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1. Introduction

We present a mathematical setting in which we can study the Lyapunov stability of nongeneric equilibria of a conservative
dynamical system. We apply this setting to the case of nongeneric equilibria with spin for underwater vehicles with
noncoincident centers.

Let (M, g) be a finite dimensional Riemannian manifold and X € X(M) a smooth vector field with x, an equilibrium point
for the dynamics generated by the vector field X. Our interest in this paper is to give sufficient conditions for Lyapunov
stability of the equilibrium point in some degenerate case that will be explained in the following. Typically, for degenerate
cases we do not obtain stability with respect to all the variables of the manifold M, but for some cases we can obtain stability
with respect to a part of the variables determined by an invariant submanifold.

From the geometry of the problem a set of constraint functions Fy,...,F, : M — R is known. In the Hamilton-
Poisson case of underwater vehicles with noncoincident centers, the constraint functions are given by Casimir functions
and sub-Casimir functions, see [1-4]. A nongeneric equilibrium point X, is a non-regular point for the function F =
(Fq, ..., Fy), i.e. grad Fi(x.), ..., grad F(x.) are linear dependent vectors in T,,(M). In the context of Hamilton-Poisson
systems nongeneric equilibria are points that belong to singular symplectic leaves and their stability have been extensively
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studied in [1,4-9]. Nevertheless, in some cases one can find a submamfold Xe € M C M and a subset F, ..., Fj, of the
constraint functions such that x, is a regular point for F,1 =F 5 VIR F =F, i ‘M — R.
We 1ntroduce the submanifold S C M as the preimage of the regular value (F, (xe), .. Fiq(xe)) € RY. We work in the

hypothesis that Se is invariant under the dynamics generated by X. The direct method of Lyapunov for the induced dynamics
on S, becomes: suppose there exists a smooth function G, : S, — R such that:

(i) Ge = dGe(X‘SE) <0,
(ii) dGe(xe) =0,
(iii) the Hessian matrix J{Ge(xe) is positive definite,

then x, is a stable equilibrium point for the induced dynamics on the leaf Se

A special case is when M is an invariant submanifold under the dynamics generated by the vector field X, F, .. qu
are conserved quantities for this induced dynamics, and G : M — Ris also a conserved quantity with the property that
G‘s = Ge If moreover:

() d(G\se)(Xe) =0,
(b) the Hessian matrix 9{ O3 (x.) is positive definite,
then x, is a stable equilibrium point for the induced dynamics on the leaf S
The passage from stability for dynamics induced on an invariant regular leaf Se to the ambient space Misa consequence

of Arnold method [10], energy-Casimir method [11], Ortega-Ratiu method [12], algebraic method [13-15].
The condition (a) is equivalent with the following equality, see [16,17]:

(') gradGlxe) = Y°0_,0i,(xe)grad F; (x.),

where oy, (X,), . . ., 07,(xe) are the Lagrange multipliers given by the formula
(Fiy oo FigroonoFig)
det E(Flr F‘s 1E’F"s+1 """ F’q)(XE)
i (Xe) := o) , (1.1)
iy Fig
d L2, ufiq)( e)
with the Gramian matrix defined by
(gradg,,gradf;) .. (gradg, gradf;)
(froefr) _
T ey = . (1.2)
(gradg;, gradf,) .. (gradg, gradf;)

The gradients in the above formulas are computed with respect to the induced metric on M by the ambient Riemannian
space (M, g).
Further, the condition (b) is equivalent with the following equality, see [16]:

(b’) [J{a(xe)] — Zgzla,-s(xe)[ﬂ{ﬁs (xe)] is positive definite,

|TxE SexTy, Se Tye Se XTy, Se
where Hessian matrices are also computed with respect to the induced metric on M.

Theorem 1.1. Suppose that M c Misan invariant submanifold under the dynamics, Fil soees Figs G are conserved quantities that
satisfy conditions (a’) and (b") then the nongeneric equilibrium point x. is Lyapunov stable on the invariant space M.

In general, conditions (a’) and (b’) does not imply stability in the whole ambient space M.
2. Stability of nongeneric equilibria of underwater vehicles with noncoincident centers
Following [2], the dynamics of an underwater vehicle modeled as a neutrally buoyant, submerged rigid body in an

infinitely large volume of irrotational, incompressible, inviscid fluid that is at rest at infinity is described by the system

II=1 x 24P xVv—mgll' xr
P=Px 0 2.1)
r=rxaen,

where IT is the angular impulse, P is the linear impulse, I is the direction of gravity, Ir is the vector from center of buoyancy
to center of gravity (with [ > 0 and r a unit vector), m is the mass of the vehicle, g is gravitational acceleration, £ and v
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are the angular and translational velocity of the vehicle. In a body-fixed frame with the origin in the center of buoyancy the
relationship between (I7, P) and (£2, v) is given by

- 2)0)

where ] is the matrix that is the sum of the body inertia matrix plus the added inertia matrix associated with the potential
flow model of the fluid, M is the sum of the mass matrix for the body alone, and D accounts for the cross terms. The
relationship between (2, v) and (I, P) is given by

(-G DE) 6 9-G 0 23

where the invertibility of matrix involved comes from physical reasons related to the problem.
In this paper we suppose that

m 0 0 L 0 0 0 —ml 0
M=(0 m o), g=(0 L o), D=mF=(ml o0 o). (2.4)
0 0 ms 0 0 I 0 0 o0

By a direct computation we obtain:

aq 0 0 C1 0 0
0 by O
A:OGZ?,B: b, 0 0).c=[0 @ (1) ,
0o 0 — 0 0 O 0o 0 —
I3 ms
where
m m ml
a = 2 , O = ! s, hh=———=,
myly — m212 mil, — m22 mil, — m212
ml I Iy
b, =

- , 0= L= —————.
myly — m2[2 mql, — m2[2 myl; — m2[2

From physical reasoning we have a; > 0,a; > 0,¢; > 0,c; > 0and by < 0, b, < 0, see [1].
The system (2.1) has the Hamilton-Poisson formulation on the Poisson manifold M = s¢*(3), see [1,4]:

z = A(z)VH(z), (2.5)
a P T
wherez = (I1,P, I"), A(z) = (g 03 03), and the Hamiltonian function is given by
r 03 O3

H(z) = %((u, AIT) + 2(11, B'P) + (P, CP) — 2mgl(T", 1)).

The Poisson structure induced by A has the following Casimir functions:
1 1
Ci(2) = (P, T), G(2) = SIIPI”, Gs(2) = IITII”.
We have a set of sub-Casimir functions:
Cy(z) = (M, P), C5(z)=(II, T).

The set of interest is given by the following nongeneric equilibria with spin:

0 0 0
&= zez(HeaPe,FeHHe: 0 JPe = 0 , Ie = 0 ane#o .
I, P, 1

An equilibrium point z, € € is nongeneric because it does not belong to a regular symplectic leaf as VCy(z.), VCi(z.), VC3(Z.)
are linear dependent vectors. From the set of constraint functions Cy, C, C3, C4, Cs we can choose Cq, C3, Cs such that z,
belongs to the regular leaf

Lo := (Cy, G3, C5) ™ M(C1(2e), C3(2e), Cs(2e)).

We cannot apply yet the stability result from the previous section as the leaf L. is not an invariant set under the
dynamics (2.1).
Because Cq, C;, C3 are conserved quantities we obtain that the set

M={z=(I,P, I)| VC(z), VCy(z), VC3(z) are linear dependent vectors}
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is an invariant set for (2.1), see [18]. By a direct computation we obtain that M = {z = (17, P, ") | P || '}, which from a
Poisson manifold point of view is the manifold formed by all degenerate symplectic leaves.
We consider the invariant set M C se¢*(3),

={z=(11,P, )| P| rwithP #0 or I # 0},
which is the union of all degenerate symplectic leaves of dimension 4. The set 1\:/} has a structure of a 7-dimensional manifold
with an atlas which contains two local charts, @, @p : R® x R3\{0} x R — M,
Dr(x1, X, X3, X4, X5, Xg, X7) 1= (X1, X2, X3, X4X7, X5X7, XX7, X4, X5, X5),
Pr(V1, Y2, Y3, Y4, V5, Y6, ¥7) = (Y1, Y2, ¥3, Y4, 5, Y6, Ya¥7, Y5¥7, Y6¥7)-

The two local charts are compatible with the coordinate transformation

drp = ;' o & : R? x R%\{0} x R\{0} — R? x R?\{0} x R\{0},
1
drp(X1, X2, X3, X4, X5, X6, X7) = (XLX25X37X4X77X5X77X6X77 X) .
7

_ For the induced dynamics on the invariant manifold M we have the conserved quantities Cl, Cz, C3, C4, C5 M — R,
G :=G.iel, 5 The one forms dCl(ze) . dC5(ze)are lmeardependent one forms, wherez, € €. Choosmgan equilibrium
point z, € € and Cl, C3, C5, we define the regular leaf S, := (Cl, C3, C5) (Cl(ze) C_?,(Ze) Cs(ze)) C M which is an invariant
submanifold under the dynamics as C5 becomes a conserved d quantity for the induced dynamics on M.

The induced Riemannian metric g on the submanifold M by the Euclidean metric on R? in the local chart & has the
associated matrix

1 0 O 0 0 0 0
0 1 O 0 0 0 0
0 0 1 0 0 0 0

E]=]0 0 0 ¥+1 0O 0 XaX
000 0 xX+1 0 X5X7
000 O 0 x+1 XgX7
0 0 0 x4%7  XsX7  XeX7 X3 +Xo+ X3

For computational reasoning we consider the symmetric case Iy = I, and m; = m, which imply a; = a; ot a,

by = b, " b, and 1 = ¢ o According to [1,4] we obtain the supplementary conserved quantity K = [T3 for the
system (2.1). As before, we make the notation K= Kiiz-

Searching for stable equilibria it is sufficient to find A € R such that the conserved quantity Gk := H + AK verifies the
conditions (a’) and (b’) described in the above section. All the equilibrium points in € belong to the domain of the local chart
@ and in this chart they have the coordinates:

¢ ={(o,0,1,0,0,1,P,) | I1T. # 0}.

In the local chart @ we also have:

~ a a 1 1
H= Exf + Exg + 5x3 + bx1XsX7 — bxyxaX7 + x4x7 + x5x7 + 7x6x7 mglxs,

= 2 2
Ci = Xxjx7 + X5x7 + x6x7,

~ 1
C3= -0 + x5 +x3),

2
Cs = X1X4 + X2X5 + X3X6,
K = Xs.

Using the induced metric on M and formulas (1.2), we obtain the Lagrange multipliers at an equilibrium point z, € ¢ for
the function Gy :

P,
O'El(ze) = mia
3
P2 + m3I1? + Asms I, + mgllsms
0, (Ze) = — I3 )
Az + 1T,
055 (Ze) = —/—.

I
By a straight forward computation we obtain that condition (a’) is verified for any equilibrium point z, € €.
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We are searching for equilibrium points z, € & such that the Hessian matrix of the function G, restricted to the leaf S, is
positive definite; i.e. J{Gk@e (ze) > 0 (condition (b’)). Equivalently,
([ @] — o, 20) [ 9601 @0) ]| = 0, (20) [ 160 @0) | — 0, (20 [ @]) >0 (26)
Ty Sex T, Se
The Hessian matrix of a function F : (1\71 ,8) — Ris computed with the formula
9°F B

= oF _
F _ _ o .. _
:H,‘j(ze) = W(ZE) F,‘j (Ze)axk(ze)» L,j,k=1,7.
The Christoffel’s symbols associated to the induced metric g are:
P
I(ze) = Tyy(2e) = Toy(2e) = Tys(2e) = ﬁ I';(ze) = Iyg(ze) = 1, all the rest being zero.
e

For the tangent space to the leaf Ee in the equilibrium point z, we choose the base:
w; =(1,0,0,0,0,0,0), w, =(0,1,0,0,0,0,0), w3 =(0,0,0,1,0,0,0), wy =(0,0,0,0, 1,0,0).

The left hand side of (2.6) is the 4 x 4 symmetric matrix with the following entries:

m M+ 11, mlP,
hfy=———5, h12=0, hy=—————, hy= ———,
1 mql; — m2[2 12 B I3 1 mql; — m2[2
my mlPe Ms+ 11,
= —— My = — o hgy = — 2T
2 mql; — m22 23 mql; — m22 2 I
o — P.2limsls + m22P21; — mil1 P2 ls — Isgm3Pms — MemsA Ism22 + IT,msh Ismslq
P (m111 — mzlz) Izms
mglm3m11113 — H92m3m212 + H92m3m111
, h3a =0,
(m111 — mzlz) I3m3
2 212p 2 2 313 272
h Pe 11m313 + m*l Pe 13 — mlllPe 13 — Iggm l ms — IT,ms3A I3m I“+ Hem3A13m111
44 =

(myl; — m2I2) Isms
mglmsmqII3 — H32m3m212 + Hezm3m1l1

(mlh — mzlz) I3ms

To study the positive definiteness of the above matrix we apply the Sylvester’s criterion. The first principal minor equals a
which is positive from physical reasoning. The second principal minor equals a?. The third principal minor (we denote by
®3) and fourth principal minor (we denote it by ©,) are related by the equality @, = aiz@g Consequently, the reduced
Hessian matrix is positive definite if and only if ®3 > 0. We have the expression:
2
a
O3 =— Iz (msls®(mily — m*P)) A% + (2 Memslsmqly — myIemsls® — 2 Iemslsm*P) A
mims 3

+ Hezm3m111 + mlPezlgz — m1132mgl ms — m11317e2m3 — H52m3m212 — P92m3132.
A straight forward analysis shows that there exists A € R such that ®3 > 0 if and only if

1 1 a
mgl > (| — — — | P2 — ~IT2. 2.7
& <m3 my ) ¢ 4 ¢ (2.7)
The above inequality is the same condition obtained in [1,4] and it ensures the stability for the nongeneric equilibrium
point z, with respect to the induced dynamics on the leaf S,. Thus, by Arnold method [10], energy-Casimir method [11],
Ortega-Ratiu method [12], algebraic method [ 13-15] we obtain the stability with respect to the induced dynamics on M.
It has been proved in [1,4] that condition

1 1 2
— — — ) P; <mgl
ms mq

implies nonlinear stability on the whole space se*(3) by using a Lyapunov function that does not imply sub-Casimir functions
but only the Hamiltonian function and Casimir functions that are conserved quantities for (2.1). It also has been proved in
the same papers that condition

1 1 , a_, 1 1 3
—— — )P —-II; <mgl<|———)P;
ms  my 4 ms  my

implies spectral stability. For proving nonlinear stability in this case one needs to take into account the sub-Casimir functions
that are not conserved quantities for the dynamics on the whole space. Special care has to be considered in this case.



104 P. Birtea, D. Comdnescu / Journal of Geometry and Physics 117 (2017) 99-104

Theorem 2.1. Let z, € € be a nongeneric equilibrium with spin. We have the following nonlinear stability behavior:

() 1If (i - le) Pe2 < mgl then the equilibrium point is Lyapunov stable on the whole space se*(3).

m3
(i) If (nli3 - m%) P2 — 412 < m;gl < (mi3 - mil) P2 then the equilibrium point is Lyapunov stable for the induced dynamics
on the invariant submanifold M.
1

e 1 2 2 aye . . .
(iii) If mgl < (m—3 — m—1> P — %He then the equilibrium point is unstable.

It remains to be studied if the inequality (ii) in the above theorem also guaranties the stability of a nongeneric equilibrium
z, € & with respect to the whole space se*(3).
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