Journal of Geometry and Physics 60 (2010) 31-42

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Spacelike submanifolds of codimension two in de Sitter space

Masaki Kasedou *
Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan

ARTICLE INFO ABSTRACT

Article history: We investigate the differential geometry of spacelike submanifolds of codimension two in
Received 12 December 2008 de Sitter space and classify the singularities of lightlike hypersurfaces and lightcone Gauss
Received in revised form 10 August 2009 maps in de Sitter 4-space.

Accepted 12 August 2009 . .
Available online 28 August 2009 © 2009 Elsevier B.V. All rights reserved.

MSC:

53A35
53B30
58C25

Keywords:

de Sitter space

Gauss map

Spacelike submanifold
Lightlike hypersurface

1. Introduction

It is known that de Sitter space is a Lorentzian space form with positive curvature. The aim of this paper is to investigate
the geometric meanings of the singularities of the lightlike hypersurfaces and the lightcone Gauss maps of spacelike
submanifolds in de Sitter space as an application of the Legendrian singularity theory. We will give examples of de Sitter
4-space case. The de Sitter 4-space corresponds to the cosmic model and spacelike surfaces in de Sitter 4-space are
submanifolds of codimension two.

Izumiya, Pei and Sano [1] investigated the extrinsic differential geometry of hypersurfaces in hyperbolic space by using
the theory of Legendrian singularities. They observed the singularities of lightcone Gauss indicatrices and lightcone Gauss
maps, which have geometrical meanings of spacelike hypersurfaces. Izumiya, Kossowski, Pei and Romero Fuster [2] investi-
gated lightlike hypersurfaces of spacelike surfaces in Minkowski 4-space. Moreover, Izumiya and Romero Fuster [3] inves-
tigated spacelike submanifold of codimension two in general dimensional Minkowski space. They showed a Gauss-Bonnet
type formula in terms of a Gauss-Kronecker curvature with respect to the lightlike normals. Fusho and Izumiya [4] in-
vestigated lightlike surfaces of spacelike curves in de Sitter 3-space by using the Frenet-Serret type formula and gave a
classification of singularities of lightlike surfaces of generic spacelike curves, which are a cuspidal edge and a swallowtail
(Figs. 1 and 2).

In [5] we investigated the singularities of lightcone Gauss images of spacelike hypersurfaces in de Sitter space, which
is analogous to the case of hyperbolic space [1]. We are motivated to investigate the differential geometry of spacelike
submanifolds of other codimension cases. The normal direction of the spacelike submanifold cannot be chosen uniquely.
However, if we consider the codimension two case, we can determine the lightcone normal frames and define two maps
called Gauss maps and lightlike hypersurfaces by using the analogous tools in [2,3].
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Fig. 2. Swallowtail.

In Section 2 we introduce the notion of the lightcone Gauss map, the normalized lightcone Gauss-Kronecker curvature
and principal curvatures. The lightcone Gauss map does not depend on the choice of the future directed normal frame.
In Section 3 we introduce the notions of the lightlike hypersurface and a family of functions that is called the Lorentzian
distance squared function on the spacelike submanifold. The singular set of the lightlike hypersurface corresponds to the
normalized lightcone principal curvatures of the spacelike submanifold, and this can be interpreted as the discriminant set
of the family of height functions. In Sections 4 and 5 we discuss the contact of spacelike submanifolds with lightcones in de
Sitter space. We apply the theory of Legendrian singularities for the study of lightcone Gauss images of generic spacelike
submanifolds. In Sections 6 and 7 we introduce the notion of a family of functions that is called the lightcone height
function. The singular set of the normalized lightcone Gauss map corresponds to the normalized lightcone parabolic set
on the spacelike submanifold, and this can be interpreted as the discriminant set of the family of lightcone height functions.
We discuss the contact of spacelike submanifolds with lightlike cylinders in de Sitter space. In Section 8 we classify the
singularities of lightlike hypersurfaces and lightcone Gauss maps of generic spacelike surfaces in de Sitter 4-space, and give
some examples which have their singularities.

2. Spacelike submanifolds in de Sitter space

In this section we construct the extrinsic differential geometry of spacelike submanifolds of codimension two in de Sitter

space which is analogous to the theory in [3]. Let R™! = {x = (x¢,...,%,) | X, € R( = 0,...,n)} bean (n + 1)-
dimensional vector space. For any vectors X = (xo, ..., Xs), ¥ = (Yo, - - . , ¥u) in R""1, the pseudo-scalar product of x and y is
defined by (X, y) = —xoyo + > i, Xiyi- We call (R, (,)) a Minkowski (n + 1)-space and write R*" instead of (R™, (, )).

We say that a vector X € R'}“ \ {0} is spacelike, timelike or lightlike if (x, X) > 0, (x,X) = O or (X, X) < O respectively.

The norm of the vector x € R’}“ is defined by ||x|| = +/|(X, X)|. For a vectorv € R';H \ {0} and a real number c, we define
a hyperplane with pseudo-normal v by HP(v, c) = {x € R'}“ | (x,Vv) = c}. We call HP(v, c) a spacelike hyperplane, timelike
hyperplane or lightlike hyperplane if v is timelike, spacelike or lightlike respectively.

We now respectively define hyperbolic n-space and de Sitter n-space by

Hi(-D={xeR" | (xx)=—1,x > 1},
ST={xeRI" | (x,x) =1}.

For any X1, Xy, ...,X,; € R']”l, we can define a vector X; A X3 A --- A X, with the property (X, X; A -+ A X,) =
det(x, X1, ..., Xp), so that X; A - - - A X, is pseudo-orthogonal to any x; (fori =1, ..., n) (c.f. [3]).
We also define a set LC, = {x € R'{“ | (x —a, x — a) = 0}, which is called a closed lightcone with vertex a. We denote

LCy ={x= (X0, ...,Xn) € LCo | X0 > 0 (xo < 0)}
and call it the future (resp. past) lightcone at the origin.
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LetX : U — S} be an embedding from an opensetU C R"2, We say that X is spacelike in STif {X, (u)}?:_f are spacelike,
where u € U and X,;, = dX/0u;. We identify M = X(U) with U through the embedding X and call M a spacelike submanifold
of codimension two in S}.

Since (X, X) = 1, we have (X,;, X) = 0 (fori = 1, ..., n — 2).In this case, for any p = X(u), the pseudo-normal space
N,M is a timelike plane. we can choose a future directed unit normal section n'(u) N,M satisfying (" (u), X(u)) = 0.
Therefore we can construct a spacelike unit normal section n’(u) € N,M by

WS — n" () A Xy, @) A - A Xy, (1) ,

" (W) A Xy, (W A - A Xy, Wl
and we have (n” (u), n" (1)) = —1, (n" (u), n%(u)) = 0, (n°(u), n°(u)) = 1. Therefore vectors n” (u) + n°(u) are lightlike.
We call (n", n°) a future directed normal frame along M = X(U). The system {X(u), n" (u), n° (u), X, (W), ..., Xy, , (W)} isa
basis of T,R"".

Lemma 2.1. Given two future directed unit timelike normal sections n” (u), n’ (u) € N,M, the corresponding lightlike normal
sections n” (1) £ n° (), n’ (u) £ n’(u) are parallel.
The proof is almost the same as that of Lemma 3.1 in [3], so that we omit it. Under the identification of M and U through
X, we have the linear mapping provided by the derivative of the lightlike normal sectionsn” +nS atp € M
dy(n" £n°) : T,M — TR} = T,M @ N,M.
Consider two orthonormal projections 7 : T,R!*!" — T,M and 7" : T,RI"" — N,M. We define
dy(n" £0°) = 7' o dy(n” £ 1),
dym" £0°)" = 1" od,(n" £ ).
We respectively call the linear transformation S;"(n", n°) = —d,(n" £ n°)" an (n', n®)-shape operator of M = X(U) at
p = X().
The eigenvalues of Sp“—L (n, n®) denoted by {/cii (n, n® )(p)}?:_l2 are called the lightcone principal curvatures with respect to
(nT, n®) at p. Then the lightcone Gauss—Kronecker curvature with respect to (n’, n°) at p is defined as
K", 0°)(p) = detS; (n", n).
We say that a point p is an (n", n®)-umbilic point if all the principal curvatures coincide at p and thus S>(n", n) =

k* idg,y for some k* € R. We say that M is (n”, n®)-totally umbilic if all points on M are (n”, n®)-umbilic.
Since Xy, (i = 1,...,n — 2) are spacelike vectors, we have a Riemannian metric (or the first fundamental form) on M

defined by ds* = Z?j;z] giduidu;j, where g;(u) = (Xy;, Xy;) for any u € U. We also have a lightcone second fundamental
form (or the lightcone second fundamental invariant) with respect to the normal vector field (n”, n°) defined by h; (u) =
—((m" £ n’),, Xy;) foranyu € U.

Lemma 2.2. We have the following lightconeWeingartenformula with respect to (n”, n®).

n—2
(' +£n), =+’ n) )@ £n°) = > h7 @ n°)X,,
=1

where (= (n", n)); = (h(n, n')). (g¥) and (g¥); = (gi)~". Therefore we have
n—2 .
o £n’), =— Zhﬁi(nT, n’)X,,.
=

The proof is almost the same as that of Proposition 3.2 in [3], so that we omit it. Those formula induce an explicit
expression of the lightcone Gauss-Kronecker curvature in terms of the Riemannian metric and the lightcone second
fundamental invariant as follows:

det(h; (n", n°) ()
det(gqp) (1)
We say that a point p is an (n”, n®)-parabolic point if K;*(n”, n®)(p) = 0, and M is an (n”, n°)-flat point if p is (n”, n®)-

umbilic and K*(n", n®)(p) = 0.
For a lightlike vector v = (vg, vy, ..., v;) we define v = (1, v{/vy, ..., vy/vg). By Lemma 2.1, if we choose another

K (", n®)(p) =

future directed unit timelike normal section n' (u), then we have n” (u) £ n’(u) = n' (u) £ n’(u) € S} . Therefore we
define the lightcone Gauss map of M = X(U) as
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L*:U—$"",  L*u) =n"() £n5@).
The lightcone Gauss map is analogous to the Minkowski space which is studied in [3]. This induces a linear mapping
di* : M — Tp]R"+1 under the identification of U and M, where p = X(u). We have the following normalized lightcone
Weingarten formula:

~ 1 21y

7to Li_ - 5 (7t o]Li) =— Z Z—ih, (", )X,

where LE(u) = (€5 (), .. ., £X(w)).
We call linear transformation Si = —nto d]Li : T,M — T,M the normalized lightcone shape operator of M at p.

The eigenvalues {/< (p)}l 1 % of Si are called normalized lightcone principal curvatures. By the above proposition, we have

K (p) = (1/£§(u))/(,- (n” ,ns)(p).The normalized lightcone Gauss-Kronecker curvature of M is defined to be Ki(u) = detSpi.
Then we have the following relation between the normalized lightcone Gauss-Kronecker curvature and the lightcone
Gauss-Kronecker curvature:

- 1 n—2
Kei(u) = (%) Kzi(nT, ) (u).
0

It is clear from the corresponding definitions that the lightcone Gauss map, the normalized lightcone principal curvatures
and the normalized lightcone Gauss—Kronecker curvature are independent on the choice of the normal frame (n”, n%).

We say that a point u € U or p = X(u) is a lightlike umbilic point 1f5i = Ki(p)ld-rp . By the above proposition, p is a
lightlike umbilic point if and only if p is a (n”, n®)-umbilic point for any (n n’). We say that M is totally lightlike umbilic
if all points on M are lightlike umbilic. We also say that p is a lightlike parabolic point (briefly = -parabolic) if K i(u) =0.
Moreover, p is called a lightlike flat point if p is both lightlike umbilic and lightlike parabolic. The spacelike submanifold M
in S} is called totally lightlike flat if every point in M is lightlike flat.

3. Lightlike hypersurfaces

In this section we define the Lorentzian distance squared function in order to study the singularities of lightlike
hypersurfaces.
We define a hypersurface LH: : U x R —> S" by

LHy (u, 11) = X(u) + puL* (u).

We call LH,ﬁ the lightlike hypersurface along M. It is analogous to the Minkowski 4-space which is studied in [2], and has
been introduced by Izumiya and Fusho [4]. We introduce the notion of Lorentzian distance squared functions on spacelike
submanifold of codimension two, which is useful for the study of singularities of lightlike hypersurfaces. We define a family
of functions G : U x S — R on a spacelike submanifold M by

G(u, 2) = (X(u) — 2, X(u) — 1),

where p = X(u). We call G Lorentzian distance squared function on the spacelike submanifold M. For any fixed 1o € S, we
write g;, (u) = G(u, A¢) and have following proposition.

Proposition 3.1. Let M be a spacelike submanifold of codimension two and G : U x S — R the Lorentzian distance squared
function on M. Suppose that po = X(ug) # Ao and have the following:

(1) g1, (o) = 08, (ug)/0u; =0(i=1,...,n—2)ifand only if 1o = LHﬁ(uo, ) for some u € R\ {0}.
(2) &) = 083y (uo)/0u; = 0(i = 1,...,n — 2)and detHess (g,,)(ug) = 0ifand only if Ay = LH,j(uo, o) for some
Mo € R\ {0} and —1/u is one of the non-zero normalized lightcone principal curvatures '/Zi (po)-

We now naturally interpret the llghtllke hypersurface of the spacelike submanifold in ST as a wave front set in the theory
of Legendrian singularities. Let 71 : PT(S]) — ST be the projective cotangent bundles w1th canonical contact structures.
Consider the tangent bundle t* TPT*(S”) — PT*(S”) and the differential map dz* : TPT(ST) —> T(S}) of . For
any X € TPT*(S}), there exists an element « € T*(S]) such that 7¥(X) = [«]. For an element V e Ty(S}), the property
a(V) = 0 does not depend on the choice of representative of the class [«]. Thus, we can define the canonical contact
structure on PT*(S}) by

K = {X € TPT*(S}) | T=(X)(d7* (X)) = 0}.
On the other hand, we consider a point A = (Ag,A1,...,A;) € S}, then we have the relation %; =

\/A(z) — o =22, =22, —---— 2241 > 0 for some i. So we adopt the coordinate system (A1, ..., A;, ..., Ay) of the
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manifold S7. Then we have the trivialization PT*(S}) = S} x PR™ 1 and call ((Ag, ..., An), [& : --- : &]) homogeneous
coordinates of PT*(S), where [£; : - - - : &;] are the homogeneous coordinates of the dual projective space PR™ 1,

It is easy to show that X, € K if and only if } ' | ;& = 0, where @ = (x, [£]) and dnF(X.) = Y i, nid/dv; € TS},
Animmersioni : L —> PT*(S}) is said to be a Legendrian immersion if dim L = n — 1 and diy(T,L) C Kjq for any q € L. The
map 7 oiis also called the Legendrian map and the image W (i) = image (7 o i), the wave front of i. Moreover, i (or the image
of i) is called the Legendrian lift of W (i).

Let F : (R™" x R¥, (ug, Ag)) —> (R, 0) be a function germ. We say that F is a Morse family of hypersurfaces if the map
germ A*F 1 (R™! x R¥, (ug, A9)) —> (R", 0) defined by

i dF aF
AF=(F —, . .., ——
8111 31.1,1,1

is nonsingular. In this case, we have a smooth (k — 1)-dimensional smooth submanifold,

a1 P oF oF
Y.(F)=3Ww,A) e R x R", (ug, Ag)) |[F(u, A) = BTH(H’M =...= ™ l(u,)») =0,

and the map germ £r : (X, (F), (uo, Ao)) —> PT*R* defined by
dF oF
LrW, )= (v, | — @A) ——(W,A)
31.1] aun,1
is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol’d and Zakalyukin [6,7].
Proposition 3.2. All Legendrian submanifold germs in PT*R¥ are constructed by the above method.
We call F a generating family of £ (X (F)). Therefore the wave front is
1 oF oF
JueRr suchthatF(u,A):a—(u,)»):---:8 (u,A) =0¢.
uq

n—1

W (LE) = {A € RK

We call it the discriminant set of F. By proceeding arguments, the lightlike hypersurface LH,\f is the discriminant set of
the Lorentzian distance squared function G, and the singular point set of the lightlike hypersurface is a point 1y =
LH3E (ug, —1/% (po)). We have the following proposition.

Proposition 3.3. Let G be the Lorentzian distance squared function on M. For any point (u, A) € A*G~1(0), G is a Morse family
of hypersurfaces around (u, A).

Proof. ForA = (), ..., Ap) € ST, A; # Ofor some i. Without loss of generality, we assume that A, > 0 and local coordinates
around X in de Sitter space S7 is given by A = (%o, ... ,/A\k, .e., An_1), Where A, = \/1 + xg - )»% — --+ — Ay_1.]Jacobian of
A*G is given by
(X +50)
B(u, ») = e e
(vaui W — Y)Lln }"j)j:O ,,,,, n—1
i=1,..., n—2
where X(u) = Xo@),...,Xaw), Xy, = XouW),...,Xpy W) for (¢ = 1,...,n — 1). On the other hand,
A, X(u), Xy, (W), ..., Xy, , are linearly independent on (u, 1) € A*G™1(0), so that rank of n x (n — 1) matrix
Ao —A E —An—1 —An
Xo(u) X)) - —Xpa(u) —Xn(u)
XO,U<1 (u) _Xl,U1 (u) e _Xn—l,u1 (u) _XH,U1 (u)
Xo,u,_, (w) —X1u,_, w --- —Xn—1,up_y (w) —Xnu,_y (w)

is n. We subtract the first row multiplied by X, (1) /A, from the second row, and then subtract the first row multiplied by
Xn,u, (W) /Ay from the (2 + k)throw fork =1, ..., n — 2. We have

e SRy g R
0

B(u, 1) :
0

Therefore rank B(u, A) = n — 1. This completes the proof. O
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Since G is a Morse family of hypersurfaces, we have the Legendrian immersion 063 : X4 (G) —> PT*(S}) defined by

. G 296 G
Lo, A) =14, a—)q(u,k):~--:a—}%(u,k):u-:ﬁ(u,)\)

where L = (Ag, ..., Ay) and Z,.(G) = (A*G)~1(0) = {(u, L) € U x Stla= LH,ﬁ(u, ), n € R}. We observe that G is a
generating family of the Legendrian immersion Iéﬁ whose wave front set is the image of LHfo.

4. Contact with lightcones

In this section we use the theory of contacts between submanifolds due to Montaldi [8]. We define a set LC(S}),, =
LG, N S7 and call it a de Sitter lightcone.

Proposition 4.1. Let Ay € S| and M be a spacelike submanifold of codimension two without umbilic points satisfying 1@ # 0.
Then M C LC(SY),, ifand only if Aq is an isolated singular value of the lightlike hypersurface LH,ﬁ and LH,\f(U X R) C LC(SP),
Proof. We assume that M C LC(S]),,. By Proposition 3.1, there exists a smooth function & : U — R such that

X(u) = Ao + u(u) - (nT/;:/nS)(u). Therefore, LH,ﬁ(U X R) C LC(5]) 2,
We now show that Aq is isolated singularity. It follows that

JLHE —
S ) = (7 + mS)(w)
JLHE — —
M — T S T S P —
™" W, t) = py; (W@ + )W) + (¢t + p@)@ +0°), @ @G=1,...,n—2).
Then, we have
ALHE dLHE ILHE
P(u) := X(u) A u,t)y A u,e)n---A (u, t)
ot oy Olp_2

——

= (t+ )™ XW) A (M7 +05)() A @ + 105, (W) A A (M7 +05), ().

On the other hand, X(u) — Ag = u(u) - (n” + n®)(u) # 0is a lightlike vector and T,M are spacelike, so that X(u), X(u) —
Ao, Xy, (W), ..., Xy, , (u) are linearly independent. Therefore we have

0 £ X(u) A (X(W) — Ao) AXy, W A--- A Xy, , (W)

—~—

= @ X@) A (7 4 05) (W) A (0 4 08),, (W) A< A (0 +05), (1)

50 that X(u) A (0 + n)(u) A (07 + 05),, (W) A+~ A (0T + %), (u) # 0. Therefore P(u) = 0 if and only if ¢ -+ 1(u) = O.
This means that A, is an isolated singular value of LH;;. The converse is trivial. O

We remark that this proposition is generalization of Proposition 4.1 in [2]. We now consider the contact of spacelike
submanifolds of codimension two with lightcones due to Montaldi’s result [8]. Let X; and Y; (i = 1, 2) be submanifolds of
R" with dimX; = dim X, and dim Y; = dim Y,. We say that the contact of X; and Y at y; is the same type as the contact of
X, and Y, at y, if there is a diffeomorphism germ @ : (R", y;) —> (R", y,) such that ®(X;) = X, and @ (Y;) = Y. In this
case we write K (X1, Y1; ¥1) = KXo, Yo; ¥2).

Two function germs g1, : R",a) — (R,0) (i = 1,2) are K-equivalent if there are a diffeomorphism germ
® : (R",a;) — (R", ay), and a function germ A : (R", a;) —> R with A(a;) # Osuchthatf; = X - (g2 o ®@).In [8]
Montaldi has shown the following theorem.

Theorem 4.2. (Montaldi [8]) Let X; and Y; (for i = 1, 2) be submanifolds of R" with dimX; = dimX; and dimY; = dim Y>.
Let g : (Xi, X)) —> (R", y;) beimmersion germs and f; : (R", y;) —> (RP, 0) be submersion germs with (Y;, y;) = (fi’l(O),yi).
Then K (X1, Y1; ¥1) = K(Xa, Y2; y2). ifand only if fi o g4 and f, o g, are K -equivalent.

Returning to lightlike hypersurfaces, we now consider the function § : Sf xS} — Rdefined by §(x, 1) = (x—A, x—A).
For a given A, € S}, we denote g,,(x) = §(x, A9), then we have 9;01 (0) = LC(S])y,. For any uy € U, we take the point
}Loi = X(ug) + oL*(up) and have

(oni 0 X)(uo) = § o (X x ids») (uo, AE) = Gug, A¥) = 0,
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where py = X(ug) and o = —1/Eii(u0), i=1,...,n—1).Wealso have
a(g/\i o X)

G
3 (o) = - (uof)—o
Ui

It follows that the lightcone g (O) = LC(S})y, is tangent to M at py = X(up). In this case, we call each LC, £a tangent

lightcone of M at py.

We now review some notions of Legendrian singularity theory to study the contact between hypersurfaces and de Sitter
hyperhorospheres. We say that Legendrian immersion germs i; : (U;, uj)) —> (PT*R", p;) (j = 1, 2) are Legendrian equivalent
if there exists a contact diffeomorphism germ H : (PT*R", p;) —> (PT*R", p,) such that H preserves fibers of = and
H(U;) = U,. A Legendrian immersion germ at a point is said to be Legendrian stable if for every map with the given germ
there are a neighborhood in the space of Legendrian immersions (in the Whitney C*°-topology) and a neighborhood of the
original point such that each Legendrian map belonging to the first neighborhood has in the second neighborhood a point
at which its germ is Legendrian equivalent to the original germ.

Proposition 4.3 (Zakalyukin [9]). Let iy, i, be Legendrian immersion germs such that regular sets of w o i; and m o i, are
respectively dense. Then iy, i, are Legendrian equivalent if and only if corresponding wave front sets W (i;) and W (i,) are
diffeomorphic as set germs.

Let F; : (R" x RX, (g;, b)) — (R,c¢) (k = 1,2) be k-parameter unfoldings of function germs f;, we say F; and F,
are $-X-equivalent if there exists a diffeomorphism germ @ : (R* x R, (a1, b1)) — (R" x R, (ay, by)) of the form
@ (u, x) = (¢1(u, x), Po(x)) for (1, x) € R" x R* and a function germ A : (R" x R¥, (a1, b;)) — R such that A(a;, by) # 0
and F; (u, x) = A(u, x) - (F; o @)(u, X).

Theorem 4.4 (Arnol'd, Zakalyukin [6,7]). Let F, G : (R¥ x R",0) —> (R, 0) be Morse families and denote the corresponding
Legendrian immersion germs by Lr, L¢. Then

(1) £F and L are Legendrian equivalent if and only if F and G are $-X -equivalent.
(2) Lf is Legendrian stable if and only if F is K -versal deformation of f.
Let LHA% U, u) — (S”,)L,.i) (for i = 1, 2) be lightlike hypersurface germs of X; : (U, u;) —> (57, A;). We say
that LH,jl and LH; , are sA-equivalent if and only if there exist diffeomorphism germs ¢ : (U,u;) — (U, uy) and
. (ST, Ai) —> (S}, 23) such that ® o L = L o ¢. We denote g;+ : (U,u;) —> (R,0) by g ,+(w) = Gi(u, A}).
Then we have g; ,=(u) = (g; ,+ o X;)(u). By Theorem 4.2,

K(X1(U), LCyx: A7) = K(Xa(U), LG5 A5)

if and only ifgmf and 8,z are K -equivalent.
Let Q* (X, ug) be the local ring of the function germ gloi : (U, up) — R defined by

Q*(X, up) = C° (U)/(gl +)¢ GRw)>

where Ag = LH,ﬁ(uo, o) and C[f;’(U) is the local ring of function germs at uy with the unique maximal ideal 9t.

Proposition 4.5. Let F, G : (R x R",0) —> (R, 0) be Morse families. Suppose that Legendrian immersion germs £¢ and £
are Legendrian stable, then the following conditions are equivalent:

(1) (W(LE), A) and (W (L), 1) are diffeomorphic as set germs.
(2) £LF and L are Legendrian equivalent.
(3) Q(f) and Q(g) are isomorphic as R-algebras, where f = F |k, (o and g = G |gky(g)-

The proof is almost the same as that of Theorem 6.3 in [1], so that we omit it. By the above propositions, we have following
theorem.

Theorem 4.6. Let X; : (U, u;)) —> (S7, p;) (fori = 1, 2) be spacelike submanifold germs such that the corresponding Legendrian
immersion germs are Legendrian stable. Then the following conditions are equivalent:
1) Lightlike hypersurface germs LH,\% and LH,ﬁy2 are A-equivalent.

Legendrian immersion germs £ and £ are Legendrian equivalent
Lorentzzan dlstance squared functlon germs Gy and G, are - K -equivalent.

2)
3)
4) gLM and g 5, are K-equivalent.
)
)

5) K(Xa(U). LC,2: p1) = K(Xo(U), LG, pa)
6) Local rings QT (X4, u7) and Q*(X;, uy) are isomorphic as R-algebras.

~ N~~~
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Proof. Since LHM ; and LHM , are Legendrian stable, regular sets of LHM ; and LHM , are respectively dense, by Proposi-
tion 4.3, the conditions (1) and (2) are equivalent. And we apply Theorem 4.4, the conditions (2) and (3) are equivalent.
By the previous arguments from Theorem 4.2, the conditions (4) and (5) are equivalent. If we assume the condition (3),
then - -equivalence preserves the K -equivalence, so that the condition (4) holds. Since the local ring Q* (X;, u;) is X -
invariant, this means that the condition (6) holds. By Proposition 4.5, the condition (6) implies the condition (2). O

In the next section, we will prove that the assumption of the Theorem 4.6 is a generic property in the case whenn < 6.
In general we have the following proposition.

Proposition 4.7. Let X; : (U,u)) —> (ST, p;) (fori =1,2)be spacelike submanifold germs and regular sets of their lightlike
surfaces LHM are dense in U. If lightlike hypersurface germs LHM , and LHM , are A-equivalent, then

KX (U), LG, £; p1) = KXo (U), LC;£5 p2).
In this case, (X]_1 (LC)\i), uy) and (Xz_1 (LC)Li), u,) are diffeomorphic as set germs.
Proof. By Proposmon 43, 1fLHi v.1 and LH M.1 aT€ A-equivalent, then £i and £2 are Legendrian equivalent. By Theorem 4.4,

G; and G, are P-X- equnvalent so that g, AE and g, 3 are K- equ1valent Applying Theorem 4.2, the first assertion holds.

On the other hand, gi F 0) = (X; (LCA,i), u;) and KX -equivalence preserves the zero level sets, so that (X| (LCMi), uy) and

(XZ_1 (LCAzi), u,) are diffeomorphic as set germs. 0O

5. Generic properties

In this section we consider generic properties of spacelike submanifolds in S}. We consider the space of spacelike
embeddings Sp-Emb(U, ST) with Whitney C*°-topology. We define a function § : Sf x S{ — Rby §(x, ) = (x, A), and
denote gy(A) = §(x, A). Then g, is a submersion atx # A for any A € SY. For any spacelike submanifolds x € Sp-Emb(U, S}),
wehaveG=§ o (x x ids?). We also have the ¢-jet extensionj‘{G U xS — J4(U, R) defined byjﬁG(x, A) = jlg, (u). We

consider the trivialization J¢(U, R) = U xR xJ¢(n—1, 1). For any submanifold Q C J(n—1, 1), we denote Q = U x {0} x Q.
Then we have the following proposition as a corollary of Lemma 6 of Wassermann [10].

Proposition 5.1. Let Q be a submanifold of J*(n — 1, 1). Then the set
To = {x € Sp-Emb(U, S7) |j§Gi5 transversal to a}
is a residual subset of Sp-Emb(U, SY). If Q is a closed subset, then Ty is open.

We remark that if the corresponding Lorentzian distance squared function g, is £-deter- mined relative to X, then G is
a K -versal deformation if and only lf]]G is transversal to J<g o where JCé is the J-orbit through j¢ 8ig 0) e J(n—1,1).
Applying Theorem 4.4, this condition is equivalent to the condition that the corresponding Legendrian immersion germ is
Legendrian stable. From the previous arguments and the Appendix of [2], we have the following proposition. (See also [6].)

Theorem 5.2. if n < 6, there exists an open subset @ C Sp-Emb(U, SY) such that for any x € O, the corresponding Legendrian
immersion germ L is Legendrian stable.

6. Lightcone Gauss maps and lightcone height functions

In this section, we define the lightcone height function whose wave front set is the image of the lightcone Gauss map.
We define a lightcone height function H : U x Sf‘ —> R by Hu,v) = (X(u),v). For vy € Sf‘, we write
hy, (u) = H(u, vo) and have following proposition.

Proposition 6.1. Let H be the lightcone height function of spacelike submanifold X, then we have the following:

(1) H(ug, vo) = Hy;(up, vo) =0(i=1,...,n—2)ifand only if v = Ei(uo).

(2) H(ug, vo) = Hy;(ug, vo) =0(i =1, ...,n— 2)and detHess (h,,)(uo) if and only if vg = L* (ug) and Ki(uo) =0.
Proof. Let vo = AX(up) + n'n' (up) + n°n°(ug) + Z - EJX (uo) for some A, n', n°, & € R. By the assumption, we have

% =0,]n"| = |n°| and H'(uo, vo) = (g;j(uo)) & where H' = ‘(Hy,. ..., Hy,,), & = ‘(&1,.... & ) and (gy) is the first

fundamental form on M. Since (g;;(uo)) is regular, l:l/(uo, Vo) = 0if and only ifé = 0. Therefore we have vg = L* (up). The
converse of (1) is trivial. By the calculation,

(hj (o)) .

( 9°H ) - i 1
aul‘au]' (uOv UO) i - (( uillj(uo)v (UO)))U - Z(:)t(uo)
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where Eoi(uo) is the first component of L* (up) and (h? (up)) is the lightcone second fundamental form with respect to the

lightcone normal frame (n”, n®). Therefore Hess H (g, vo) is degenerate if and only if ug is a lightcone parabolic point. This
completes the proof. O

By the above proposition, the discriminant set of the lightcone height function is given by
Dy={ves'v=L*w),ueU}

which is the image of the lightcone Gauss map of M. The singular set of the lightcone Gauss map is the normalized lightcone
parabolic set of M.

Proposition 6.2. Let H is the lightcone height function on M. Then H is a Morse family of hypersurfaces around (u,v) €
A*H71(0).

Proof. We denote that X(u) = Xo(), ..., X;(w)), Xy; () = Koy, (W), .. ., Xpy; (W) and v = (vo, . . ., vy). Without the loss
of generality, we assume that v,, > 0. Therefore we denote a matrix B and C by

1 [ 0
. L*(u)
(v - Zxw) X()
B = Vi e - ’ C= Xul (u)
(Xj,ui () — ixﬂ,ul‘ (u))]::l ..... n—1 :
o X, , (1)

Then we have J(A*H) = (x|B) and det B = (—1)""2 det C/v,,.
On the other hand, determinant of a matrix

—1 0 —1 —1 % *k
o 1 © (—1 0|0 - 0\
(c = 0
0 1 0 0 (g

equals to — det(g;) # 0, where (gj) is the first fundamental form on M. This implies that both B and C are regular, therefore
rankJ(A*H) = n — 1. This completes the proof. O

By Proposition 3.2 and the above proposition, we have the Legendrian immersion OCIf : Xy(H) — PT*(Sf]) defined

by
9H 3H aH
Ly (U, v) = (A, |:8v1(u’ V) e g v) e e, v)D

where v = (vg, v1, ..., vy) € ST and T, (H) = {(u,v) € U | v = L (u), I?gt(uo) = 0}. The lightcone height function H
is the generating family of the Legendrian immersion OCﬁ whose wave front set is the image of lightcone Gauss map L*.

7. Contact with lightlike cylinders

In this section we describe contacts of submanifolds with lightlike cylinders by applying Montaldi’s theory.
Forany v € Sﬁ’r’], we define a lightlike cylinder along v by HP(v, 0) N 7. Itis an (n — 1)-dimensional submanifold in S}
which is isomorphic to S"2 x R. We observe that its tangent space at each point has lightlike directions.

Proposition 7.1. Let L* bea lightcone Gauss map of X. Then L* is a constant map if and only if M is a part of lightlike cylinder
HP(v, 0) N S" for some v € ST~ .

Proof. Necessity is trivial, so we prove sufficient condition. If M C HP(v, 0)NS", then v = o (u)n’ (u) + B (u)n® (u) for some
functions o, B : U — R. Since v is lightlike, we have « = |8| > 0. Therefore v = L*(u) for all u € U. This completes the
proof. O

We now consider the function # : S x Sﬂ’r_l —> R defined by #(x,v) = (x,v). Given vg € S'}:l, we denote
by (X) = H (X, vg), so that we have b;ol (0) = HP(vo, 0) N S7. For any ug € U, we take the point voi = LL*(ug) and have

(hup © X)(ttp) = ¢ 0 (X x idgn-1) (o, vE) = H(uo, vi) =0,
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where pg = X(ug). We also have
(0 X)
81,[,‘
It follows that the lightcone ! (0) = LC,, is tangent to M at py = X(up). In this case, we call LCvé: a tangent lightlike cylinder
Yo
of M at pg.

w0) = 2 (g, vty = 0
Ug —an Up, Vg ) = L.

Theorem 7.2. X; : (U,u;)) —> (S7,pi) (i = 1, 2) be spacelike submanifold germs and v; = ]Ijii(u,-). If the corresponding
Legendrian immersion germs are Legendrian stable. Then the following conditions are equivalent:

(1) Lightcone Gauss map germs E and i are A-equivalent.

(2 ) Legendrian immersion germs °C and £ are Legendnan equivalent.
(3) Llfhtcone height function germs H 1 and H2 are $-XK-equivalent.

(4) hy,, and h2 s, are X-equivalent.

(5) KXa(U), HP(UL 0) NSY; p1) = K(Xz2(U), HP(v2, 0) N SY; p2)

Proof. This proof is similar to the proof of Theorem 4.6. O
We observe that the assumption of the Theorem 7.2 is a generic property in the case whenn < 6.

Proposition 7.3. Let X; (fori = 1,2) be spacelzke submanifold germs and regular sets of their lightcone Gauss maps JL are
dense in U. If lightcone Gauss map germs ]L and ]L are A-equivalent, then we have

K(X1(U), HP(vy", 0) NS} p1) = K (X2 (U), HP(v;", 0) N ST; p2)
In this case, (Xfl (HP(UT, 0) NSH), uq) and (X;1 (HP(vzi, 0) N ST), uy) are diffeomorphic as set germs.

The proof of this proposition is almost the same as Proposition 6.5 in [1], so that we omit it. We call (Xi_] (HP(vii, 0)NSTH, up)
a tangent lightlike cylindrical indicatrix germ of M; at po.

8. Classification in de Sitter 4-space

In this section we consider the case of n = 4 and classify singularities of lightlike hypersurface and lightcone Gauss map.
We also give some examples of spacelike surfaces in de Sitter 4-space.
We now define X -invariants of spacelike surfaces in de Sitter space. For open subset U C R? and spacelike submanifold
X:U— Sf, we define the KX -codimension (or Tyurina number) of the function germs h +, g,+ and corank of h +, g, + by
0 0 0 0
H-ord™ (X, o) = dim C5¢ /{h, (o), dh,+ (to) /dui) e,
H-corank® (X, ug) = 2-rank Hess (h, (o)),
G-ord™ (X, up) = dim G /(g,:+ (o). g, (uo) /D)y
G-corank® (X, up) = 2-rank Hess (gﬁ (up)),
where v = T*(up) and AF = X(uo) + to.
Theorem 8.1. Let Sp-Emb(U, SY) be the set of spacelike submanifolds. We have open dense subset © C Sp-Emb(U, S{) such
that for X € 0O, voi = L*(up) and )L(f = LH,j(uo, to), we have the following:

@)) )L(f is an singular value of LH;; if and only if G-corank® (X, ug) = 1o0r2.
(2) If G-corank™ (X, ug) = 1 then there are distinct principal curvatures E]i % such that & ;é 0t =—1 /Zli and LHlﬁ has

the Ay-type singularity (k = 2, 3, 4) at (ug, t). In this case we have G-ord~ (X, up) = k
(3) If G-corank* (X, ug) = 2 thenug is an non ﬂatumbzhcpomtand th = —1//(1i In this case, LHi has the i)+ -type or D, -type
singularity at (u, to). In this case we have G-ord* (X, ug) = 4.

where the singular type of LH,\ﬁ is A-equivalent to one of the map germs f : (R?, 0) — (R*, 0) in the following list:

(A2)  flug, up, us) = (37, 2u3, us, Up)

(A3)  f(uy, up, us) = (4u + 2uquy, 3uf + upud, uy, u3)

(Asg) fuq, up, u3z) = (Su‘]1 + 3u2uf + 2u4us, 4u‘r} + 2u2u‘;3 + llgll%, Uy, U3)
(D) flur,uz,u3) = U3 + 13) + wuaus, 3u3 + upus, 3u3 + Uiz, us)

(D) flur, uz, u3) = 2T — ugu3) + (U3 + u3)us, u3 — 3uf — 2uqUs, Uslly — Ulis, Us).
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Proof. By Proposition 3.1, if Aoi is singular value then G-corank® (X, ug) < 2. By Theorem 5.2, there exists an open subset
O C Sp-Emb(U, S}) such that for any X € ¢, corresponding Lorentzian distance squared function G is a versal deformation
ofg;’;. By Thom'’s classification of function germs, g;f) is K -equivalent to 4-type germ (k = 2, 3, 4) or :Df—type function
germ, so that we have G-corank* (X, ug) > 1, therefore (1) holds. Ifg;% has A-type singularity, then it is K -equivalent to

f(uy,up) = u% + u’f’l and G-ord* (X, uy) = k. Since the corresponding lightlike hypersurface LH,j is the discriminant set
of the Lorentzian distance squared function G, therefore (2) holds. If g;f) has JDki—type singularity, then it is X -equivalent to

f(uy, up) = u? + uqu3 and G-ord* (X, u) = 4. This completes the proof. O

We remark that corresponding tangent lightcone indicatrix germ is diffeomorphic to the following list:
(A2)  {(u1,up) € (R?,0) | u? 4+ u3 = 0} (ordinary cusp)
(A3) {(u1, up) € (R?,0) | u? & uj = 0} (tacnode or a point)
(A1) {(u1,u) € (R?,0) | u? 4+ uj = 0} (rhamphoid cusp)
(D) {(u1,uz) € (R?,0) | uy +up = 0} (aline)
(D) {u,up) € (R*,0) | uj — uyu5 = 0} (triple point).

For normalized Gauss maps, we have following results.

Theorem 8.2. There exists an open dense subset ©’ C Sp-Emb(U, S}) such that for any X € ¢’, the following conditions hold.

(1) ug is.an zi-parabolicgoint if and only if H-corank™ (X, up) = 1 (that is, ug is not a flat point).

(2) The L*-parabolic set K[l (0) is a regular curve. Along the curve L* has cuspidal edge points except at isolated points. At this
points LL* has swallowtail points.

(3) If L* has the cuspidal edge points, then hyz is K -equivalent to @ +1ud) : (R?,0) — (R, 0) and H-ord* (X, up) = 2.In
this case, the tangent lightlike cylindrical indicatrix germ is an ordinary cusp.

(4) If L* has the swallowtail points, then hvoi is K-equivalent to (u? £ u3) : (R?,0) —> (R, 0) and H-ord*(X, up) = 3.In
this case, the tangent lightlike cylindrical indicatrix germ is a tacnode or a point.

where L% has cuspidal edge point if 1% is A-equivalent to (3u?, 2u3, u;) : (R?,0) —> (R3, 0), and L* has swallowtail point

if L* is A-equivalent to (4u3 + 2uquy, 3u] + upu?, up).

Proof. By Proposition 6.1, the condition that v(f is singular value is equivalent to the condition H-corank® (X, ug) > 1. By

Theorem 5.2, there exists an open subset @’ C Sp-Emb(U, S7) such that for any X € 0, corresponding lightcone height
function H is a versal deformation of hv(:]t. By Thom’s classification of function germs, hvo:t has #-type singularity (k = 2, 3)

and H—corankf (X, ug) = 1, therefore (1) holds. On the other hand, the condition H-corank*(X, g) = 1 means that the
parabolic set K[1 (0) is a part of curves. If h‘% has +,-type singularity, then it is K -equivalent to f (uy, uy) = u% + u% and
H-ord* (X, up) = 2. Since the corresponding lightcone Gauss map L* is the discriminant set of the lightcone height function
H, therefore (3) holds. If hv§ has +#3-type singularity, then it is K -equivalent to f (uq, u;) = u? + ug and H-ord* (X, ug) = 3,
therefore (4) holds. On the other hand, the swallowtail points are isolated points, therefore (2) holds. This completes the
proof. O

Example 8.3. Letf : (U, 0) — R, f(0) = f,,(0) = 0 and spacelike submanifold M = X(U) in S| by

Xr(uy, Up) = <f(u), 0, \/1 +fW)? —u? —us, uy, u2> .

Iff =3 —u3+ 2uk*T) for some k = 2, 3, 4, then LH;, and LH,, have A,-type singularities at A7 = LH:: (0, 1). In this
case, the corresponding tangent lightcone indicatrix germs (XEI(LC)LO:t), 0) are {(uq, uz) | u% + u’l‘Jrl = 0}.

Iff = 2(u? +u + u} + uyu3), then LH;; and LH,; have D} -type singularities at A = LH;; (0, —1), Ay = LH,; (0, —1).
The corresponding tangent lightcone indicatrix germs are {(u1, uy) | u? + u1u§ = 0}.

Iff = %u% — %u'ﬁ“ for some k = 2, 3, then both L™ and L.~ have A-type singularities at the origin. The corresponding
tangent lightlike cylindrical indicatrix germs are ordinal cusp (k = 2) and tacnode (k = 3).
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