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1. Introduction

Let (M, g) be an n-dimensional, n > 3, semi-Riemannian manifold and let V be its Levi-Civita connection. The manifold
(M, g),n > 3, is said to be an Einstein manifold if its Ricci tensor S is proportional to g, i.e. on M we have S = T g, where
K is the scalar curvature. More generally, (M, g), n > 3, is called a quasi-Einstein manifold if at every point x € M its Ricci
tensor satisfies rank (S — a g) < 1, for some @ € R, i.e. the condition S = ¢ g + e w ® w, € = *£1, for some @ € R and
w € T;M, holds at x (see, e.g., [1-5]). For precise definitions of the symbols used, we refer to Sections 2 and 3 of this paper,
as well as to [6,7]. Quasi-Einstein manifolds arose during the study of exact solutions of the Einstein field equations and
investigation of quasi-umbilical hypersurfaces of conformally flat spaces. Quasi-Einstein hypersurfaces in semi-Riemannian
spaces of constant curvature were studied among others in: [8,9,2,4,5], see also [10].

Another extension of the class of Einstein manifolds form Ricci-symmetric manifolds, i.e. manifolds for which we have
VS = 0. We also mention that an important subclass of the class of Ricci-symmetric manifolds form locally symmetric
manifolds, i.e. manifolds for which we have VR = 0. The conditions VR = 0 and VS = 0,implyR- R =0andR-S = 0,

* Corresponding author. Tel.: +48 71 357282; fax: +48 71 3280214.
E-mail addresses: ryszard.deszcz@up.wroc.pl (R. Deszcz), malgorzata.glogowska@up.wroc.pl (M. Glogowska).

0393-0440/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.geomphys.2013.08.007


http://dx.doi.org/10.1016/j.geomphys.2013.08.007
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2013.08.007&domain=pdf
mailto:ryszard.deszcz@up.wroc.pl
mailto:malgorzata.glogowska@up.wroc.pl
http://dx.doi.org/10.1016/j.geomphys.2013.08.007

J. Chojnacka-Dulas et al. / Journal of Geometry and Physics 74 (2013) 328-341 329

respectively. Manifolds satisfying these conditions are called semisymmetric [11] and Ricci-semisymmetric (see, e.g., [12]),
respectively. Further extension of the last two classes of manifolds form pseudosymmetric and Ricci-pseudosymmetric
manifolds.

A manifold (M, g), n > 3, is said to be pseudosymmetric [13,12] if

R-R=1zQ(g, R (1.1)

holdsonUg = {x € M | R # (nf—l)n G at x}, where Lg is some function on this set. Every semisymmetric manifold is pseu-
dosymmetric. The converse statement is not true. Pseudosymmetric manifolds are conformally flat or not. Pseudosymmetric
manifolds with the constant function Ly are called pseudosymmetric spaces of constant type [ 14]. For instance, the type num-
ber two hypersurfaces in semi-Riemannian spaces of constant curvature are pseudosymmetric spaces of constant type [15].
We refer to [6,15,1,13,16,12,17,18,2,19-24] for results on pseudosymmetric manifolds. A geometric interpretation of (1.1)
is given in [23] (see also [24]). We recall that the warped product M x N of one dimensional manifold (M, g), g1, = %1,
and a semi-Riemannian space of constant curvature (N 2), dimN =n—1 > 3, is a conformally flat manifold. Moreover,
(1.1) holds on Uy C M x gN [13].
A manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric [25,12,26], if

R-S=1sQ(g.5) (1.2)

holdsonUs = {x € M | S # | g atx}, where Ls is some function on this set. Ricci-pseudosymmetric manifolds with
the constant function Lg are called Ricci-pseudosymmetric spaces of constant type [5]. For instance, the Cartan hypersurfaces
are Ricci-pseudosymmetric spaces of constant curvature [5]. We refer to [6,25,16,8,18,26,4,27,28,5,29] for results on Ricci-
pseudosymmetric manifolds. A geometric interpretation of (1.2) is given in [29].

It is well-known that the following identity with cyclic sum

(R-R)(X1,X3,X3,X4,X,Y) =0, (1.3)
(X1,X2),(X3,X4),(X,Y)

holds on every semi-Riemannian manifold (M, g), where X1, ..., X4, X, Y are vector fields on M. (1.3) is called the Walker
identity. We also can investigate semi-Riemannian manifolds satisfying the condition

> RO X X3, Xa X, Y) = 0. (1.4)
(X1.X2),(X3.X4),(X.Y)

It is easy to check that every pseudosymmetric manifold satisfies (1.4). More generally, we prove (see Theorem 2.3 of this
paper) that (1.4) holds on any Ricci-pseudosymmetric manifold. We also have the following conditions:

(C-R)(X1, X2, X3, X4, X,Y) =0, (1.5)
(X1.X2),(X3,X4), (X.Y)

(R-C—C-R)(X1,X2,X3,X4,X,Y) =0. (1.6)
(X1,X2),(X3,X4),(X,Y)

The conditions (1.4)-(1.6) are equivalent [7, Proposition 4.1]. We mention that hypersurfaces in spaces of constant curvature
satisfying (1.4)-(1.6) were investigated in [7,4,28]. In this paper we investigate warped products, of dimension > 4,
satisfying (1.4).

Section 3 contains basical formulas on warped product manifolds. That section also contains preliminary results on
warped products satisfying (1.4).

Warped products play an important role in Riemannian geometry (see, e.g., [30,31]), as well as in the general relativity
theory (see, e.g., [32,31]). Many well-known spacetimes considered in the general relativity, i.e. solutions of the Einstein
field equations, are warped products, e.g., the Schwarzschild spacetime, the Kottler spacetime, the Reissner-Nordstrom
spacetime and the Reissner-Nordstrém-de Sitter spacetime. The mentioned spacetimes are pseudosymmetric. We refer
to[33-35,22,36] for results on pseudosymmetric spacetimes. We recall that the wagped product M x N of (M, g), dimM =
1,8;; = —1, and a 3-dimensional Riemannian space of constant curvature (N, g), is said to be a Robertson-Walker
spacetime (see, e.g., [32,31,37]). Robertson-Walker spacetimes are quasi-Einstein conformally flat manifolds. They also are
pseudosymmetric [13]. A natural extension of the class of the Robertson-Walker spacetimes form warped products M x FN
of (M, g),dimM = 1, g,; = —1, and a Riemannian manifold (N 9), dimN=n—1 > 3. Such warped products are called
generalized Robertson-Walker spacetimes [38-40].

The warped product M x ;N of (M, 8), dimM = 1,g,; = £1, and a semi-Riemannian Einstein manifold (N 2, dimN =
n— 1> 2,satisfieson Us C M x FN the condition (1.2) [26, Corollary 3.2]. Moreover, we have (Theorem 4.1(i)):

rank (S — (K - L5> g) =1. (1.7)
n—1
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This means that such warped product is a quasi-Einstein manifold. In addition, if (ﬁ ,8) is not of constant curvature and
n > 5, then the tensor R - C — C - R is expressed by a linear combination of the Tachibana tensors Q (S, R) and Q (g, R).
Precisely, on Uc N Us we have (Theorem 4.1(ii))

(n—-2)(R-C—-C-R)=Q(S,R) —LsQ(g, R), (1.8)

where U = {x e M x Fﬁ | C # 0 at x}. Generalized Robertson-Walker spacetimes of dimension > 5, with not of constant
curvature Einsteinian fibre, satisfy (1.2), (1.4), (1.7) and (1.8) (Theorem 4.2). In that section we also present necessary and
sufficient conditions for the warped product with one dimensional base manifold and non-Einstein fibre to be a quasi-
Einstein manifold (Theorem 4.4).

In Section 5 we present an example of a warped product manifold with a p-dimensional base, 2 < p < n — 2, which is a
non-Einstein and non-conformally flat Ricci-pseudosymmetric manifold satisfying

1 r— Dk
n—p n—1

In the last section we present necessary and sufficient conditions for a warped product manifold with a p-dimensional
base,2 < p < n — 3, and an (n — p)-dimensional, not of constant curvature Einsteinian fibre, to be a manifold satisfying

(1.4) (Proposition 6.1). We also investigate warped product manifolds with p-dimensional base, 1 < p < n—3,and (n —p)-
dimensional non-Einsteinian fibre, satisfying (1.4). We prove that such manifolds are Ricci-pseudosymmetric (Theorem 6.3).

m-2)(R-C—-C-R)= p(n — 1)Ls> Q(g, R +Q(S, ). (1.9)

2. Preliminaries

Throughout this paper all manifolds are assumed to be connected paracompact manifolds of class C*°. Let (M, g) be an
n-dimensional, n > 3, semi-Riemannian manifold and let Z (M) be the Lie algebra of vector fields on M. We define on M
the endomorphisms X A4 Y and R (X, Y) of &(M), respectively, by

(X AY)Z =AY, Z)X — AX, 2)Y,
RK.Y)Z = VxVyZ — VyVyZ — Vixy|Z.

where A is a symmetric (0, 2)-tensor on M and X, Y,Z € &(M). The Ricci tensor S, the Ricci operator $ and the scalar
curvature « of (M, g) are defined by S(X,Y) = tr {Z —> R(Z,X)Y},g(8X,Y) = S(X,Y) and x = tr &, respectively. The
endomorphism C(X, Y) is defined by

1 K
CX,Y)Z =RX,Y)Z — — (X/\‘g Y +8X N Y — —IX Ng Y) Z.
n— n—
Now the (0, 4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal curvature tensor C of (M, g)
are defined by
G(X1, X2, X3, X4) = g((Xq Ag X2)X3, X4),
R(Xq, X2, X3, Xa) = g(R(Xy, X2)X3, Xa),
C(X1, X2, X3, Xq) = g(C (X1, X2)X3, Xq),

respectively, where X1, X5, ... € &(M). Let B(X, Y) be a skew-symmetric endomorphism of Z(M) and B a (0, 4)-tensor
associated with 8(X, Y) by

B(Xy, X2, X3, Xa) = g(B(X1, X2)X3, Xq). (2.1)
The tensor B is said to be a generalized curvature tensor if

B(Xy, X2, X3, Xa) + B(Xz, X3, X1, X4) + B(X3, X1, X3, X4) = 0,

B(X1, X2, X3, Xa) = B(X3, X4, X1, X2).

Let B(X, Y) be a skew-symmetric endomorphism of & (M) and B the tensor defined by (2.1). We extend the endomorphism
B(X,Y) to derivation B(X, Y)- of the algebra of tensor fields on M, assuming that it commutes with contractions and
B(X,Y) - f =0, for any smooth function f on M. For a (0, k)-tensor field T, k > 1, we define the (0, k + 2)-tensor B - T by

B-TXi, .., X, X, Y) = (BX,Y) - TH(X1, ..., Xp)
= —T(BX, V)X, X0, ..., Xp) — -+ = TXy, ..., X1, BX, Y)Xp).
In addition, if A is a symmetric (0, 2)-tensor then we define the (0, k + 2)-tensor Q (A, T) by
QA DXy, ..., X, X, Y) = XA Y -T)(Xq, ..., Xp)
= —T((XAaY)X1, X2, ..., Xi) — - = T(Xq, oo X1, X AR Y)X).

In this manner we obtain the (0, 6)-tensors B - B and Q (A, B). Setting in the above formulas 8 = R or 8 = ¢, T = Ror
T=CorT=S,A=gorA=S,wegetthetensorsR-R,R-C,C-R,R-S,Q(g,R),Q(S,R),Q(g,C)and Q(g, S).
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Let Bpjk, Thijk» and A;; be the local components of generalized curvature tensors B and T and a symmetric (0, 2)-tensor A
on M, respectively, where h, i, j, k, I, m, p, q € {1, 2, ..., n}. The local components (B T)pjjkim and Q (A, T) pjjkim of the tensors
B-T and Q(A, T) are the following

(B - Dnijaim = 8" (TijkBgnim + ThpjkBgitm + ThipkBgjim + ThijpBaim ),
Q (A, Dnijkim = AnTmijk + AiThmjk + AjThimk + At Thijm — AnmTiijk — Aim Thijk — Ajm Thitk — A Thijt- (2:2)
For a symmetric (0, 2)-tensor E and a (0, k)-tensor T, k > 2, we define their Kulkarni-Nomizu product E A T by [41]
(EAT)Y(Xq,X2,X3,X4; Y3, ..., YY) = EX1, Xo)T(X5, X3, Y3, ..., Yr) + EXXy, X3)T(Xq, X4, Y3, ..., Yi)
—EX1,X3)T(X3, X4, Y3, ..., Y) —EX3, X)T(Xq, X3, Y3, ..., Yi).

Clearly, the tensors R, C, G and E A F, where E and F are symmetric (0, 2)-tensors are generalized curvature tensors. For a
symmetric (0, 2)-tensor E we define the (0, 4)-tensor E by E = % EAE. Wehaveg =G = %g A g. We note that the Weyl
tensor C can be presented in the form

1 K
We also have (see, e.g., [9, Section 3])
Q(E,EAF)= —Q(F,E). (2.4)
Now (2.3) and (2.4) yield
1

Using the above definitions we can prove the following.

Lemma 2.1. Let (M, g), n > 3, be a semi-Riemannian manifold.
(i) [8,41] Let E4, E; and F be symmetric (0, 2)-tensors at a point x € M. Then at x we have
E1 AQ(E2, F) + Ea AQ(E1, F) = —Q(F, E1 A Ey).
If E=E; = E; then

EAQ(E F) = —Q(F,E). (2.6)
(ii) (cf., [5, Lemma 3.1])If E is a symmetric, not proportional to g, (0, 2)-tensor at a point x € M then at this point the following
conditions are equivalent: (a) rank (E —a g) = 1, ¢ € R, and (b)

1 1
iE/\E—agAE—i—azG: 5(E—ag)A(E—ag) =0, aeR.
(iii) (cf, [3, p. 20]) Let E be a symmetric, not proportional to g, (0, 2)-tensor at a point x € M. If at x we have rank (E — a1 g) =
1,1 e Roandrank (E —ar g) = 1, ay € R, then 7 = ay.
For a tensor T of type (0, 6) on M we denote by
T(X1, X2, X3, X4, X5, Xs)
(X1.X2),(X3,X4),(X5.X6)

the sum T(X], cee ,X5) +T(X3, e ,XG,X1,X2) + T(X5,X5,X], . ,X4).

Proposition 2.2. (i) (cf, [13, Lemma 1]) For a symmetric (0, 2)-tensor A and a generalized curvature tensor B on a semi-
Riemannian manifold (M, g), n > 3, we have

Q(A, B)(X1, X2, X3, X4, X, Y) = 0. (2.7)
(X1.X2),(X3.X4),(X,Y)

(ii) [7, Proposition 4.1] On any semi-Riemannian manifold (M, g), n > 4, the following three identities are equivalent to each
other: (1.4)-(1.6).

Let Q (A, T) be the (0, k + 2)-tensor defined by the symmetric (0, 2)-tensor A and a (0, k)-tensor T, k > 2. The tensor
Q(A, T) is called the Tachibana tensor of the tensors A and T, or shortly the Tachibana tensor (see, e.g., [42], also see [23,29]).
By making use of (2.4) we can check that the following identities are satisfied on any semi-Riemannian manifold (M, g)

1
Q(g,gAS)=-Q(5,G6) and Q(S,gAS) = ) Q(g,SNS).
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Thus on any semi-Riemannian manifolds (M, g), n > 4, we can consider the following (0, 6)-Tachibana tensors formed by
the tensors g, Rand S (see, e.g., [42]): Q(g,R),Q(S,R),Q(g, g AS)and Q(S,g A S).

Investigations of curvature properties of Einstein manifolds, as well as hypersurfaces in semi-Riemannian spaces of
constant curvature lead to the following condition (see, e.g., [41, Theorem 4.1]; [7, Proposition 4.2]; [36])

R-C — C-Risalinear combination of Q(g, R), Q(S,R), (%)
Q(g.gAS) and Q(S,gAS).

We also refer to [10] for a survey of results on semi-Riemannian manifolds satisfying («). We note that (x), in view of
Proposition 2.2(i), implies (1.6). But this, by Proposition 2.2(ii), yields (1.4).
On any semi-Riemannian manifold (M, g) we have (see, e.g., [7])

(n—2)(R-C—C-R)=Q(S,R)—%Q(g,R)—gA(RS)JrP,

where the (0, 6)-tensor P is defined by

P(X1, X3, X3, X4, X, Y) = g(X, X))R(8(Y), X2, X3, Xg) — (Y, X)R(8(X), Xz, X3, Xg) + &(X, X2)R(X1, 8(Y), X3, X4)
—g(Y, X)R(X1, 8(X), X3, Xa) + (X, X3)R(X1, X2, 8(Y), Xa) — g(Y, X3)R(X1, Xa,
8(X), Xq) + 82X, X9)R(Xq, X2, X3, 8(Y)) — g(Y, X)R(X1, X2, X3, 8(X)).

The local expression of the above identity is the following

K
n—2)(R-C —C - Bpjjum = Q(S, Rnjjkim — p—] Q (g, Rnijiim — &i(R - S)niim — &nk(R - S)ijim + ik (R - S)hjim
+ 21 (R - Oikim + EuAmijk — EnmAiijk — ZitAmhjk + LimAujk
+ gi1Amkni — EimAikhi — EkiAmjhi + LkmAjjhi, (2.8)

where Apijk = Smrg&"Rsiji.. We finish this section with the following.

Theorem 2.3. On any Ricci-pseudosymmetric semi-Riemannian manifold (M, g),n > 4, the conditions (1.4)-(1.6) hold on
Us C M.

Proof. Using (1.3) and (2.3) we obtain the following identities

-2 Y ROKX XXX, Y) = (=2 Y (R-RXi X, X3, Xa, X, Y)
(X1,X2),(X3,X4), (X,Y) (X1,X2),(X3,X4),(X,Y)
- Y @AR- K1 Xa, X3, Xa X, V),
(X1.X2),(X3,X4),(X.Y)

-2 Y ROKX XXX, Y)=— > (@AR-)Xi, Xo, X3, X, X, V). (29)
(X1.X2),(X3,X4), (X.Y) (X1.X2),(X3,X4),(X.Y)

From this, by making use of (1.2), (2.6) and (2.7), we obtain on Us

-2 Y ROKXX XX Y)=-L > (@AQE X1 Xa. X3, Xa, X, Y)
(X1,X2),(X3,X4),(X,Y) (X1,X2),(X3,X4),(X,Y)
=L Y QS G, X, X3, X, X, ¥Y) =0,

(X1,X2),(X3,X4),(X,Y)

which together with Proposition 2.2 completes the proof.

3. Warped products

Let (M g) and (N g),dim M = p, dim N=n- p, 1 < p < n, be semi-Riemannian manifolds covered by systems of
charts {U; x“} and {V; y*}, respectively. Let F : M — R be a positive smooth functlon on M. The warped product M x FN
of (M, g) and (N g) is the product manifold M x N with the metrlcg g x rg definedby g x ;g = nlg + (F o my) 58,
where m : M xN — M and T 0 M x N —> N are the natural projections on M and N, respectively. Let
{U x Vixl, .. %P, Pt = y', ..., x* = y"P} be a product chart for M x N. The local | components of the metricg = g x g
with respect to this chart are the followmg gk = 8y ifh =aand k = b, gy = Fga,g ifh=oandk = B,and gy, = 0
otherwise, wherea, b,c,... € {1,...,p}, @, B, Vioon € {p+1,...,n}andh,i,j, k... € {1,2, ..., n}. We will denote by
bars (resp., by tildes) tensors formed from g (resp., g).
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The local components Ry of the curvature tensor R and the local components S of the Ricci tensor S of M x Fﬁ which
may not vanish identically are the following (see, e.g., [17,43]):

Rabed = Rabed;

1 ~
Rubeg = —5 Thc 8ups

Rypys =F (ﬁaﬂyé' - ﬂaaﬂys> ) (3.1)
4F
Sab = Sap — % Tap,
S =5 (G -p -1 58 ) & (32)
2 4F
Ty = VpFa — L FiFy,  AF = AgF =g"F.Fy, Fo= B—F. (3.3)
2F 9xe

where T denotes the (0, 2)-tensor with local components Ty and tr T = trg T = g"bTab. The scalar curvature k of M x Fﬁ
is expressed by

_ K n—p AF
=k+-——(tr T+ (n—p—-1)— ). 3.4
CTETETF ( (n=p )4F) (34)

Using (3.1) and (3.2) we can check that the local components of the tensors R - S and Q (g, S) of M x Fﬁ

(R - S)nijk = 8" (SriRshjk + ShrRsiji),

Q (g, S)nijk = &njSik + &iShk — &ikShj — EnkSij» (3.5)
which may not vanish identically are the following (see, e.g., [25])

_ _ _ n—p —
(R . S)abcd = (R : S)abcd = (R : S)abcd - T (R : T)abcd’
1 _
(R Saupp = - (TovSup — Davrp)s Db =2 SaeTiy,

~ ~ AqF ~
(R . S)Olﬂy5 = (R . s)aﬂyt‘i - F Q(ga 5)0(6)/85 (36)

R n— _
Q& Shavet = Q& Satet — - Q& Dhaet
Q(gv S)aaﬁb = gozﬁsab - gabsaﬁv
Q(g, s)aﬁyS =F Q@7 E)aﬁy8~ (37)

Let (1.4) holds on M x Fﬁ and let U be a coordinate domain of a pointx eC M x Fﬁ. Now (1.4), by (1.3) and (2.9), yields
(cf., [44, p.91])

0 = gi(R - nkim + e (R - S)ijim — Enji(R - S)ikim — &ike (R - S)njtm + &im (R + ahi + &t (R = S)jmni

—&it(R - S)kmni — m (R - S)jini + &i(R - S)mnjk + Zmh (R - Sk — &n(R - S mijkc — &mi (R - S)injk, (3.8)
(n—2)(R - S)nkim + &uVim — &nVin + &1 Vim — &m Vi
+ R S)irm + R - pmik + R - Smrin + (R - S)pikem = 0, (3.9)
1
(n—4) ((R - ) hijle + - Q(g, V)hijk) =0, (3.10)

where V is a symmetric (0, 2)-tensor of local components
Vie = g"(R - )y = 8" g (SpkRqnij + ShpRakij)
= —S4 + S"Ryas- (3.11)
We note that
trV=g"Vy = —g"S% + g"S"Russ = 0, (3.12)
and in a consequence

MV, = —g¥ V. (3.13)
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From (3.9),forh = a, k = o, = B and m = b we get
=1 (R-S)aapp + R-S)papa + apVapr — &avVap = 0, (3.14)
(n - 1)(R . S)botﬁa + (R . S)aaﬂb +gozﬂvab - gabvaﬂ =0.
The last two equations yield
2
(R~ S)aapy + (R-S)bapa = = (8apVab — ZabVap)-

Applying this into (3.14) we find

1

(R~ S)aapp = - (8apVab — 8apVup)- (3.15)
This, in virtue of (3.6), implies

nTabSozﬂ - 2Fgabvozﬂ + (2F Vap — nDab)gotﬁ =0. (316)
In particular, from (3.16) it follows that

Dap = Dpq- (3.17)
From (3.8),forh=a,i=«,j=f,k=y,l =65 and m = b, we get

1

bR~ S)sapy = ET TpQ (g, S)sapy - (3.18)
Contracting (3.18) with g and using (3.6) we find

~ ~ AqF tr T ~

(R- S)Saﬁy = F - g Q(g, S)Saﬁ;h (3.19)
Now (3.6), by (3.19), turns into

trT ~

(R- S)rﬁaﬁy = _z Q(gs S)Sozﬁ)w (320)

Next, applying (3.7) and (3.20) into (3.18), we obtain
trT _ ~
(Tab - Tgab> Q(E, Ssapy =0, (3.21)
- Tz \ (3 P (3.22)
ab » &ab of n_pgaﬁ =0 .
Further, (3.22) by transvection with E“f Ssa» yields
tr T ~ K -~
Dab - Sab Saﬂ — Eup ) = 0. (323)
p n—p
From (3.8),forh=c,i=a,j=b,k=«,l = B and m = d, we get
1 _ _

8up (R S)bdac = oF (SepQ (g, Tbdac — LupQ(Z, D)bdac)- (3.24)

Contracting (3.24) with g# we get
1 [(g°S, _
(R - 8)bdac = 5F \ = D Q (&, T)pdac — Q(&, D)bdac | - (3.25)

We finish this section with the following.

Proposition 3.1. Let M x Fﬁ be the warped product with1 <p <n—1.Let U C Uc NUs C M x FN be a coordinate domain
of a point x € Uc N Us. If

(R S)abed = 0, (3.26)
(R-S)apys =0, (3.27)
(R S)aapp = P 8ab€up> (3.28)

are satisfied on U, with some function p, then (1.4) holds on this set.
Proof. Using (3.26)-(3.28) we can check that (3.8) holds on U. Now (2.9), by (3.8), reduces to (1.4).
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4. Generalized Robertson-Walker spacetimes

We consider the warped product manifold M x FN with an 1-dimensional base (M, g),g8,; = & = %1, and an (n — 1)-
dimensional Einsteinian fibre (N g), n > 5, not of constant curvature. It is well- known if the fibre (N 2), dimN = 3,isan
Einsteinian manifold then it is also of constant curvature and as a consequence M X FN is conformally flat. We also mention
that the manifold M x FN dimM = 1, dimN = 3, satisfies [45, Theorem 4.1]

tr T
R-R—Q(S.R) = ——Q(g. ). (4.1)
Letx € U NUs CM x FN. Now on a coordinate domain U C Uc N Us of x, Eqs. (3.1), (3.2) and (3.4) turn into

1 ~
Retip = —= T118"'818up = Ls 8118up>

2
Rupys =F <R L ) (4.2)
Y aPyd — 42 TeBvé )
St = —ETH == 1T11g gn
2F 2F
= (n— 1DLs g,
K 1F
Sap = ((n—])F +Ls—(n—-2) 4F2>ga,3,
L e
n—1 (n— 1F 4F?
Ls = —ﬂ, (4.3)
2F
respectively. Further (4.3) yields
K K
Shk — (m - LS) Ehk = €N (LS - m) Wh Wk, (4.4)
where w; = 1and w; = w3 = - - - = w, = 0 are the local components of an 1-form w on U. Thus (1.7) holds on U. Further,

using (4.2) and (4.3) we can check that on U we have

Shr&" Rk = (

- Ls) (Rhijk — Ls Griji)

+ Ls (g;Shk — &ikShj), (4.5)
which by (3.5) yields (1.2). Moreover, (2.8), by making use of (1.2), (2.6) and (4.5), turns into (1.8). We remark that in view
of Proposition 3.1 of [41], (1.8) is an immediate consequence of (4.5).

The above presented results, Corollary 3.2 of [26] and Theorem 2.3 yield the following.

Theorem 4.1. Let M x FN be tﬂe warped product manifold with an 1-dimensional base (M, g),g,; = ¢ = £1,and an (n — 1)-
dimensional Einsteinian fibre (N, g), n > 3. Then we have: (i) the conditions (1.2), with Lg defined by (4.3), (1.4) and (1.7) hold
onUs C M x gN, (ii) the condition (1.8) holds on U N Us C M x gN, provided that (N, g) is not of constant curvature and
n>>5.

From the last result it follows immediately the following theorem.

Theorem 4.2. Let M x FN be the generalized Robertson-Walker spacetime with an (n — 1)-dimensional Riemannian, not
of constant curvature, Einsteinian fibre (N,g),n > 5. Then (1.2), with Ls defined by (4.3), (1.4), (1.7) and (1.8) hold on
UC N Us CM x FN,

Remark 4.3. In [4, Proposition 2.1] it was proved that on every quasi-Einstein hypersurface in a semi-Riemannian
space of constant curvature the conditions: (1.2), (1.7) and (1.8) are satisfied. Moreover, an example of a quasi-Einstein
non-pseudosymmetric Ricci-pseudosymmetric warped product, of dimension > 5, which locally can be realized as a
hypersurface in a semi-Riemannian space of constant curvature is given in [4, Example 4.1].

We consider now the warped product manifold M x FN with an 1-dimensional base (M, g),g;; = € = =+1,and an

(n — 1)-dimensional non-Einsteinian fibre (N g),n > 4. We determine the necessary and sufficient conditions for such
warped product to be a quasi-Einstein manifold. Let Wy, be the local components of the (0, 4)-tensor W defined on M x FN

by

1 n—1
W=§(S—rlg)/\(5—r1g), T =— trT. (4.6)

2F
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Applying in (4.6) the relations (3.2) and (3.3) we obtain on a coordinate domain U C Us C M x FITI of a point x € Us

Wit = S11Sep — T1 (811Sup + 8upS11) + T18118up
= (S11 — r1g11)(5 8 — T18up)

—1 ~ ~
= ('L’] =+ tr T) (Saﬁ — T2 gaﬁ) =0, (4.7)

WaﬁyS = Solﬁsyﬂ - SaysﬂS - T (g A S)aﬂyS + le GaﬂyS
~ ~ ~ ~ 1 (n— )8 ~ 0~
= souﬁsyﬂ - SozysﬂS - (TIF +-uT+ ——— (F) ) (g /\S)aﬂyS

—|—<(1’1F)2+21'1F<;t T+( 2 (F)) (;t T+( 2 (F))) aBys

= Bw — 1 Eaa)@y —1,8,) — (say — 128,)Sps — 12 Es), (4.8)
7, = 14F + ftr T+ — (n ) (F)? = %(FF” — (F))), (4.9)

’
where F” = % and F/ = 4,
dx dx

Theorem44 Let M x FN dimM =1,g;; =& = 1 and dimN =n—1 > 3, be the warped product manifold such that the
tensor S — < g is non-zero at every point of Us C M x FN

@) If
rank (S —t1g) =1 (4.10)
holds on Us, where 1 is defined by (4.6), then on this set we have
rank(S — (n—2)C;8) =1, C; = const., (4.11)
FF” — (F')® + 2¢CF = 0. (4.12)
(ii) If (4.11) and (4.12) are satisfied on Us then (4.10) holds on this set.

Proof. (i) (4.10), in view of Lemma 2.1(ii), is equivalent to W = 0. Thus, by (4.8), we obtain on a coordinate domain U C Us
of a point x € Us

(Sus — T2846)(Spy — T288y) — (Say — 7284y ) (Sps — T28ps) = 0, (4.13)
§a5§/3y — gaygﬂg — T (§ A g)aﬁyg + ‘L'22 Eaﬁyé =0, (4.14)

where 1, is defined by (4.9). Contracting (4.14) with 8*° and g#7 we get

= ;(tr? — 2 4+2(n—2)K1).
(n—=2)(n—1)

Therefore we can express (4.14) in the form

Sy — 5B+ o G i (5-.553
o — a o =T — ,
898y y288 n—2)(n—1) Bys 2 |8 _1g wis

which means that on Us we have

15,54 S & Conin(o F 3 (4.15)
= ——G=7 - . .
2 n—2)(n—1) 28 n—1°%

From (4.15), via (4.9), it follows that 7, must be a constant, i.e. for instance, on Us we have t, = (n — 2)C;, where C; is a
constant. Therefore (4.9) turns into (4.12) (cf., [21, Eq. (36)]). Now we can present (4.13) in the form 1 5§ —(n—2)G A
(§ — (n — 2)C; g) = 0. This, in view of Lemma 2.1(ii), completes the proof of (i).

(ii) Let W be the tensor defined by (4.6). By making use of (4.11) and (4.12) we get W,g,s = 0. Thus on Us we have
W = 0, which in view of Lemma 2.1(ii) and (iii), leads to (4.10), completing the proof of (ii).
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Remark 4.5. The following functions satisfy (4.12) (cf,, [21, Eq. (37)])

2
ec

F(x") = &C; <x1 + C—) , &C; >0,
1

Foxl) = Lboa) 26 b \\ 0. b0
X) = ex X | — ex —X , ¢>0, ,
P 2 b2c P :FZ

26C
Fix') = =1

+sin(cx' + b)), &C; >0, c #0,

where b and ¢ are constants and x! belongs to a suitable non-empty open interval of R.

5. An example of a warped product satisfying (1.9)

337

(4.16)

In this section we present an example of a Ricci-pseudosymmetric warped product, with the base manifold of dimension
2 < p < n — 2, and Einsteinian fibre, for which the tensor R - C — C - R is expressed by a linear combination of the tensors

Q(S,R) and Q (g, R), precisely, (1.9) is satisfied.

Example 5.1. (i) Let (M, g) be a 2-dimensional semi-Riemannian manifold or a semi-Riemannian of constant curvature of

dimension > 3,i.e.dimM = p > 2, and let F be a smooth positive function on M satisfying

trT _

’

where the (0, 2)-tensor T is defined by (3.3). Then Eq. (5.1) yields

0_1 T trT _ —lT trTFf ]T—i—FL*
=5 » g =3 2pF &= 5 s&,
trT
Ly = ———.
2pF

(5.1)

(5.2)

Further, let (N g) be a 2-dimensional semi-Riemannian manifold or a semi-Riemannian Einstein manifold of dimension
> 3,i.e.dimN = n — p > 2. We consider the warped product M x FN Letx € U-NUs C M x FN and let U C Uc N Us

be a coordinate domain of x. We have on U

— ~

_ K — ~ K ~
R=——G, S= g
(p—"Dp n—p
Now (3.2), by making use of (5.2) and (5.3), yields
_ K (n —ptr T E
Sab=C18w, 1= ——F5 + (n —p)Ls,
p 2pF
Sup = C28up>
K tr T . yAF AF
G = —— —p—
*T m—pF 2F P 4F2
K

m—( —P_1) 4F2 +PLS~

Using (5.4) we obtain
Sae8? Ripea = €1 Raveas Sae8” Rrapp = €1 Raarph,
See&  Ruavg = €2 Raavp, Sacg8 " Rupgys = 2 Rapys.
Applying (5.2) into (3.1) we obtain

1
Rabep = F Tbe 8up = Ls 8bc8up = Ls Gubep-

2F

We note that (5.5) and (5.6) imply (3.26)-(3.28).
Let W be the (0, 4)-tensor on Uc N Us with the local components Wy defined by

Whik = —Shr&" Rsijk + ¢2 (Ruijk — Ls Ghij) + Ls (8iShk — ZikShy)-

(5.3)
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Using (5.3)-(5.6), we can easily check that

Wasea = (€2 — €1) (ﬁ - Ls> Gatee: (5.7)

and that other local components of W vanish identically on U.

(ii) Under some additional assumptions imposed on the base manifold (M, £) the tensor W is a zero tensor. Let SP (1), p > 2,
be the p-dimensional standard sphere with the standard metric g and V its Levi-Civita connection. Let f be a non-zero
function defined on SP(r) satisfying the equation [46]

= 1
vdf) + r—zfg =0. (5.8)

Let M be a connected open subset of SP(r) such that f > 0 at every point of this set. We define on M the function F by
F = f? (cf, Examples 3.1 and 3.2 of [27]). We can check that the tensor T, defined by (3.3), satisfies % T+ T%FE = 0.

Since riz = o=p ])p the last equation and (5.2) give 5 1T 4+ Flsg =0and
L K L tr T FL (5.9)
s=———, -trT=—pFL. .
®—"1Dp 2
Thus (5.7) reduces to Wgps = 0, and in a consequence, on U we have
Shr&" Rsijk = 2 (Ruijk — Ls Ghijie) + Ls (ZiiShk — ikShj)- (5.10)

Thus (1.2) holds on U. Now (5.4), by making use of (3.4) and (5.9), yield

1
=m-Dks, o= (k = (n = DpLs). (5.11)
n—p

Further, using (2. 3) (5.3),(5.4), (5.6), (5.9) and (5.11), we can express the local components Cpj, of the Weyl conformal
tensor C of M x FN which may not vanish identically by

Cabed = — ad L) G

abcd — n_2 (n — l)n S abcd s

(p— Dn K

C = — —Ls |G s

ao b (n — p)(n — 2) (n — 1)n S ac b

1 (n+p—2)x

Cy =R, — —2(n— 1)pLs ) Gygys-

By e y—— ( — ( )PLs ) Gapys

Ifc; # ¢y atapointx € M x Fﬁ then S — g and C are non-zero at this point (cf. [27, Examples 3.1 and 3.2]). This

means that Ur NUs C M X Fﬁ is a non-empty set. On this set we have: (1.2) with Lg given by (5.9), S;p = ¢1 gq» and
S«p = C2 8ap With ¢q and ¢, given by (5.11). In addition, (5.10) and (5.11), in view of Proposition 3.1 of [41], lead to (1.9).
This, by Proposition 2.2, yields (1.4).

6. Warped products satisfying (1.4)

Let M x FN be the warped product with a p-dimensional base (M,g),2 <p<n-—3,andan (n — p)-dimensional
Einsteinian fibre (N g), which is not of constant curvature. Moreover, let (1.4) be satisfied on Uc N Us C M x FN and let
U C Uc N Us be a coordinate domain of x € Uc N Us. Since n > 5, (3.10) reduces on U to

1
(R - S)ijke = - Q (g, Vnijk- (6.1)
From (3.9), forh = a,k = b, = c and m = d we get

(n—2) (R-S)abed + &bcVad — &bdVea + ZacVba — &adVbe + (R - S)cbad + (R - S)ader + (R - S)abea + (R S)acba = 0.
Thus, by making use of (3.10), we obtain

2(” - 1) Q(g7 V)abcd + Q(ga V)acbd + Q(g» V)cbad + Q(g7 V)adcb + Q(g; V)dbca =0.
Contracting this with g% we find

g o Vef

Vap = 8ab- (62)
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From (6.1) we also have (R-S)gpeg = —% Q(g, V)aped» Which by an application of (6.2), reduces to (3.26), which together with
(3.6) yields

(E S "_pT)> =0 (6.3)
2F abcd . .
We note that (3.6) and (5.3) imply (3.27). Contracting (3.16) with g® and using (6.2) we find
g Ve
Vop = o 6.4
- 8up- (6.4)

By our assumptions we have

~

S K tr T iy n AF AqF (6.5)
= C s (= — — _ . ]
wp = C38ap, C3 (n—pF  2F p 4F2

Applying now (6.2), (6.4) and (6.5) into (3.16) we obtain

2F (ngw g9V

Tsa -D af — afs
aba B ab8u B " n—p D )gabgﬁ

2F gSMVaL gefvef
— — —— ) 8-

€3Tap — Dap = —
n n—p p

& f
Now (3.6) yields (3.28) with p = 1 (5.2 — £

The above presented considerations and Proposmon 3.1 lead to the following.

Proposition 6.1. Let M x FN 2 < p < n — 3, be the warped product manifold with Einsteinian fibre (N g) which is not of
constant curvature. Let U C Uc NUs C M x FN be a coordinate domain of a point x € Uc N Us. If (1.4) is satisfied on U
then (3.26)-(3.28) hold on this set. Conversely, if (3.26)-(3.28) are satisfied on U then (1.4) holds on this set.

We note that the warped product manifold constructed in the previous section satisfies (1.4) and (3.26)-(3.28).
We consider now warped products satisfying (1.4) with non-Einstein fibre.

Proposition 6.2. Let (1.4) be satisfied on M x Fﬁ, 1<p<n-—3Ifatx e Us C M x Fﬁ the tensor S — - § is non-zero then
on some open set U C M x Fﬁ we have

@2 _ ol t.  BR-S=-"L0G@s) (66)
—— — —— = CO0nSs . = —— N . .
4F 2p 2pF &

In addition, if n = 4 then (4.1) and

R-R= tl-TQ( R) (6.7)
="%F g, k), .
hold on U. Moreover, at every point of U we have
rank(S—tg) =1, teR. (6.8)

Proo f Without loss of generality we can assume that U is a coordinate domain of x. Since at every point of U we have
S# = g (3.19) implies immediately (6.6)(a). Next, using (3.22) and (3.23) we obtain on U

trT _ tr T
T=—g, D= —=S. (6.9)
p p

Now (3.16) turns into
tr T
- (gotﬁ Vap — gabvaﬂ) p (gabsotﬁ gaﬂsab) .
Applying this into (3.15) we find (R-S)aupp = —% Q(g, S)aupp- Clearly, (3.18) takes the form (R-S)squp, = —% Qg S)sapy-
In addition, (3.25) by making use of (6.9), gives (R - S)pgac = "pT Q(g, S)pdac- Thus (6.6)(b) holds on U.
We consider now the case n = 4. Therefore, we also have p = 1.(6.6)(b), in view of Proposition 4 of [ 16], implies (6.7). As

it was mentioned in Section 4, (4.1) is satisfied on every 4-dimensional warped product manifold with 1-dimensional base.
Now (6.7) and (4.1), together with (2.5), lead to

3tr T tr T
QS+ °F g,R—l—?G =0. (6.10)
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Ifrank (S + 2L g) = 1atapointx € U then (3.2) turns into (6.8). Let now rank (S + 25L g) > 1ata pointx € U. Then at
this point we have (see, e.g. [2, Lemma 3.1])

Rt Tl on (s+ 25 o) (s 2T »eR\ {0) (6.11)
2F 2F ¢ 2F &) ' '
Now (3.1),(3.2) and (6.11) lead to
~ ~ = ~ = ~ ~ ~ ~ A~ ~ ~ ~ ~
Raﬂyé =13 (gotﬁsﬂy +gﬂysoz8 - gay5ﬂ8 - gﬂésay) + f (Saﬁsﬂy - Sozysﬁé‘) + 174 Gaﬂyz% 73, T4 € R, (612)
which by the identity

~ ~ — ~ _ ~ — ~ — ~ K ~
Capys = Rapys — (8usSpy + &8y Sus — &aySps — €p5Say) + 3 Gapys = 0,

turns into
SasSpy — SaySps = T1 (€asSpy + EpySas — BaySps — &psSay) + T2 Gapys, T1,T2 € R. (6.13)

From this, in view of Lemma 3.1 of [47], it follows that (6.8) holds at x, which completes the proof.

As an immediate consequence of Proposition 6.2 we have the following.

TheoremG 3. Let (1.4) be satisfied on M x Fﬁ 1 < p < n — 3. Then we have: (i) ifat everyx € Us C M x FFJ the tensor
S o g is non-zero then M x gN is a Ricci-pseudosymmetric manifold, (ii) if n = 4 and at every x € Us C M X gN the tensor

g is non-zero then M x FN is a pseudosymmetric manifold and (N 2) is a quasi-Einstein manifold.
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