 1)’ + 2fE(Us = V1)U = V2) + gE(U> = V)"
UL )Mo 2 E(Uy =)+ E(U, = 1)
LW)FLWV)

(2.14)

Proof. For F,G € M, let UéF, ¥ L G be chosen such that
((F,GY=E |U -V |*=E(U, — V\* + E(U, — V»)".
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Also let (U, V) g(U, V) and let (U, V), (U,V),(As, B ) be independent. Then using the definition
of /5,7 and the independence properties

ATELTG) < s (AU + B0+ o+ B = 1) (1),

Cr2,
AV Z e
VBT U+ B 1) (1))
/2

= E ||[4oc(U = V) + Boo(U = V)|
= eE(U, = ")’ + 2fE(U, = V)(Uy = V2) + gE(U, — 12 )?
<YEWU, = )+ E(U, = 12))
=9/3(F,G). O
In consequence of Proposition 2.2 there exists exactly one fixed point F* € My, of T in M, if

y < 1 and the iteration (7"F) converges exponentially fast to F* for any F' € M,,. In the next step
we determine the covariance matrix of the fixed point distribution F™.

Proposition 2.3. If y <1 and Z = My, then
_(1 ¢
Cov(Z2) = <Q 1) . (2.15)

Proof. The proof is given in two steps:
Step 1: If G € My, and VéG,

COVV:<1 Q)

o 1

COVI7:(1 Q)
o 1

for V< T(G). For the proof of Step 1 we verify the following formulas using (2.6) (for details
see [6]):

(a) ¢i,[EA}, + EB}\] + ¢},[EAy, + EB},] + 20cn1ci[E(41141) + E(B11By)]

then

1
= lim W[VarLf}_)l(EAﬁ +EB})) + Var LY (EA}, + EB},)

+2COV(LS_)I,LEIZ_)I)[E(A”AD)—|—E(B”Blz)]], (2.16)
(b) Ci] [A11 + Bul® + 2cncnE(An + Bi)(AnBn) + C%zE(/Ilz + By,
(2 E(4y + Bi) (A1 + Bio)

n—1

, 1
= lim ) [\ 2EAy, + By ) + 2"

+/£,2_)21E(A12 +BIZ)2]a (2.17)
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(c) C?](ZE/III +2EB), — 1)+ 2CKICK2E(/112 +B1z)

[EMA + B + 240,42 E(4y) + Bi)E(A1 + Bio)

n—

I ar 10
+/f12_)21[E(A12 + Bi)I’]- (2.18)

(a)—(c) imply
. VarL(®)
1= llm 7(1)
n—oo Var L,

. 1
= nhjfolo Var LD [VarLf1lj1(EA?1 +EB)) + VarLfL(EA%z + EBY,)

+2Cov (L), L DE(411412) + E(B11B12)]
+ /% Var (45, + Bi) + £} Var (41, + Bin)
+200, 43 Cov(dy) + By, Ay + B1)]
= ¢}, (EAT, 4+ EB})) + 20c11ciE(AnAr) + E(BiBro) + ¢i,(EAT, + EBY)
+cHE(An + B ) + 2¢s1 cnE(Ay + By (A + B)
+C§2E(1‘112 + B,y — [0,2/1(2E1‘111 +2EBy, — 1)+ 2¢s1 cpE(Ary + Biy)]

=F 17? by direct calculation

Similarly, £ 172 =1. To prove EV,V, = g, observe that by simple calculus

E(V1,V3)=cicnE(4y1 4 + BBy ) + ciocnE(A Ay + BiaBy)

+ociicnE(Andy + BuBn) + 0cincn E(AnAdn + BiaBa)

+ ¢ E(Ar + B )(4a + Bay)

+ ChyC1nenE (A1 + Bio)(Ay + By)

+enepncnenE(An + B )(Aar + Bar)

+encncnenk(An + Bii)(Axn + Bx)

+cnenll — E(An + Biy + Ay + By)]

- 031E(1‘121 +Byy) — CizE(/Ilz + Bp). (2.19)
The statement EV,V, = is a consequence of the following three formulas which are consequences
of (2.6):
(@) cricnE(Andn + BiiBa) + cracnE (41242 + BiaBa)

+0ci1c0nE(A11 A2 + Bi1By) + ocinean E(A14y + BiaBay)

) 1
= lim [VarLE,I_)1E(A11A21 + B1By) + VarL,(f_),E(Alezz + B12B7)

e \/ Var Lﬁl) Var ng)

+ Cov (L(l) LY VE(A11A2 + B11By 4 A12A421 + B12Boy )],

n—1>~n—1

(2.20)
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(b) C§1C11021E(A11 + By ) (A2 + Bay) + C;2012C22E(A12 + B12)(Axn + By)
+cncpencnE(An + B )(Axn 4 By) + cricpcinea E(An + Bi))(Az + Bay)

61

. 1
= lim [/,(11_)21E(A11 + B )42 + Bay) + /,(12_)21E(A12 + B12)(Axn + By)

e \/ Var Lﬁ,l) Var Lﬁ,z)

+ /0D /2 [E(A1 + B1i )4z + By)
+E(A1; + Bi2)(A2 + Byl

and

(¢) cricn[l — E(/]ll + By + Ay + Bzz)] — C§1E(1‘121 + EZI) - C?zE(/IIZ + élz)

. —1
= lim [/,(,1,)21(/111 + B11)(A421 + Ba)

e \/ Var qul) Var quz)

+/f11—)1/,(12—)1[E(A11 + B11)E(Ax» + By)

+E(A12 + Bi2)E(Ay + Byl

+ /PP E(A1, 4 B12)E(Ay + By)].

(a)—(c) imply using 9, = My9,_; + MyN""'/,.

¢=lim g,

n—o0

. Cov(L\,L®
— llm OV( n _>"=n )

e \/VarLf,]) Var LY
= lim !
e \/VarLf,]) Var LY
[Var L\ E(41 142 + By 1Ba1)
+ Cov(LL", L )E(A 1142 + A12A> + B11By + B12Bsy)
+Var L | E(A 1242 + B12Bay)
+ /8% Cov(dyy + By, Az + Bay)
+/0, /2,
[Cov(4i1 + Bi1, 42 + By) + Cov(Aia + Bia, 421 + Bar)]
+£2% Cov(A1y + By, Az + By)]
=cnenk(dndn + BubBa) + ciocnE(Aindxn + BiaBx)
+ociicnE(Andyn + BuBn) + 0ci2cn E(AnAx + BiaBar)
+ e E(An + B (Ao + Bay) + ¢hhcinenE(An + Bio) (A + By)
+encpenenE(An + Biu)(dxn + Bxn) + cnicnciicnE(4nn + Bi2)(4a + By)

+ecpcepnll — E(/In + By + 4y +1§22)] - 051 E(/IZI +1§21) - 0/22 E(/jlz +1§12)-

(2.21)

(2.22)

(2.23)
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Comparing (2.23) with (2.19) yields EV ¥V, = o.
Step 2

Cov(Z) = (é f)

for ZL F*.
To prove Step 2 let H € M,, and W< H such that

_(1 o
Cov(W) = <Q 1) .
Then by Step 1

Cov(T"H) = (; ?)

and /,(T"H,F*) — 0 which implies that

&wZ:(l 9). O
0 1

In our main result we prove convergence of L, to Z the unique fixed point in distribution of the
operator 7 defined in (2.10)

Theorem 2.4 (Convergence theorem). Assume conditions (A1)~(AS) and let y < 1, then
(,(L,,Z) — 0 where Z is the unique fixed point of T in My,.

* *

Z)L(L:_,,7) such that E || L

n—1°

Proof. Let Z;:l be an independent copy of L, ,, (L

—-Z|?
:/§(L~,,,1,Z ) and (Ao, Boo), (Z:_I,Z ), (L*_,,7Z) are independent. Then by the recursion formula

n—1»

n—1° n—1

*

(L Z) <E 4L

+B,L 4 VoAl + VBl oy — Vil

n—1
- 2
—|4Z +BZ + (A + B — I) (C“ )}

Cr

—E H(A,,Z:_1 A7)+ (B, L*_, —B.7)

n—1

+ V [((4+B) 1 = £a] = (A + B — o) (Zlﬂ ’ |

<E HAnLjfl _AOOZH2 +E HBnL:fl _BOOZ_H2

+E|

V(A +B) /ooy = 1] = (oo + Bog — 1) ( )

2

As in the proof of Proposition 2.2
E [ Aoc(Lyoy = Z) P +E | Boo(Ly_y = 2)|IP = E || 4oo(L,_,
<L, 2).

* * *

n—1 _Z)+Boo([’n71 -2)|?
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This implies by the triangle inequality the reduction inequality:
(L Z) <3 Lum1,2) + b,

where

by=E |[(4y = Aoc) Lot | +2(Ra, + Ra) + E [[(By = Boo) Ly |I?

+ 2(Rp, +R32)+E’

and

Ry, = El(Aoe(Lny — Z))i((Ay — As)Ly 1)), i=1,2,

Rp. defined similarly. We next prove that as n — oo

b, — 0.

Consider the first part of b,. Using

1
On—1

and independence we obtain

Cov(L, )= (

1

On—1 )

E H (An _Aoo)znfl ||2 :E(Anll _1511)2 +E(An12 _1512)2

Since

+20,1 E(A1 — /111)(An12 - 1‘112)
+E(Aw — An )’ + E(Aym — A2 )
+20,-1 E(A1 — A21 ) (A2 — A).

2
VarLf,{)
E(dy; — Ay) = EAj, ( V VTL“1 - CU) -

we obtain

E H (An _Am)in—l ”2 < 2[E(Anll _211)2 +E(An12 _1512)2

+E(Au — An )’ + E(Aym — A2)*] — 0.

Similarly, E || (B, — Boo)L!_,||*— 0. Also R, — 0, Rz — 0. Consider, e.g.

- (D) - A2
Ry = E(An(L, ., —Z)) + 4L, — £)]
= (D) 7 72
X [(An1 — AL, 2y + (A2 — A)L,1])

=F

|Var L") S12 A1)
c”( WL(I;_C” AL, — L, \ 7))

VarLf,z_) ~(1) ~(2) ~(2)
+ecn (\/J— c | AnAdn(L, -\ L,_ — L,_\Zy)

Vil(A + BY s — 0] — (Ao + Boo — D) (5/1

2

)

2

63

(2.24)

(2.25)
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VarL{", S~ ()
+ci2 — 7 — Ciu A11A12(Ln,1L,,,1 —L,,,lzz)

Var ij ~(2)2  ~(2)
+cn2 ( ail - 012) AL, — L, 20)
—0 by (2.6) and (2.7),

since \E(iiljlljfi)l - I:illez)\ <g,+ \/ Var I:Lllear Z,<2. Finally

2

BVl +8) 601 = £ = o+ 8o~ £ (1) | =i+ R
2
where
1
R1 =F 7((1411 +Bll)/5,121 + (Alz +Bl2)/£,231 - /;(11))
\/Var L
2
—((1‘111 + By — Dyen + (/112 +Bl2)C/2)]
and
1
R2 =F 7((1‘121 +le)/,(,l,)1 + (A22 +BZZ)Z£,27)1 - /;(12))
\/VarLff)

2
- ((1‘121 + 321)0/1 + (/Izz + By — 1)0/2)] .

Similar to the argument above we obtain

/(1)1 /(2)1
—————cncn | An +By)+ | — (4 + Bx)

> — CnCrn
A/ VarLf, )

(2) 2
!
+cp— —L— — 0 and also R; — 0.
( \/VML,@)]

From the reduction inequality (2.24) we obtain by iteration and using y < 1, b, — 0, that

n—ny—1
(3L Z)<y" " (3L Z)+ D Y buy — 0. (2.26)

k=0

Here ngy is chosen such that Var(L,) > 0 for n>=n,. O

The contraction factor y from Theorem 2.4 can be calculated explicitly in terms of first moments
of 4,B.
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Proposition 2.5. The contraction factor y has the explicit form

y_e+g+ 4124 (e —g)*

Proof. In the first step we prove

y= sup (esin’t+2|f|sintcost + gcos’t)

te[0.m/2]
For the proof let (for U,V € My,, t € (0,m/2])
. E(U, — 7y )?
sin’t = G D cos’t

E(U, — V) + E(Uy, — 1)*
By Cauchy—Schwarz
EU, = Vi)(U, = 1)
E|U—V]}?

<sinfcost

(2.27)

: (2.28)

_EWU,-T1,)
v =vi -

which implies that the r.h.s. is an upper bound for y. Conversely, for the two point distribution

Fpy=35%mvn + 30 yp—var P49=0,

applied in definition (2.14) we obtain
_er+2/Vpa+gq
p+q

and for

F =305y + 30 ypyar
we obtain
y}ep—2f\/ﬁ+gq'
p+q

This implies with p =sin’#, ¢ = cos? the other inequality.

To prove (2.27) consider at first the case f =0

et+g++(e—g)
2

i.e. (2.27) holds. For |f| > 0 consider
F(t)=esin’t +2|f|sintcost + gcos*t on

7 =max(e,g) =

. Then by (2.28)

[0, /2],

It is easy to see that F(¢) has a maximum for 7 = arctan(v/1 + d?> + d) with d = (e — ¢)/(2| f]).

Using g — e = —2|f'|d one finds by some calculus

e+g+4f*+(e—g)>

y=F()= O

Note that by Cauchy—Schwarz f?<eg and so
y<e+g.

that

(2.29)

The simple condition e + g < 1 is therefore sufficient for contraction.
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3. Examples

In some simple examples the mean and covariances can be evaluated explicitly and the conditions
(A1)—(AS) can be checked directly.

Example 3.1. Consider a random variable X with EX=1, EX?>=2 and consider independent matrices
(14X 1
A‘( I 1+X>’
B2 4 and let
1
Lo— ( 0) .
Then the matrices C, N, M,, My, M are given by
4 9 4 4 1 5 4 1
C:<2 4>, N=4-12 5 2|, My=2-12 6 2],
1 4 4 1 4 5

2 0 0 8 g8 2
My=2-10 2 0|=2-L, and M=[4 10 4.
8

0 0 2 2 8

Also by induction in n one obtains the powers

(a)c":2"-1<3n+1 3,1_1)’

31 3 +1
[ B 11 I B
47237 T 4.90 2 290 4 2.3" 4.9
11 11 11
b) N = 36" - - - , 3.1
(®) 4 4.9 2 oo 4 4.9 3.
11 1 11 11 1

4 2~3"+4-9” 2 2.9 4+2-3”+4‘9”

1+2"+1+1 1 1 1 2l
4 4.5 2 2.5 4 4.5
1 1 1 1 1 1
M =20 - _— - L ,
(c) M, 4 4.5 23 4 4.5
2n+1 1 1 1 2n+1+1

1 1
4 4.5 2 2.5 4 4%
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and one obtains

1 1
341 3—-1 1 §+2,3n
ly=C"{y=2""" < >:6n
(3"1 3"+1) 0 11
2 2.3m

1 (1
~§6 <1> (3.2)

As £y =(1,0,0)T we obtain

o
3n—i 9n7i
- i— n—i - i— n—i 1 1
0y =D My 'MN""o =23 MyT'36" o =5
i=1 i=1
2 1
1 —
Jn—i On—i

which turns out after some calculations to be

e 1 (! 1! 1] W
36 L (}) . (3.3)
2,

This implies

Var L, 32 361 1
_n—1 . = — = 34
\/VarL;(ql) - 36" 32 6 Ci1, ( )

and similarly ¢;p = ¢y =cp = %’ B=1,

Cov(L1), L®
0= —SVELLLTD (3.5)

\/ Var Lﬁ,l) - Var Lf,z)

and ¢;; =c =2V/2. Altogether (A1)—(AS5) are fulfilled. Direct calculation yields e= %, f= %, g:%
and, therefore, ) :g < 1. Our main result implies that /5(L,,Z) — 0 where Z is the unique solution

of
Zgl<1—|-X 1 )Z_i_l(l—&—)? 1 >Z+2\6<X+X—l>(})‘ (3.6)

6 1 1+ X 6 1 1+ X 6 3

EZ =0 and COVZ:(i i)
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Exponential convergence in Theorem 2.4 implies that the solution of the fixed point equation can
be obtained by simulation with a few iteration steps.

In general it is not easy to check the conditions of Theorem 2.4. The following (negative) result
gives some conditions leading to y>1.

Proposition 3.2. Let £y =0 or My=0 or N =0 and assume (A1)~(AS) are satisfied, then any of
the following three conditions (a)—(c), implies that y>=1.

(a) E(A%I + 3%1) = E(Agz + Bgz)
(b) E(47, + B})) > E(43, + B3,) and B*E(43, + B3))=>p*E(4}, + BY,) (3.7)
(c) E(Aﬁ + Bi) < E(Agz +B§2) and ﬁzE(A§1 + B§1)<ﬂ72E(A%2 + B%z)-

For the proof we refer to Cramer [6].

Remark 3.3. (a) The case of two independent one-dimensional recursions

1oL d xOLH +X(’)LL’)1, LV =1 (3.8)
can be imbedded in the two-dimensional case with L, = (L"), L*). The conditions a, = E((X\")* +
Xy < Coy = (EX® + X)) imply convergence of the normalized versions Z,. The conditions
of Theorem 2.4 are checked easily in this case and correspond to conditions in the one-dimensional
case.

(b) Consider the one-dimensional branching recursion with stationary immigration

IOEXIO + 00y, VLY (3.9)
where (X),X5,Y) are independent of LE,”I,L(1> Then L, = (LV,1)" satisfies the two-dimensional
recursion of branching type

Y -
Los ( X ) L,2AL, |, +BL, (3.10)
with
(XY (X% 0
=0 1) o= (0 a)
Assume that Var L{" > 0, Vn and consider the normalized version
Lﬁ,l) _ /’(11)

L,=1| Var(L'")

0

If a4y =E(X? +X7), cay=EX, + X, > 1 and a1y < ¢, then the convergence theorem in a slightly

modified form remains applicable and /»(L,,Z) — 0 where Z is fixed point of the operator 7 where
. X]/C(]) 0 . Xz/C(l) 0

Aoo_< 0 K B, = 0 N (3.11)

This covers a result of Cramer and Riischendorf [8] and Cramer [7].
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In the following example we use eigenvalue theory and computer algebra to check the conditions

of Theorem 2.4.

Example 3.4. Consider 4, B stochastically independent

(14X 14+(X2)
A_<1—(X/2) 1+ X )

BL A4, EX =1, EX?> =2. Then

16 24 9
C—(AIt Z), N=| 4 19 12],
1 & 16

1
22 10 14 5
My=| -1 2 1|, M,=( 1 11 7],
L, 12 10

2
The characteristic polynoms and its roots are calculated with help of MAPLE

(a) Py(z):=det(z - Es — N) =z* — 51z* 4 663z — 2197
= (z —[19 4+ 8V3])(z — 13)(z — [19 — 8v/3]).

(b) Py (z) :=det(z - Es — My) =z° — 31z* + 287z — 873
=(z—m)z— )z — i),
where p; € R, || > || and
pm=plP+ 0Py, p=10 4 PV38I,

Mz:_%pl/s_%pfl/s_i_3371+l%(p1/3+1%p71/3)'

(3.12)

(3.13)

For a matrix D € R**® with three different eigenvalues u;, i», 3 the eigenvalue decomposition yields

k k k k
D" = wyuywy + 1pvawr + puzvsws

(3.14)

where v;, w; are normed right resp. left eigenvectors of y; with w;v; = 1. This yields for M,, N

M, = jud + 1,8 + 113G,
N:V11‘I+V2B+V3C

(3.15)

with A,/L... products of left and right eigenvectors and v; =19 + 8v/3, v, =13, v; =19 — 8V/3.

For the covariance vector we then obtain

0, =MD+ Y My ' MyN""'y
i=1

= (UiA + 5B + 15CY0,
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(VA VB P OM (T A+ B 4N

i=1

() - (%) - (5
yr YW AM AL, + YW BM,Al, + W cM,As
Vi — Vi — 2 Vi — W3
() ()
bt | —L M B + A9 + ——BL 4, Co
Hy — V2 H— V3
- (%) - (%)
e Y27 BMyBt,y + 27 cM,Be
Vo — o 2 — U3
() ()
o | — 2L BAL Gl + BOy | + it | ——E LMy Cly + CY, | (3.16)
Ho — V3 H3 — V3

Observing that |v| > || > |v2| > |pa| = |uz| > |v3| the leading term of 49, is

1 1 1 ~
[ A4+ B+ C] MyAL,. (3.17)
Vi — Vi — 2 Vi — I3
By MAPLE
1 V3 3
4 2 4
i—= V3
A= ﬁ % 73 (3.18)
1 1 1
12 23 4
A,B, C can be calculated numerically, C = B as ji, = 3. One obtains (exact up to 9 digits).
A+2R [ B} =:D
Vi — Vi — K2
0.045977212  0.031246478 0.019627381
D=1 0.002827081 0.048993672  0.015623239
0.002258945  0.005654161  0.045977212
and
0.039792832  0.137846414 0.119378496)
. (3.19)

DMyA=:7 = | 0.004836010  0.016752430  0.014508030
0.002295040  0.007950254  0.006885122
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So the leading term of the covariance vector 49, is given by vaNK ». In particular for £,=(2, —V2, DT
one obtains
9, ~ v/'(0.004019892, 0.000488536,0.002138460)". (3.20)
This allows to establish (A1), (A2) and (AS5) with
) 1 1

C%l =Cp = \Tu = m sz = Cfl/ﬁzy C%l = ngﬁz,
10.004019892
=4/ ——— =1.371060525 3.21
B 0.002138460 7 ’ ( )
0.000488536

=0.163033633.

¢= 1/0.004019892 - 0.002138460

With N" = vI'A + v,nB 4 viC we then obtain

T

5-2v6 5 1 5-2V6

526 S 5 1 S226) (3.22)
4 12 V2 12

and (A3) and (A4) hold with

Ly~ VAL =" (

\/5—2v6
=t v/0.004019892 = 2.506499371,

[s—2
cn= 512% / 0.00213846 = 1.984100194.

Finally

(3.23)

e=c},10 + c3, 71 = 0.361567445,
f=( B "4+ B2)/2=0.19711825, (3.24)
g=c?B25+ 2,10 = 0.385308344.
This yields the contraction condition
7 =10.570913239 < 1. (3.25)

So we obtain by Theorem 2.4 that /5(L,,Z) — 0 where Z is the unique fixed point of the operator
T in M0,2 with

1+X 1+ (X/2)
19+8V3  p\/19+8V3

= ., B.2A., (3.26)
B(1 — (X/2)) 1+X

VI19+8V3 /19483
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Ao, Bso independent and

Cov(Z):<é f) EZ=0. O

A remarkable point of this example is the combination of eigenvalue theory with computer algebra.
The calculations done numerically are more that necessary to check (exactly) the validity of the
assumptions of our convergence theorem. This combination should also be applicable in further
examples.

Remark 3.5. Using a different norming, the recursion can be decorrelated.

Define (for |g,| < 1)

1
_— 0
N (1)
L= \fl; b | (L, — EL,). (3.27)
VI=@y/VarL® /T— g/ VarL
Then with
1 0
R,:= — 0 1

Vi-g Vi-g
L'=R,L,  Cov(l)=1I
and (for |¢| < 1) under the conditions of Theorem 2.4

(L., Z') — 0 (3.28)

n>

where Z’ is uniquely characterized (in distribution) by the fixed point equation in M, ,

7' L RA_R'Z +RB.R'Z

+(RAR™" +RB..R™' — E))R (Z;) (3.29)
with
1 0
R:= —0 1
VIi-¢@ J1-¢
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