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1. Introduction

The notion of stability for hypersurfaces of constant mean curvature of Riemannian ambient spaces was first studied by
Barbosa and do Carmo in [1], and Barbosa, do Carmo and Eschenburg in [2], where they proved that spheres are the only
stable critical points of the area functional for volume-preserving variations. Later, in [3], Barbosa and Colares formulated
the notion of stability for hypersurfaces of constant r-th mean curvature, thus extending the results of [2].

In relation to the Lorentz context, in 1993, Barbosa and Oliker [4] obtained an analogous result, proving that constant
mean curvature spacelike hypersurfaces in Lorentz manifolds are also critical points of the area functional for variations
that keep the volume constant. They also computed the second-variation formula and showed, for the de Sitter space S’}“,
that spheres maximize the area functional for volume-preserving variations; more precisely, in [4] it is proved that if M" is
a complete spacelike immersed hypersurface in S']’“, with constant mean curvature H, then M" is stable if M" is compact,
H? > 1or H? < 4(n — 1)/n?. This result was extended to the case of complete spacelike hypersurfaces with constant r-th
mean curvature in de Sitter space by Brasil and Colares, in [5].

More recently, the second author, jointly with Barros and Brasil [6], has studied the problem of strong stability (that
is, stability with respect to not necessarily volume-preserving variations) for spacelike hypersurfaces with constant mean
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curvature in a Generalized Robertson-Walker (GRW) spacetime, giving a characterization of maximal and spacelike slices.
In [7], Liu and Yang studied the analogous problem for spacelike hypersurfaces with constant scalar curvature.

Here, motivated by the works [6,7], we consider spacelike hypersurfaces with constant r-th mean curvature in
Robertson-Walker (RW) spacetimes, that is, GRW spacetimes whose Riemannian fiber has constant sectional curvature,
in order to classify the strongly r-stable ones. More precisely, we prove the following result.

Theorem 1.1. Let M:H = I x4 F" be a Robertson-Walker spacetime of constant sectional curvature ¢, and x : M" — M:H
be a closed, strongly r-stable, spacelike hypersurface. If the warping function ¢ is such that H,¢” > max{H,,1¢’, 0} and the set
where ¢’ = 0 has empty interior on M", then M" is either r-maximal or a totally umbilical slice {so} x F.

As an immediate consequence of the previous result, we obtain the following corollary in the de Sitter space.

Corollary 1.2. Let x : M" — S’;‘H be a closed strongly r-stable spacelike hypersurface. Suppose that the set of points in which

M™ intersects the equator of S’f“ has empty interior. If H, > max{H,, 0}, then M" is either r-maximal or an umbilical round
sphere.

2. r-stability of spacelike hypersurfaces

—n+1 . . . . P— v
In what follows, M""" denotes a time-oriented Lorentz manifold with Lorentz metric g = {(, ), volume element dM and

R . . =1 . . . —n+1 . .
semi-Riemannian connection V. In this context, we consider spacelike hypersurfaces x : M" — M, namely, isometric
immersions from a connected, n-dimensional orientable Riemannian manifold M" into M. We let V denote the Levi-Civita
connection of M".

If M is time-orientable and x : M" — M isa spacelike hypersurface, then M" is orientable (cf. [8]) and one can choose
a globally defined unit normal vector field N on M™ having the same time orientation of M. One says that such an N points
to the future.

In this setting, let A denote the corresponding shape operator. At each p € M", A restricts to a self-adjoint linear map
Ay : T,M — T,M.For 1 <r < n,letS,(p) denote the r-th elementary symmetric function on the eigenvalues of Ay; in this
way one gets n smooth functions S; : M" — R such that

det(tl — A) = Z(—1)’<s,<t"—",
k=0

where Sy = 1Dby definition. If p € M" and {e,} is a basis of T,M formed by eigenvectors of Ap, with corresponding eigenvalues
{A}, one immediately sees that

S, = (7,()\.], ey )hn)s

where o, € R[Xq, ..., X;] is the r-th elementary symmetric polynomial on the indeterminates Xy, ..., X,.
For 1 < r < n, one defines the r-th mean curvature H, of x by
n T
(7)H = s = or(=ae e =),

. —n+1 S .
A spacelike hypersurface x : M" — M"" such that Hy11 = 0 on M" is said to be r-maximal.
For 0 < r < n one defines the r-th Newton transformation P, on M" by setting Py = I (the identity operator) and, for
1 < r < n, via the recurrence relation

P, = (—=1)'S.I 4+ AP,_;. (2.1)
A trivial induction shows that
Pr= (1) (S — Si_1A+ S, oA — - 4+ (= 1)'A),

so the Cayley-Hamilton theorem gives P, = 0. Moreover, since P, is a polynomial in A for every r, it is also self-adjoint and
commutes with A. Therefore, all bases of T,M diagonalizing A at p € M" also diagonalize all of the P; at p. Let {e;} be such a
basis. Denoting by A; the restriction of A to (e;)* C T, X, itis easy to see that

n—1
det(tI —A,-) = Z(_l)ksl<(Ai)tn7]7k,
k=0
where

SCA) = Y hjye
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With the above notation, it is also immediately checked that P,e; = (—1)'S, (A;)e;, and hence (Lemma 2.1 of [3])
(a) Sr (Al) = Sr - )‘-isrﬁl(Ai):
(b) tr(Py) = (=1)" Y i Sr(A) = (=1)"(n —1)S; = b;H,;
(0) tr(AP) = (—1)" 21, MiSe(A) = (1) (r + 1)S41 = —brHyy1;
(d) tr(A’P) = (=)' YL APS (A) = (=1)"(51Sr41 — (F + 2)Sr42),
where b, = (n —r) (7).
Associated with each Newton transformation P, one has the second-order linear differential operator L, : HD(M) —
D(M), given by

L.(f) = tr(P,Hessf).
According to [9], if MH-H is of constant sectional curvature, then P, is a divergence-free and, consequently,
L (f) = div(P V).

For future use, we recall Lemma 2.6 of [10]: if (a;) denotes the matrix of A with respect to a certain orthonormal basis
B = {ex} of T,M, then the matrix (a{j) of P, with respect to the same basis is given by

DS ey 22
& = r! i1~-iriaJl'17 oo Qrips (22)
C ikk=1
where

i _ isgn(cr), if the iy are pairwise distinct and o = (ji) is a permutation of them;
ii-ir 7 )0, else.

If x is as above, a variation of it is a smooth mapping
—n+1
X:M"x (—€,€) — M
satisfying the following conditions:

(1) Fort € (—¢, €),themap X; : M" — M"H given by X; (p) = X(t, p) is a spacelike immersion such that X, = x.
(2) thaM = x|3M, forallt e (—E, 6).

In all that follows, we let dM,; denote the volume element of the metric induced on M by X; and N, the unit normal vector
field along X;.

The variational field associated with the variation X is the vector field g—’f 0" Letting f = — (‘3—’; N[>, we get
X ax\"
— =fNe+{|— ) , 23
= (5) @2.3)

where T stands for tangential components.
The balance of volume of the variation X is the function V : (—e, €) — R given by

V(t) 2/ X*(dM),
Mx[0,t]
and we say that X is volume-preserving if 'V is constant. The following lemma is classical (cf. [11]).

Lemma 2.1. Let M"H be a time-oriented Lorentz manifold and x : M" — MHH a closed spacelike hypersurface. If X :
M" x (—e,€) — M is a variation of x, then
d—v = / fdM;.
dt M
In particular, X is volume-preserving if and only if foth = O0forallt.
We remark that Lemma 2.2 of [2] remains valid in the Lorentz context, i.e., if fo : M — R is a smooth function such that

f wJodM = 0, then there exists a volume-preserving variation of M whose variational field is foN. Moreover, if we drop the

requirement that the variation is volume-preserving (or, which is the same, that f wJodM = 0), the argument of that lemma
always gives a variation whose variational field is fyN.

In order to extend [3] to the Lorentz setting, we define the r-area functional A, : (—e€,€) — R associated with the
variation X by

mmzfﬂ@&w”mmn
M
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where S, = S, (t) and F, is recursively defined by setting Fp = 1, F; = —S;and,for2 <r <n —1,
cn—r—+1)
F= (18— ———F_.
r—1
The next step is the Lorentz analogue of Proposition 4.1 of [3]. Since it seems to us that their proof only works on a
neighborhood free of umbilics, and in order to keep this work self-contained, we present an alternative one here.

—n1 . . . It

Lemma 2.2. Let x : M" — M:+ be a closed spacelike hypersurface of the time-oriented Lorentz manifold M:+ with constant
. —n+1 L

sectional curvature ¢, and let X : M" x (—e€, €) — M: be a variation of x. Then,

8Sr-H
at

. ) ax\ "
= (—1)r+ [er +c tr(PT)f - tr(A Pr)f] + (a) 5 VS,.H . (2.4)

Proof. Formula (2.2) gives
1
T+ DSrp1 = (=)' tr(AP) = (=1 Y _ ajaf = . > e ta a0,
i " el

where the functions 5r+1 are seen as functions of t. Therefore, differentiation with respect to t gives

— 1 Jri e .. Y
r+DS, = E , .. i iy - Qi @i o Gy G 0]
’ IJ ik.Jk
r+1
_ 1 1 o
- ! Z : E{] lrlajla]]'] iy
T igikJk

. 9A
VDTG = 1+ D (5pr).

Now, it is enough to compute (—1)"tr (5P,). Fix p € M and let {e;} be a moving frame on a neighborhood U C M of p,
geodesic at p. Then

Sl = (=1 tr( ) =(-1" Z< Pek,ek> ZST(A:<)<(V%A> ek,ek>
[
= ZS,(Ak [( aerk,€k> (AV%Ek,EkH

- Z S, (Ay) (V%Vekw, ek> - Z S (A AV, 0X /3t ey,

where we have used that [0X/dt, e;] = 0 in the last term.
If R denotes the curvature tensor of M, we have

R(ey, dX/0t)N = V%VekN — Ve,<V%N + V[ek (LX]N.

*at

Thus, by using also (2.3),

St == S [(R(ek, X /DN, e) + <V VN, ek>] — 35 (A0 (Ve N + (0X/90) 7). Aey).
k k

Since that the ambient spacetime is of constant sectional curvature, this yields that
RX, Y)W, Z) = c{(X, W)Y, Z) — (X, Z){Y, W)}.
Then
Sp1 = — Zsr(Ak)C«ek» N){9X/at, ex) — (e, ex) (90X /9t, N))
k

= 5 A0 (Vo TN ) = D 5140 ey, TewN) — D 5,40 (Ve (0X/00) T, Acy)
k k k

—¢ 2 2SA0f = 15 Ae{ VN, eu) + 305 (40 (e, Ve
K

— DS (A {Aer, fVeN) — Y S (Ade(Aer, (0X/00) ) + ) S (A (Ve Ae, (0X/00)T).
k k k
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On the other hand, the frame {e;} is geodesic at p; then
<€%XN, i,(e,() - <V?TXN, N> (N, Ve e0).
t at
Therefore, by using the expression for the trace of the operator P,, we get
—(V ] + 31 PN, Ve

’
Sr+1

= 205 @0 (TN NJ N, T +£ D 540 e, Aey)
k k

— Y (=DPeclAer, (X/90 1) + ) S (A (Ve A, (9X/00)T)
k k

—(=1)ctr(P)f + ) _(—1)'Prex(N, Ve, 0X/0t) +f Y (—1) (APey, Aex)
k k

— > (=1 Prer(Aer, 0X/0t) + Y (=) (Ve Aer, (0X/00) )
k k

—(=D'ctr(P)f — Z(—l)r (Prever(f) + Prex(Ve,N, 90X /dt))
k

+ (=)@ P)f = Y (= 1) Prex(Aer, 8X/dt) + (=1)" <Z VreAek, (aX/at>T> :
k k

Now, by using Codazzi’s equation, we have

> Veehe = Y (Ve APre + AlPrer. e]) = Y Vo (—1)'Seial + Prp)e+ Y A(Vpeer — Ve Prer)
k k k

k

= Z(_l)rek(sr+1)9k + Z Ve Pri1ex — AV Prey
k k

= (=1)"divS; 11 + div(P; 1) — A(divP) = (—=1)" V5,44,
since that the operators P, are free of divergence. Hence
Siiq = (=)™ (ctr(Pf + Lf — tr(A*P)f) + (VSp4q, (0X/00) ). O

The previous lemma allows us to compute the first variation of the r-area functional.

Proposition 2.3. Under the hypotheses of Lemma 2.2, if X is a variation of x, then
AL = f (=1 4 DS + 61 dM,, (25)
M

where ¢, = 0 if r is even and ¢, = —%(—C)“W2 if s odd.

Proof. We make an inductive argument. The case r = 0 is well known, and for the case r = 1 we use the classical formula
(see Lemma 4.2 in [3])
d
8—th = [—S:f + div(8X/8t) T 1dM,
t

to get

d
A =/F1’dM[+/ Fy—dM;
M M 8[

—f s;th—f Fi[=S1f + div(dX/at)T1dM,
M M

= /[Af — (2 = 28))f +ncf — ((3X/3) T, VS;) + Sf — S;div(3X/dt) T 1dM;
M

= / 2S,fdM; + nc / fdM, — / div (S1(3X/00) ") dM;
M M M

- / (25, + no)fdM,
M

where in the last equality we have used that M is closed.
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Now, if r > 2, the induction hypothesis and (2.4) give

9
A, = [ F;th+/ F. —dM;
M M 3t

= / [(—1)r5,’ - MFLJ dM, +/ ((_1)fsr _ MF}72> ﬁth
M r—1 M r—1

- /(_1)r ! + S, [=Sf + div (9X/d0)"1} dM, — cn-r+D U F,’,sztJr/ FrzadM[:|
M r—1 M M 0
cn—r—+1) o

= /(—Dr {S; = SiS:f + Sidiv (X /00)" } dM, — — -
M —

= / [ctr(Pr)f + Lyof — (AP )f + (—1)(VS,, (9X/00)T)] dM,
M

cn—r+1) ,

+ (=1 / (=S1S:f + Sdiv (X /0t)") dM, — AL,
M

r—1

= / [c(=D"" =1+ DS_1f — (=D (S1S; — (7 + DSp1)f | dM,
M

+(—1)f/ (VS,, (BX/at)T)de—i-/ ((=D™'S1S:f + (—=1)"S,div (3X/3t) ") dM,
M M

_c(n—r+1)

/ (=1 = 1)S,_1 + 6o 1fdM,
r—1 M

cn—r+1
= / [(—1)r+1(r + 1S — (7:_)cr,2]fth + (—1)r/ div(S, (3X/at) ")dM;.
M r— M
It now suffices to apply the divergence theorem and note that ¢, = — %q,z. O

In order to characterize spacelike immersions of constant (r 4+ 1)-th mean curvature, let A be a real constant and
r : (—€, €) — R be the Jacobi functional associated with the variation X, i.e.,

Fr(t) = AL(t) — AV().
As an immediate consequence of (2.5) we get

3’; (t) = / [err+1 +c - )\lftha
M

where b, = (r + 1) (., ). Therefore, if we choose A = ¢, + b,H,1(0), where

— 1
a0 = & /M Hy41(0)dM

is the mean of the (r 4 1)-th curvature H;1(0) of M, we arrive at

7.6 = b, / [Hr 1 — Hy 41 (O dM,.
M

Hence, a standard argument (cf. [1]) shows that M is a critical point of g, for all variations of x if and only if M has constant
(r + 1)-th mean curvature.

. - . —n+1 - . . .

We wish to study spacelike immersions x : M" — M """ that maximize g, for all variations X of x. The above discussion

shows that M must have constant (r 4+ 1)-th mean curvature and, for such an M, leads us naturally to compute the second
variation of g,. This, in turn, motivates the following:

- —n+1 . . —n+1 .
Definition 2.4. Let MZJr be a Lorentz manifold of constant sectional curvature c,and x : M" — M" "' be a closed spacelike
hypersurface having constant (r + 1)-th mean curvature. We say that x is strongly r-stable if, for every smooth function
f:M — R,onehas g/(0) < 0.

The sought formula for the second variation of g, is another straightforward consequence of Proposition 2.3.

Proposition 2.5. Let x : M" — MZH be a closed spacelike hypersurface of the time-oriented Lorentz manifold M?H, having

—n+1 .
constant (r + 1)-mean curvature H, 1. If X : M" x (—¢, €) — M:Jr is a variation of x, then

g0 =@+1 / [ (F) + c tr(P)f — tr(A*P,)f | fdM. (2:6)
M
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3. r-stable spacelike hypersurfaces in RW spacetimes

. . . —n+1 . —ntl, . .
As in the previous section, let M""" be a Lorentz manifold. A vector field V on M is said to be conformal if

Ly () =2¥(,) (3.1)

for some function ¢y € C*°(M), where £ stands for the Lie derivative of the Lorentz metric of M. The function v is called
the conformal factor of V. . .

Since Ly (X) = [V, X] forall X € X (M), it follows from the tensorial character of £y that V € X (M) is conformal if and
only if

(VXV,Y) 4+ (X, VyV) = 2 (X, Y), (3.2)

forall X, Y € X(M). In particular, V is a Killing vector field relative to g if and only if y» = 0.

Any Lorentz manifold M"H possessing a globally defined, timelike conformal vector field is said to be a conformally
stationary spacetime.

In what follows we need a formula first derived in [9]. As stated below, it is the Lorentz version of the one stated and
proved in [12].

Lemma 3.1. Let M:H be a conformally stationary Lorentz manifold having constant sectional curvature c and conformal vector
fieldV. Letalsox : M" — M:H be a spacelike hypersurface of M?H and N be a future-pointing, unit normal vector field globally
defined on M". If n = (V, N), then

b,

Ly = tr(A’P)n — ctr(P)n — byHN () + by Hr a9 + ——

(V, VH;11), (3.3)

where i : M S Ris the conformal factor of V, H; is the j-th mean curvature of x and VH; stands for the gradient of H; on
M.

A particular class of conformally stationary spacetimes is that of generalized Robertson-Walker spacetimes, or GRW for

short (cf. [13]), namely, warped products Mt = x4 F", where I C R is an interval with the metric —ds?, F" is an n-
dimensional Riemannian manifold and ¢ : I — R is positive and smooth. For such a space, let 7; : M"™! — [ denote the
canonical projection onto the I-factor. Then the vector field

d
V= (¢om)£

is a conformal, timelike and closed (in the sense that its dual 1-form is closed) one, with conformal factor v = ¢’, where
the prime denotes differentiation with respect to s. Moreover (cf. [14]), for so € I, the (spacelike) leaf MS’:) = {so} x F"is
¢’ (s0)
N o) i

M =1 x¢ F"isaGRWandx : M" — M isa complete spacelike hypersurface of M"" , such that ¢ o 77y is limited
on M, then mg|y : M™ — F" is necessarily a covering map (cf. [13]). In particular, if M" is closed then F" is automatically
closed.

Also, recall (cf. [8]) that a GRW as above has constant sectional curvature c if and only if F has constant sectional curvature
k and the warping function ¢ satisfies the ODE

o _ @tk

¢ ¢*

—ntl, . .
In such cases, M s simply a Robertson-Walker (RW) spacetime of constant sectional curvature.
We can now state and prove our main result, which generalizes the main theorems of [6,7].

totally umbilical, with umbilicity factor —

with respect to the future-pointing unit normal vector field N.

Theorem 3.2. Let M?H = I x4 F" be a Robertson-Walker spacetime of constant sectional curvature ¢, and x : M" — M:H
be a closed strongly r-stable spacelike hypersurface. If the warping function ¢ is such that H,¢” > max{H,,¢’, 0} and the set
where ¢’ = 0 has empty interior on M, then M" is either r-maximal or a totally umbilical slice {sy} x F.

Proof. Since M" is strongly r-stable then

0>g'0)=(r+1) / [Lr (f) + ctr(P)f — tr(A*P,)f | fdM
M

for all smooth f : M — R.In particular, if f = 5, where (asin Lemma 3.1)n = (V,N) = ¢ (i N), and we take into account

as’
that H, 14 is constant on M, then

Lrn +c tf(Pr)ﬂ - tr(AZPr)n = _errN(¢/) + err+1¢/,
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and so
/ [~H:N (@) + Hy+19'] < N> <0 (34)
M

Now, observe that V¢' = —(V¢/', 2)2 = —¢" 2 and hence

N(@) =(N,V¢') = —¢" <N, aas> = ¢" cosh¥,

where 6 is the hyperbolic angle between N and <. Substituting the above into (3.4), we finally arrive at

f [Hr¢" cosh® — Hyy1¢'] ¢ cosh6dM < 0.
M

Arguing as at the end of the proof of Theorem 1.1 of [6], we get
H;¢"(coshd —1) =0 and H,¢" = H 19’

on M. Since H, 1 is constant on M, either M is r-maximal or H;; # 0 on M. If this last case happens, the condition on the
zero set of ¢ on M, together with the above, gives H,¢” # 0 in a dense subset of M, and hence cosh = 1 on this set. By
continuity, coshd = 1on M, so M isaslice. O

. . T . R s .

The above result has an interesting application in the case in which MZ is the de Sitter space of constant
sectional curvature 1. For this, we make a brief description of this spacetime. Let L"*2 denote the (n + 2)-dimensional
Lorentz-Minkowski space (n > 2), that is, the real vector space R"*2, endowed with the Lorentz metric

n+1
(v, w) = Z ViWi — Uny2Wn42,
i=1
for all v, w € R™?2, We define the (n 4+ 1)-dimensional de Sitter space S’}“ as the following hyperquadric of L"*+2:
Sn+l {p e ]LI‘H-Z (p p) _ -1}

From the above definition it is easy to show that the metric induced from (, ) turns Sq“ into a Lorentz manifold with constant
sectional curvature 1.

Choose a unit timelike vector a € L"*?; then V(p) = a— (p, a)p,p € S’l’“ is a conformal and closed timelike vector field.
It foliates the de Sitter space by means of umbilical round spheres M, = {p € S’]‘+1 1 {p, a) = t}, T € R.The level set given
by {p € S’l’“ : (p, a) = 0} defines a round sphere of radius 1 which is a totally geodesic hypersurface in S’l'“. We will refer
to that sphere as the equator of S’l'“ determined by a.

In the context of warped products, the de Sitter space can be thought of as the following RW:

STH = —R Xcoshs S,
where S" means the Riemannian unit sphere. We observe that there are lots of possible choices for the unit timelike vector
a € L™ and, hence, a lot of ways to describe Sq“ as such a RW (cf. [14], Section 4). We notice that in this model, the
equator of S'l'“L1 is the slice {0} x S™ and, consequently, ¢’(s) = sinh s vanishes only in this slice.

In this setting, from Theorem 3.2, we obtain the following:

Corollary 3.3. Let x : M" — S’f“ be a closed strongly r-stable spacelike hypersurface. Suppose that the set of points in which

M™ intersects the equator of S’{“ has empty interior. If H, > max{H,, 0}, then M" is either r-maximal or an umbilical round
sphere.
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