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Heisenberg uncertainty principle for a fractional power
of the Dunkl transform on the real line

Sami Ghazouani * and Fethi Bouzeffour f

Abstract

The aim of this paper is to prove Heisenberg-Pauli-Weyl inequality for a fractional power of the Dunkl
transform on the real line for which there is an index law and a Plancherel theorem.

Keywords: Heisenberg uncertainty principle, Dunkl transform, Fractional Fourier transform, Generalized Her-
mite polynomials and functions, Generalized Sobolev spaces.

1 Introduction

Dunkl operators are differential-difference operators associated with finite reflection groups in a euclidean space.
The first class of such operators were introduced by C. F. Dunkl in a series of papers [5, 6, 7], where he built
up the framework for a theory of special functions and integral transforms in several variables related with
reflection groups. In addition to the multidimensional case, one-dimensional Dunkl operators are also of great
interest. For example, a number of works have recently appeared that develop the harmonic analysis results
associated with the one-dimensional Dunkl operator. One of them is the Heisenberg-Weyl type inequality for
the one-dimensional Dunkl transform established by Rosler and Voit [15].

The objective of this paper is two-folded: firstly, we develop an harmonic analysis related to a Dunkl type
operator on the real line. More precisely, we consider a singular differential-difference operator Aj; on R which
includes as a particular case the one-dimensional Dunkl operator. The eigenfunction K, , of this operator
permits to define a fractional power Dy of the Dunkl transform on R that reduces to the Dunkl transform,
fractional Hankel transform and the fractional Fourier transform for particular cases of the parameters. Next,
we develop an L' and L? theory for this transform. For L! theory, we give Riemann-Lebesgue lemma, inversion
formula, index additivity property, which is of central importance: without it, we could hardly think of D
as being the ath power of D, and operational formula. As for as L? theory, we prove that the fractional
Dunkl transform D, initially defined on LY(R,|z|?#*1dx), have a unique extension to an unitary operator of
L?(R, |z[***'dz) and if the extension is also denoted by D¢ then the family {Dg}aeR which is parameterized
by the parameter @ € R have a group structure, called the elliptic group. It is like a rotation group since
Dy ODE = Dfﬁﬁ and Dg is the identity and the inverse is obviously (ij) - D} . We present also the subject
of eigenvalues and eigenfunctions. We show that the generalized Hermite functions, which were introduced by
Szegd [16] and studied by Chihara [2, 3] and Rosenblum [13], form an orthonormal basis of eigenfunctions of Df;
on L2(R, |z|?#*1dz). As a consequence, we prove that the family {Df‘;}ae]R is a Co-group of unitary operators and
we derive their infinitesimal generators. Secondly, we extend the Heisenberg-Pauli-Weyl uncertainty inequalities
established by Résler and Voit (Theorem 4.1,[15]) to the case of fractional Dunkl transform Dj} as follows:

2
« . 1 1
v (D) v, (DY) = st = ) (4 5 ) (0B, = 1ol + 5) (1)
where a € R\nZ and 3 € R. For this purpose, we introduce Sobolev type spaces H5"“(R) naturally associated
to A, and we obtain their basic properties such as the imbedding theorems. We prove that:
e For every o € R\nZ and —% < p < 0, HY"*(R) — Co(R) and the injection map is continuous.
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e For every a € R\7Z, > 0 and f € H)"*(R), there exists a function 1) € C(R\{0}) such that f(z) = (), a. e
and for all x € R\{0},

|| =+ if p >0,

ORI ST A

where ¢ = ¢(u, @) > 0. As applications on these spaces, we will show that (1.1) holds with equality if and only

if f(z) =\ et =Y*5 B (ax), where A, a and b are suitable parameters.

This paper is organized as follows. Section 2 presents an overview of the Heisenberg’s inequality for various
Fourier transform on the real line. Section 3 we introduce the fractional Dunkl transform D} on the real line with
parameter a € R. Riemann-Lebesgue lemma, inversion formula, an index additivity property and operational
formulae are derived in section 4. Section 5 is devoted to the extension of the fractional Dunkl transform Djy
as an isometry from Li(R) to itself and the intimate relationship between the fractional Dunkl transform and
generalized Hermite polynomials and functions. In section 6, we study the Sobolev spaces HS**(R) associated
to A, * and we derive a Heisenberg uncertainty principle for the fractional Dunkl transform and the fractional

Hankel transform.

2 A brief survey of the Heisenberg’s inequality for various Fourier
transform

In this section, we give an overview of the Heisenberg’s inequality for various Fourier transform on the real line.

2.1 The Heisenberg’s inequality for Fourier transform and fractional Fourier trans-
form

e The Fourier transform (FT) can be defined in many ways. For us, three different formulations are in particular
important. In its most formulation, the FT is given by the integral transform

“+oo
FO© = 7= [ flae = e

Alternatively, one can rewrite the transform as

F© == [ K1) (.)
where K (x,&) is the unique solution of the system of PDEs
{ ifi%i()xﬂ.: i€ K(,€), 22)
A third formulation is given by
F=eTeTBa"), (2.3)

with A = % The classical Heisenberg-Pauli-Weyl inequality [8] states that for f € L?(R) and for any a,b € R,

[ Ca-arisoran [e-vrEoer ezt ([ dz)z.

—oo —00

It is well known that there is a probabilistic interpretation to the previous inequality in terms of the variance.
Let f € L?(R) and suppose | f||z2®) = 1. By the Parseval identity, | F(f)|z2@®) = 1. Then |f|? and |F(f)|* are
both probability density functions on R. The variance of f and the variance of F(f) are defined by

+o0

+oo
var(f) = inf [ e aPf@P dn, var(F() = jut [ @ 0PFD @) da.
With these definitions, Heisenberg’s inequality states that for f € L?(R) such that || f||z2@®) = 1,

var(f) var(F(f)) =

=



Note that if the integral defining the variance of f is finite for one value a, then it is finite for every a € R. In
this case fj;o (z — a)?|f(x)|? dz is a quadratic function of a whose minimum occurs when a is the mean of f,

given by fjoo; z|f(x)|? dov = (xf, f); hence

+o0
var(f) = / (@ = @f. ) 1f @ de = ||z~ @f, 1) 2w

and using the fact that EF(f)(§) = }'(%)(5) and the Parseval identity,

+o0 2

var(F (1) = [

—0o0

(@ D FON DGR = (5 - (o)) 1

L)

e The fractional FT is a generalization of the classical FT. It is usually defined by [11]

pilam/a—(a—2nm)/2) oo

]'-af(I) _ /27| sin(a)| s

¢ 2y cot(e) iy fy) dy, 2n—1)r <a < (2n+1)m,

f(z), a = 2nm, (24)
f(==), a=(2n+ 1)r,

with n € Z and & = sgn(sin(«)). Following the formulation (2.1) of the ordinary FT, we can rewrite this
transformation as

+o00
i(an/4—(a—2n7)/2)
e - -7 KQ s d y 2n—1 2 1 3
Fof(z) = o on(a)] /,OO (9)f(y) dy, (2n—Dr <a<(2n+ 1w
f(a), a = 2nm,
J(-a), a=(n+Dm

where, for a € R\nZ, K,(z,y) = e (TP ot i the unique solution of the system of PDEs

d . 3
(55 +icotla)e) Kale) = ity Kalorn),

Ko (0,y) = e~ 39" cotlo),

(2.5)

The exponential expression (2.3) takes for the fractional FT the following form:

ia  ia

Fo =TS (A7),

In [12], the authors gave an uncertainty principle for the fractional FT. They proved the following uncertainty
inequalities:

[ A e G e s dw)z.

J —o0 —00 —

2.2 The Heisenberg’s inequality for the Hankel transform and fractional Hankl
transform

e The Hankel transform is a generalization of the classical FT. It is defined by

H(f)(r)*;/mf(?)'(x)12““651 - (2.6
VD@ =gy o T@an) v dy, pz =, :

where j, denotes the normalized spherical Bessel function

+oo 1) (x o2
i) = 2m e+ )P4 — v ) 3 S (27)

and J,, is the classical Bessel function (see, Watson [17]). Note that the Hankel transform (2.6) can be rewritten
as:

“+oo
! )/O FWKu(z,y) y** dy,

Hu(f)(x) = W



where KC,,(z,y) is the unique solution of the modified Bessel’s equation

[’H ’CH('vy) = 7y2lcu(~,y)7
Lo 2 et (28)

and where £,, is the Bessel operator given by

@ wiia
B da? z dx’

Another interesting variant of the Hankel transform is the following:

H,, = D 5 (Lu=a?)

In [1, 15], the authors gave an uncertainty principle for the Hankel transform. They proved the following
uncertainty inequalities:

+o00 2

+oo 400
[ e an [ o oz e ([ et a)
0 0 0

where f is a square integrable function on 0, +oo[ with respect to the measure dw,(z) = 2**1 da.
e The fractional Hankel transformation is a generalization of the conventional Hankel transform. It is given by:

+0o0o .
20“,@/ e~ 3 (@ +y?) cot(a) Ju (&) f(y)y2“+1 dy, C2n—Drm<a<(2n+1)m,
Haf(l') — 0 sm(a)
: 1), o= 2,
f(==), a=(2n+ ),
ei(u+1)(éc7r/2f(a72n7r))

P +1)(2| sin(a) et
Knowing that, for a € R\xZ, the kernel K, o(z,y) = e~ 2" +v ) cot(@) j (24 /sin(a)) of the fractional Hankel
transform is the unique solution of:

___y
{ Au,a Ku,a(wy)if Sinz(a)lcu,a(vy)a (2.9)

where, for 2n — )7 < a < (2n+ )7, cpo =

i cot(a)y?
K:u,a(oay) =e 2° )y 5 %Ku,a(ovy) = 07

where A, , is the differential operator given by:

d? 2 1 d
Apa = p] + ( H;‘ +2i cot(a)w) e +2i(p + 1) cot(a) — cot?(a)z?.

The exponential form for the fractional Hankel transform is the following:
Hg _ eia(u-&—l)ei%(ﬁu—wQ)

At the end of this paper we derive the following uncertainty principle for the fractional Hankel transform:

+o0 2

+o0 +oo
/ (:L'fa)2|'Hgf(x)‘2x2u+1 dr. / (1‘*5)2|H5(f)(1')|21’2“+1 dx > sinQ(af,B)(qul)z (/ |f(x)|23:2“+1 dx)
0 0 0

2.3 The Heisenberg’s inequality for the Dunkl transform

The Dunkl transform on the real line is both an extension of the Hankel transform to the whole real line and a
generalization of the Fourier transform. It was introduced by Dunkl in [7], where already many basic properties
were established. Dunkl’s results were completed and extended later on by de Jeu in [4]. The Dunkl transform
of a function f € L1(R,|z|?#*1dx) is given by

1 +eo ) 1
vy ____ - @@ g put1 > -
DI = gy [ S@ By, = (2.10)
where

Eu(z) :ju(iz) )j#+1(iz)7 (2.11)

n 4
2(p+1



is the one-dimensional Dunkl kernel [6]. It is well known that the functions E,,().) is, for u > —1/2 the unique
solution of the initial value problem

Aﬂf = >‘fa
{ )= (2.12)
where
Aufo) = 5 fta) + 2oL OS],

is the Dunkl operator with parameter p associated with the reflection group Zs on R (see[5]). The exponential
form of the Dunkl transform is the following:

D, = 61‘,(,1,4-1)%61:%(/\2—352)
In [15], the authors derived a Heisenberg-Weyl type inequality for the Dunkl transform on the real line. They

obtained, for functions f in the appropriate space, the following inequalities

2
var (1) var, (D) = (+ 3) (61~ 1B + 5) (213)
where
var(f) = @ = (e f, ) I3, and var(Du(9) = 18— (Auf, ) FIE,,

and where f,(z) = W and f.(z) = w are the odd and the even parts of f respectively. Here,
(.,.), denotes the L2(R, |z|?*T!dz) inner product and |2, its associated norm.

3 Fractional Dunkl transform in L, (R)

Notation: We denote by

e Co(R) the space of continuous functions on R which vanish at infinity.

e C"™(R) (resp. C™(R)), the space of C™-functions on R (resp. with compact support).

e S(R) the space of C*°-functions on R which are rapidly decreasing with their derivatives.
e LI (R) the space of measurable functions on R such that

11l
£ 11100

1
+o0 P
(/ @) Pl dy) <400, if1<p< oo,

[ee]

ess sup|f(x)| < oo.
zeR

To describe the harmonic analysis in our setting we begin by introducing the differential-difference operator Ay
defined for f € C*(R) by:

AZf@) = @)+ >

= Apf(z)+icot(a)zf(z),

d 2,L; 1 {f(w) - f(_*”"’)] + i cot(a)z f(z)

where o € R\nZ and p > —1/2.
In the case p = —1/2, Aj is reduced to the operator:

d
.- (when o = 7/2) which is closely related to the FT (2.2).

d
° + i cot(a)x, which is closely related to the fractional Fourier transform (2.5).
x

If we consider the case p > —1/2:

e A% coincides, for a = 7/2, with the Dunkl operator A, which is closely related to the Dunkl transform (2.12).
The restriction to the even subspace C2(R)* = {f € C*(R) : f(z) = f(—z)} of the square (A%)? is:

e The Bessel operator £, (when a = 7/2) which is closely related to the Hankel transform (2.8).

e The operator A, , which is closely related to the fractional Hankel transform (2.9).

One purpose of this paper is to provide that Aj is closely related to a fractional Dunkl transform on the real
line. We begin with the following Proposition:



Proposition 3.1 Let a € R\nZ.
(1) The operator Af; is related to the Dunkl operator A, by

6% cot(a)z? ° Azz ° e*%cot(a)z2 _ AM'
(2) Fory € C, the differential-difference equation
Aﬁf = bu;’éja) f7
£(0) = e v ot
has a unique analytic solution given by
Kpalwy) = ¢ 2 NE, (iay/ sin(a))
where E,, is the Dunkl-kernel given by (2.11).

Proof.

(1) Let f be a differentiable function on R and let g be the function defined by g(z) = e s
calculation shows that Afg(x) = e cot(@) A, f(x). Then s’ °°t(°‘)A2g(m) =A,f(z).
(2) The second assertion follows from the first together with (2.12).

z2 cot(a)f(x). An easy

We now summarize some properties of the kernel K, o(z,y).

Proposition 3.2 Let o € R\7Z.
(1) For each x € R and y € C, we have the integral representation

F(/L + 1) _i(2,,2 ! _imyt_ _
K, e Vo v S (z*+y )Cot(a)/ sty (1 — $2)*=1/2(1 + ¢) dt. 1
paley) = Rl [ ) (3.1)
In particular, we have
Vr € R7 Vy € R7 |Kﬂva(x7y)‘ S 1. (32)

(2) There exists a(p, &) > 0 such that for all x and y € R, we have

| K, )| < alp; @) min(1, fzy] =012, (33)
Proof.
(1) (3.1) is a direct application of the Bochner-type representation for the Dunkl-kernel E,, (see [13] or [14]):
T(p+1 ]
E,(\r) = _Plp+l) M1 — )P V2(1 4 1) dt. (3.4)

VAt 1/2) )

(2) We recall, from [17], the asymptotic expansions for Bessel function J,(z) as |z| — oo :

2 puwm
Ju(z) ~ Ugcos <z7 5 = Z) . larg(2)| < .

Then
Kpa(@,y) = O (ley| ") for Jay| — oo, (35)
Thus, (3.2) and (3.5) determine our choice of a(u, «).

Definition 3.1 For 0 < |a| < 7, we define the fractional Dunkl transform of a function f in LL(R) by:

+o00

D) = Ag / F@) K o, )|y dy, (3.6)

where
ei(;L+1)(d7r/2—a)

Ao = T(p + 1)(2] sin(a)])#+1 and & := sgn(sin(a)).




3.1 Casea=0o0r a=m.

In order to define Dﬁ or Djj, we need another integral representation for the fractional Dunkl transform Dj.
We begin by the following lemmas

Lemma 3.1 Consider for any a € C such that Ra > 0, the function f, defined by
faly) = =V By (iary),

where x € R. Then

e~ 1 (@ +€%)

Dyufa(§) = WEN(%/?G)-

Proof. Since f, € L}, (R), it follows that

+o0 5
Dy fa(§) = m/ﬁ e Eu(ixy)Eu(fify)|y|2”“dy.
By (2.11),
2
E,(izy)Ey(—igy) = ju(»’”?!)iu(@)*‘nyl)ghﬂ(my)juﬂ(fiy)
%j/m%(ﬂ?y)ju(fy) - %ju(ﬁry)j,wrl(gy).
Then
_ 1 z€
D;Lfa(é) - 2”F(,LL+ 1) Bu + 2“+2(ll+ 1)F(H+2) Bu+17
where

o —ay? ; . L 1 oo —ay ; . L
B, = / e~ ju(zy)ju(&y) v dy = 5 /O e i (zv/y)iu(EVy) v dy
0

22u—lr\2(u + 1)

+o0
- Fg e e b

To compute B,,, we need the following formulas (see 7.4.21 (4) in [9])

+o0 e—(1/8)(s*+17)
/ eI, (2r )25 T) dy = 1, (2r5/)
0
where
too (2/2)2"

I,(z) = e_“”’/2JV(iz)=(z/2)Vva
n=0

|arg(d)| < m/2 and v > 0. Let us take § = a, 7 = /2 and s = £/2, then

2
22“*11‘2(#—&- 1) e*% e fa 2P (n+ 1) 1 p2aeny . .
B, = (@E)" —1u(2¢/20) = TQayett € 1w (HE (i€ /2a).

Lemma 3.2 Let ¢,d € C such that Re > 0. For all z,y € R, we have

_(Rd)Zy?

efcsz,L(dxy) < g7 AR




Proof. By (3.4), it follows that
|B,(day)| < el (3.7)
Then
e B (day)| < e e’ Rdliellyl
On the other hand, we have,
ig}g(—?ﬁc r? + |Rd||y|r) = —%.
Which gives the result.

Theorem 3.1 Let 0 < |a| < 7 such that || # 7/2. For f € L,,(R) N L%(R) with D, f € L, (R), we have:

1
i 1 foo )
D) = o () [ e g (Y b gt a9
©)
G DIf() = lm DRf(r) = (@), ac
Jim Df(r) = lm DIfx) = f(-v), ac
Proof.

(1) For any a > 0, define
r+00
) = [ 1wl

—00

where g, (y) = e~ (05D’ B (izy/ sin()).
From (3.7), we deduce that |g,(y)| < 1. Then |f(y)ga(y)| < |f(y)|, so we can apply the dominated convergence
theorem to get

. - 122 cot(a «
lim Fy(2) = AZt e3* M@ D] f(a). (3.9)

Using Lemma 3.1 with a <> @ + % cot(), one can schow

1 - &2
D = — ¢ 4asin?(a)+isin(2a) g Zat2icot(a)
Hfa(g) (2(1 T i COt(a))“‘H e e

X B (Qa sin(a)xi Z'COS(“)> ‘

Now applying the Parseval formula for the Dunkl transform (see [4]) together with Lemma 3.1, we obtain

x /,-:o E_m By (2asin(a)xf—icos(a)> Duf(=¢) |§|2ﬂ+1 .
Applying Lemma 3.2 with ¢ = m and d = m, then
.9 .
foe = 4a? sinaQ E;n) J(rOéc)os2(cy) and R = 4a? sin%(zcs:)nfrac)os%a)'

Therefore

efﬁimm E s
#\ 2asin(a) + i cos(a)

)Duf-6)| < T Do)
B, f(~¢)].

IN



a |z|?
where B, = sup ede” (@)@ The function & — Dy f(—€) is in L},(R), then the dominated convergence
a€]0,1]
theorem implies

ix?
e5m(Za)

(i cot(a))rtt

/ e B (Ciat) cos() DL (- e, (3.10)

o Fal®) =
Hence, (3.9) and (3.10) gives after simplification

1
1 el \FFz ptoo —ixy
Df(g) = —— [ — 3@ty ) tana po T T ) By 2p+1 1 11

uf(T) T(p+1) (2505a> /_oo “ H cos(a) uf( Y)Yl dy (3.11)

Finally, if we make the change of variables w = —y in (3.11), then we find (3.8).

(2) Follows from (3.8) together with the dominated convergence theorem and the inversion formula for the
Dunkl transform (see Theorem 4.20 in [4]).

From the above theorem, we extend the definition (3.6) to @ =0 or a = 7 as follows

Definition 3.2 For f € L},(R), define
(1) D f(x) = f(a),
(2) Dif(z)=f(-=).

3.2 Case a€R.
We make the following definition.

Definition 3.3 Forn € Z and f € L, (R), define
(1) D f(z) = f(=),

(2) D"V () = f(—w),

(3) Dot f(z) = D2 f(x), a € R.

Note that if (2n —1)7 < a < (2n+ 1)7 and n € Z,

Do ei(u+1)(d7‘r/2—(a—2n7r)) +oo X 2#+1d 1
p,f(x) - 1—\(/‘/_"_ 1)(2‘Sln((1)|)u+l /_Do f(y) H,a($7y)|y| Y, (3 )

where & = sgn(sin(«))

Particular case

e When a = —7/2, Djj reduces to the Dunkl transform D,,.

e If f is an even function then Djj f coincides with the fractional Hankel transform Hj f of f.
e When p = —1/2, Dy coincides with the fractional Fourier transform 7.

4 Basic properties of Dj.
In this section, we discuss basic properties of Djj for general a € R.

4.1 Riemann-Lebesgue lemma and the reversibility property.

Theorem 4.1 Let o € R.
(1) Here suppose o & 7. For all f € L, (R), Dg f belongs to Co(RN) and verifies

1
(1 + 1) (2] sin(a)[)#+

1D2 e < c Sl

(2) For all f € L},(R) with D f € L, (R),
(D, "o D) f=f ae
and

(Dp oD, *)f=f, ae



(3) Dy} is a one-to-one and onto mapping from S(R) into S(R). Moreover,

(D)~ f =Dp%f, feS®). (4.1)

Proof.

(1) The first statement follows immediately from Riemann-Lebesgue lemma for the Dunkl transform (see [4],
Corollary 4.7).

(2) Since Dy} is periodic in a with period 27, we can assume that a € (—,7]. We see immediately that

0 0 _
D;J,ODp,f - f7
DroDif = f.

When 0 < |a| < 7, we have

1 i .2 +oo
D~% 0o D f(; — 5T cot(a) B (—i: :
o Dif() (4sin% ()02 (0 + 1) € . u(—izy/sin(a))
+oo .
X (/ e~ COt("‘)f(z)Eu(iyz/ sin(a)) [z|2“+1dz) ly|2# 11 dy.
— 00

By the change of variables u = SmyT), we obtain

1 "N
4;L+1I‘2(N + 1)

i

D, %o Dif(x) = 2" cot(@) E,(—izu)

—0o0

X

+oo .
</ em37 cot(@) f(2) By, (tuz)| 2|+ dz) u| 2 du

_ e%;Zm)Du <D# [e—%z%ot(wf(*z)]) (),
= f(@), a e

The last equality follows from the inversion formula for the Dunkl transform.
(3) That D : S(R) — S(R) is an homeomorphism follows from [4], Corollary 4.22, and the fact that the
mapping M) defined by

(Myf)(w) = e f | [ e SR)
is an automorphism on S(R) for each A € R. The statement (D)~ = D, follows from part (2).
4.2 An index additivity property

We begin by following lemmas:

Lemma 4.1 Let ¢ >0, o, 3 € R\nZ and (z,z) € R%. Then

e —ey® 2p+1 = 72‘““1"(/14-1) ex —i 22 cot(a 2% co
[ Rnle Bl Al = 2T e (o) + 22 o))
X exp (—(Tl(e)x2+r2(e)22)) E, (—r3(€)zz),
where
r1(e) = ! ra(e) = :

 4esin®(a) + 2isin(a)(sin(a + 8)/sin(3))’  desin®(3) + 2isin(8)(sin(e + B)/ sin(a))’

sin(a + B) ) ) ptt .

sin(a) sin(f

1
" 2 sin(a) sin(B3) + ¢sin(a + B)

r3(€) and  cq p(€) = (26 +1

10



Proof. Replacing K, o(z,y) and K, g(y, z) by their definitions, we get

oo o 7
[ R K My = exp (0 ot(a) + 22 o))

—0o0

+oo : .
—(e+Z (cot(a)4cot(8)))y? wy Yz 2u+1
X 2 E E dy.
[ “<sin<a> ()

The desired result follows from Lemma 3.1
Lemma 4.2 Let o, 3 be in R\nZ such that o + 3 € R\nZ and let f be in L, (R) with Dﬁf € L),(R). Then

sin(a) sin(3)
sin(a + )

+oo +oo putl
Kpa(z,y) (/ f<z>Ku,ﬁ<y,z>|z|2““dz) ly| iy = 24710 (1 + 1)

— 0o —

. B r+00
% e*%(u“)a(aﬂ)/ f(2) Ku,a+,(3(56,2)\2|2“+1 dz,
where

(e, B) :Sgn( sin(a + 3) )

sin(a) sin(B)
Proof. For any positive number ¢, we define the function /. on R by

+o0 5 +o0
I(z) = / YV Kya(,y) ( / f(z)K,L,ﬁ(w)lzIQ““dz) ly[*#+ dy.

—00 —00

Since Dﬁ fe LL(]R), it follows from the dominated convergence theorem that

+oo +oo
g 7.0) = [ Katoon) ([ G Kol ) 1y

=0 —o0 —o0

Using Fubini’s Theorem and Lemma 4.1, we obtain

+1 ,
Lz) = ZZTWED g cortarsn @)
Ca,3(€)
+o0 ; ,
X / e~ (5 cot(B)+ra(e))z f(Z)EM (—r3(€)z2) |z\2”+1 dz.
—o0
Clearly
: ptl
lim cq 5(e) = sin(a+0) o F (ut1)a(a,B)
=0 sin(a) sin(3) ’
lim e~ (& cot(@+ri(e)a®  _  —fa® cot(atp)
e—0 )
lim e~ (2 DD () E, (ry(e)az) = o3 D f(2) B (iwz/ sina + ).

Applying again Lemma 3.2 with ¢ = %cot(ﬁ) +12(€) and d = —r3(e), then

% esin’(a) 4 Rd 2esin(a) sin(3)
c= an =— .
4¢2 sin?(a) sin®(B) + sin®(a + 3) 4€2 sin?(a) sin?(3) + sin®(a + )
Therefore
; esin?(8)z?
e (3 Cot(ﬂ)+rz(e))z2f(z)Eu (—rs(e)zz)| < 6452sinz(a)sill2(/z?)+sir12(a+6) If(2)|
ez? sin? (B)
where C, = sup e?sin?(a)sin?(B)+sin?(a+5) ., Thus, the dominated convergence theorem leads to
€€]0,1]

lim I ( ) 2,u+1r( + 1) Sin(a) Sin(ﬂ) pet *%(Hﬁ»l)d(a B) 7%12 cot(a+p3)

im I.(x) = i o/ e e B) e~

e—0 a sin(a + )

+oo .
/ f(z) e72% ©UHBE (ixz/sin(a + B)) |2[*F de.

—00

X

This completes the proof.
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Lemma 4.3 Let o, (3 be in | — 7, 0[U]0, w[. Then
(d + 6 —ala, ﬂ)) g — (a+ B) = sgn(sin(a + ﬂ))g — (a+ B —2rm),

where

1, ifa+pe€n2n],
r=1< 0, ifa+pge€]—m0U0,n
-1, ifa+p€]—-2m -7

Proof. is obviously.
Theorem 4.2 Let a, 3 be in R and let f be in L,(R) with DI f € L, (R). Then
a & — pots
D/LOD,u(f)iD[L (f)
with equality a. e when a+ (B € 7Z.

Proof. Since Dy is periodic in « with period 27, we can assume that o and 3 are in (-, .
We shall divide the proof into five steps.
Step I Suppose that a €] — 7, 0[U]0, 7| and § = 7. By the change of variables u = —y, we obtain

+o0
A, / P Kol )y dy

—00

D (D f)(x)

+o00o

— Ao [ O Kal-s )l dy
= Di(Dpf)(z).

An easy calculation shows that

sgn(sin(a + F))g —(a+7—2rm) = A,,

where

[0, ifael -0
"1 1, ifa €]0, 7[.

Since K, o(—z,y) = Ky atx(2,y), definition 3.12 implies that
(D% o DI)f = Dot . (4.2)

Step II Suppose that o €] — 7,0[U]0,7[ and B = 7 — a. As —a €] — 7,0[U]0, 7], (4.2) implies that D~ =
D, %o Dj. Therefore, in view of Theorem 4.1,

(Dji o D) ()

(Dji o D) (D)
= D}f, ae.
Step III Suppose that « €] — 7, 0[U]0, 7| and 3 = —a. This is exactly statement (2) of Theorem 4.1.

Step IV Suppose that « €] — m,0[U]0, 7| and S = —7 — a. The proof of this is similar to step L.
Step V. Suppose that «, 3 €] — 7,0[U]0, 7| and a + 8 & {—7,0,7}. In this case

ei(n+1)((6+5) 5 —(a+8))

anp _
DD, f(x) I2(1 + 1)(4] sin avsin 3] )#+1 A(z),
where
+o00 +o0
M) = [ Kt ([ IRt e )

By Lemmas 4.2 and 4.3 and Definition 3.3, we have

Daps e (ntD)(a+f—a(a.B)) 5 —(atp))  too % 201
R es~ ey al BRI L CR Lt
ei(p+1)(SgN(sin(a+p)) 5 —(a+p—2rm)) r+oo
T(p+1)|2sin(a + B)|#+1 /

Dyt f(a).

F() Ky arp(x, 2)|2| 7 dz

—00

12



4.3 Operational formulae

Proposition 4.1 Let f € S(R) and o € R\nZ. Then
(1) Di(yf()(x) = —isin()AG (D] f)(x).

(2) zDﬁ(f)(z) = isin(a)Dz‘ (A;"‘f) (z).

Proof.

(1) Since Dy} is periodic in a with period 27, we can assume that 0 < |a| < 7.
Let us rewrite equality (3.6) in the form

Di(f) = fife,
where
ei(;t+1)(d7r/2—a)

(| sin(@))x+* -

T

-2

fl (.CC) —e 2 cot(a)127 fz(’l‘) _ baDu e*%COE((’)yQ j(y)} <

The product rule of the Dunkl operators A, gives

Au(DL ) = il (f2) + 2D (f1)-
By virtue of Corollary 2.11 in [7], we deduce

A1) = oD [pet = )] (- 22

sin(a) sin(a)

> and b, =

~sin(a)

Taking into account of A, (f1)(x) = —iz cot(a) f1(z), we can easily prove

Dy (yf(y)) ().

Au(Dy f)(x) = —iz cot(a) Dy f(x) + sim(a)
This complete the proof.
(2) It suffices to assume that 0 < |o| < 7. From Lemma 2.9 in [7], we deduce

) +o0
¥ pa _ N ot
sin(a) (D" ) (@) Ao /_OC Au(Kﬂ,a(Iv NIy dy
+oo _
= —4a Kol p)Ag fy) [y dy
A 2u+1
= —4a Koz, y) (A F)(y) [y + dy

= =Dy (A°f) ().

5 Fractional Dunkl transform in L2(R)

In this section, we discuss the extension of the fractional Dunkl transform Df} to Li(]R).

5.1 Plancherel theorem

Proposition 5.1 Let f and g be in L},(R) and a € R\nZ. Then

+o0 +o0

DLWl de = [ S D gl

—00 —00

Proof. Let f and g € L}L(R). As Df is periodic in a with period 27, we suppose 0 < |a| < 7. Using Fubini’s
theorem we write

+o0 +oo +o00
Dy f(2)g(w)|=* ! da = Aa/ < Ko y) f )y dy> g(@)[a*+" da,

—o0 —o0 J —o0

+oo +o00
- / F) A / 9(2) K o, ) [P dly P+ dy,

—00 — 00

o0
= / FW) D %g(y) |y dy.

—00

This complete the proof.
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Corollary 5.1 Let f € S(R) and o € R. Then

10211y, = 17l

Proof. It is easy to check that Corollary 5.1 holds for & = 0 and @ = w. Now let 0 < |a| < 7 and f € S(R).
By Proposition 5.1 and Theorem 4.1, (3), we have
e e o 2041
1Dz, = D}y f(x)Dji f (@)l da,

—00

—+oo
/ @)Dy D3 (@) a2+ de,

—00

= fllay-
Theorem 5.1 Let a € R.
(1) If f € LL(R) N L2(R), then Dy f € L2(R) and | D3 fll, = [1£la,-
(2) The fractional Dunkl transform D;; have a unique estension to an unitary operator on LZ(R). More precisely
if the extension is also denoted by f — Dy f, then Dy is a unitary operator on Li(R) with inverse (D,jfl =
D~
Proof. It suffices to assume that 0 < |a| < 7. From Corollary 5.1 and the density of S(R) in L?(R), we deduce
the existence of a unique continuous operator Dg on LZ(]R) that coincides with D¢ on S(R). If f,g € S(R) then

+oo _ too W
Dy f(x)g(x) |z do = / D f(x)g(x)| = da

—00 —00

/ " ) D g @) do

—0o0

[ s ae

—00

Let f,g € L7(R). By the density of S(R) in L (R), we conclude that

+oo gt oo - yp—
De f()g@lal+ do = / F(2) D g ) a2+ d. (5.1)
Now, if f € L},(R) N L2(R) and g € S(R), then
—+o00 —+oo
DEf()g@alH de = / @)Dy gl da

/ @) D@ e da
T D p )@l da.

—00

Hence Dy f = l§;“ f, a.e, which proves the first statement in part (1). The second statement of part (1) follows
from Corollary 5.1. Part (2) follows from part (1), Corollary 5.1 and Theorem 4.1, (2).

As a consequence of the previous Theorem and of Theorem 4.2, we state the following Corollary.

Corollary 5.2 For each f € Li(R) and o, € R, we have

Do DA(f) = DytP(f).
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5.2 Eigenfunctions of the operator Dj
In this subsection, we introduce the following operators on S(R) by:
Tuf(x) =272 [af(z) — Auf(@)], T;f(x)=2""2[2f(z) + Auf(@)]
and
W, =17, +T,.T,.

After an integration by parts, it is easy to check that 7}; is the adjoint of T, in LZ(R). More precisely: if f and
g are in S(R), then

<Tufvg>,u = <f7T:g>u' (5'2)
In the next proposition, we discuss intertwining properties of Djy with T},, T}; and H,,.

Proposition 5.2 The following relations hold:

(1) DY o T, = ¢ (T, 0 DY) on S(R).

(2) DY o Ty = e~ (T 0 DY) on S(R).

(3) D oH, =H, 0 Dy on S(R).

Proof.

(1) Clearly, D o T, = T,, = T), o D, and D o T,, = '™ T, o DJ.

Now let 0 < |a| < 7. From the relation v2 T}, = x — A, = (—ie’®/sin(a))x — A%, we deduce

Z'eioz

V2D5 o T, = i@y Do~ Do A
By Proposition 4.1, it follows that
et [Tey et (e i o
V2DYoT, = —e AHODWLm zo D

= (x—Ay) oD =V2eT, 0D
(2) follows by taking adjoints in (1)
Remark 5.1 By induction, one can show:

Dgo Ty =e™ (T oDY) and DS oTy" =e ™ (T7" 0 DY) on S(R).

The following commutator identities are useful in the sequel.

Proposition 5.3 Let n € N. Then

(1)
(T, T =1+ Q2u+1)s, where sf(x)=f(-z).
2
2rT2r =1L n=2r
T*,Tn A { " ’ ) ’ (53)
[ # “] TP o((2r+1)+ (2u+1)s); n=2r+1.
®3)
g 277, n=2r,
[Tu ’TH] = *(21)
T, o((2r+1)+ (2u+1)s); n=2r+1.
Proof.

(1) A simple calculation shows that

ATy, T = (z4+Au)(z—Ay) — (2 —Au)(z+Ay)
= 2[A,,z] =2(1+ (2u+1)s), where sf(z)= f(—z).

(2) and (3) follow from the preceding formula by induction on n
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Now let bl (z) = ﬁe‘mzm be the standard Gaussian on R. Then we have:
I
Proposition 5.4 Let n € N. Then
(1) Trhg = 0.
(2) Dby = hy.
(3] 2" T(u+ [22) + 1)

T*nTnhH:
() T Tih RSy

L, where [x] denotes the greatest integer function.

Proof.

(1) Since hfy is even, 2T} (hly) = zhff + LAl = 0.

(2) Tt is clear that DSh = hg and Dk = hfy. When 0 < |a| <,
ei(u+1)((3¢1r/2704)€7%12 cot(a)

[sin(a)}+!

VI(p+1)Dghg(z) =

e_(%+%60t(a))y2Eu< . )le dy.

1 Foo
20T (1 + 1) /_oo sin(a)

Using Lemma 3.1 with a <> 1 4+ % cot(a), £ =0 and = < > one can schow

z
sin(a

22

L[ o, () e gy 2
2[L+1F('u + 1) " Sin(a) (1 +1 COt(a))/H—l

—00

\ 67(%7% cot(a))z?
= i
Hence, D hg (z) = h ().
(3) Using the fact that T,:hg = 0, we have
*(n+1)pn+1 _ *1 41
LT = T (Tt g
*70 * n+1 n+1x*
T# ([Tu’Tu+ ] _Tu+ Tu) hg
= T[T, T, hk.
By (5.3), we get
IN : 3
(T, T (n+ DT hy, . ?f n IS even,
wr (2u+n+2)T7hy, if nis odd.
Hence,
prA) iy _ (n+ 1)T:"T;‘h€, if n is even,
iz I (2u+n+2)T;"Trhy, if nis odd.
Consequently, the assertion now follows by induction on n.
Definition 5.1 We define the nth generalized Hermite function h% by:
1 22
hi(x) = ———=€"2 and for n>1 ki (x)=c,T"hl(z),
o) = T for m21 W) = e, TEH (o)

where

. D(p+1)
STV T

We collect some properties of the one-dimensional generalized Hermite functions:

Proposition 5.5 The one-dimensional generalized Hermite functions satisfy:
(1) T htt = Csilhg+1'

Cn—
(2) Tihly = ==+hy,

n ni]‘.
(3) Hyht = 2(ju+n + 1)hE.
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Remark 5.2 In view of the previous proposition, we call T, and T); the creation operator and annihilation
operator, respectively, for the one-dimensional generalized Hermite functions h¥, n =0,1,2,....
Part (3) of the above proposition says that h¥ is an eigenfunction of the generalized Hermite operator H,

corresponding to the eigenvalue 2(n + p+ 1).

172 . . . .
Definition 5.2 The function H:(x) = ez h(x) is a polynomial of degree n, called the nth one-dimensional
generalized Hermite polynomial.

From Proposition 5.5, we get the following proposition

Proposition 5.6
- - ' HY (w)—HF (=
(1) Lo g, (0) = 20HE (v) — (HY) (w) — 2o HEEHECD),

Cn+1 n

(2) et HY (@) = (HE) (a) + 2 M0

Cn 2

(3) LY\ (0) = 20 @) — HL (@)

Cnt1l

Remark 5.3 By induction we see that:
e Every polynomial of degree < n on R is a linear combination of one-dimensional generalized Hermite polyno-
mial of degree < n.

The aim of this subsection is the following theorem:

Theorem 5.2 The generalized Hermite functions {ht}22 are a basis of eigenfunctions of the fractional Dunkl
transform Df on Li(R), satisfying

Dihli(z) = e hli (). (5.4)

Proof. We begin our proof by showing that the family {h#}5° is an orthonormal basis of Li(R). Let m and
n be non negative integers such that m < n. By (5.2) and part (3) of Proposition 5.4, we get

(Bia hY, = cmen (TIRE,TRE) |
= CmCn <T:’"T:L"h6‘,Tgfmh‘5>u

_ %o gm—mpp
= a<h0,T[3 th>M
— S [prn-m)
_ a<TH" "G ng)
= 0.
Also
N 2 m mn
(hy, by, = G2 (TRl TEnG)
= ch <T;"T:hﬁ,h5>ﬂ
= kg
= 1

2
2,p
For completeness, let f be any function in Li(]R) such that (f,h#), = 0 for all non negative integers n. Then,
for all polynomials p, we get, by Remark 5.3,
.I)2
<fa e 2p >u =0. (5.5)

32
Our object is to show that (5.5) implies D,, { f e*JT} = 0 and therefore by the injectivity of the Dunkl transform,
42
fly)e~z =0, ae., and hence f = 0. By (2.10) and (2.11), we have

+oo W2
/ FWe™ = ju(ay) |y + dy

24+ 0D, | e | @)

b [ e il a
——— e T .
2(M+1) . y jIJ«‘Fl y y y
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Noting that

o L% (1) (/)

+oo 2
/ e Thuley)yl* ™ dy = T(u+1) i 3

2
—¥- 2n|, |2u+1 du.
> F(nﬂwl)f(y)e vyl y

By the Schwarz inequality

1/2

too u2 +oo L,
[l Sy < ([ et a)
—oo —o0
< fll2w VT (20 + p+1).

Then

+oo 2n +oo
(z/2) / —2 onp 12u41
E _ e 2 HL dy < 0.
P WMTntptl) ) If(y)] vyl Y

Hence, using (5.5)

[ s il a = RTp P =L i [ s e o
. y)e Ju\TY)Y Yy = H WMTn+p+1) ) o y)e Yyl Y

n=0

= 0.
Similarly, one can show
+oo >
/_oo F@)e™ jua(ey)ly# dy = 0.
Finally, it remains to prove (5.4). Since Dhf = h{, Remark 5.1 and Definition 5.1 gives the desired result.
Corollary 5.3 The family of operators {Df;}acr is a Co-group of unitary operators on Li(R).

Proof. From Corollary 5.2, we deduce that the family {Dﬁ}aeR satisfies the algebraic properties of a group:

0 _ oo DB — path — ph o po -
DY=1I, DSoDS=Dst?=DSoDS; a, feR.

For the strong continuity, assume that f € Li (R). Then we can expand f in the orthonormal basis {h% ZO:O as
follows:

F= (f 0y bl =" fu bt
n=0 n=0

where

; +o0 -
Fo = {F b = / F(@) R (@) [+ da.

—00

By Theorem 5.2, we can write

+oo
Dpf=7 ™ (f ), bl
n=0

and therefore

2

+o0
i 2
1D f = flly, = D le™™ = 1P [(f )l
n=0
Finally, we can interchange limits and sum to get:

. 2
OI}L%HDSJP - f||2,u =0.
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5.3 The generator of the Cyp-group {D}}.cr
The infinitesimal generator G of the Cy-group {Dg}aeR is defined by

G:D(G) CI2[R) — IL2(R),

f o— Gf
where
D) = {reiz®): lm(/a)Df - fle LAR)},
Gf = lm(1/a)[Dgf~fl, f€D(G),

Since {Df }aer is unitary, it follows from Stone’s Theorem ([10], p. 32) that iG is self-adjoint.
Theorem 5.3 —iG is a self-adjoint extension of the operator %HH —(n+1).

Proof. Note firstly that D(3H, — (u+ 1)) = D(H,) = S(R) and H,, is symmetric. We will show that —iG is
an extension of $H,, — (¢ +1). Let f € S(R), the inversion formula for the Dunkl transform (see Theorem 4.20
in [4]):

1 Foo
— D E (i 2p+1
1) = gy | Pl @Bl ay
together with (3.8) implies
D f(x) — f(x) r1(a) T o iy
1 — s(x"+y )tan(a)E D 12p+1 d
a 20T (u + 1) /,oo ¢ . (Cos(a)) nf W)l Y
1 oo 5
- 41
g L e D dy,
where L
(ﬂ)lHr -1 e%(zz+y2)tan(a)E ( ixy ) 1
cos(ar) K\ cos(ar)
ri(a) = and ro(a,z,y) = .
«@ @

A limiting argument using the dominated convergence theorem allows us to

DS f(x) — f(=) i(n+1) [
. Zpd N I .. 2p+1
lim - T 1) ) el W Eazy)ly dy
+ ;/ﬂo L + ?)D,f @)l dy
2210 (u+1) Jooo 2 "

= i @) o (T + Dy D )] (-2).
From Corollary 2.11 in [7], we deduce

—yZDuf(?/) = Du [Aif](y)a

Therefore

=Dy [y*Dyuf(y)] (—2) DAIALfW)l(—=)

A f(z).

Finally, f € D(G) and Gf =i (1H, — (u+1)) f.
Corollary 5.4 The exponential form for the fractional Dunkl transform is:

D = eia(ptl) ,ig (AL —2?)
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6 Heisenberg inequality for Dj.

Throughout this section, @ denote the multiplication operator on Li(R) defined by Qf(x) = zf(x): its domain
is

D@Q)={feLiR): zf € LZ(R)}.
Definition 6.1 Let u > —1/2 and o € R. We define the generalized Sobolev spaces H5*(R) as follows:
HY“(R) :={f € L,(R): zD{f e L2(R)}.
We provide this space with the norm

1/2
)

IfIHE (R) |2, = (If113,. + llzDf; f

Note that HY*(R) = HE™(R) = D(Q).

Proposition 6.1 The following properties holds.
(1) The fractional Dunkl transform D is a unitary isomorphism from HY®(R) to L*(R, dm,(x)) where
dmy(z) = (1 + 2%)|z|?**! dx. In particular, HY"*(R) is a Hilbert space with the inner product given by

+o00 -
<f7 g>mu = fo(f)(m)fo(g)(I) dmu(x)'
(2) S(R) is a dense subspace of HY"*(R).
(3) For a € R\7Z, the operator A;;* extends canonically to HY®(R) by setting

— —1 — NeY
Ao f = mDua [yDz‘(f)] for f € HY*(R).
(4) For a € R\7Z, the operator i\, * is symmetric on L7 (R) with domain D(iA;;*) = D(A,;*) = H5"*(R).
(5) Let o and § € R\xZ. For all f € H*(R) N HY?(R) N D(Q), we have

isin(a — B)

=N Ge )

xf. (6.1)
Proof.

(1) This is clear from Definition 6.1 and the fact that D is an unitary operator on L2 (R).

(2) This follows easily from (1) and the fact that CS°(R) is dense in L*(R, dm,(z)).

(3) Follows from Proposition 4.1, (2).

(4) Follows from (5.1).

(5) To see this we first note that the equality (6.1) holds when f € S(R). Now, if f € H,*(R)NH4?(R)ND(Q)
and g € S(R), then

(ih,*f.9), (fir,"g),

A-Bpy _ Sinl@=B)
<f’ Ay g>u sin(a) sin(B)

_ <7:A;[".f - %mﬂgk'

By the density of S(R) in L?(R), we obtain the desired result.

<f7 xg)u

Proposition 6.2 Let o € R\nZ and suppose —1/2 < i < 0, then
HY*(R) < Co(R).

Proof. Let f be in H5"*(R) with —1/2 < pu < 0.
‘We have - oo
/ DS (f) ()| do = / (142?72 (1 +22)2| D5 (f)(@)|]z[>#+! da.

—00
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Using Cauchy-Schwartz inequality we deduce that

1
o, < (f ) v
I l,pn — > 2 2,1

1422

- \/% L1 HE*(R)|2.,. 62)

Hence D f belongs to L},(R) and therefore D% f € L, (R) N L%(R). Thus from Theorem 5.1,(2), we have

+o0o
f(x) =A_. Dgf(y)Ku,—a(Iv y)|y|2ﬂ+1 dy, a.e.

—00

We identify f with the second member, then we deduce that f belongs to Co(R) and using (6.2) we show that
the injection of HY“(R) into Cy(R) is continuous.

Lemma 6.1 Let a € R\7Z, >0, z € R\{0} and f € HY"*(R). There exists ¢; = c1(p) > 0 such that

1/|=| | i >0
7 2p+1 < TN Yz s
[ s Py < e i@ e o 63)
o 1 )
/{\ DR dy < e I ®) e (6.4)
?/,m

Proof. By the Cauchy-Schwartz inequality, we deduce that:

1

3 3
1 dy
IDEFW)] g2 dy < </ L+ )DL )yl dy> </ )
/{|y>;} ! {lyl= ) " gz 1+9°

1
[]

< V@) | F1HY (R)]l2,us
and
1 1
/1/\1\ ‘ N ( )H |2M+1 l/lzl( 2)| N ( )|2‘ |2M+1 2 1/|z| |y|2ﬂ+1 2
Difl ly dy < / 1+ y)|DpfW)l” ly dy / dy
“lal " ~1/lal g “1lel 1+Y°
< V() [IF1HY (R)||2,4,
where
dy
pr) = / —— = 2arctan(|z|),
vz 1+ 9?
1/\$\| 2p+1 1, 2p+1
Yl 2 / Yy
= dy = dy.
Vi) /—1/|z| 14 y? Y [z[2 Jy 22 +y? 4

We therefore obtain (6.3) and (6.4) and complete the proof of the Lemma.

Proposition 6.3 Let a € R\nZ, u > 0 and f € HY*(R). Then there exists a function ¢ € C(R\{0}) such
that f(x) = (z), a. e and for all x € R\{0},

|7 if p>0,

o < e I @i, { 70y 00

where ¢ = ¢(p, ) > 0.
Proof. Let f € HY"*(R) and = € R\{0}. From (3.3) we see that

+o00 “+oo
| D) a2 dy < =) [ DE ) i (1] 42 P dy
—0o0 —00
izl a(p, —«a
= atw—a) [ D) ol dy+ ) D2 )] 1+ dy.
~1/Jz] lz[#2 Sy 2y
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By Lemma 6.1, it follows that there exists ¢ = ¢(u, @) > 0 such that

oo —p if £>0
« 2p+1 < 1,0 |LL‘| 1L )
[ I K Wy < el @, { L T (65)

The next step is to show that the function ¢ defined on R\{0} by

+oo
$() = A_q / D F () Ko o) |92+ dy

—00

satisfies the conclusion of the proposition. Since S(R) is a dense subspace of H5"*(R), there exists a sequence
(fn) € S(R) such that lim f, = f in H{"*(R). Using (4.1) and (6.5) we obtain

[¥(x) = falz)| < e |I(f — fn)|Hg’a(R)

| ~H if u>0,
20 | Infz]|z  if p=0.

Then (f,) converges locally uniformly on R\{0} to v; this means that ¢ is continuous on R\{0}. On the other
hand, the convergence in H4**(R) implies the convergence in Li(R)7 we can therefore extract a subsequence
(fn,) that converges almost everywhere to f on R, so that f(z) = ¢(z), a. e.

Proposition 6.4 Let a € R\nZ and f € D(A;*) N D(Q). Then

R(QEALS), = 5 113, — G 172) (153, = o

2)- (6.6)

Proof.
We begin the proof by showing that

e,
2

R(Q wf A1), ~ a1/ (BRI, ~ IWohll,) — 3 (e 1.5) . (67)

where f € S(R) and ¢ is non-negative continuously differentiable function with compact support.
Obviously,

R(Q of. A7), =R ((Q of. Auf), +icot(a) (@ ¢f,QF),) = R(Q ¢f. Auf), -

Since f € S(R), it follows that

+o0 n too
e WP dy = (et 1/2)/_ W) W) F(=y)lyl* " dy

+ (e +1/2)VefllE,) -

Write f = u + iv, where u and v are real-valued functions, we obtain

R@erau, = ®(f

+o0 +o0 )
R ([ wen s @ ) = 5 [ e ()
—% +o0 ,
- %nlinéo (/ +L )w(y) (IF@)1?) Ty dy.

n

Integrate by parts and take n — oo, we get

o +o0 , ,
S Jim (/ + /) )w(y)(lf(y)IZ) Py = (et DIVETIB, 5 (ol 1)

n

Write f(z) = fe(z) + fo(x), where fe(x) = 5(f(z) + f(—2)) and fo(x) = 5(f(z) — f(~z)), we have

+o0
/ e LT dy = |V L2, — IVEhl3,

J =00
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Finally, we obtain (6.7).
Next, we will extend (6.7) to all functions f € D(A;) N D(Q). For this purpose, let f € D(A;*) N D(Q) and
(fn) € S(R) such that f,, — f in HY"“(R). Since D, * is unitary on LZ(R), then

— 1 Y .
185 = Toagay 1P 0 PR,
1 (e}
= Teingay] P (Dllzwe
1

< 1FHHS (R)l2,p0-

| sin(c)|
Therefore A, f, — A;;*f in L2 (R). From the inequality

lepfn —aofll, < llaelloo 1fn = Fllap

|2,uv

we see that z¢f, — z¢f in L7 (R). So that
Tim R(Q ofu A ), = R(Q o fALCT),
Similarly one can see

i <|y‘@/fm fn>M = <|y|@'f,f>

14
Using the fact that the support of |/ is compact, then
'nh—>ngo H\/Szf’lLHQ_ﬂ = ||\/¢f||2”u
Jim Vofnels, = IV@fel,,
T Bhuol, = Bl

We conclude that (6.7) is true for all f € D(A,;%) N D(Q).
To prove (6.6), let ¢ € CL(R) with ¢ > 0 and ¢(0) = 1. Let ¢,, be the function on R defined by ¢, (x) = ¢(z/n).
By the preceding calculation we have

v,
2

R(Q gaf ;F), = e+ 1/2) (IWonfe 2~ I toll,) = 5 (e /mf. £

)
“w

where f € D(A,;*) N D(Q). Since zfA;*f and |z[.|f|* are in L},(R), the dominated convergence theorem can
be applied to show that

R(QFACT),.

0.

Jim R(Q ¢nf, A f),

Jim o {Jyl' (y/m) 7.

The functions f, f. and fo are all in Li(]R)7 the dominated convergence theorem can be invoked again to give

2
. _ W13,

Jim. (1 + 1/2) (IW@a el = IVeafolly,) = =522 = 1+ 1/2) (1213, — I5013,.) -
Corollary 6.1 Let o € R\7Z, 3 € R\nZ and f € D(A;*) N D(A;”) N D(Q). Then

sin(a — )
sin(a) sin(Q)

[Nexil
2

S (AL AR, = (31918, — +172) (108, - 1AIE,.) )

Proof.
By (6.1), we get

isin(a — B)

s A BT
AN = 18 N ey sints)

(87 f.zf),,
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Then

x —a - 3 _6 —a
SWENLS), = SR er ),

and the desired result is therefore a consequence of Proposition 6.4.

Definition 6.2 Let f € D(Q) with ||f|l2,, = 1. We define the p-variance of f by

vary (f) = lzf13,, — @f, £)2 = I — (@ f, HHu) fl5,, - (6.8)

Proposition 6.5 Let a € R\nZ and f € D(A,*) N D(Q) with | f|l2,, = 1. Then

vary (D5 (f)) = sin?(@) [|(A* = (A £, D5,

Proof.
By (6.8) and Theorem 5.1, we have

var,(DR(f) = |leD(H)2, — (=D3(F). DS (1)’
= Jisin(@)Dg(Az* )12, — (isin(a) D (A ). DS(1)?
= sin?(0) (D2 DI, + (DR, D))
= sin?(@) (A7, + (A2 5)7)
= sin(a) (A" — (A F D5,

Theorem 6.1 Let « € R\nZ, 8 € R and f € HY"*(R)N H;”B(R) N D(Q) with || f|l2 = 1. Then

22

e™z E,(ax) for some a,m and A € C.

war (D590 v (1) 2 5wt~ ) ( (1 + 3) (108, ~ 1B+ 5) (6:9)
FE

Moreover, equality holds if and only if f(x) =

Proof.
e Case a, 8 € R\nZ.
By Proposition 6.5 and the Schwarz inequality, it follows that

varu(Dz(f)) Varu(Dﬁ(f))
sin?(a) sin?(3)

= = B DI, A7 = 820 001,
(A = (A2 F D (A = 0 D
o (107022 — (g )| (6.10)

IV

v

Since the operators A ;¢ and A;ﬁ are skew symmetric, we conclude that (A f, f) (A;ﬁ f, f) is real and therefore
the inequality (6.10) becomes

var, (D (f)) var,(D E(f)) >
81n2(a) sin®(8) a
sin?(a — )

= e d (% I£115,, = (n+1/2) (||fe

2
2 2
2, - ILIE,))
where the last inequality follows from Corollary 6.1.
To show when (6.9) holds with equality, we use the Cauchy-Schwartz inequality in (6.10) and taking the
imaginary part. Hence, (6.9) holds with equality if and only if

ic (A f — (A F ) = (NP F = (AP F k) ae, (6.11)

IS(AF A2 )
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for some ¢ € R. By (6.1), (6.11) becomes

(ic— DAL S = {(ie— 1)(AZPS, ) — e %w, plr+e % of.
Thus we are lead to solve the equation
A f = (a—ba)f, (6.12)
where
¢ sin(a—p) ¢ sin(a—B)

(@f, f)u and b=

(J/:<A;ﬂf,f>u+l

—ic sin(a) sin(B) 1 —ic sin(a)sin(8)’

First we shall show that for each solution f € H4?(R) of (6.12), there exists a function ¢ € C>(R\{0}) such
that:

f=v a. e and A;ﬁw = A, —icot(B)zy on R\{0}. (6.13)

Let f € HYP(R) and (f,) C S(R) such that f, — f in HY®(R). Let 0 < € < |z|. Clearly

||

ol
/ AL F@lyP dy = lim [ AL )y dy
€

—
n—oo €

! B
= nlij{}o (/ A;Lfn(y)|y|2u+l dyficot(ﬁ)/ yfn(y)‘y|2u+1 dy)
||
—= nhjg() (|$|2u+1fn(‘$‘) - 62M+1fﬂ(6)) — (u+ 1/2)/ (fly) + f(—y))|y|2“ dy

||
~icot(d) [ @l dy, (6.14)

For z € R\{0}, define

+oo
b(x) = Ag / DP F()K g(z,y) [y dy.

The fact that ¢ is well defined on R\{0}, belongs to C(R\{0}), the sequence (f,,) converges locally uniformly
on R\{0} to ¢ and f =1 a. e can be shown by the same argument that was used in the proof of Proposition
6.3. Using these facts, we can write (6.14) in the form

o o
/ NPyt dy = PP (fa]) — () = (n+1/2) | (0(y) + o(=y)ly* dy

|z
— icot(d) / ()l dy,

which implies (6.13) and according to (6.12), the function 9 is a solution of the differential-difference equation
A;ﬂ/) = ((1 + ml’)ﬁ%

where m = icot(3) — b. Let F(x) = e*’"ﬁq/)(x). An application of the product rule of the Dunkl operators A,
shows that F' is a solution of the following differential-difference equation

A, F = aF. (6.15)
From the decomposition in the form F = F, + F, where F, is even and F, is odd, equation (6.15) is equivalent
to the following system:

Fl(x)+ (2n+1) FOJE“) = aF,(z); F.(z)=aF,(). (6.16)

Clearly a # 0, because for a = 0, F, is of the form X |z|~(#*1 which contradicts Proposition 6.3, and therefore,
F, is a solution of the modified Bessel equation

" 2 1 ’
Yo 2y =0 on R\{O). (6.17)
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We recall from [17] that the general solution of the modified Bessel’s equation (6.17) of order p, is

y(@) = M\ juliax) + Ao |z|72#j_,(iaz) ; p#0,£1,£2,... (6.18)
When p is an integer, a general solution is also given by

y(z) = M juliaz) + Ao |z|7*Y,(ialz|) ; p=0,41,£2,... (6.19)
where Y, is the Bessel function of the second kind.

An examination of the asymptotic behavior of 1) as x — 0 (see Proposition 6.3) together with (6.18) and (6.19)
show that

1:2 . .
he(x) =N ™7 j,(iaz). (6.20)
Again, by (6.15) we have
AMogpe2d mz2 4T
Yo(z) = ;1 I (Juliaz)) = Ay €™ m]uﬂ(mw) (6.21)
Combining (6.20) and (6.21) gives
22
P(x) =AM ™7 E,(ax). (6.22)

e Case oo € R\nZ and ( € 7Z.
Let 8 € 7Z and f € HY*(R) N D(Q). It is easy to see that

var, (DI (f)) = var,(f).

In view of the Cauchy-Schwartz inequality and Proposition 6.4, we have

var, (D (f)) Vafu(Dﬁ(f))

sin?(a)

= @ = @f, I3, 172 = Az £ A,

(@ = (af, P (A = (A F P ]
R (2, A PP = (e +1/2) (103, = 1foll3,) +1/2)7. (6.23)

In a similar fashion, as in the first case, it may be shown that (6.23) holds with equality if and only if

\Y

Y

12
f(@) =Xe™ 7 E,(ax)
where A\, a, m are an appropriate constant in R.

Corollary 6.2 Let o € R\7Z, € R and f € HY"*(R) N HYP(R) N D(Q) with f(z) = f(—z). Then

vary (M (£)) var, (M (£)) = sin*(a = 8) (u+1)%||f

E
Moreover, equality holds if and only if f(z) = A eméju(am) for some a,m and X\ € C.

Proof. is a direct consequence of the previous Theorem.
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