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1. Introduction

In the last decade there has been a surge of interest in the Myers—Perry black hole in arbitrary dimension and especially
in its near horizon limit (see, e.g., a recent review [1] and references therein). The first reason to be concerned about the
near horizon geometries is the duality between the near horizon Kerr black hole and a conformal field theory suggested
in [2] (for a review see [3]). As was proved in [4], the duality holds true also in higher dimensions and in the presence of
a cosmological constant. The second reason is the possibility to build various conformal mechanics models starting from
a massive relativistic particle propagating on such backgrounds [5-22]. In this regard the Myers-Perry black hole with all
rotation parameters being equal to each other is of particular interest because its symmetry is enlarged to the unitary algebra
(in direct sum with extra so(2, 1) algebra in the near horizon case) which is the largest finite-dimensional symmetry algebra
possible. In particular, this gives a clue to the construction of new maximally superintegrable models in [20-22].

Note that for a generic conformal mechanics one can always split the radial canonical pair from the angular sector by
applying a suitable canonical transformation [23,24]. The dynamics of the angular variables is governed by the Casimir
element in the conformal algebra so(2, 1). The latter can be viewed as the Hamiltonian of a reduced mechanics which retains
symmetries pertaining to the angular sector of the parent conformal mechanics.

A natural one-parameter extension of the Myers—Perry solution can be obtained by including a cosmological constant
into the consideration [25]. It is noteworthy that for the special case that all rotation parameters are equal to each other the
configuration retains the unitary symmetry and therefore hints at a possibility to construct new superintegrable models
associated with it. The goal of this work is to construct such superintegrable models which provide a one-parameter
deformation of those built recently in [21]. The similarities and differences between the two cases are discussed in detail.

The paper is organized as follows. In Section 2 a short overview of the extremal Myers-Perry-AdS-dS black hole in arbi-
trary dimension is given. In Section 3 we consider such a metric in D = 2n 4 1 dimensions for the special case that all
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rotation parameters are equal. The near horizon limit is implemented and the associated conformal mechanics is con-
structed. Next we perform the reduction of the conformal mechanics to its angular sector. Section 4 contains a similar analy-
sis for D = 2n. In Section 5 we discuss the unitary symmetries of the Hamiltonians constructed earlier and show that in odd
dimensions the reduced Hamiltonian can be expressed in terms of the first and the second order Casimir invariants of the
unitary algebra. Finally, we give a complete set of functionally independent u(n) generators realized in the angular mechan-
ics and prove their superintegrability. In the concluding Section 6 we summarize our results and discuss possible further
developments.

2. Myers-Perry-AdS-dS metric in arbitrary dimension

The Myers-Perry-AdS-dS metric is a solution of Einstein equations in D dimensions with a cosmological constant A
Rj+ (D —-1Dirg =0, (1)

which describes a black hole rotating in (n — €p) spatial two-planes, where ¢p = 0 for odd dimensions (D = 2n + 1) and
€p = 1 for even dimensions (D = 2n). In Boyer-Lindquist coordinates it reads:

2
M n—ep aH2d§0 n r2+a2
ds* = W(1 — ar®)de* — dr—fd_E:ll Y a2
( ) U L) TS
n—ép 2 n
+a 9 A r° 4+ aj
- d raidt)” — du: |, 2
2T’ i g = daido) W(1— Ar?) (ZH.A 2 i “') ()
where
n—¢ep n n—ep

A=ro2A - [ +d),  U=r® Z
i=1

n
W= Zl+ka

i=1

r’+a
r2+,2ﬂ( ),

(3)

Above M is the black hole mass, g; are the rotation parameters, ¢; are azimuthal angles. It is assumed that the latitudinal
angular variables u; parameterize the unit sphere

Z/Lf =1. (4)
i=1

In even-dimensional case the n-th rotation parameter is set to zero

a, = 0. (5)

In what follows we shall be mainly concerned with the special case for which all the rotation parameters are equal
a; = a, (6)
where i = 1,...,n — ep. In particular, this greatly simplifies the metric (2). Below we shall treat the even-, and

odd-dimensional cases separately.
The black hole solution with equal rotation parameters has a larger symmetry group as one can rotate various spatial
two-planes one into another. In odd dimensions, where the metric takes the form

2
U 2M a n
ds? = W(1 — ard)dt? — —dr® — =— [ dt — 2do;
( ) " m 1+M2;M, @i

r? 4 a?
—1+MZZM,(M¢# do)’ = T ZZ . (7)

the vector fields generating these rotations can be written as [26]

Pij = Xidy, — YOy + Xj0y, — Yidy;, & = Xidx; — Xj0x, + ¥idy; — Y;0Vi. (8)

Here we introduced coordinates

X+ y2, 9)

xi
—_— , MHi = i
JE+y?

Xi = Wi Cos@i, Y= u;sing; @; = arccos
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which lead also to an equivalent realization:

. W Wi
pij = sin @ (10, — [Lidy;) + COS @j (Jawi + 48%.) ,
Mi M (10)
. W Wi
§j = — cos @4 (140, — Midy;) + sin gy (;{awi + iawj) ,
i j

nn+1) n(n—1)
2

where we denoted ¢; = ¢; — ¢;. generators p; and generators &; all together form the unitary algebra u(n).
Note that the existence of the unitary symmetry can be revealed by introducing the complex coordinates

Zk = e = x; + iy (11)

In even dimensions the metric is

2
U 2M a =l
ds? = W(1 — Ard)dt? — —dr? — =— [ dt — 2 dy;
( de? — — 7 T ;ul ¢

r2 4?2 =1 r2 42 =1 A a*(1 — Ar?) 2
dy; — Aadt —rd d , 12
1+MZZM,( 2 )2 — 1+M22 i —r’du; — W(l—kr2)< T M un) (12)

and the angular sector splits into (g, ¢;),i = 1, ..., n — 1 part and u, part. After passing to n — 1 latitudinal angles v; (see
Section 4) the unitary symmetry of (v;, ¢;) sector can be described in exactly the same way as in the odd dimensional case.
Therefore in even dimensions metric is invariant under the unitary group u(n — 1).

We will also need the expression for the inverse metric which was obtained in [26]:

(2M)? 1 .
S .
& = <Q+ ua (1- r2)2>8 a

n—ep

(2M)? 1+Aa2 2M a
A — 3,
! ;( Cr YA Aot d T U amamer )

B ”i) (1 + rd? 50 2% + @2M)?  d*(1 4+ rd?)?

—R) 8,0, + - 13
e\t ‘ UA (1—ar2)2(? + a?)? )"" ot (1)

where the dots denote terms in the u;-sector which has to be calculated separately for the even-, and odd-dimensional
cases. Q and R in (13) are defined as follows:

0— 1 N 2M 1
WA —Ar2) U (1—ar2)?’ (14)
@2M)?>  2Axa*(1 + ra?) 2M a 2M 2Aa? 2M)?  2d*(1 + Ard®)

UA (1—ar)2(12+a2) ' U (12 +a?)? U A=Ar2)(r2+a2) = UA (1—Ar2)(r2 +a?)?’

The inverse metric allows one to construct the Hamiltonian of a massive relativistic particle moving on the My-
ers—Perry-AdS-dS background as a solution py of the mass-shell equation g*'p,.p, = m?.

3. 0dd-dimensional case
3.1. D = 2n + 1 extremal Myers-Perry-AdS-dS black hole near the horizon

For D = 2n + 1 and equal rotation parameters the metric (2) can be brought to the form

n

2
A a L U r2 + a?
s> = — [dt — —— dgi | — —dr? — du?
s U( 1+)L(12i:2]#' (;01) A r 11 - Mi

1 r? + a? 2 (1= A2+ a®) &
—_ dt 7(1 i d l_d ) ]5
Z“'( 1+ A ")> TR e ,Z]: pi 1 (i — dy’ (15)

1
U=+, A=S0-m*)0+d)" -2M, (16)
r
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In the extremal case A has double zero at the horizon radius ry, i.e.:
A(rg) = A'(rg) = 0. (17)
Solving this equations one can relate the mass and the rotation parameter to the horizon radius ry and a cosmological

constant

r2)1 (1 — )+
@ =n—n) -2, o= A= (18)

=
If one approaches the horizon, i.e. 1 — rq + eror followed by ¢ — 0, the relations

2" (1 =0 (n(1 = 22) — 1)

2
To

A — azrgrzv, V.

(19)

hold.
In order to describe the near horizon geometry, we follow the procedure in [4]. First one makes the coordinate transfor-
mation:
at Bit
r — 1o+ eror, t— —, 0 —> @i+ —, (20)
e &
and then takes the limit ¢ — 0. The number coefficients « and f; above are fixed from the condition that the first two terms
in (15) produce the AdS, metric up to a factor, while the rest is nonsingular

r2 + a? a(1+ ra?)
o = 0 , Bi = . (21)
2ro(n(1 —2x) — 1) 2ro(n(1 —2x) — 1)
The near horizon extremal metric reads
r2 T a? L
ds? = ———% (g’ - — )= ———M 2 rdt 4+ doi)?
2(n(1 — 2%) — 1) ( 7 )T (=20 — 1) & wi (rdt + dgi)
2 2 n n
g +a 2 a 2,2 2
— du; + “us(de; — do))”, 22
HW; Wi nrg(n(l—Zx)—l)zng'M’( i — dg) (22)
where we rescaled the azimuthal angular variables as follows:
aro(1 + Ara?)
¢ : (23)

T @ radmd—20 -1

It is readily verified that (22)is a vacuum solution of the Einstein equations with a cosmological constant (1). It is an extension
of the metric constructed in [20] which now includes a cosmological constant A.
A salient feature of the near horizon metric (22) is that it exhibits extra symmetries generated by the Killing vectors

1 2 &
_ _ 2
D=td —rd, K_(t +r2> 8[—2tr8r—; i§=1 ;s (24)
which along with the time translation H = 9; form the conformal algebra so(2, 1).

3.2. Conformal mechanics near the horizon of the extremal Myers—Perry-AdS-dS black holein D = 2n + 1

In order to construct the Hamiltonian of a massive relativistic particle moving on the curved background (22), we first
invert the metric!

n—1
Z(Miﬂf — ;)00

92 r2(1+ rd?
glwaﬂav — *[2—1’282—{— 0( + )
r =
i,j=1

20+ a)(n(1—2x) — 1)

L A=0m1-20-1) - @+ =20 1) ﬁ) 25
+,;< 2(1 + ra?) 1 2a%(1+ ra?) I Yl r;BtBW >

1 The constant factor of w has been removed by redefining m?. Since the 1; sector in (22) does not mix with other coordinates, the corresponding

0
piece in the metric can be inverted separately.
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and then solve the mass-shell condition g*"p,p, = m? for the energy
n
H=r x/.Q—Zp%.),
i=1

n—1 n
2 =m’+(p)’ +n YO — Wil)Pubu + Y, (

ij=1 ij=1
B rg(1+ %) (=) (n(1 —2x) — 1)
T2t -20-1" 2(1 + rc2)
(1§ +a®)(n(1—2x) — 1)
= 202(1+ 2a?)
Associated with the Killing vectors (24) are the integrals of motion

n -l n
H:r<v9—2p¢i>, D =tH + p;, I(:r2H+2trpr+r(«/.Q—l—Zp%), (27)
i=1 i=1

which form so(2, 1) algebra under the Poisson bracket:
(H,D)=H, {H,K}=2D, {D,K}=K. (28)

Computing the Casimir invariant of the so(2, 1) algebra

8ij
T—5 = 0 | PyiDy;>

1

n

)

n—1 n

8

C=HK =D’ + P> =m’ +n Y (8 — wir)PubPuy + ) (r% - o) Publ (29)
ij=1 ij=1 i

where we added integral of motion P> = ZL (p%.)2 for convenience, one finds a function on the phase space which depends
only on the angular variables and is quadratic in the momenta. Following the ideology in [23,24], it can be considered to be
the Hamiltonian of a reduced angular mechanics. By construction, it inherits the U(n)-symmetry of the background, while
the decoupling of the radial coordinate is achieved at the expanse of missing SO(2, 1). The system (29) is a one-parameter
deformation of the model studied in [20,21]. The detailed discussion of its unitary symmetry and integrability is given below
in Section 5.

Note that since the Hamiltonian (26) does not depend on the azimuthal angular variables ¢;, the momenta p,, are
conserved in time. Setting them to be coupling constants yields a further reduction which, up to a redefinition of the coupling
constants, coincides with the maximally superintegrable model analyzed in [21].

4. Even-dimensional case
4.1. D = 2n extremal Myers—Perry-AdS-dS black hole near the horizon

For D = 2n and equal rotation parameters the metric (2) can be brought to the form

2
A a n—1 U 2 + a2 n—1 p2
ds* = = | dt — 2dg; | — —dr? — sin6 Y dv: — Z—do?
U( 1+Aa2;“' w:) AT T ; vy
Ay A, r2 + @ 2 @22+ a1 — ar?) =L
-= 2 adt — ———dg; 22 (dg; — dgj)?, 30
02 Z;” T ?) T T A e, ;“ i = dg) (30
where we introduced one spherical angle 6
n—1
Ui = v;sind My = COS6, Zv?:l (31)

i=1
and denoted

_rz

1 1
U=-+aud)®+d)"2, A= (r* +a)""' —2M,
r

(32)
p=r2+a2c0529, Ag = 1+ Ad®cos? 6.
Imposing the extremality condition

A(ro) = A'(ro) = 0, (33)



472 K. Orekhov / Journal of Geometry and Physics 86 (2014) 467-475

one can link the black hole mass and a cosmological constant to the horizon radius and the rotation parameter

_ 2 _ 42 2 2\n
- 2(2;1 g —a M= Z(ro + a%) (34)
r5(a* 4+ (2n — 1)r0) ro(a> + 2n — l)ro)

In order to construct the near-horizon limit, it suffices to change the coordinates

at Bit
r — 19+ eror, t— —, 0 —> @i+ —, (35)
e &
take o and g; in the form
2 + a? a(1+ ra?) 1%
O[:Oi, ﬁi:7, V=272_2’ (36)
roV roV (r§ +a*)"

and finally send ¢ to zero. This yields

2 dr 1’2 (12 2
ds* = f/ ( ride® — T) - 1°++A S sin® 0 ) dv? — p—odez
r

Ag 4a’r? 4a*r2(1 — Ard) 37
AT S e - dg? + SO S g — g, G7)
po (I’ +a*)V

i<j
ps =i+ d*cos’ 6,

which is a vacuum solution of the Einstein equations in the presence of a cosmological constant. Note that, when deriving
the last formula, we rescaled the azimuthal angular variables

2ar0 1+ ra?
Yi —> v 2 +a2¢ (38)
and have taken into account the following relations:
- 12 +a*)"2(a* 4 2a*2n — Dr2 — (3 — 8n + 4n?)rf
A — 82r§rzv Vo= ( 0 ) ( ( ) 0 ( ) 0) (39)

re(@+ (2n — Drd)

which hold true in the near horizon limit.
4.2. Conformal mechanics near the horizon of the extremal Myers-Perry-AdS-dS black hole in D = 2n

Like in the preceding section, we shall construct the Hamiltonian of a conformal mechanics associated with the near
horizon geometry of the extremal Myers—Perry-AdS-dS black hole in D = 2n by first inverting the metric

v (92 1+ra> 232
3,8, = — —f—rzaz) ) (8 — v;1})d,,0 ——32
£ o 03 <r2 " (r2 + a?)sin? @ Z( i V)0 By J
. ( ViG +ah) 3y V3 + a) AP V Zaa (40)
. 4a2r2(1 4+ ra®) pu? 24A012(@ + 2n— Dr)(1+ ra®)  pg gr e

and then solving the mass-shell condition for the energy

H:r(«/ﬁ—ipwi),

m2,02 n—1 1 + )\.(12 p2 n—2
2 = O 4 (rp)? + Yy 8ii — ViV v + = 41
o ) Z(pw,) 0T a e UZ:( i Py + P (41)

V(g +a®)pd 89 V(@? +a?) P2
+ Z( 2 > 2 2 : 2 -1 PyiPy;-
= 4a°r, O(1+Aa)u, 2r0(a —|—(2n—1)r )(1+ Aa?) Ay

This Hamiltonian possesses conformal symmetry generated by the Killing vectors (24) which gives rise to the integrals of
motion realized as in (27) with £2 now taken from the previous line.
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Computing the Casimir element in the conformal algebra, one gets the Hamiltonian of the angular mechanics related to
the near horizon geometry of the extremal Myers-Perry-AdS-dS black hole in D = 2n

C = HK—D2+P2

mng
= (85 — viv)pu Py + p +p (rf )p,p
v Tsin?e ”21 v ! ’ 0,; e (42)
. V(g + d®) > V(g +d®) y = 1+ Ard?
4a’r2(1+ ra?)’ 2r3 @+ 2n— DrH) (1 + ra?)’ V(g +a)’

where integral of motion P? = Zf:f (py,;)? was added for convenience. As compared to the model constructed in [20,21],
the Hamiltonian (42) is deformed by the terms which depend on a cosmological constant and, as thus, it provides a one-
parameter continuous deformation of the former. The detailed discussion of its unitary symmetry and integrability is given
in the next section.

Because the azimuthal angular variables are cyclic, one can consider a further reduction of (42) which is obtained by
setting the angular momenta p,, to be coupling constants. This gives the Hamiltonian

. om2p2 A pz
=0 o B (S v, + 3 75). &2
6

sm@u1 = vi

m?, o’, 7’ ang y; are the coupling constants. This model is a one-parameter deformation of that in [21].

The proof of superintegrability of (43) is not affected by the presence of a cosmological constant and proceeds along the
same lines as in [21]. The expression in braces is the maximally superintegrable model studied in [21]. In this sector one can
realize 2(n — 2) — 1 functionally independent integrals of motion. The full system (43) involves one more canonical pair
and only one extra integral of motion (the Hamiltonian (43) itself). The model thus lacks for one integral of motion to be
maximally superintegrable.

5. Unitary symmetry and superintegrability

Let us discuss symmetries and superintegrability of the angular mechanics constructed above in more detail. Consider
first the odd-dimensional case for which the dynamics is governed by the Hamiltonian (29). By construction, it inherits from
the parent Hamiltonian (26) the U(n)-symmetry realized in the angular sector. The corresponding Killing vector fields are
given in (8). In particular, one can verify that the Hamiltonian can be expressed via the linear and the quadratic Casimir
invariants of u(n)

R I gl (44)
i=1

1]1

as follows
n—1 n p2
HP' =@ — € =) (85 — it)PuiPu; + M—“’Z (45)
ij=1 i=1 Mi

For later convenience we invert the transformation (23) and drop the arising constant multiple and a constant term in (29)
casting the Hamiltonian into the form

C=H, = tH" —0¢?
=16, — (0 + 1')@12. (46)

This formula shows that u(n) is the spectrum generating algebra of the system. This property is particularly useful in quan-
tum mechanics because a well developed group theoretical framework is available to construct its eigenstates and eigen-
values (see e.g. [27]).

Let us discuss integrability of the system governed by the Hamiltonian H, which involves 2n — 1 configuration space de-
grees of freedom. There are n first order Casimir invariants C;(u(1)), ..., C;(u(n)) which together with n — 1 second order
ones C,(u(2)), ..., Ca(u(n)) form a set of 2n — 1 functionally independent integrals of motion in involution. Therefore this
system is Liouville integrable. The issue of superintegrability is more involved because one needs to count the number of
functionally independent integrals of motion among n® generators oij» & of u(n).

Let us use the coordinates (x;, y;) (9), in which p;; and &;; read

Pij = XiDy; — ¥iPx; + XDy, — ¥iDx;,  &ij = XiDx; — XjPx; + YiPy; — YiPy;- (47)
These expressions provide a canonical realization of u(n).
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The number of functionally independent integrals of motion is equal to the rank of the matrix d;,l5, {, denote all the
phase space coordinates and I, designates the generators. The case n = 1 is trivial. There is one configuration space degree
of freedom and one integral of motion. For n = 2 there are eight coordinates ¢, and four integrals of motion I,. One can
verify that rank(d,,I,) = 4 meaning that all I, are independent. For n = 3 there are twelve coordinates and nine integrals of
motion. However, in this case rank(d,,I) = 8 which implies that one integral is a function of the others. A relation between
them can be written explicitly

1
5 (0110035 + E33) + p22(pi3 + &13) + p33(03, + £03)) = pasEnaérs + p12p13) + Ex3(012613 — En2p13). (48)

Note that this relation is of the third order in generators and it does not occur in the completely reduced case because it
cannot be expressed in terms of I = pj + &7, i < j, only (cf. [21]).

We see that for n = 2 and n = 3 the number of functionally independent integrals of motion is 4n — 4. This holds true
for all n > 2 which can be proved by induction. Let us assume that for some N = n — 1 there are 4(n — 1) — 4 functionally
independent integrals of motion, which one can choose as follows:

P11, P12, €12, P22, P1is E1is P2is E2is (49)
wherei = 3,...,n— 1.Then for N = n one adds 2n — 1 integrals p;, and &, withi =1, ..., n — 1 as well as p;,. For each
pair of the integrals pj, and &;,, wherei = 3, ..., n — 1, let us consider the following columns in the matrix 9,,1y:

0c.{011, P1i> &1y Piis P1ns Ens Pins Eins Pan}s 0, {02, 215 &2is Piis P2ns 205 Pins Eins Pan)- (50)

These columns have exactly the same structure as for n = 3, provided one makes the substitutions of indices (123) — (1in)
and (123) — (2in). Therefore they lead to the same relations between the generators as in (48)

P05 + E2) + pii (o + E) + P (0 + €5 = PinErirn + PriLkn) + Ein(Oribin — ExiPin) (51)
where k = 1, 2. In order to determine p,, as a function of other generators, we consider another set of columns
0. {P11,5 P125 E125 P22, P1ns E1ns L2015 €20 P} (52)

which leads to the same relation as in (51) with k = 1,i = 2. We thus conclude that the generators o1, 1, P2n, &2n are
functionally independent. Together with (49) they form a complete set of 4n—4 functionally independent integrals of motion
which completes the induction. It follows from the previous discussion that the angular mechanics in odd dimensions lacks
for only one integral of motion to be maximally superintegrable.?

The analysis of the even dimensional case with the dynamics governed by the Hamiltonian (42) proceeds along the same
lines. First one inverts the transformation (38) which brings the Hamiltonian to the form

2
. omPp? A Lo &l
C=H,= °+—%+w%ﬂ———2wi, (53)
% % n M0\ S
where
14 rd? 2a(1 + ra?)

t=— " o= , 54
V(g + a?) V(g + a®)(a> + 2n— Drg (54)

and H,ip_h 1 is defined in (45). This system has 2n — 2 configuration space degrees of freedom and its Liouville integrability is

ensured by the existence of 2n — 2 commuting independent integrals of motion H;ph, ceey Hff’_hl, Pors -+ > Pon_1s H,. It has the

sph

same symmetry algebraas H,”,, i.e. u(n — 1). The complete set of 4n — 7 functionally independent integrals of motion reads

I:Inv P11, P12, 12, P22, P> E1is P20s S2is (55)
wherei = 3, ..., n—1.Therefore the system lacks for two independent integrals of motion to be maximally superintegrable.

6. Conclusion

To summarize, in this work we have constructed mechanical systems with the conformal and unitary symmetry which
result from the near horizon Myers-Perry-AdS-dS black hole geometry in arbitrary dimension. We presented both the
Hamiltonians and the integrals of motion as well as performed a reduction to an angular mechanics which is governed by
the Casimir invariant of the conformal group SO(2, 1). These models provide one-parameter deformations of the systems
constructed recently in [20-22]. A canonical realization of the unitary algebra (47) was studied and the functionally
independent generators were identified.

2 Aword of reservation is needed. The group-theoretic method employed in this paper does not encompass the option that extra (hidden) charges occur
which are not directly related to symmetries of the parent background geometry. An analysis based on the use of the action-angle variables might help to
better understand the issue. We hope to present such an analysis elsewhere.
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A further reduction of these models was attained by setting momenta canonically conjugate to the azimuthal angular
variables to be coupling constants. It was shown that, up to a redefinition of constants, the resulting Hamiltonian in odd
dimensions is the same as in the case of a vanishing cosmological constant [21]. In even dimensions, however, there are
extra terms in the reduced Hamiltonian.

There are several possible developments of this work. The presence of possible hidden extra integrals of motion which
are not directly related to symmetries of the parent background geometry deserves a further investigation. A generalization
of the present consideration to the case of nonequal rotation parameters is of considerable interest, as well as the case of
a non-vanishing electromagnetic field. Worth studying are also models which can be obtained using contractions of u(n)
algebra a-ld Smorodinsky-Winternitz (see e.g. [28] and the references therein).
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