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0. Introduction

For a smooth projective variety X over a field k let us denote by D?(X) the bounded derived category of coherent sheaves
on X. Starting with the seminal works [1,2] on D?(P"), the techniques involving derived categories of coherent sheaves have
been applied to a variety of problems in algebraic geometry (see e.g., [3,4]). However, there are still some open problems in
which not much progress has been made since the 80s. Among them is the problem of describing D?(X) in the case when
X is a homogeneous variety. The method of Beilinson in [1] was generalized by Kapranov to the case of quadrics and to
partial flag varieties for series A, (see [5]). Furthermore, it was realized that the relevant structure is that of a full exceptional
collection, a notion that can be formulated for an arbitrary triangulated category (see [6] and Section 1). The interest in the
categories D?(X) and the question of the existence of full exceptional collections in these categories is also motivated by
their appearance in mirror symmetry via the notion of D-branes (see [7]). One of the related problems is the conjecture of
Dubrovin [8] stating that if X has semisimple quantum cohomology then D?(X) admits a full exceptional collection.

It has been conjectured long ago that for every projective homogeneous variety X of a semisimple algebraic group the
category D?(X) admits a full exceptional collection (of vector bundles). However, the only homogeneous varieties of simple
groups for which this is known (other than quadrics and partial flag varieties for series A;) are as follows:

(i) the isotropic Grassmannian of 2-dimensional planes in a symplectic 2n-dimensional space (see [9]),
(ii) the isotropic Grassmannian of 2-dimensional planes in an orthogonal 2n + 1-dimensional space (see [9]),
(iii) the full flag variety for the symplectic and the orthogonal groups (see [10]),
(iv) the isotropic Grassmannians of a 6-dimensional symplectic space (see [10]),
(v) the isotropic Grassmannian of 5-dimensional planes in a 10-dimensional orthogonal space and a certain Grassmannian
for type G, (see [11]).
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In the case of the Cayley plane, the minimal homogeneous variety for Eg, an exceptional collection of 27 vector bundles,
that is conjectured to be full, was constructed in [12].

In the present paper we construct full exceptional collections of vector bundles in the derived categories of coherent
sheaves of the Lagrangian Grassmannians LG(4, 8) and LG(5, 10), see Theorems 4.1, 4.3 and 5.5. Although this is still only
a small step toward the general conjecture, this case is radically different from all the previously known cases of classical
type in that we have to consider homogeneous bundles corresponding to reducible representations of the isotropy group.
Namely, the new exceptional bundles are constructed as successive extensions of appropriate Schur functors of the universal
quotient bundle. This construction of exceptional objects was recently generalized by Alexander Kuznetsov and the first
author to a more general setup (in preparation), and we expect to obtain in this way full exceptional collections on all
isotropic Grassmannians (symplectic and orthogonal).

Checking that the collections we construct are full is done in both cases using induction and certain partial isotropic flag
varieties. However, the computations turn out to be quite involved. It would be very nice to find a more conceptual proof
(cf. Remark in Section 1).

The paper is organized as follows. After recalling basic definitions in Section 1 we compute in Section 2 some Ext-spaces
between equivariant vector bundles on LG(n, 2n) using Bott’s theorem. Section 3 contains a construction of exceptional
bundles on LG(n, 2n) as extensions between certain Schur functors of the universal quotient bundle. One of these bundles is
used in Section 4 to give a full exceptional collection on LG(4, 8).In Section 5 the case of LG(5, 10) is considered. In this case,
to get a full exceptional collection one has to construct one more exceptional bundle as a successive extension of certain
Schur functors.

1. Basic definitions
We always work over a fixed ground field k that we assume to be algebraically closed of characteristic zero.

Definition. An exceptional collection in a triangulated category O is a collection of objects Eq, . . ., E; satisfying the following
vanishing conditions:

Hom? (Ej, E) =0 fori<j,  Homl (E,E)=0, Homd(E;,E) =k

Definition. A full triangulated subcategory € C D is called admissible if the inclusion functor € — 9 admits left and right
adjoint functors D — C.

It is well known that the triangulated subcategory generated by an exceptional collection is admissible (see [13],
Thm. 3.2). For a subcategory € C D one defines the right orthogonal G- C D as the full subcategory given by

et ={A e D |Homyp(C,A) = 0).

It is known that if € is admissible then G+ is also admissible and €+ is equivalent to the Verdier quotient D /€.

Definition. An exceptional collection (Eq, ..., E,) in a triangulated category D is called full if the triangulated subcategory
generated by (Eq, ..., E,) is the whole D.

An exceptional collection is full if and only if (E1, ..., E;)* = 0.
Remark. It seems plausible that an exceptional collection (E, ..., E,) in & = DP(X) such that classes of E; generate
the Grothendieck group Ky (X), is automatically full. Since the category (E1, ..., E,)* is admissible, in the case when all

integer cohomology classes on X are algebraic, this would follow from the Nonvanishing conjecture of Kuznetsov (see [14],
Conjecture 9.1 and Corollary 9.3) that a nonzero admissible subcategory should have nonzero Hochschild homology.

Let us also recall the definition of the mutation operation. For an exceptional pair (A, B) in a triangulated category D, the
right mutation is a pair (B, RgA), where RpA is defined by the triangle

- —> RgA[—1] — A —> Hom{ (A, B)* ® B—> RgA — - --
The pair (B, RpA) is again exceptional.
2. Applications of Bott’s theorem in the case of Lagrangian Grassmannians
Let V be a symplectic vector space of dimension 2n. Consider the Largangian Grassmannian LG(V) of V (we also use the
notation LG(n, 2n)). We have the basic exact sequence of vector bundles on LG(V)
0> U—->VR®O—->Q—0 (2.1)

where U = Q* is the tautological subbundle, and Q is the tautological quotient-bundle. We set ©®(1) = A" Q. This is an
ample generator of the Picard group of LG(V). It is well known that the canonical line bundle on LG(V) is isomorphic to
O(—n—1).
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The variety LG(V) is a homogeneous space for the symplectic group Sp(V) = Sp(2n). Namely, it can be identified with
Sp(2n)/P, where P is the maximal parabolic associated with the simple root «,,. Here we use the standard numbering of the
vertices in the Dynkin diagram D, as in [15]. Recall that the semisimple part of P is naturally identified with GL(n). Thus, to
every representation of GL(n) one can associate a homogeneous vector bundle on LG(V). This correspondence is compatible
with tensor products and the standard representation of GL(n) corresponds to Q. For our purposes it will be convenient to
identify the maximal torus of Sp(2n) with that of GL(n) C P.One can easily check that under this identification the half-sum
of all the positive roots of Sp(2n) is equal to

p=ner+Mm—1e+ -+ e,

where (¢;) is the standard basis of the weight lattice corresponding to GL(n). Note that with respect to this basis the roots
of Sp(2n) are £¢; and %¢; £ ¢;. Thus, a weight x1€; + - - - + X;€, is singular for Sp(2n) if and only if either there exists i
such that x; = 0, or there exist i # j such that x; = £x;. The Weyl group W of Sp(2n) is the semidirect product of S, and
Z} acting by permutations and sign changes x; — —x;. A weight x1€; + - - - + X,¢€, is dominant for Sp(2n) if and only if
X1 =X ==X >0

For a dominant weight A = (ay, ..., a,) of GL(n) (where a; > a, > --- > a,), let S* denote the corresponding Schur

functor (sometimes we omit the tail of zeros in A ). Note that by definition, S@+1-@+D — det ®S@%) Hence,
S(al-H ,,,,, an-H)Q ~ S(a1 ..... a")Q(l).

Our main computational tool is Bott’s theorem on cohomology of homogeneous vector bundles. In the case of the
Lagrangian Grassmannian LG(V) it states the following.

Theorem 2.1 (Theorem IV’ of [16]).

1. If A + p is singular then H*(LG(V), $*Q) = 0;

2. if A + p is non-singular and w € W is an element of length £ such that u = w(A + p) — p is dominant for Sp(2n),
then H{(LG(V),S*Q) = 0 for i # £ and HY(LG(V), S*Q) is an irreducible representation of Sp(2n) with the highest
weight u.

Below we will often abbreviate H*(LG(V), ?) to H*(?).

Lemma 2.2. One has

(i) H*(0(i)) = 0fori € [—n, —1]; H%(¥) = 0 and H*(0) = k.

(i) H*(AkQ(i)) = 0for k € [1,n — 1]andi € [—n — 1, —1]. Also, for k € [1,n — 1] one has H*°(A¥ Q) = 0 and H*(A¥ Q)
is an irreducible representation of Sp(2n) with the highest weight ((1)¥, (0)"%) (k 1’s).

Proof. (i) We have in thiscase A + p = (n +1, . 1 + i) which is singular of i € [—n, —1]. Fori = 0 we have A 4+ p =
(ii) The bundle A¥Q corresponds to the welght ((1)" (0)™%). Thus, Ak Qi) corresponds tox = ((1+ )k @, so
Adp=m+1+i,...,n—k+2+4+i,n—k+1i,...,141i).Inthecasewheni € [-n—1,—n—2+k]ori € [-n+k, —1]
one of the coordinates is zero. On the other hand, for i = —n — 1+ k the sum of the kth and (k 4+ 1)st coordinates is zero.
Hence, A + pissingularfori e [-n—1,—1]. O

When computing the Ext-groups on LG(V) between the bundles of the form S*Q it is useful to observe that
(5(01 ,,,,, an)Q)* ~ s(a]—an,a1—an,1,4..,0)(_a])'
To compute the tensor products of the Schur functors we use Littlewood-Richardson rule.

Lemma 2.3. Assume that n > 3.

(i) One has Hom*(A*Q, A'Q(i)) = 0for i € [—n, —1] and k, | € [0, n — 2]. Also, Hom*(A¥Q, A'Q) = Ofor k, 1 € [0, n — 2]
and k > 1. All the bundles A¥ Q are exceptional.

(ii) For k < n one has Hom* (A Q, A¥F1 Q) = V (concentrated in degree 0). Furthermore, the natural map

Q N Hom(/\k Q’ /\I<+1 Q)
induces an isomorphism on H°.
Proof. (i) Recall that

/\k Q* — /\n—k Q(—1) = S((l)n_k’(o)k)Q(_])_

Therefore, for k > I, k 4+ I # n, the tensor product A*Q* @ A'Q ~ A" *Q ® A'Q(—1) decomposes into direct summands
of the form $*Q with A = ((1)¢, (0)®, (=1)), where b > 0 and ¢ > 0. It is easy to see that in this case A 4+ ((i)") + p will
be singular for i € [—n, 0]. Furthermore, evenif k +1 = nbutl < k < n — 1, we claim that the weights A + (()") + p
will still be singular for i € [—n, 0]. Indeed, this follows easily from the fact that A = ((1)¢, (0)°, (=1)°) with ¢ > 0,
and either b > Oorc > lora > 1. Hence, Hom*(AKQ, AlQ(i)) = 0, wherei € [-n,0,n > k > | > 0 and
(k,I) # (n — 1, 1). Using Serre duality we deduce the needed vanishing for the case k < L In the case when k = [ the
tensor product A¥Q* ® AKQ ~ A" %Q ® A¥Q(—1) will contain exactly one summand isomorphic to ©, and the other
summands of the same form as above with ¢ > 0. The same argument as before shows that Hom*(A* Q, A Q (i)) = 0 for
i € [-n, —1] and that Hom*(A¥ Q, Ak Q) = k (concentrated in degree 0).
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(i) The tensor product AKQ* ® A1 Q ~ A" % Q ® A1 Q(—1) decomposes into the direct sum of Q and of summands of
the form $*Q with A = ((1)¢, (0)?, (—1)¢), where ¢ > 0. In the latter case the weight A + p is singular, so these summands
do not contribute to cohomology. O

Next, for k € [1, n — 3] consider the vector bundle R, := S@(1Q, so that we have a direct sum decomposition
Q ® /\k+1 Q — /\I<+2 Q @ Rk.

One can check that Ry itself is not exceptional but in the next section we are going to construct a related exceptional bundle
on LG(V).

Lemma24. For1<k<n—-3,0<l<n-—2and —n <i < —1one has
Hom*(A' Q. Ri(i)) = Hom* (R, A' (D)) = 0.
Furthermore, for | > k 4+ 1 one has Hom*(A! Q, Ry) = 0, while for | < k one has Hom* (R, A' Q) = 0.

Proof. By Littlewood-Richardson rule, the tensor product A! Q* @R, = A" Q @Ry (—1) decomposes into direct summands
of the form S*, where A has one of the following types:
(i) A = (1, (0)*"= (—=1)'=%=1), provided | > k + 1 (note thatk +n — [ > 3);
(i) A = (DY, (0)°, (=1)°),where1 <a<k+1,a+b>k+1,a+b+c=n2a+b=k+n—1+2;
(i) » = (2, (DY, (0)®, (=1)°),wherea <k,a+b >k a+b+c=n—1,2a+b=k+n—1—1.

In case (i) the weight A + ((i)") + p will be singular fori € [—n — 1, —1].In the case | > k + 1 it will also be singular for
i = 0. Next, let us consider case (ii). If b > 0 then the weight A + ((i)") 4+ p will be singular fori € [—n — 1, —1] and if in
addition ¢ > 0 then it will be also singular for i = 0. Note that the case ¢ = 0 occurs only when! < k+ 1.Inthe caseb =0
we should havea = k+ 1,502 < a < n — 2, which implies that > 4+ ((i)") + p is singular fori € [—n — 1, 0]. Finally, let
us consider case (iii). Ifa > 0, b > 0 and ¢ > 0 then the weight A + ((i)") + p will be singular fori € [—n — 1, 0]. The case
¢ = 0 can occur only when | < k. In the case b = 0 we should have a = k,soc = n — k — 1 > 2 which implies that the
above weight is still singular fori € [—n — 1, 0]. In the casea = Owe haveb = k+n — | — 1 > 2, so we deduce that the
above weight will be singular for i € [—n, 0]. Note that the case a = 0 can occur only for [ > k.

The above analysis shows the vanishing of Hom* (A Q, Ry (i)) for i € [—n, —1], as well as vanishing of Hom*(A! Q, Ry)
for I > k 4+ 1and of Hom*(A! Q, Ry(—n — 1)) for | < k. Applying Serre duality we deduce the remaining assertions. O

Note that in the above lemma we have skipped the calculation of Hom* (R, A' Q) and Hom(A!Q, R) for I = k and
I = k + 1. This will be done in the following lemma, where we also prove a number of other auxiliary statements. Let us
consider a natural map f : V ® A1 Q — Ry induced by the projection Q ® A**1Q — RandthemapV ® 9 — Q.

Lemma 2.5. Assume 1 < k < n — 3. Then one has

(i) Hom>%(A*1Q, Ry) = 0 and Hom®(A¥1 Q, Ry) = V. The map f induces an isomorphism on Hom* (At Q, ?).

(i) One has Hom>°(AK Q, Ry) = 0. Also, the natural map Q ® Q — Hom(AK Q, Ry) induces an isomorphism on H°, so that
Hom®(Q, Ry) ~V ® V/k.

(iii) Hom'(R¢, AKQ) = k, Hom'(Ry, A¥t1Q) = V,Hom™' (R, AKQ) = Hom?!(Ri, A¥*1Q) = 0. The natural map
$2Q* — Hom(Ry, A¥ Q) induces an isomorphism on H'.

(iv) Hom™ ' (Ry, Ry) = 0, Hom®(Ry, Ry) = k, Hom' (R, Ry) =V @ V/k.

(v) H*(Q* ® $*Q*) = 0.

(vi) H(Q* ® Q ® S*Q*) = 0fori # 1.

Proof. (i) By Littlewood-Richardson rule we have

ANHQF @R~ ATETQ(-1) @S0 ~q @ -

where the remaining summands correspond to highest weights A = (ay, ..., a,) such that a, = —1. For such X the
weight A + p is singular, hence these summands do not contribute to cohomology. Thus, the unique embedding of Q into
Hom(AXt1Q, Ry) induces an isomorphism on cohomology. This immediately implies the result (recall that H*(Q) = V by
Lemma 2.2).

(ii) Applying Littlewood-Richardson rule again we find

ANQ R ~SQB AN QD ---
where the remaining summands correspond to highest weights A = (ay, ..., a,) with a, = —1. The sum of the first two
terms is exactly the image of the natural embedding Q ® Q — Hom(Q, R).
(iii) We have

Ri®@AQ~SQ* @

where all the remaining summands correspond to highest weights . = (ay, ..., a,) such that either a, = —1 or (a,_1, a,)
= (=1, =2). In both cases A + p is singular, hence these summands do not contribute to cohomology. for S?Q* =
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S©" =29 onehasA+p = (n, ..., 2, —1). Hence, applying a simple reflection we get exactly p. This means that only H'
is nonzero, and it is 1-dimensional.
Similarly,

R ® AT ~ S(L(O)”‘Z,—DQ D

where the remaining summands have singular A 4+ p. For A = (1, (0)™ 2, —2) wehave A + p = (n+ 1, ..., 2, —1). This
differs by a single reflection from p + (1, (0)"~'). Hence only H' is nonzero and H' (R} ® A¥1Q) ~ V.
(iv) We have

R @Ry ~ 5<<2>"—2.1,0>Q(_2) @52V ~ 5<2,(0>"—2,—2>Q ® 5<1,1,<0>"—3,—2)Q PO ---,

where the remaining terms do not contribute to cohomology. The first two terms contribute only to H'. Namely, the
corresponding weights A + p differ by a single reflection from p + (2, (0)" ") and p + (1, 1, (0)"~2), respectively.
(v) We have

Q* ® SZQ* ~ S3Q* @ S(Z,l)Q* ~ S((O)"_I,B)Q @ s((O)"_Z,—l,—Z)Q'

In both cases A + p is singular.
(vi) We have

0®Q*®52Q* =Q®S°Q* ®Q ®SZVQ* ~ (5O g ...

where the remaining summands do not contribute to cohomology. For the first summand we have A + p = (n, ..., 2, —1)
which is obtained by applying a simple reflection to a dominant weight. Hence, the cohomology is concentrated in
degree 1. O

3. A family of exceptional vector bundles on LG(V)

Let us fix k € [1,n — 3]. The natural map f : V ® A¥t1Q — Q ® A¥T1Q is surjective, so we obtain an exact sequence

of vector bundles

0> S —>VertiQgL g —o. (3.1)
Using the composite nature of f we also get an exact sequence

0— Q*®@ATQ - 5 — AF2Q — 0. (32)
We have a natural embedding of vector bundles

AQ < Hom(Q, A" Q) = Q* @ A1 Q = S
Now we define Ej to be the quotient S;/ A* Q, so that we have an exact sequence

0> A¥Q > S, > E, — 0. (3.3)

Lemma 3.1. The exact sequence (3.3) splits canonically, so we have S, >~ AKQ @ Ej. Furthermore, the bundles A¥ Q and Ey, are
orthogonal to each other, i.e.,

Hom*(AKQ, E;) = Hom* (E, AKQ) = 0.

Proof. First, we claim that Hom®(S,, A¥Q) = k and Hom'(Sk, A¥Q) = 0 for i # 0. Indeed, this follows immediately from
the exact sequence (3.1) and from Lemma 2.5(iii) since Hom* (A**1 Q, A¥ Q) = 0 by Lemma 2.3. Next, using the vanishing of
Hom*(AK2 Q, A¥Q) and the exact sequence (3.2) we see that the embedding Q* ® A**!1 Q < S, induces an isomorphism
on Hom*(?, AK Q). Hence, the nonzero morphism S, — A¥ Q restricts to the nonzero morphism Q* ® AKt1Q — AkQ,
unique up to scalar. The latter morphism is proportional to the natural contraction operation. Hence, its restriction to
AKQ c Q* ® A1 Q is nonzero. Therefore, we get a splitting of (3.3). The vanishing of Hom* (Ex, A¥ Q) also follows. On
the other hand, from the exact sequence (3.1), using Lemma 2.5(ii) we get Hom®(A¥ Q, S;) = k and Hom'(A* Q, S;) = 0 for
i # 0. This implies that Hom*(AKQ, Ex) = 0. O

By the above lemma we have a unique morphism S, — A Q extending the identity morphism from AKQ C Sj. Pushing
forward the extension given by (3.1) under this morphism we get an extension

0— A¥Q > F,—> Ry — 0. (3.4)
Furthermore, we also get an exact sequence

0> E—> VoA Q > F,— 0. (3.5)



A. Polishchuk, A. Samokhin / Journal of Geometry and Physics 61 (2011) 1996-2014 2001

Theorem 3.2. Let k € [1,n — 3]. The bundle F; is the unique nontrivial extension of Ry by A¥ Q. The bundles E; and Fy are
exceptional, and F is the right mutation of Ey through A1 Q. Also, one has Fi(1) @ Eppi.

Proof. Step 1. Hom*(AK1Q, E,) = Hom*(Fi, AKQ) = 0. Indeed, the first vanishing follows immediately from the
exact sequence (3.1). The second vanishing follows from the exact sequence (3.5) since Hom*(A*1Q, A¥Q) = 0 and
Hom*(Ex, AKQ) = 0 by Lemma 3.1.

Step 2. Fy is a nontrivial extension of R, by A*Q (recall that by Lemma 2.5(iii) there is a unique such extension). Indeed,
otherwise we would have a surjective map Fy — A Q which is impossible by Step 1.

Step 3. Ey is isomorphic to F , ,(1). We have Q* ® AM1Q ~ AKQ @ R%_,_,(1). Therefore, from the exact sequence (3.2)
we get an exact sequence

0— R, (1) = E — AF?Q — 0.
We claim that it does not split. Indeed, otherwise we would get an inclusion A¥*2Q < E, which is impossible since

Hom(AK1 Q, A¥2 Q) # 0 but Hom(A*! Q, E;) = 0. Comparing this with the extension (3.4) for n — 2 — k instead of k we
get the result.

Step 4. The natural map
H'Q®Q) ®H'(s?Q") — H'(Q ® Q ® 5?Q")

is an isomorphism. Indeed, it is easy to check using Bott’s theorem that both sides are isomorphic to V®?/k, so it is enough
to check surjectivity. Therefore, it suffices to check surjectivity of the maps

H°(Q) ® H'(S*Q*) — H'(Q ® S*Q*) and
H°(Q) ® H'(Q ® S*Q*) — H'(Q ® Q ® $*Q").

Using the exact sequence (2.1) we deduce this from the vanishing of H*(Q* ® S?Q*) and H>(Q* ® Q ® S?Q*)
(see Lemma 2.5(v), (vi)).

Step 5. The composition map
Hom®(A*Q, Ry) ® Hom' (Re, A Q) — Hom' (R, Ri)

is an isomorphism. Note that by Lemma 2.5(ii)-(iv), both sides are isomorphic to V®?/k = S?V @ A%V /k, so it is enough to
check surjectivity. Let us define the natural morphisms

a:5*Q" — R @ AFQ,
B:Q®Q—> A“Q"®Ry,

as follows. Consider the Koszul complex for the symmetric algebra S$*Q

05 A0 L 0@ A0 B 2000 > .

Then Ry can be identified with the image of d, (or cokernel of d,). In particular, we have a natural embedding R, —
$2Q ® AKQ which induces « by duality. On the other hand, the natural projection Q ® A1 Q — Ry gives rise to the
composed map

Q

Q0@ Q Qe A1Q - R,

where 1y : Q ® AKQ — A¥1Q is given by the exterior product. The map S is obtained from the above map by duality.
The morphisms « and 8 can be combined into a map
a®
y:520°®Q®Q Y R @A Q® A*Q* ® R, — R @R,

where the last arrow is induced by the trace map on A¥ Q. By Step 4, it remains to check that the maps «, 8 and y induce
isomorphisms on cohomology. In fact, we are going to prove that all these maps are embeddings of a direct summand by
constructing the maps p,, pg and p,, in the opposite direction such that p, o, pg o 8 and p,, o y are proportional to identity.
To this end we use the Koszul complex for the exterior algebra A* Q

> 200 A B QA QS A - 0.

We can identify R with the kernel of 8; (or image of 8,). Hence, we have natural map $2Q ® A¥Q — Ry. By duality this
corresponds to a map

P : R ® AFQ — $2Q*.
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On the other hand, we have a natural embedding
Re— Q@ A*"Q - Q®Q®AQ

that gives rise to a map pg : AKQ* ® Ry — Q ® Q. Combining p, and pp We obtain a map
Py RE@R = RE®AFQ® A Q* ® R — S°Q* ®Q ®Q.

Aroutine calculation proves our claim about the compositions p, o &, pg o 8 and p,, o y.

Step 6. Now we can prove that Fy is exceptional (and hence, E; is also exceptional by Step 3). Applying the functor Hom* (Fy, ?)
to the exact sequence (3.4) and using Step 1 we get isomorphisms Hom' (Fy, Fy) >~ Hom'(Fy, Ry). Next, applying the functor
Hom™*(?.Ry) to the same sequence we get a long exact sequence

.-+ = Hom'~'(Ry, A¥Q) — Hom'(Ry, Ry) — Hom'(F, Ry) — Hom'(Ri, AKQ) — - -.

It remains to apply Lemma 2.5(iii) and Step 5 to conclude that Hom'(Fy, R¢) = 0 fori > 0 and Hom®(F;, Ry) = k.

Step 7. To check that F is the right mutation of Ej through A¥t' Q it remains to prove that Hom'(Ex, A*1Q) = 0 for
i # 0and HomC(Ex, A¥t1 Q). Applying the functor Hom*(?, A¥*1 Q) to the sequence (3.1) we get by Lemma 2.5(iii) an exact
sequence

0 — V — Hom’(S;, A¥1Q) - V. — 0
along with the vanishing of Hom>°(S, A¥*1 Q). Since S, = AKQ & Ey, the assertion follows. O

We are going to compute some Hom-spaces involving the bundles E; that we will need later.

Lemma 3.3. Assume that | € [0,n — 2] and k € [1, n — 3]. Then for i € [—n, —1] one has
Hom*(A' Q, Ex(i)) = Hom* (B, A' Q (@) = 0.

For | > k one has Hom*(A!Q, Ex) = 0, while for | < k one has Hom(Ey, A' Q) = 0 (recall that for | = k both these spaces
vanish by Lemma 3.1).

Proof. It is enough to check similar assertions with S, instead of E;. Using the exact sequence (3.1) we reduce the required
vanishing for i € [—1, —n] to Lemmas 2.3(i) and 2.4. To prove the remaining vanishings we use in addition the fact that
Hom*(AK1Q, S,) = 0 that follows from Lemma 2.5(i). O

4. The case of LG(4, 8)
Now let us assume that V is 8-dimensional. Let E = E;.

Theorem 4.1. The following collection on LG(4, 8) is exceptional:

(0,E,Q, A*Q,0(1),Q(1), A*Q(1), ..., 0(4),Q(4), A’ Q(4)).

Proof. We already know that all these bundles are exceptional. The required orthogonality conditions follow from
Lemmas 2.3,3.1and 3.3. O

Lemma 4.2. Let C C D?(LG(4, 8)) be the triangulated subcategory generated by the exceptional collection in Theorem 4.1. Then
the following bundles belong to C:

i) Q*(,j=0,...,4

(ii) S?Q(),j=0,...,4;

(iii) Q ® A2Q(j),j=0,...,3;
(iv) Q ®@Q*(),j=1,...,4

Proof. Step 1.Q*(j), S?°Q*(j) € € forj =0, ..., 4.Indeed, the fact that Q*(j) € € follows immediately from (2.1). Similarly,
the assertion for $2Q *(j) follows from the exact sequence

0—>SQ*">SVRU—>VR®Q—>A"Q—>0 (4.1)
obtained from (2.1).
Step2.Q ® Q(j) € € forj =1, 2, 3, 4. This follows from the exact sequence

0—> A’Q"—>VRQ* - SVR®0 - S*Q—0, (4.2)
dual to (4.1), since A2Q* = A2 Q(—1) and Q*(j) € C by Step 1.
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Step 3. A2Q ® A2 Q(2) € €.t follows from the basic sequence (2.1) that A*V ® ©(3) has a filtration with the consecutive
quotients ©(4), Q* ® Q*(4), A>Q ® A?Q(2), Q ® Q(2) and O(2). All of them except for A> Q ® A% Q(2) belong to €, by
Steps 1 and 2. This implies the assertion.

Step4.Q* ® Q(j) € € forj =1, 2, 3, 4. Indeed, tensoring (2.1) with Q we get an exact sequence
0-Q"®Q—>V®Q—->Q®Q —0,

so the assertion follows from Step 2.

Step 5. Q ® A*Q € C. First, observe that S = Q @ E € €. Now the exact sequence (3.1) shows that Ry € €. But
QRA?Q=A3Q@S®YQ =Q*(1) ® Ry, soitisin € (recall that Q*(1) € € by Step 1).

Step6.Q @ A°Q( — 1), Q ® 5%2Q(j) € € forj = 1, 2, 3, 4. Consider the exact sequence
0-QOAQ—>VRQ ®Q() - SVeQ() - Q®s’Q(1) -0

obtained by tensoring (4.2) with Q (1). Using Steps 4 and 5 we deduce that Q ® S2Q(1) € €. Note that the subcategory C
is admissible, so it is closed under passing to direct summands. Since Q ® S?Q(1) = S3Q(1) ® S*VQ (1), we derive that
S@1Q (1) € €. This implies that Q ® A2 Q(1) = Q*(2) @ S*VQ (1) € € (where Q*(2) € € by Step 1). Now we tensor the
above exact sequence by @ (1) and iterate the above argument.

Step7.Q ® S3Q(2) € C. Consider the exact sequence
0> Q=) > VRAQ(-1) > SVR0* > SVRe >S50 >0 (4.3)

obtained from (2.1). Tensoring it with Q (2) and using Steps 2, 4 and 6 we deduce the assertion.

Step 8.5%Q ® S?Q(2) € C. We have S?Q ® S?Q(2) = Q ® S%Q(2) ® S@?Q(2). Hence, by Step 7, it is enough to check that
$@2Q(2) € €.ButS*»?Q(2) is a direct summand in A2Q ® A% Q(2), so the assertion follows from Step 3.

Step 9.5%Q (1) e C. This follows immediately from the exact sequence
0>0—>VRQ—>SWRAQ—->SVRQ* (1) = SV o) - S*Q(1) - 0
deduced from (2.1).
Step 10. A2 Q ® S?Q(1) € C. Consider the exact sequence
0> APQ* > A'VRO—-V®Q—>SQ—0
deduced from (2.1). Tensoring it with SQ (2) we get the exact sequence
0> A?Q®S5%Q() - A’VESQQ2) - VR ®s’QR) - $?Q®5°QR) — 0.
Here all the nonzero terms except for the first one belong to € by Steps 2, 6 and 8, so the assertion follows.
Step 11. Finally, we are going to deduce that Q ® Q € €. Tensoring (4.3) by Q (1) we get an exact sequence

0->Q®Q—>V®QAA’Q—>SVR®Q ®Q(1) - S’V Q(l) > Q®S5°Q(1) — 0.
All the nonzero terms except for the first and the last belong to € by Steps 4 and 5. Thus, it is enough to check that
Q ® S°Q(1) € €. We have Q ® S$°Q(1) = $*Q(1) & S&PQ(1). It remains to observe that S*Q (1) € € by Step 9, while
$@GDQ (1) € € as adirect summand of A>Q ® S*Q (1) whichisin € by Step 10. O
Theorem 4.3. The exceptional collection on LG(4, 8) considered in Theorem 4.1 is full.

Proof. Recall that Q is dual to the universal subbundle U = U4 C V ® O. Taking the dual of the collection in question we
obtain the collection

(A2 Ug(=4), Us(—4), O(=4), ..., A2 Us(=1), Us(=1), O(=1), A2 Us, U, E*, O) (4.4)

that generates the admissible triangulated subcategory €* C D?(LG(4, 8)). It is enough to check that ¢* = D’(LG(4, 8)).
Consider the diagram where p and 7 are natural projections:

Fia38

P’ LG(4, 8)

Here Fy 45 is the partial flag variety consisting of pairs (I C U), where [is a line in a Lagrangian subspace U C V. The variety
F,.4.¢ is naturally embedded into the product P’ xLG(4, 8).Letusdenote byi : F; 45 > P’ xLG(4, 8) the natural embedding.
Consider the fiber 7 ~!(x) over a point x in P’. The variety 7 ~!(x) is isomorphic to the Lagrangian Grassmannian LG(3, 6).
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There is a rank three vector bundle Us on F; 4 g such that its restriction to any fiber 7~ 1(x) is isomorphic to the universal
bundle over this fiber. Recall that the derived category of coherent sheaves on 7~ (x) has a full exceptional collection:

(u3|7{*1(x) ® (971(_3)» (971*1()()(_3)7 u3|7{*1(x) ® (971(_2)9 (971*1()()(_2)7 ceey ‘u3|7[*1(x)s (9) (45)

Here 9, (—1) is a line bundle that is isomorphic to det Us. Therefore, by Theorem 3.1 of [10], the category D” (F1,48) hasa
semiorthogonal decomposition:

D’(F1.45) = (7*D"(P") ® Us ® Ox(—3), T*D*(P)) ® O (—3), ..., 7*D"(P") ® Us, 7*D°(P')). (4.6)
There is a short exact sequence of vector bundles on Fy 4 5:
0— 7*0(—1) = p*Us — U3z — 0. (4.7)

Taking determinants we get an isomorphism of line bundles p*@(—1) = 7*0(—1) ® O, (—1). Therefore, we can replace
0, (i) by p*@ (i) in the above semiorthogonal decomposition. Thus, to prove the statement it is sufficient to show that all
the subcategories

p«(*D*(F") ® Us) ® O(), p(x*D°(F") ® 0(), forj=0,...,-3
belong to C*.
The functor p,7* : D’(P’) — DP(LG(4, 8)) can be computed using the Koszul resolution of the sheaf 1O 45 ON
P’ x LG(4, 8):
0= 1*0(—4) ®p*O(—1) —> -+ > T*O(=2) @ A*p* Uy = T*O(=1) @ p*Us > O — i,Op,,;, > 0.  (48)
Using this resolution we immediately check the inclusion
P D (P") ® 0() C (0 — 1), A> Us() = U5G — 1), A* Us(), Us(i), OG)).

By Lemma 4.2(i), for j = —3, ..., 0 the right-hand side belongs to C*.

Next, using the sequence (4.7) we see that to prove the inclusion p, (7 *D?(P”) ® Us) ® ©(j) C €* it is enough to check
that

(UaG— 1), Ug @ UG — 1), Ua @ A% Us(), Us @ Ua(), Ua(f)) C C*

forj = —3, ..., 0. It remains to apply Lemma 4.2 (and dualize). O

Another version of the proof. We can simplify computations in the above argument by using a different semiorthogonal
decomposition of D?(F 45):

D’ (F1.48) = (7*D"(P) ® Us ® p*O(—3), 7*D*(P) ® p*O(=3), ..., w*D"(P"), 7 *D"(P") ® U3).

The restriction of this decomposition to the fiber 7 ~!(x) >~ LG(3, 6) is the exceptional collection obtained from collection
(4.5) by the right mutation of Us|, -1, through ©. In the same way as above we check that

(T D°(P") ® 0(j) c ¢* forj= —3,...,0,

p(T*D°(P") ® U3) ® O() C €* forj= —1,—-2,—3, and

p(r*O>) ® U3) € ¢* fori=—6,...,0.

The point is that this will only require using (easy) Steps 1, 2, 4-6 of Lemma 4.2. Thus, if we consider the semiorthogonal
decomposition

D" (F148) = (A, (T*O(1) ® U3)),
where A = (7*0(1) ® ‘u;){ then p,4 € C*. By adjointness, it follows that for an object E € D(LG(4, 8)) such that
Hom(E, €*) = 0, one has p*E € (n*0(1) ® U3),ie, p*E =~ V* @ n*0(1) ® U] for a graded vector space V*°. Hence,
E~V*Q®p.(r*0(1) ® U3). Finally, using resolution (4.8) and the dual of sequence (4.7) one can compute that
P(T*O(1) ® U3) =~ A2 UL = A% Ug(1).

Thus, E ~ V* ® A? Ug(1). But Hom* (A2 U4(1), A2 Us(—4)) # 0 by Serre duality, so the condition Hom*(E, ¢*) = 0
implies thatV®* =0. O
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5. The case of LG(5, 10)

In this section we assume that n = 5 (so V is 10-dimensional). It turns out that in this case the exceptional bundles
constructed so far do not generate the entire derived category D?(LG(5, 10)). We are going to construct another exceptional
bundle on LG(5, 10) starting from the bundle T = S31.DQ. Let us denote by w; the ith fundamental weight of the root
system Cs. For a dominant weight A we denote by V (1) the corresponding irreducible representation of Sp(10) (for example,
Viwy) =V, V(wy) = A2V /k, V(2w;) = S?V).

Lemma 5.1. Assume that n = 5.
(i) Hom*(A'Q, T(j)) = 0 fori € [0, 3], j € [-5, —1]. Also, Hom*(T, ©) = 0.
(ii) Hom*(Ry, T(j)) = 0 for j € [-5, —1].
(iii) Hom*(T, T(-3)) = 0.
(iv) Hom/(T, T) = 0 for i > 2, Hom?(T, T) = V(2w; + w,) ® V(w; + w3), Hom'(T, T) = V&2 /k ® S?V, Hom®(T, T) = k.
(v) Hom'(A*Q, T) = 0 for i > 0 and Hom®(A3Q, T) = S2V. Also, Hom'(T, A3 Q) = 0 for i # 1,2, Hom! (T, A3Q) = k
and Hom*(T, A3 Q) = A2V /k. .
(vi) Hom'(A%2Q, T) = 0 for i > 0 and Hom®(A2Q, T) = V(3w;) ® V(w1 + w,). Also, Hom'(T, A>Q) = 0 for i # 2 and
Hom?(T, A2Q) = V. 4
(vii) Hom'(Q, T) = 0 for i > 0 and Hom%(Q,T) = V(2w; + @) ® V(w; + ws3). Also, Hom'(T, Q) = 0 for i # 2 and
Hom?(T, Q) = k.
(viii) Hom'(R;,T) = 0 for i > 1,Hom'(R;,T) = V(Qw; + w) ® V(o1 + w3) and Hom’(R;, T) = V®?2/k. Also,
Hom!(T, Ry) = 0 fori# 1,2, Hom'(T, R;) = k and Hom?(T, Ry) = V®?/k.
(ix) Hom*(T, $?Q*) = 0.
(x) Hom/(T, S*Q*) = 0 for i # 4.
(xi) Hom'(T,R3) = 0 fori# 1.
(xii) Hom'(T, A>Q ® Q*) = 0 for i # 2.
(xiii) Hom*(T, A3Q ® A2 Q*) = 0.
The proof is a straightforward application of Bott’s theorem. By part (viii) of the above lemma, we have a canonical
nonsplit extension of vector bundles

0—>R —-P—>T—0. (5.1)

Lemma5.2. (i) The map Hom'(Ry, Q) — Hom?(T, Q) induced by (5.1) is an isomorphism.

(ii) The map Hom'(Ry, A2 Q) — Hom?(T, A2 Q) induced by (5.1) is an isomorphism.

(iii) The map Hom'(Ry, Ry) — Hom?(T, R;) induced by (5.1) is an isomorphism.

(iv) The map Hom'(Ry, T) — Hom?(T, T) induced by (5.1) is an isomorphism, while the map Hom®(Ry, T) — Hom(T, T) is
injective.

(v) One has Hom*(P, Q) = Hom*(P, A% Q) = Hom*(P, R) = Hom™!(P, P) = 0 and Hom'(P, P) = SV, Hom’(P, P) = k.
Also, Hom'(P, A3 Q) = 0 for i # 1 and Hom' (P, A3 Q) = k.

Proof. (i) We have to check that the natural map
Hom' (R;, Q) ® Hom'(T, R;) — Hom?(T, Q)

is an isomorphism. Note that both sides are 1-dimensional (see Lemmas 2.5(iii) and 5.1(vii), (viii)), so it is enough to check
that this map is nonzero. We have natural embeddings $>Q* — R} ® Q and $2Q* — T* ® R; inducing isomorphisms on
H'. Let us consider the induced map

@:5%Q*®S5%Q" — T*®Q.
Note that
S20* ® S?Q* = S*Q* @ S*PQ* @ SGVQ*,

where the first two terms have zero cohomology while the last term has 1-dimensional H2. Thus, it is enough to check that
the restriction of & to SV Q* is nonzero and that the natural map

H'(52Q%) ® H'(S2Q*) — H3(SQ* ® S?Q*)
between 1-dimensional spaces is nonzero. Let us start by splitting the exact sequence (4.1) into two short exact sequences
0—>5Q*—>SVO —>K—>0 (5.2)
0>K—>V®Q—> A2Q — 0. (5.3)

Then (5.2) induces the surjections H®(K) — H'(5?Q*) and H' (K ® $*Q*) — H?*(5*Q* ® S*>Q*) (by the vanishing of H' (9)
and H%(5%Q*)). Hence, it is enough to check that the natural map

H°(K) @ H'(S?Q*) — H'(K ® S?Q™)
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is an isomorphism (note that both sides are isomorphic to S>V @ k). Now the sequence (5.3) induces embeddings H°(K) —
V ® H°(Q) and H'(K ® 5?Q*) — V ® H'(Q ® S?Q*) (by the vanishing of H*(A2 Q ® $2Q*)). Hence, we are reduce to
proving that the map

H°(Q) ® H'(S*Q*) — H'(Q ® $*Q")

is an isomorphism. But this follows from the exact sequence (2.1) and the vanishing of H*(Q* ® §2Q*).

It remains to check that the restriction of @ to $*»1Q* C 52Q* ® $2Q* is nonzero (where we can just think of Q
as a vector space). Let us view T (resp., R;) as the image of the Koszul differential S°Q ® A>Q — $°Q ® A%Q (resp.,
Q ® A2Q — S?Q ® Q). Then the embedding S>Q* < T* ® R; corresponds to the composed map

S20"®T - S20*®S°Q @ A°Q > Q ® A’Q — Ry, (5.4)

where the second arrow is induced by the natural map S?Q*®53Q — Q.On the other hand, the embedding $2Q* — Ri®Q
corresponds to the natural map S?Q* ® R; — Q induced by the embedding R; — $>Q ® Q. Thus, « corresponds to the
composed map

o :S?QF RSN RT - S°Q*R®SQ* ®S’°Q®A°Q - SPQ*®Q®A°Q — $°Q*®S*Q®Q — Q,

where the third arrow is induced by the Koszul differential. Let us choose a basis eq, ..., e, for Q and define an element
t € Thy

t=eje; ® (e Aes) +ese; ® (e3 Aer) +eres ® (e Aey),
where we view T as a subbundle in S*Q ® A? Q. Then one can compute the induced functional on $?Q* ® S2Q*
x> (@' (x®t), e3) = 2(x, (ege2) A (ege1)),

where x € 52Q* ® 5?Q*. Now we observe that S Q can be identified with the image of A%(52Q) under the natural map
B :5%Q ®5*Q — S°Q ® Q given by

B ® (v1v2)) = (fv1) @ va + (Fv2) ® v1.
Finally we compute that
B((eoe2) A (eger)) = (e5e2) ® e — (e5e1) ® ez # 0,

which finishes the proof.
(ii) Since both the source and the target are isomorphic to V, it is enough to check surjectivity. Furthermore, it suffices to
prove that the composition map

Hom'(T, Ry) ® Hom'(Ry, Q) ® Hom®(Q, A?Q) — Hom?(T, A2Q)
is surjective. By part (i), this reduces to surjectivity of the composition map
Hom?(T, Q) ® Hom®(Q, A% Q) — Hom*(T, A% Q).

Looking at the exact sequence (5.3), we see that this would follow from the vanishing of Hom?(T, K). But this vanishing
follows from the exact sequence (5.2) since Hom*(T, ©®) = Hom*(T, $2Q*) = 0 (see Lemma 5.1(i), (ix)).

(iii) Both the source and the target are isomorphic to V®2/k (see Lemmas 2.5(iv) and 5.1(viii)), so it suffices to check
surjectivity. By part (ii), it is enough to prove that the map

Hom?(T, A>Q) ® V — Hom?(T, R;) (5.5)

is surjective. Let us first check that S?V c Hom?(T, R;) is in the image. The exact sequence (2.1) induces a long exact
sequence

<+ = Hom(T, A2Q ® Q*) — Hom?(T, A2Q) ® V <> Hom*(T, A?Q ® Q) — - --

Using Bott's theorem one can check that Hom?(T, A2Q ® Q*) does not contain any factors isomorphic to S2V, so the
restriction of f to SV is an embedding. On the other hand,

Hom?(T, A2 Q ® Q) = Hom?*(T, R;) ® Hom?(T, A>Q),

where the second factor is A2V /k, hence, SV projects nontrivially to Hom?(T, R;). It remains to check that A2V /k C
Hom?(T, R;) is in the image of the map (5.5). It suffices to prove that it is in the image of the map

Hom?(T, Q ® Q) ® V — Hom?(T, Ry),
or even

Hom?(T, Q) ® H°(A%? Q) — Hom?(T, Ry).
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We have a natural map
Y’ ®A’QF > T"®Q,

such that its composition with the embedding T* ® Q — $2Q* ® A3 Q* ® Q (induced by the surjection S?°Q @ A3 Q — T)
is the identity map on S2Q* tensored with the natural embedding A2 Q* — A% Q* ® Q. Note that this implies that y itself
is an embedding. Hence, y induces an isomorphism on H2, Next, we claim that the composition map

HZ(SZQ* ® /\2 Q*) ®H0(/\2 Q) N HZ(SZQ* ® /\2 Q* ® /\2 Q)
is surjective. Indeed, it is enough to check this with H®(A% Q) replaced by A% V. Then the exact sequence
0—>5Q* > VRQ - A’VRO - A’Q =0

shows that this follows from the vanishing of H3(52Q* ® A2 Q* ® Q*) and H4(5%Q* ® A% Q* ® S?Q*), both of which are
easily checked using Bott’s theorem. Now it remains to prove that the composed map

20 @ A2Q AP0 "2 T @ Q @ A2Q > T* ® R,

induces an embedding on H2. It is enough to prove that the kernel of this map is $2Q*. Using the embedding of T* into
52Q* ® A3 Q* this reduces to checking that the composition of the natural maps

NQRAQ—> AR ®Q®ATQ > APQ R R
has @ as a kernel. Replacing this map by its composition with the embedding A> Q* ® Ry — A3 Q* ® 5?Q ® Q we see that
it is enough to prove the following fact from linear algebra. Suppose we have a linear map A : A> Q — A? Q such that the
induced map

Ao - 0er20 B oo’ Lsoeo

is zero, where d is Koszul differential. Then A is proportional to identity. To prove this statement we recall that the kernel of
dis exactly A3Q C Q ® A% Q. Thus, the condition on A is that idy ® A preserves A3Q C Q ® A%Q. Let us fix some basis
(e;) of Q and let 3; : A>Q — AZQ be the odd partial derivatives corresponding to the dual basis of Q *. Consider

e1 @Al Aes) +e; @A(es Aer) +es @Al Ae) =n€A’Q CQOAQ.

Contracting with e} in the first factor of the tensor product Q®A? weobtainA(e; Aey) = d37. Hence, 3;A(e; Aey) = 8§n =0.
In a similar way 0;A(e; Ae;) = 0fori > 2.1t follows that A(e; A e;) is proportional to eq A e;. Thus, for every pair of elements
X,y € Q,A(x A y) is proportional to x A y. This implies that A is proportional to identity.

(iv) We have Hom'(R;, T) =~ Hom?(T, T) (see Lemma 5.1(iv), (viii)), so for the first assertion it is enough to check the
surjectivity. By part (ii), it suffices to check that the map

Hom*(T, A% Q) ® Hom®(A2Q, T) — Hom?(T, T)
is surjective. Furthermore, it is enough to prove that the map

Hom?(T, A% Q) ® Hom®(A%? Q, A>Q) @ Hom’(A3Q, T) — Hom?(T, T)
is surjective. We are going to do this in two steps: first, we will check that the map

Hom*(T, A*Q) ® V — Hom?(T, A* Q) (5.6)
is surjective, and then we will show the surjectivity of

Hom*(T, A% Q) ® Hom®(A3 Q, T) — Hom?(T, T). (5.7)
From the exact sequence (2.1) we get the following long exact sequence

0—SQ"—>SVRO—>SVRQ - VeA’Q - A’Q — 0.

Thus, the surjectivity of (5.6) follows from the vanishing of Hom>(T, Q), Hom*(T, @) and Hom>(T, $°Q*) (see Lemma 5.1(i),
(vii), (x)). To deal with (5.7) we use the natural embedding S°Q — A> Q*®T inducing an isomorphism on H°. Note also that
since A3 Q ® 52Q ~ T @ R3, Lemma 5.1(xi) implies that the projection T* ® A> Q ® S2Q — T* ® T induces an isomorphism
on H2. Thus, we are reduced to showing the surjectivity of

Hom?(T, A% Q) ® H°(5%Q) — Hom?(T, A% Q ® 5%Q).
It suffices to prove the surjectivity of the maps

Hom?*(T, A®Q) ® V — Hom*(T, A*Q ® Q),

Hom?*(T, A3Q ® Q) ® V. — Hom?*(T, A>Q ® 5%Q).
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The exact sequence (2.1) shows that the surjectivity of the first map follows from the vanishing of Hom*(T, A’ Q ® Q*)
(see Lemma 5.1(xii)). Similarly, for the second map we use the exact sequence

0> A2Q* > A2VR0O >V®Q —S*Q—>0

along with the vanishing of Hom3(T, A% Q) and Hom*(T, A> Q ® A% Q*) (see Lemma 5.1(v), (xiii)).

Now let us prove the injectivity of the map Hom®(R;, T) — Hom!(T, T). We have a natural embedding $?Q — Ri®T
inducing isomorphism on H® and an embedding S?Q* — T*®R; inducing isomorphism on H'. We claim that the composed
map

2050 > T"QT (5.8)
induces an embedding on §@%%0.-2(Q < $2Q ® S?Q*. To prove this we can replace Q by a vector space with a basis
e, ...,es. Lete], ..., el be the dual basis of Q™. It is enough to check that the lowest weight vector e% ® (e?)2 maps to a

nonzero element of T* ® T under (5.8). By definition, this endomorphism of T is the composition of the map

3 ) 92 ®id )
T—>SQ®®A“Q = Q®A“Q —> R
with the map

82
Ri—>0®A0=5S0®0® A0 — SQ®A%Q — T.

Viewing T as a direct summand of S?°Q ® A® Q we obtain from the first (resp., second) map amap f : $2Q ® A3Q — Ry
(resp., g : Ry = S%Q ® A% Q). Identifying R; with Q ® A% Q/ A3 Q we can write

fERXAYAZ) =02(x) @ (y Az) + 32(ty) ® (z AX) + 32(tz) ® (x Ay) mod A°Q,
gx® (yAzymod A’Q) =2(e1%) ® (e1 AYAZ)+ (e1y) ® (61 AXAZ) + (€12) ® (61 Ay AX),
where t € S2Q and x, y, z € Q (for appropriate rescaling of g). Hence,
gf ((eses) ® (e1 A ey Aes)) = 2g(es ® (e1 Aex) mod A°Q) =2t ® (e Aes Aey) # 0.
Thus, the map (5.8) induces an embedding on H'. So we are reduced to checking that the natural map
H(S’Q) ® H'(s?Q*) — H'(5’Q ® 5°Q")

is an isomorphism. Since both sides are isomorphic to S?V, it is enough to prove surjectivity. The exact sequence (4.2) shows
that this follows from the vanishing of H*(Q* ® $2Q*) and H3(A? Q* ® §2Q*), which can be checked using Bott’s theorem.
(v) The vanishing of Hom*(P, Q), Hom* (P, A2 Q), Hom*(P, R;) follow from directly from parts (i)-(iv) along with the
computation of the relevant spaces in Lemmas 2.5 and 5.1. Similarly, we derive that Hom®(P, T) = k, Hom'(P, T) = SV
and Hom'(P, T) = O fori > 1. Now one computes Hom* (P, P) by applying the functor Hom(P, ?) to the exact sequence
(5.1) and using the vanishing of Hom* (P, R;). To compute Hom* (P, A Q) it remains to check that the map

Hom'(R;, A> Q) — Hom?*(T, A>Q)

induced by (5.1) is an isomorphism. Since both sides are isomorphic to A2 V /k, it is enough to prove surjectivity. But this
follows immediately from part (ii) along with the surjectivity of the map (5.6) proved in part (iv). O

By part (v) of the above lemma, we have a canonical nonsplit extension of vector bundles

0> AQ—>G—>P—0. (5.9)

Theorem 5.3. The vector bundle G is exceptional and Hom* (G, A3 Q) = 0.

Proof. First, applying the functor Hom(?, A3Q) to the sequence (5.9) and using Lemma 5.2(v) we find that
Hom*(G, A3Q) = 0. Next, applying the functor Hom(G, ?) to this sequence we derive isomorphisms Hom'(G, G) =~
Hom!(G, P). Recall that Hom*(A® Q, R;) = 0 by Lemma 2.4. Hence, applying the functor Hom(A> Q, ?) to the sequence
(5.1) and using Lemma 5.1(v) we obtain that Hom'(A3Q,P) = 0 fori > 0 and Hom®(A3Q, P) = S2V. Thus, using the
sequence (5.9) again along with the computation of Hom*(P, P) (see Lemma 5.2(v)) we see that it is enough to check that
the natural map

Hom®(A3Q, P) ® Hom' (P, A>Q) — Hom'(P, P)

is an isomorphism. Since Hom*(P, R;) = Hom*(A3Q,R;) = 0 (see Lemma 5.2(v)), the exact sequence (5.1) gives an
isomorphism of the above map with

Hom®(A®Q, T) — Hom'(P, T)
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induced by a nonzero element in Hom'(P, A% Q). Since the natural map Hom'(T, A>Q) — Hom'(P, A3Q) is an
isomorphism (as we have seen in the proof of Lemma 5.2(v)), the above map factors as the composition of the map
Hom®(A? Q. T) & Hom (T, T)

induced by a nonzero element in Hom' (T, A3 Q) followed by the map h in the exact sequence

0 — Hom°(R;, T) 5 Hom!(T, T) 2> Hom'(P, T) — 0.

Thus, it is enough to check that the images of the maps f and g are complementary in Hom!(T, T). Since Hom®(R;, T) =
V®2 /k, Hom® (A3 Q, T) = SV, while Hom!(T, T) = V®2/k @ SV (see Lemma 5.1(iv), (v), (viii)), it suffices to prove that
the images of S?V under f and g have trivial intersection. Note that we have a natural embedding S?Q — R} ® T (resp.,
52Q — A%Q* ® T) inducing an embedding of S?V into Hom®(R;, T) (resp., into Hom®(A> Q, T)). On the other hand, a
nonzero element in Hom' (T, A3 Q) is the image of the nonzero element in H'(SQ*) with respect to the embedding $2Q* —
T*® A3 Q. Furthermore, we have seen in the end of the proof of Lemma 5.2(iv) that the natural map H’(S?Q) ® H!(5*Q*) —
H'(52Q ® $2Q*) is an isomorphism. Thus, it is enough to prove that the natural maps

®:5%0"®5%0 > (TrA2Q) @ (A°Q*®T) > T*®T and
B:5’°Q"®S5Q - T"ORN®RIQT) > T*RT

induce linearly independent maps on H'. In fact, since H'(S?Q* ® $2Q) comes from the summand $%>%0%-2qQ C
S2Q* ® S2Q, generated by the lowest weight vector v = (e£)? ® e? (where (g;) is the basis of Q), it suffices to check
that «(v) and B(v) are not proportional in T* ® T. Recall that in the proof of Lemma 5.1(iv) we have constructed the maps
f:520 @ A°Q — Ryand g : Ry — S%Q ® A° Q such that gf is a multiple of the composition

20 A0 > T T 520 9 A30Q.

On the other hand, «(v) is given by the following composition

32 2
T—>s2Q@r’Q 2 A’Q 2 s2Qen’Q —T.
Let us denote by 77 : $2Q ® A3Q — 52Q ® A>Q the projection with the image T, given by

3
(@b XAy AZ) = gab®(x/\y/\z)+(ax®(b/\y/\z)+bx®(a/\y/\z)+c.p.(x,y,z)),

where a, b, x, y, z, € Q, the omitted terms c.p.(x, y, z) are obtained by cyclically permuting x, y, z. Then we are reduced to
checking that gf is not proportional to the composition

T 32 2 T
h:S2Q@A2Q 5 S2Q A0 3 A3Q 2 20 @ A2Q > S?Q ® A%Q.

To this end we compute

1
igf(eéleS ® (2 Ae3nes)) = f(es ® (e2 Ae3))
= 2e1e4 Q@ (e1 Aex Ae3) —ere; ® (61 Aes Aey) +ees® (e Aey Aey),

25
Th(€4€5 QX (e Ae3Aes)) = 3(—3% ® (3 Aes Aey) +2eie5Q (61 Aey Aes)
+2e1e; ® (61 Ae3 Aeg) —2e1e3 @ (e1 A ey A ey),

which are clearly not proportional. O

Lemma 5.4. On LG(5, 10) one has Hom*(Ry, R(i)) = 0 for i € [—5, —1].

Proof. The proof is similar to that of Lemma 2.5(iv) and is left to the reader. O

Theorem 5.5. Let us consider the following two blocks:
A=(0,Q,A*Q,F,A°Q,6) and B=(0,Q,A*Q, F,A°Q).
Then (4, B(1), B(2), 4(3), B(4), B(5)) is a full exceptional collection in D’ (LG(5, 10)).

Proof. The required semiorthogonality conditions not involving G follow from the fact that F; is the right mutation of E;
through A% Q and from Lemmas 2.3, 3.1, 3.3 and 5.4. Using Serre duality and sequences (5.1) and (5.9) we can reduce all
the remaining semiorthogonality conditions to Lemmas 5.1 and 5.2 and Theorem 5.3 (for Hom*(G(3), G) = 0 we need in
addition the vanishing of Hom* (A3 Q (3), A% Q) and Hom*(R;(3), R;) that follows from Lemmas 2.3 and 5.4).

Now let us prove that our exceptional collection is full. Following the method of proof of Theorem 4.3 (involving the
partial isotropic flag manifold F; 5 10 and the relative analog of our collection for LG(4, 8)) one can reduce this to checking
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that the subcategory € generated by our exceptional collection contains the subcategories

PROG),PRQM. P OAQ)I. PRQRQ P OQIA’Q,
wherej=0,...,4and 2 = (0, Q, A*>Q, A*Q, Q*(1), ©(1)). This gives the following list of objects that have to be in C:

(i) 0(). (), A2 Q) forj=0,...,5;

(i) Q ® Q). A*Q().Q & A Q(}). Q ® A Q). A2 R A2Q(), A*Q R A3Q() forj=0,....,4

(iii) Q*(), Q* ® Q). Q* ® A?Q(j) forj = 1,.
(iv)Q®Q®Q,Q®Q®A2Q,Q®Q®A3Q,Q*®Q®Q(1),Q®A2Q®A2Q,Q®A2Q®A3Q,Q*®Q®A2Q(1).

The fact that all these objects belong to € follows from Lemmas 5.6-5.9,5.9 and 5.13. O

In the following lemmas we often use the fact that € is closed under direct summands (since it is an admissible
subcategory). Also, by a resolution of S"Q we mean the exact sequence

> A20FRSTVRO > QFRSTIVRO > S'VR O —> S'Q — 0.

By the standard filtration of AK(V ® 9) we mean the filtration assoc1ated with exact sequence (2.1). This filtration has vector
bundles A1Q* @ A¥1Q as consecutive quotients. Recall also that A>Q = ©(1), so we have isomorphisms A’ Q*(1) ~

/\SlQ

Lemma5.6. (i) For j = 0, ...,5 the following objects are in C: O(), Q(), A>Q(), A2 Q(),Q ® A?Q(),Q*(),Q* ®
A?Q(), S*Q* ().

(ii) For j =1, ..., 5 the following objects are in C: Q* ® Q*(j), Q* ® Q(j), QA ® Q(j), S"Q () for n > 2.

(iii) Forj =0, ...,40nehasQ ® A2Q(j) € Cand Q* @ A>Q(j) € C.

(iviForj=1,...,40nehas A>Q @ A2Q(— 1) = A2Q* ® A2Q(j) € Cand S?Q ® A2Q(j) € €.
(V)Forj=1,...,5andforn > 2onehasQ ® S"Q(j) € Cand Q* ® S"Q(j) € C.

(vi) For j=1, ..., 5 the following objectsarein : Q ® Q ® Q(), Q* ®Q ® Q(j). Q" ®Q* ® Q() and Q* ® Q* ® Q*(j).

Proof. (i) To check the assertion for Q ® A2 Q(j) we observe that R; = §%1Q is contained in (Q, F;) as follows from exact
sequence (3.4). This implies that Q ® A% Q(j) = A3 Q(j) ® S>'Q(j) belongsto € forj =0, ..., 5.

The assertions for Q *(j) and Q* ® A2 Q (j) follow from the sequence (2.1). The assertion for 52Q (j) follows by considering
the dual sequence to the resolution of S2Q.
(i) Use the decomposition Q* ® Q*(j) = S2Q*(j)) ® A2 Q*(j) = S2Q*(j) ® A> Q(j — 1) and (i). Then use sequence (2.1). For
S™Q (j) the assertion is checked using part (i) and the resolution of S"Q.
(iii) To prove the assertion for Q ® A3 Q (j) use the isomorphism Q ® A% Q (j) = Q ® A% Q*(j+ 1) and consider the standard
filtration of A3(V ® ) tensored with @ (j + 1) (and then use part (i)). For the second assertion use sequence (2.1).
(iv) To check that A2 Q* ® A% Q(j) € € use the standard filtration of A*(V ® ) tensored with @ (j). Next, to derive that
52Q ® A%2Q(j) € € use resolution of S2Q.
(v) For Q ® S"Q (j) use the resolution for S"Q tensored with Q (j) and parts (i), (ii) and (iii). For Q* ® S"Q (j) use sequence
(2.1) and part (ii).
(vi) The assertion for Q ® Q ® Q (j) follows from the decompositionQ ® Q ® Q(j) = Q ® A2 Q () ® Q ® S*Q(j) and parts
(i) and (v). The rest follows using sequence (2.1) and part (ii). O

Lemma5.7. (i) One has S>11Q € € and $>1Q(3) € C.
(ii) One has S’Q ® A2Q € Cand S?’Q ® A2 Q(3) € C.
(iii) Onehas A2 Q* @ A3Q e Cand A2Q* ® A2 Q(3) € C.

Proof. (i) First, exact sequence (5.9) shows that P, P(3) € C. Next, exact sequence (5.1) shows that T, T(3) € G, where
T =s>"1Q.
(ii) Since we have the decomposition

52Q ® /\3 Q — SB,l,lQ GBSZ,],],lQ7

part (i) shows that it is enough to check the similar assertion for $%-1:1Q. But $>11-1Q is a direct summand inQ ® A*Q =
Q ® Q*(1), so the statement follows from Lemma 5.6(ii).
(iii) This follows from (ii) using resolution for $*Q and Lemma 5.6(iii). O

Lemma5.8. (i) Forj=1,2,3,A3Q ® A2Q(j) € Cifand only if A>Q ® A2Q(j) € C.
(ii) Forj=1,...,4, A2Q ® A?Q(j) € €Cifand only if $?Q ® S?Q(j) € C.
(iii) Forj =1, ..., 4, the following conditions are equivalent:

(1) A2Q*@A3Q(—1) ec;

(2) AZQ*®SZQ(1) €C;

(3)Q®Q®A%Q() €C
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Proof. (i) Use the standard filtration of A>(V ® ©) tensored with @(j + 1) and Lemma 5.6(ii).
(ii) Use the decompositions

SPQ0®S5°Q=Q®S’°Qa5*%Q, AQeA'Q=Q®A’Q®Ss*Q

and Lemma 5.6(iii), (v).
(iii) First, the equivalence of (1) and (2) follows by considering the resolution of S>Q and using Lemma 5.6(iii). Next, we
observe that

AR ®Q®Q( = AT Q" ® A% Q() & A°QF ®5°Q()
and that A2Q* ® A2Q(j) € € forj = 1,...,4 by Lemma 5.6(iv). Therefore, (2) is equivalent to A>Q* ® Q ® Q(j) € C.
On the other hand, sequence (2.1) and Lemma 5.6(i) imply that in condition (3) we can replace Q ® Q ® A? Q(j) with

0* ® Q ® A2 Q(j). Now the equivalence of (2) and (3) follows by considering the standard filtration of A>(V ® ©) tensored
with Q (j) and using Lemma 5.6(i), (iii). O

Lemma5.9. (i) Forj=0,1,2,30nehas A3Q @ A°Q(—1) € €,5?Q ® A°Q(j) € Cand S?Q ® S>Q(j+ 1) € €.
(i) Forj=1,2,3,40nehas A’Q ® Q ® Q(j) € Cand A’Q ® Q* ® Q(j) € C.

(iii) One has A2Q ® A2Q() e C, A2Q @ A3Q(— 1 eCforj=1,...,4andS’Q @ A3Q() e Cforj=0,...,4
(iv) Onehas A’ Q @ Q ®Q() e Cand A>’Q ®Q*® Q) e Cforj=0,1,2, 3.

(V) Onehas A2Q ® A2Q ®Q() e Cforj=1,2

Proof. (i) For j = 0 and j = 3 the first assertion follows from Lemma 5.7(iii). By Lemma 5.8(iii) this implies that
S2Q®A3Q e Cand S?Q ® A3 Q(3) € €. Next, using the resolution for $>Q and Lemma 5.6(v) we obtain S?Q ® 5?Q (1) € €
and 52Q ® S2Q (4) € €. By Lemma 5.8(ii), this implies that A> Q ® A2Q (1) € € and A’ Q ® A%2Q(4) € C.By Lemma 5.8(i),
it follows that A2 Q ® A3 Q(1) € @, which also leads to $*Q ® A3 Q(2) € € and S?Q ® S%Q(3) € € as before.

On the other hand, combining Lemma 5.8(i) with Lemma 5.7(iii) we also get A2Q ® A? Q(2) € €. By Lemma 5.8(ii), this
implies that S?Q ® S?Q (2) € €. Considering the resolution for S?Q this leads to S?Q ® A3 Q(1) e Cand A Q @ A2 Q € €
as before.

(ii) The first assertion immediately follows from (i) and from Lemma 5.8(iii). The second follows from the first using sequence
(2.1).

(iii) This follows from (i), (ii) and Lemma 5.8(i).

(iv) Using sequence (2.1) and Lemma 5.6(iii) we see that it is enough to show that A>Q ® Q ® Q(j) € €. To this end we use
the decomposition

AQR®Q®QM =AQO A’ Q> & A’Q®S*Q()),
part (iii) and Lemma 5.6(iv).

(v) We start with the isomorphism A3 Q ® A2 Q ®Q (j) =~ A2 Q*® A% Q ®Q (j+1). Now the assertion follows by considering
the standard filtration of A*(V ® ©) tensored with Q (j + 1) and using parts (ii), (iv) and Lemma 5.8(ii). O

Lemma5.10. (i) Forj=1,2,30nehas A>Q ® A*>Q ® Q(j) € C.
(ii) Onehas A2Q @ A2Q ® A2Q(2) € C.

(iii) One has A>Q ® A2Q ® S2Q(2) € €.

(iv) One has A3Q ® A2 Q(4) € €.

Proof. (i) Suppose first that j = 1. Then considering the filtration of A3(V ® @) ® Q(2) and using Lemma 5.6(vi), as well
as the fact that Q* ® Q* ® A2Q(3) € € (which is a consequence of Lemma 5.9(ii)), we reduce ourselves to showing that
AQ®A*Q®Q(1) € €. Now the isomorphism A2Q ® A2 Q ® Q(1) ~ A3Q ® A? Q* ® Q(2) and the standard filtration
of A2Q ® A3(V ® 0©)(2) show that it is enough to check that the following objects are in C:

AMRRATQ®Q*2), APQeA’QR2), APQeAPQ*(Q2).

For the second and the third this follows from Lemma 5.9(iii) and Lemma 5.6(iv), respectively. For the first object this follows
from Lemmas 5.6(iv) and 5.9(v) using (2.1).

Now consider the case j = 2 orj = 3. By sequence (2.1) and Lemma 5.9(iii), it is enough to prove that A2Q ® A?Q ®
Q*(j) € €. Now the standard filtration of A2 Q ® A3(V ® 09)(j) shows that it is enough to check that the following objects
arein C:

AQBAQM, APQeATQY),  APReATQT®Q()).
But this follows from Lemmas 5.6(iv), 5.9(iii) and 5.9(v), respectively.

(ii) First, considering the standard filtration of A>(V ® ©) ® A% Q(3), we reduce ourselves to showing that the following
objects are in C:

AMAQRAQRATQR), QRQ®AZQ(QR), Q'®Q*®A*Q4).
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For the second and the third this follows from Lemma 5.9(ii). Now using the isomorphism A3Q ® A3Q ® A2Q(2) ~
A2Q ® A2Q* ® A?Q(3) and the standard filtration of A2 Q ® A*(V ® 0)(3) we are led to showing that the following
objects are in C:

AMQeATQ®Q*3B), AQeATQ®QQ), A’Q®Q2), AQ®Q*4).

For the second object this follows from Lemma 5.9(v), while for the last two it follows from Lemma 5.6(iii). Thus, it remains
to check that A>Q ® A Q ® Q*(3) € €. Using the standard filtration of A>(V ® ©) ® Q*(4) we see that it is enough to
verify that the following objects are in C:

ANQeA*Q®Q*(3), Q®Q®Q*(3), Q*(3), Q" (5), Q" ®Q"®Q"(5).
For the second and the last object this follows from Lemma 5.6(vi). On the other hand, using (2.1), part (i) and Lemma 5.9(iii)
we see that A2Q ® A2Q ® Q*(3) € C.
(iii) First, using the resolution for S2Q we reduce the problem to showing that A2Q ® A%2Q ® A2 Q*(2) € € (here we also

use part (i), sequence (2.1) and Lemma 5.9(iii)). Next, the standard filtration of A> Q ® A*(V ® ©)(2) shows that it is enough
to check that the following objects are in C:

AMQRATQ®Q*2), AQRATQ®Q(), AQ®Q*3), APQ®Q().

For the last two objects this follows from Lemma 5.6(i). For the second object the assertion follows from part (i). Finally, to
check that A2Q ® A2 Q ® Q*(2) € € we use sequence (2.1), Lemma 5.9(v) and Lemma 5.6(iv).
(iv) Let us start with the decomposition

AQRAQMA) =005)®S* Q@) & S**1Q4).

Now observe that $>11:1Q (4) is a direct summand in Q ® A*Q(4) = Q ® Q*(5) which is in € by Lemma 5.6(ii), while
§221Q(4) is a direct summand in S?Q ® S?Q ® Q (4). Using the resolution of $2Q we reduce ourselves to checking that the
following objects are in C:

SPQRAQ ®QM4), SMQ®QM, SQ®Q ®Q4).

For the second object this follows from Lemma 5.6(v). Using (2.1) we can replace the third object by 5?°Q ® Q ® Q(4) =
52Q ® A2 Q(4) ® 5?Q ® S2Q (4) which is in € by Lemmas 5.6(iv) and 5.9(i). Next, we use the isomorphism $2Q ® A2Q* ®
Q(4) ~ 5?0 ® A% Q ® Q(3) and the resolution of S?Q to reduce the problem to showing that the following objects are in €:

AQ*A’QRQ3), APQ®Q(B), AQ®Q*®QMB).

The second and third objects are in € by Lemmas 5.6(iii) and 5.9(iv), respectively. For the first object we use the isomorphism
AMQ* A0 ®QB) ~ A°Q ® A*Q ® Q(2) and the standard filtration of A>(V ® ©) ® Q(3) to reduce ourselves to
proving that the following objects are in C:

AMQRATQ®Q(2), Q®Q®Q2), Q"'®Q*®Q4).

For the first object this follows from (i), and for the second and the third—from Lemma 5.6(vi). O

Lemma5.11. (i) One has $3Q ® S3Q(2) € €.
(ii) One has A2Q ® A%2Q € €.
(iii) OnehasQ ® Q € C.

Proof. (i) Consider the decomposition
$°Q ®5°Q(2) =5°Q(2) ®5°'Q(2) ®5*%Q(2) ®57°Q(2).

By Lemma 5.6(ii), we have S°Q(2) € €. Next, we observe that $>'Q(2) is a direct summand in $*Q ® A%Q(2) and
use the resolution of $#Q to deduce that this object is in € from the inclusions Q ® A2Q(1) € G, Q" ® A2Q(2) €
C,AN°Q* ® A2Q(2) € €,A3Q* ® A2Q(2) € G, that follow from Lemmas 5.6(i), 5.6(iv) and 5.9(iii). Finally, we note
that $%2Q (2) @ $>3Q(2) is a direct summand in

AMQRAQRQA®Q) =A’QRATQR®ATQQ) B ATQ ® ATQ ®S5%Q(2)

which is in € by Lemma 5.10(ii), (iii).
(ii) We use the isomorphism A2Q ® A2Q =~ A% Q* ® A®Q*(2) and then use the resolution of S*Q twice to relate this to
$3Q ® S3Q(2) which is in € by part (i). It remains to check that the objects that appear in between, namely,

$°QQ2), S$Q®QFQ), SQ®ATQ*2), APQ*2), Q*e®AQ*Q), ATQFR®AQF(2),

are allin C. For the last three objects this follows from Lemma 5.6(i), (iv), while for the first three one has to use the resolution
of $3Q to reduce to the objects we have already dealt with.

(iii) The standard filtration of A>(V ® ©)(1) reduces the problem to showing that A>Q ® A2Q and A3Q ® A3Q arein €@
(where we also use Lemma 5.6(ii)). It remains to apply part (ii) and Lemma 5.9(iii). O
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Lemma 5.12. (i) One has $3Q ® S*Q(1) € €.
(ii) One has A2Q ® $2Q € C.

(iii) Onehas A°Q ® Q ® Q € C.

(iv) Onehas A’Q @ A2Q ®Q € C.

Proof. (i) Consider the decomposition
$°Q ®52Q(1) =5°Q() & $*'Q(1) & S*2Q (D).

By Lemma 5.6(ii), we have $°Q (1) € €. On the other hand, $*'Q (1) is a direct summand in $3Q ® A2 Q(1). The resolution
of $3Q relates the latter object to Q* ® A2Q (1), A2Q* ® A2Q (1) and A3 Q* ® A2 Q(1) which are all in € (for the last one
use Lemma 5.11(ii)). Finally, $*>2Q (1) is a direct summand in A2 Q ® A% Q ® Q(1) which is in € by Lemma 5.10(i).

(i) Using the resolution for S3Q we can relate A2 Q ® S?Q = A3Q* ® 52Q (1) with $3Q ® $2Q (1), which is in € by part (i).
The objects appearing in between, namely, Q* ® S?Q (1) and A2 Q* ® S2Q (1) are in €, by Lemmas 5.6(vi), 5.7(ii).

(iii) Since A°Q ® Q ® Q = A2Q ® A2Q & A% Q ® 52Q, this follows from part (ii) and Lemma 5.11(ii).

(iv) Considering the filtration of A*(V ® ©) ® Q (1) we reduce ourselves to showing that the following objects are in C:

AMQR®Q®Q, Q®Q, Q'®Q(2), Q*®Q®A°Q().

Now the assertion follows from part (iii) and Lemmas 5.11(iii), 5.6(ii) and 5.9(iv). O

Lemma 5.13. (i) One has S>Q ® S*Q(1) € €.
(ii) One has S’Q ® Q € €.

(iii) OnehasQ ® Q ® Q € C.

(iv) Onehas A2Q @ A2Q ®Q € C.

Proof. (i) Consider the decomposition
$?Q ®s*Q() =s°Q() @ s> (D).

By Lemma 5.6(ii), we have $Q(1) € €. On the other hand, $>'Q (1) is a direct summand in A>Q ® S*Q(1). Using the
resolution of S*Q we reduce the problem to checking that the following objects are in C:

QR A’Q,  APQ®ATQ,  APQ*RAZQ(), Q ®A%Q(D),  A?Q(1),

which follows from our previous work (for the second object use Lemma 5.11(ii)).
(i) Tensoring the resolution for S*Q with $2Q (1) we get an exact sequence

055200 —->VRSPQRAN2Q - SPVERSPQ A0 — SPV 520 ® 0*(1)
- SV ®5%20(1) - S?Q ® s*Q (1) — 0.

By part (i), one has $2Q ® S*Q(1) € €. Next, S?°Q ® Q*(1) and S?Q(1) are in € by Lemma 5.6(v), (ii). Finally, S>°Q ® A% Q
and S?Q ® A3 Q are in € by Lemmas 5.12(ii) and 5.9(iii). Hence, $’Q ® Q € €.
(iii) This follows from the decomposition

QRQ®Q=SQ®QA’Q®AQ,

part (ii) and Lemma 5.6(i).
(iv) This is proved by the same method as the case j = 1 of Lemma 5.10(i), using part (iii). O
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