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1. Introduction

In this paper we study the existence of multiple positive solutions of the following boundary value problem on a half-line

(p)) +a®f (t,u(t)) =0, 0 <t < oo, (1.1)
m—2

u(0) = Y au(&), u'(00) =0, (1.2)
i=1

where ¢ : R — R is an increasing homeomorphism and positive homomorphism and ¢(0) = 0, & € (0, +00) with
0<& <& <+ < &py < +ooand o satisfy o; € [0, +00),0 < Z:”:_lz ai < 1.
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A projection ¢ : R — Ris called an increasing homeomorphism and positive homomorphism, if the following conditions
are satisfied:

(1)ifx <y, then p(x) < ¢(y),forallx,y € R;
(2) ¢ is a continuous bijection and its inverse mapping is also continuous;

(3)pxy) = pX)¢(y), forallx, y € [0, +00).
In above definition, we can replace the condition (3) by the following stronger condition:

(4) p(xy) = p(x)p(y), for all x, y € R, where R = (—00, +00).

Remark 1.1. If conditions (1), (2) and (4) hold, then it implies that ¢ is homogeneous generating a p-Laplace operator,
i.e., p(x) = |x|P~2x, for some p > 1.
In this paper, we assume that the following conditions are satisfied:

(Cy) f € C([0, +00) x [0, 400), [0, +00)), f(t,0) £ 0onany subinterval of [0, +00) and, when u is bounded, f (t, (14t)u)
is bounded on [0, +00) x [0, +00);

(C3) a(t) is a nonnegative measurable function defined in (0, +00) and a(t) does not identically vanish on any subinterval
of (0, +00) and

+0o0
0 < / a(t)dt < 4o0.
0

The multi-point boundary value problems for ordinary differential equations arise in a variety of different areas of applied
mathematics and physics. The study of multi-point boundary value problems for linear second-order ordinary differential
equations was initiated in [3]. Since then, nonlinear multi-point boundary value problems have been studied by several
authors. We refer the reader to [1-14] and the references therein. Recently, Liu and Zhang [2] studied the existence of
positive solutions of quasi-linear differential equation

{(w(x/))/ +a®f () =0, te(0,1),
x(0) — BxX'(0) =0, x(1)+8x'(1) =0,
subject to linear mixed boundary value conditions by a simple application of a fixed-point index theorem in cones, where
¢ : R — Ris an increasing homeomorphism and positive homomorphism and ¢(0) = 0.
Wang and Hou [9] studied the following boundary value problem

(Pp))' () +a®)f(t,u) =0, 0<t <1,
n—2

n—2
P () =Y ag,' (&), u(l) =) bu(&),
i=1

i=1

where ¢,(s) = |s|P~2s, p > 1, the authors proved that the existence of multiple positive solutions to the above boundary
value problem by using a fixed-point theorem for operator on a cone.

Lian [17] studied the following boundary value problem of second-order differential equation with a p-Laplacian operator
on a half-line

{(q)p(u/(r)))/ + ¢OFf (t,u(t),u’) =0, 0<t < oo,
au(0) — Bu’(0) =0, u'(c0) =0.

They showed the existence of at least three positive solutions by using a fixed-point theorem in a cone due to
Avery-Peterson.

In the past few years there have been many papers investigated the positive solutions of boundary value problem on
the half-line, see [ 15-18]. They discuss the existence and multiplicity positive solutions to nonlinear differential equations.
However, there is few papers concerned with the existence of multiple positive solutions to boundary value problems of
differential equation on infinite intervals so far by using fixed-point theorem for operator on a cone. The goal of present
paper is to fill the gap in this area.

Motivated by all the works above, the purpose of this paper is to study the existence of multiple positive solutions for
some boundary value problems on the half-line by using a fixed-point theorem for operator on a cone. We emphasize that
the results in the paper are new even for the case of ¢(u) = uand ¢(u) = |[u|P~%u, p > 1.

By the positive solution of (1.1) and (1.2) one means a function u(t) which is positive on 0 < t < 400 and satisfies the
differential equation (1.1) and the boundary value conditions (1.2).
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2. The preliminary lemmas
To obtain positive solutions of (1.1) and (1.2) the following fixed-point theorem in cones is fundamental.

Lemma 2.1 ([6]). Let K be a cone in a Banach space X. Let D be an open bounded set with Dy = D N K # @ and Dy # K. Let
T : D, — K be a compact map such that x # Tx for x € dDy. Then the following results hold.

(1) If IITx|| < lIx]| for x € 9Dy, then ix(T, Dy) = 1.

(2) Suppose thereise € K, e # 0 such that x # Tx + e for all x € dDy and all A > O, then i, (T, D) = 0.

(3) Let D! be open in X such that D' C Dy. If iy (T, Dy) = 1and i (T, D,l) = 0, then T has a fixed point in Dy, \ D,:. Then same
result holds if iy (T, Dy) = 0 and i(T, D}) = 1.

Lemma 2.2. Forany x € C[0, 1], x(t) > 0, the problem

(p()) +a®f(t,x(t)) =0, 0<t < +oo, (2.1)
m—2

x0) =) ax(&), X (00) =0 (2.2)
i=1

has a unique solution

m—2

t . Y o [y o7t ([ aof (. x(x))dr ) ds

x(t)=f o ! (/ a(r)f(r,x(r))dr) ds + =2 )
0 s

Proof. It is easy to prove, so we omit it here. O

m—2
1-— Z o
i=1

In this paper we will use the following space E which is denoted by

, [u(®)|
E=JueC[0,400): sup —— < 40
0<t<-+4o0 1 +t

[u@®)]

to study (1.1) and (1.2). Then E is a Banach space, equipped with the norm |[u|| = supp<;4oo T

Define cone K C E by

< 4o00.

K= {u € E : u(t)is a nonnegative concave function on [0, +00) and . 1ir+n u'(t) = 0’ .
—+00

Now we define an operator T : K — C[0, 4+00) by

m—2
: o0 Y o fy 7t ([T a@f (ru(o)de ) ds
(Tu)(t) = / ¢! ( / a(r)f(nu(r))dr) ds + = — : (2.3)
0 s 1— Z a;
i=1

Obviously (Tu)(f) > 0 for t € (0, +00) and (Tu)'(f) = ¢~ ( e a(r)f(r,u(r))dr) > 0, furthermore (¢(Tu)'(t)) =

—a(t)f (t, u(t)) < 0.This shows (TK) C K.
To obtain the complete continuity of T the following lemma is still needed.

Lemma 2.3 ([18]). Let W be a bounded subset of K. Then W is relatively compact in E if { ";’T(? } are equicontinuous on any finite

subinterval of [0, +00) and for any ¢ > 0 there exists N > 0 such that

x(t)  x(t2)
1+ 1+t

uniformly with respect tox € W as t1, t; > N, where W(t) = {x(t) : x € W}, t € [0, +00).

Lemma 2.4. Let (Cy) and (C;) hold. Then T : K — K is completely continuous.
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Proof. Firstly it is easy to check that T : K — K is well defined. From the definition of E, we can choose ry such that
SUPnem\ (o) llunll < To. Let Byy = sup{f (¢, (1 + t)u), (¢, u) € [0, +00) x [0, ro]} and §2 be any bounded subset of K. Then
there exists r > 0 such that ||u|| < r forall u € £2. Therefore we have

m—2

o oo S e fytet ([ a@f @ u)de ) ds
sup - — / ¢! </ a(o)f (, U(T))df) ds + =
te[0,400) 1+t 0 s

1 t . (/+OO
sup —— - a(t)f (z, u(t))dr) ds
te[0,+00) 1+t (P s

([ Tull

m—2
1-— Z (041
i=1

IA

1 Za, 2o (7 af (7, u()dr ) ds

sup
tef0,4+o00) 1+t

+
m—2
1— Z [¢ 4]
i=1
m—2
Z Olig:m—Z

+00 4
o (/ a(o)f (z. u(r))dr) 1+ =——
0 1-— Z o
i=1

IA

IA

ag '(B), Yue 2,

where

m—2

Z ai“;:m—Z

+o0 “—
c1=¢ ! (/ a(‘r)dt) 1+ 5
0 1 miza
- i

i=1

So T2 is bounded. Moreover for any T € (0, +00) and t, t; € [0, T], we have

0{; fél —1 (j;+°0 a(t)f(‘(’ u(t))dt) ds
(1-%)

‘1+ t fo (/ a(s)f (s, u(s))ds> dr

S 1+h fo v </ a(s)f G, u(s))ds> dr

1
-1
c B —
20~ (Br) 1+1 1+6

— 0, uniformlyast; — t;,

1
144 146

i=1

‘(TU)(H) _ (Tu)(t)
1+t 1+t

+ 307 (B |ty — o

IA

where

"f o f5e7! ([S+°° a(r)dr) ds

+oo
¢ = = — + T ! (/ a(s)ds)
(1-%x) °

1—20[,'

i=1

and

+00
=g ! (/ a(s)ds) )
0

Therefore, we can get T2 is equicontinuous on any finite subinterval of [0, +00).
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Next we prove for any ¢ > 0, there exists sufficiently large N > 0 such that

(Tu)(ty) — (Tu)(tz)

<e¢ forallt;,t; > N, Vu e 2. (2.4)
1+t 1+t

Since f0+°° a(t)f (u(r)dr) < 400, we can choose Ny > 0 such that

m—2
Y o [ (fj“’ a(r)f(u(r))dr) ds
i=1

m—2
N] <1 — Z 01,-)
i=1

We can also select N», N3 > 0 large enough so that

51 e ([ a@f@@ndr)ds i .
N, > , @ (f a(r)f(u(r))dr) < 5
N:

2
&

&
< -.
5

3
are satisfied respectively. Then let N = max{Ny, N,, N3}. Without loss of generality, we assume t, > t; > N. So it follows

that
+oo +oo
< / o ( / a(r)f(u(r))dr) ds
0 s

m—2 . o
[Ee (faef@e)ds)ds X eifo e (£ ato wendr ) ds
+ 1 1 + i=1 —
(1+1t1) (1 -2 ai>

i=1

1
1+t 1+t

’(TU)(h) ~ (Tn(2)
T+t 1+

1+t

m—=2
Y i fyte (fj‘” a(r)f(u(r))dr) ds
i=1

m—2
(1+t) <1 - Oli)
i=1

That is, (3.4) holds. By Lemma 2.3 T2 is relatively compact. Therefore we know that T is a compact operator.
Thirdly we prove that T is continuous. Let u, — uasn — +oo in K. Then by the Lebesgue dominated convergence
theorem and continuity of f, we can get

+o00 —+o00 +o00
/ a()f (un(s))ds — / a(s)f (u(s)ds| < / a(5) I (un($)) — F(u(s)|ds — 0 asn — +oo,
t t t

ie.,
+o0 +o0
/ a(s)f (up(s))ds — / a(s)f (u(s))ds asn — +o0.
t t
Moreover
+00 +00
o ! (/ a(s)f(un(s))ds> — ¢! (/ a(s)f(u(s))ds) asn — 4o0.
t t

So

t

ITu, — Tu|| <  sup dr

m—2

+00 too
e o (/ a(g)f(un(s))ds) —¢! (/ a(S)f(u(S))ds>
tef0,+00) 1+ 1 Jo T i
Y ifma
i=1

+o0 +o0
—— ¢ ( / a(r)f(un<r))dr) —¢! ( / a(f)f(u(r))dr)‘
.l _ Z ai N S
i=1

— 0 asn — +oo.

+

Therefore T is continuous. In sum, T : K — K is completely continuous. O
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Lemma 2.5. Let u € K and [a, b] be any finite closed interval of (0, +00). Then u(t) > A(t)|u||, where

o, t>o,
A(t):{r t<o

ando = inf{f;‘ € [0, +00) : SUP;c[o 1 o0) '11‘32‘ %} .

Proof. From the definition of K we know that u(t) is increasing on [0, +00). Moreover u’(c0) = 0 implies that the function

le% achieves its maximum at & € [0, +00). We divide the proof into three steps:

Step (1).If o € [0, a], then we have t > o, for t € [a, b]. Since u(t) is increasing on [0, +00). So, we have
u(t) >u(o) =1+ o)|u|| > olul|, fort € l[a,b].
Step (2).If o € [a, b], then we have t < o, fort € [a, o]. By the concavity of u(t) we can obtain

u(t) — u(0) - u(o) — u(0)
t - o ’

u(t) - u(o) u(0) u(0) - u(o)

t o o t T 140

= ull.

Therefore u(t) > t|u|l,fora <t < o.Ift € [0, b], similarly to Step (1), we have
u(t) >olul] foroc <t <bh.
Step (3).If o € [b, +00), similarly by the concavity of u(t) we also have

u(t) — u(0) - u(o) — u(0)
t - o ’

which yields u(t) > t|ju||,fora <t < b < o.The proofis complete. O

Remark 2.1. It is easy to see that
(i) A(t) is nondecreasing on [a, b];

(ii)0 < A(t) < 1,fort € [a, b] C (0, 1).
For any k > 1 be a fixed constant and we choose a = ,—1 b = k. We define

)

1 )L(I%) ﬁfoﬁ g (fg G(T)d‘r) ds
r=(s)

m—2
k 400 Z aifm—2
7 <f0 a(r)dr) 1+ 5 ——
=3 o
i=1
ok
@) oy oo (Jf ator) ds
V1= — ,
+o00 Z iEm—2
o ( : a(r)dr) = N
-3 o
i=1
K, = {uek: Jul < p},
i . ou(o)
2,={ueK: min <ypl={uek:ylul < min < yp).
te[pa] T+ e[ 1] 1€

Lemma 2.6 ([6]). §2, has the following properties:
(a) £2, is open relative to K.
(b) K,, C £2, CK,.

(c) u € 982, ifand only if minte[%’k] 4 = yp.

(d) u € 882, thenyp < ?% <pforte(}.k].
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Now, we introduce the following notations. Let

ffpzmi“{WIfe [ik} ue[yp,p]},

£ = sup {f(t, 1+ 0w :

- t € [0, +00), ue[O,p]},

®(p)
fe= limsup{w 1t € [0, 400) }
u—a w(p)
fx = lim min {M ‘te [1, ki“ (v ;== 00 or0™),
u—a w(p) k
m—2
1 oo > tifm—2
E:(p’1 (/ a(r)dr) 1+1:1? ,
0 1— Z o
i=1

1
1 1 1 3 k
=A <f) - / o ! / a(t)dr | ds.
M k 1 —+ X 0 %

Remark 2.2. It is easy to see that 0 < m, M < coand My = My;A (1) = A (1) m < m.

Lemma 2.7. If f satisfies the condition

f <@(m) and u#Tu forue dK,,

then ix(T, K,) = 1.

Proof. By (2.3) and (2.5), we have for u(t) € 0K, then ||u|| = supg<;. o ol — p, from the definition offop we have

1+t
ft, u) < @(p)p(m) = p(pm).

Therefore,

(I Tul]

m—2
Yoaify et (ffoo a(o)f(z, U(r))dt) ds

1 t . +00 et
sup —— © a(t)f (v, u(r))dr ) ds +
tefo.+00) 1+ |Jo s

1 t —+o0
sup —— | ¢! (/ a(r)f(r,u(r))dr)ds

te[0,4+00) 1+t¢ 0

IA

£ & +o00
1 Y o [ (fs a(t)f (z, u(r))dr) ds
i=1

+ sup
te[0,+00) 1+t

m—2
1— Z o
i=1
m—2
400 Z aim_2
¢! (/ a(o)f (z, u(r))dt) 1+ =
0

m—2
1-— Z [0
i=1

IA

A

+00 y
¢~ (@m)e(p))e™! (/ a(t)dr) 1=
0

m—2
400 Z Olié:m—z
mpg~! (/ a(‘r)dr) 1+ % =p = |ul.
0 1-— Z [0
i=1

m—2
1— Z o
i=1

(2.5)
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This implies that ||Tu|| < ||u|l for u(t) € 0K,. By Lemma 2.1(1) we have ix(T,K,) = 1. O

Lemma 2.8. If f satisfies the condition
oo = @My) and u#Tu forue 082, (2.6)
then iy (T, £2,) = 0.
Proof. Lete(t) = 1fort € [0, +00). Then e € K7, we claim that
u#Tu+ Ae, ueodr, ir>0.
In fact, if not, there exist ug € 9§2, and Aq > 0 such that uy = Tug + Age. By (2.3) and (2.6) we have

1
up = Tup(t) + Aoe > A (E) ITuoll + Ao

= /\<1) su L /[ -1 </+ooa(t)f(‘r u (t))dr) ds
- k te[O,-ll—)oo) 1+t|Jo ¢ s 0

m—2
Y fie! (fj“’ a(o)f (z, uo(r))dr) ds
+ = — + Ao
1— Z o
i=1

> A <1> 1 L fk f (e ) ds + 4
k 1_|_l1</0 4 1 a(t)f (t,up(r))dr | ds 0
A(l) 1 71( (My)o( ))/l]c i /ka(r)dr i
k) 1+ %90 o(My)e(p A 1) % .
g (l> l M /}( - /ka(f)df ds+ A
k 1+% yp ; ) . o

=yp+ Ao

\

This implies that y o > y p + Ao which is a contradiction. Hence by Lemma 2.2(2), we have iy(T, £2,) =0. O

3. Main results
The main results in this paper are the following.

Theorem 3.1. Assume that one of the following conditions holds:
(Cs) There exist p1, p2, p3 € (0, 00) with p1 < y py and p; < ps such that

o <), f2 >¢eMy), u#Tu forued, and f* <qp(m).
(C4) There exist p1, p2, p3 € (0, 00) with p; < py < y ps such that

o= eMy), fi? <em), u#Tu foruedk, and f3 > @My).

Then (1.1) and (1.2) have two positive solutions in K. Moreover if in (Cg,)fo”1 < @(m) is replaced byfo”1 < @(m), then (1.1) and
(1.2) have a third positive solution us € K,,.

Proof. The proof is similar to that given for Theorem 2.10 in [6]. We omit it here. O

As a special case of Theorem 3.1 we obtain the following result.

Corollary 3.1. If there exists p > 0 such that one of the following conditions holds:
(C5) 0 <f° < p(m), ff, = p(My), u# Tuforu e 882, and 0 < f> < ¢(m),
(Cs) (M) < fo < 00, f = @(m), u# Tu for u € 3K, and p(M) < fo < 00,

then (1.1) and (1.2) has two positive solutions in K.
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Proof. We show that (Cs) implies (C3). It is easy to verify that 0 < f° < (m) implies that there exists p; € (0, y p) such
thatfop1 < @(m).Leta € (f*°, (m)). Then there exists r > p such that sup,¢(g 400 f(t, (1 + t)u) < ap(u) foru € [r, co0)
since 0 < f% < @(m). Let

ﬁ:max{ sup f(t,(l—i—t)u):Ofufr} and p3 > ¢! ('B>
te[0,+00) p(m) —a

Then we have

[%lm )f(t, (I+0u) <ke) + B < keo(p3) + B < p(m)p(ps3) foru e [0, p3].
te[0,400

This implies thatfo"3 < @(m) and (C3) holds. Similarly, (Cg) implies (C4). O

By an argument similar to that of Theorem 3.1 we obtain the following results.

Theorem 3.2. Assume that one of the following conditions holds:

(C;) There exist py, pa € (0, 00) with p; < y p such that f"' < ¢(m) and f}%, > p(My).
(Cg) There exist p1, p; € (0, 00) with p; < p, such that 5, > ¢(My) and f}* < @(m).

Then (1.1) and (1.2) have a positive solution in K.

As a special case of Theorem 3.2 we obtain the following result.

Corollary 3.2. Assume that one of the following conditions holds:

(Co) 0 <f° < p(m) and p(M) < fx < 0.
(Ci0) 0 = f* < @(m) and p(M) < fy < 0.

Then (1.1) and (1.2) have a positive solution in K.

Remark 3.1. If o (u) = u, the problem is second boundary value problem. If ¢(u) = |u|’~2u, p > 1, the problem is boundary
value problem with p-Laplacian. Then our results of Theorems 3.1 and 3.2 are also new.

4. Example

Example 4.1. As an example we mention the boundary value problem

() +a®Of (t,u(®) =0, 0<t<1,

1 1 4.1
uO) = gu() + 2u@d), (o) =0, .
where
u? <0
o(u) = 14+u2’ u=yu,
u“, u>0,
and
8
s, u
107> sint| + (1-{-t) , u<2,
f(ta U) = 8

2
10_5|sint| + (m) , u>2,

we take k = 2, A(t) =t and f;roo a(t)dt = 4, flz a(t)dt = 1.Itis easy to see by calculating that
2

m—2

Z Oll’Em—Z

+o00 4
=¢! </ a(r)dr) 1+ | =
0

m—2
1— Z (674}
i=1

A1) /}( - /k()d ds =
— = - a(t)dr | ds = —,
M k 1+% 0 ¢ 1 6

k

3=
CYRN

—
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1
1 1 X - k

_A<1> (1) i S e (Jatdr) ds a2
Tk " 21

+00 i; ai§m—2

! <f0 a(r)dr) 1+5 _—

-3 o

i=1

thus m = % M = 6andlet p; = % p2 = 21, p3 = 70. After some simple calculation we have

1 1 1
ft, 1+ 0u) <107° + 556 <19 = p(mp1) = p(mMe(p1), (t,u) € [0, +00) x [0, 2] ;

this shows f;! < ¢(m). On the other hand,
1
f(t, A+ 0u) > 2% =256 > 144 = oMy p2) = o(M)@(yp2), (t,u) € [2, 2] x [2,21];

we have 2, > ¢(My). At last
f(t, A+ 0u) <107° +2° < 257 < 400 = p(mps) = p(M)@(p3), (t,u) € [0, +00) x [0,70];

so we have fop * < @(m). Then the condition (C3) in Theorem 3.1 is satisfied. So boundary value problem (4.1) has at least
three positive solutions in K.

Remark 4.1. From the Example 4.1, we can see that ¢ is not odd, then the boundary value problem with p-Laplacian
operator [8,9,12,18] do not apply to Example 4.1. So, we generalize a p-Laplace operator for some p > 1 and the function ¢
which we defined above is more comprehensive and general than p-Laplace operator.
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