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1. Introduction

Deformations of different algebraic and analytic objects are important aspect if one studies their properties. They char-
acterize the local behavior in a small neighborhood in the variety of a given type objects. A geometric picture of the defor-
mations is obtained by considering the variety M of all those bilinear maps (products) of the underlying vector space into
itself which satisfy the conditions defining the variety. An algebra structure of the variety represents a point m of M, and
deformations of the structure are represented by points of M near to m. Thus the study of the deformations of these algebras
is a special case of the study of the local geometric properties of varieties.

Classical deformation theory of associative and Lie algebras began with the works of Gerstenhaber [1] and Nijen-
huis-Richardson [2] in the 1960s. They studied the one-parameter deformations and established the connection between
the cohomology and infinitesimal deformations of Lie algebra. After these works formal deformation theory was generalized
in different categories. In fact, in the last fifty years, the deformation theory has played an important role in algebraic ge-
ometry. The main goal is the classification of families of geometric objects when the classifying space (the so called moduli
space) is a reasonable geometric space. In particular, each point of our moduli space corresponds to one geometric object
(class of isomorphism). The theory of deformations is one of the most effective approaches in the investigation of solvable
and nilpotent Lie algebras (see for example, [3-6]).
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In this paper we study the infinitesimal deformations of some nilpotent Leibniz algebras. Recall, that Leibniz algebras are
a generalization of Lie algebras [7,8] and it is natural to apply the theory of deformations to the study of these algebras. Par-
ticularly, the problems which were studied in [3,5,6] and others can be considered from the point of view of Leibniz algebras.

According to algebraic geometry an algebraic variety is a union of irreducible components. The closures of orbits of rigid
algebras give the irreducible components of the variety. That is why the finding of rigid algebras is a crucial problem from
the geometrical point of view.

Due to [9] we can apply the general principles for deformations and rigidity of Leibniz algebras. Namely, it is proved that
nullity of the second cohomology group (HL?(L, L) = 0) gives a sufficient condition for rigidity. In addition, it is established
that Leibniz algebras for which every formal deformation is equivalent to a trivial deformation are rigid.

One of the inherent properties of finite-dimensional Leibniz algebras consists of the existence of nilpotent single-
generated Leibniz algebras (so-called null-filiform algebras), which are Leibniz algebras of maximal nilindex. It is known
that in each dimension all of those algebras are isomorphic to the algebra NF, [10] and this algebra is rigid in the variety
of n-dimensional nilpotent Leibniz algebras (denoted by Leib,). In [11] infinitesimal deformations of the algebra NF, are
studied. It was proved that any single-generated Leibniz algebra (which is solvable) is a linear integrable deformation of NF,.
Moreover, it is shown that the closure of the set of all single generated Leibniz algebras forms an irreducible component of
Leib,,.

Firstly the notion of filiform algebra was introduced by M. Vergne in [12] as an algebra of maximal nilindex in the variety
of Lie algebras. Namely, naturally graded filiform Lie algebras are classified and it is proved that any filiform Lie algebra is
represented by a linear integrable deformation of special filiform Lie algebra.

In [10] for Leibniz algebras by the approach of M. Vergne similar description was obtained. In particular, there are only
three naturally graded filiform Leibniz algebras (F!, F2 and F3(«), « € {0; 1}) up to isomorphism.

This paper is structured as follows: In Section 2 we give the necessary definitions and facts. Section 3 is divided into three
subsections: Section 3.1 deals with the second group Leibniz cohomology of the algebra Fn] and the description of some linear
integrable deformations of Fn1 in the variety of Leib,. Among these deformations we indicate unknown till now rigid Leibniz
algebra. In Section 3.2 we describe infinitesimal deformations of the algebra Frf and its linear integrable deformations with
respect to chosen basis of HL? (F,f, F,f). In Section 3.3 for the algebra F,f(O) we establish that Lie infinitesimal deformations
together with three indicated Leibniz infinitesimal deformations form the space of all Leibniz infinitesimal deformations.

Throughout the paper we consider finite-dimensional vector spaces and algebras over the field of complex numbers.
Moreover, in the multiplication table of a Leibniz algebra the omitted products and in the expansion of 2-cocycles the omitted
values are assumed to be zero.

2. Preliminaries

In this section we give necessary definitions and known results.

Definition 2.1. A Leibniz algebra over F is a vector space L equipped with a bilinear map, called bracket,
[, —]:LxL—L

satisfying the Leibniz identity:
(%, Ly, 211 = [Ix, y], z] = [[x, z]. y1,

forallx,y,z € L.

The set Ann, (L) = {x € L : [y, x] = 0, Vy € L} is called the right annihilator of a Leibniz algebra L. Note that Ann, (L) is an
ideal of L and for any x, y € L the elements [x, x], [x, y] + [y, x] € Ann,(L).
We call a vector space M a module over L if there are two bilinear maps:
[—,—-]:LxM—->M and [—,—-]: M XL—>M
satisfying the following three axioms
[m, [x, y1] = [[m, x], y] — [[m, y1, x],
[x, [m, y11 = [[x, m], y] — [[x, y], m],
[x, [y, ml] = [[x, y], m] — [[x, m], y],
foranym e M, x,y € L.
Given a Leibniz algebra L, let C*(L, M) be the space of all F-linear homogeneous mappings L*" — M,n > 0 and
Co(L, M) = M.
Letd" : C"(L, M) — C"t1(L, M) be an F-homomorphism defined by
n+1

(dnf)(xls LY ’XVH-]) = [Xlaf(X27 e sxn+])] + Z(_l)i[f(xla e s;(\f’ DRI Xﬂ+1)7xf]

i=2
- R
+ E Iy oo Xic, X X Xigts oo Ky e e ey Xng1),s

1<i<j<n+1
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where f € C"(L,M) and x; € L. Since the derivative operator d = )_ d' satisfies the property d o d = 0, the n-th

cohomology group is well defined and

HL"(L, M) = ZL"(L, M)/BL"(L, M),

i>0

where the elements ZL" (L, M) and BL" (L, M) are called n-cocycles and n-coboundaries, respectively.
The elements f € BL*(L, L) and ¢ € ZI*(L, L) are defined as follows

fx,y) =[dXx),y]l + [x,d(y)] — d([x,y]) for some linear map d (2.1)
and
(@)%, y,2) =[x, 0y, D] — [px.¥), 2] + [p(x, 2), y] + ¢(x, [y, z]) — ([x, ¥],2) + ¢([x, 2], y) = 0. (2.2)

A 2-cocycle is called infinitesimal deformation.
A deformation of a Leibniz algebra L is a one-parameter family L, of Leibniz algebras with the bracket

Pe = o + tor + gp + - -,

where ¢; are 2-cochains, i.e., elements of Hom(L ® L, L) = C?(L, L).
Two deformations L;, L, with the corresponding laws u, u; are equivalent if there exists a linear automorphism
fi =id + fit + fot? + - - - of L, where f; are elements of C'(L, L) such that the following equation holds

wi(x,y) = 7 (e (), i (v)) forx,y € L.

The Leibniz identity for the algebras L, implies that the 2-cochain ¢ is an infinitesimal deformation, i.e. d?¢; = 0.If ¢;
vanishes identically, then the first non vanishing ¢; is an infinitesimal deformation.

If 7 is an equivalent deformation with cochains ¢;, then 9] — @1 = d'f;, hence every equivalence class of deformations
defines uniquely an element of HL?(L, L).

Note that the linear integrable deformation ¢ satisfies the condition

P(X, 0, 2) —p(px,¥),2) + p(p(x,2),y) = 0. (2.3)
The linear reductive group GL,(F) acts on Leib,, via change of basis, i.e.,
E*xMRX,y) = g(,\(g”(x),g”(y))), g € GL,(F), A € Leib,,.

The orbits Orb(—) under this action are the isomorphism classes of algebras. Recall, Leibniz algebras with open orbits
are called rigid. Note that solvable (respectively, nilpotent) Leibniz algebras of the same dimension also form an invariant
subvariety of the variety of Leibniz algebras under the mentioned action. We give a definition of degeneration.

Definition 2.2. Itis said that an algebra A degenerates to an algebra u, if Orb(w) lies in the Zariski closure of Orb()), Orb(}).
We denote this by A — .

In the case of the field IF be the complex numbers C, we give an equivalent definition of degeneration.

Definition 2.3. Let g : (0, 1] — GL,(V) be a continuous mapping. We construct a parameterized family of the Leibniz
algebras g, = (V, [—, —1;), t € (0, 1] isomorphic to L. For each t the new Leibniz bracket [—, —]; on V is defined via the old
one as follows: [x, y]; = g[[gt”(x), gfl(y)], Vx,y € V.Iffor any x, y € V there exists the limit

lim [x,y]; = lim glg '), g '®] = [x.ylo.
t—-+0 t—+0
then [—, —]g is a well-defined Leibniz bracket. The Leibniz algebra Ly = (V, [—, —]o) is called a degeneration of the algebra L.

For a Leibniz algebra L consider the following central lower series:

L'=1, =151, k>1.

Definition 2.4. An n-dimensional Leibniz algebra is said to be filiform if dimLi =n —1i, 2 <i < n.
Now let us define a natural graduation for a filiform Leibniz algebra.
Definition 2.5. Given a filiform Leibniz algebra L, put [; = L'/I*!, 1 <i<n—1l,andgr(l) = Li ® L, ® --- ® Lyo_1.

Then [L;, L;] < L;y; and we obtain the graded algebra gr(L). If gr (L) and L are isomorphic, then we say that the algebra L is
naturally graded.



152 A.Kh. Khudoyberdiyev, B.A. Omirov / Journal of Geometry and Physics 86 (2014) 149-163

In the following theorem we resume the classification of the naturally graded filiform Leibniz algebras given in [10,12].

Theorem 2.6. Any complex n-dimensional naturally graded filiform Leibniz algebra is isomorphic to one of the following pairwise
non isomorphic algebras:

Fy:[xixi]l=xi1, 2<i<n—1,
2. .
Fio[x,x1] =%y, 1<i<n-2,

F3 () : [xi, x1] = —[*1, xi] = Xiy1, ' 2<i<n-1,
(X, Xnt1-i] = —[Xnp1—i Xl = (=) 'x,, 2<i<n-—1

where a € {0, 1} for even n and o = 0 for odd n.

The following theorem decomposes all n-dimensional filiform Leibniz algebras into three families of algebras.

Theorem 2.7 ([13]). Any complex n-dimensional filiform Leibniz algebra admits a basis {X1, X2, . . ., X,} such that the table of
multiplication of the algebra has one of the following forms:
[Xi, x1] = Xiy1, 2<i<n-—1,
Fy = 1 [x1, x2] = 0xy,
[Xj, X2] = ctaXjio + sXjps + - -+ UpgojXn, 2 =<j<n-—2,
[Xi, x1] = Xip1, 1<i<n-2,
Fy = {1 [X, xn] = B3Xjy2 + BaXjyz + -+ + Bojxn_1, 1=<j=<n-3,
(X, Xa] = vXn_1,
[Xi, X1] = Xit1, 2<i<n-—1,
[x1, Xi] = —Xit1, 3<i<n-—1,
[x1, X1] = 01Xn,
F3 = § [x1, X2] = —X3 + O2xp,
[%2, X2] = O3Xp,
[Xi, %] = —[x;, xi] € Iin(Xij1, Xigjyz, - » %), 2=<i<j=<n-—1,
[Xi, Xnr1—i] = —[Xnp1-i, Xi] = a(— 1)1+1 2<i<n-1

where o € {0, 1} for even n and o = 0 for odd n.

In [11] we obtain that any single-generated Leibniz algebra has the following multiplication:

[Xivxl]:XH»ly 1<i<n-1,
oy, as, ..., ap) =
2 " xexal Z .
Note that any algebra of the family u(ozz, a3, ..., Q) is a linear integrable deformation of the algebra NF .

Let us introduce denotation

X= |J o, as,.... o).

Theorem 2.8 ([11]). X is an irreducible component of the variety Leib,,.
3. Deformations of naturally graded filiform Leibniz algebras

In this section we calculate infinitesimal deformations of naturally graded filiform Leibniz algebras.
3.1. Infinitesimal deformations of the algebra Fr}

In order to achieve the purpose of the subsection we need the matrix form of a derivation of the filiform Leibniz algebra
Fl[14]:

a; O 0 0 cee 0 o,

0 B B3 Ba o B Bn

0 0 a1+58 B3 s Bra Bn-1

0 0 0 200+ B - Bus Bn—2 - (3.1)
6 O 0 0 0 (n—2).ot1+,32

Due to (2.1) it is easy to see that dim BL?(F! F,, n)_” —n—1.
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The following proposition presents the general form of the Leibniz infinitesimal deformation of the algebra F,}.

Proposition 3.1. An arbitrary infinitesimal deformation ¢ of Fn1 has the following form:

n n
PR X)) =Y ke 9XG.X1) =D ok, 2=<j<n—1,
k=2 k=1

n
P, X1) = Y niXe,  @(X1,X2) = Y1X1 + VaXn,
k=2

n+2—i
P, %) = (=27 + BIxi+ ) Bxirioa, 2<i<n,
k=3
@ (Xi, x3) = —(a2,1 + Y1)Xit1, 2<i<n-—1,
©(Xi, Xjr1) = —j 1Xit1, 2<i<n—-1,3<j<n-1

Proof. Using the property of infinitesimal deformations for (d?¢) (x;, Xj, x¢) = 0with1 <i<nand2 <j, k < n, we obtain
[xi, ¢ (xj, x¢)] = 0, which implies @(x;, x) € (X2, X3, ..., Xn).

Similarly, the equation (d?@)(x;, x1,%;) = 0 leads to [x;, ¢(x1,%1)] = O, consequently we have ¢(xq,x;) €
(X2, X3, ..., Xn).

From the condition (d?¢) (x;, Xj,x1) =0with1 <i<nand2 <j < n,wederive

%, (x5, x1)] — [o(xi, %;), X1] + @ (i, [%;, x1]) + o ([x;, x1], X)) = 0. (3.2)
Similarly, from the condition (d?¢)(x;, X1, X)) = 0 with 2 < k < n, we have
[Xi, o(x1, xi)] + [ X, %), x1] — @([xi, X1], x¢) = 0. (33)

The equality (3.3) withi = 1, k = 2 deduces [¢(x1, X2), X1] = @([x1, X1], X2) — [X1, ¢ (X1, X2)] = 0, hence we can assume
©(X1,X2) = Y1X1 + YnXx, for some parameters yq, ;.

From the equality (3.2) withi = 1,2 <j < n — 1, we have ¢ (1, Xj11) = [¢(X1,X;),x1] = 0.

Summarizing the equalities (3.2) and (3.3) we obtain

o i, Xip1) = —[xi, (x5, X1)1, 3<j<n-—1, (34)
[Xi, ¢ (xn, x1)] = 0.

We set

{fp(xf,&) = —[xi, o(x1, X2) + @ (X2, x1)],

n n
o (xj, x1) = Zaj,kxk, 1<j=<n, 02, %) = Zﬁkxk-

k=1 k=2

Applying Egs. (3.2)-(3.4) we derive a; 1 = a,; = 0 and

n+2—i
©(Xi, x2) = (I = 2)y1 + B2)xi + Z BiXkrizz, 2=<i=<n,
k=3
o(xi, x3) = —(a2,1 + Y1)Xip1, 2<i<n-—1, OXi, Xj41) = —0j1Xip1, 2<i<n—1,3<j<n-1 0O

Using Proposition 3.1 we indicate a basis of the space ZL?(F!, F}).

n*>'n
Theorem 3.2. The following cochains:

: )i, x1) = x4,
i12<j<n-1): .
== ) {¢j¢1(xi,xj+1)=—xf+1, 2<i<n-1,
g1 <j<n 2<k=<n):{gx. x)=x,
Y2 <j<n):{Yixix) =Xy, 2<i<n—j+2,

£1(X1,X2) =?{1, )
E1: 3861 (i, %) =(0—2)x;, 3<i=<n,
E1(Xi, X3) = —Xiy1, 2<i<n-—1,
& & (%1, X2) = xp

form a basis of the space ZL?>(F}, F)).

n’>'n
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Corollary 3.3. dim(ZL*(F!,F1)) =n®* +n— 1.

Below, we describe a basis of the subspace BL?(F!, F!) in terms of ¢; x, ¥, & and &.

Proposition 3.4. The cocycles

N1k-1 = @1,k 3<k<n,
n2,1 = Y3,

Nik: M1 = Pi-11, 3<j=<n,
Nik = Pi-1,ks 3<j=<k=n,

Nk = Qi—1,k — Pjk+1, 3k <j=n,
form a basis of BL*(F}, F)).
Proof. Consider the endomorphisms f; i defined as follows:

fra1(x2) = x4,
fiex) =x, 2<k=<n-1,
fu®x) =x, 3<j<n 1<k<n.

According to (3.1) it implies that f; , are the complemented linear maps to derivations in C'(F}, F}). Therefore, d'f;  form

a basis of the space BL*(F,, F)), where d'f; = f; x([x, ¥]) — [fi.x(®), Y] — [x, ficOD)].
It should be noted that

d'fik = —@rks1, 2<k=<n-1,

d'fo1 = —s,

d'fi1 = @11, 3<j=<n,

d'fik =01k — ik, 3<j<n 2<k<n-1,
d]ﬁ’,n = @j—1,n» 3<j=<n

From the condition d'fj  + d'fiy1 k41 + -+ - + d'faij—kn = @j—1. for 3 < j < k < n, we conclude that the maps n; x form
abasis of BL?(F!, F!). O

Corollary 3.5. The adjoint classes V5, &1, &, @12, gnx (2 < k < n) and ¥; (4 < j < n) form a basis of HL*(F}, F}).
Consequently, diim HL*(F}, F!) = 2n.
Since every non-trivial equivalence class of deformations defines uniquely an element of HL?(L, L), due to Corollary 3.5
it is sufficient to consider a linear deformation
Mt = Fr} + f(/),

where ¢ = & + 6 + 1912 + Dy WPk + ba¥a + Dy Vi
Ift # 0, then we can assume t = 1 and the linear deformation 1 we shall denote by u:

[X1, X1] = a1xa,
[Xi, x1] = X1, 2<i<n-—1,
n
[xn. x1] = ) @i,
. k=2
Y [, x2] = caxp + o, (3.5)

n+2—i

[xi, 0] = (= 2)c1 +b)xi+ D bixeyia, 2<i<n,
k=4

[xi, X3] = —C1Xit1, 2<i<n-—-1

In the next proposition we clarify under which conditions on the parameters a;, b;, c; and ¢, the algebras of the family
are the Leibniz algebras.

Proposition 3.6. A linear integrable deformation of the algebra F} consists of the first class of filiform Leibniz algebra F; and the
following Leibniz algebras

X1, X1] = @12, )
{xl Xll]]_x,llz 2<i<n-—1 [Xi,X]] = Xi+1, 2 <1<n-— 1,
b T - ’ [X1, X2] = X9
: R: ’ L .
)\.(ala 7an) [X X]_iax [XivX2]=(l_2)Xi, 3515]‘,’
ma ke [Xi, X3] = —Xiy1, 2<i<n-—1
k=2
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Proof. Verifying Leibniz identity for the algebra u we obtain the following restrictions:

b, =0, cia, =0, cpa, =0, bia, =0, 4<i<n, 1<k<n.
If a; # 0 for some i, then we deducec; = ¢, = 0, b; = 0, 4 < i < n. So, the family of algebras A(ay, ay, ..., a,) is
obtained.

If a; = 0 for all {, then the table of multiplication of the family x has the form:

[Xi, x1] = Xip1, 2<i<n-—1,
[x1, 2] = c1%1 + CuXy,
n+2—i
[xi, x2] = (i — 2)c1x; + Z biXirioa, 2<i<n,
k=4
[Xi, x3] = —C1Xiy1, 2<i<n-—1.

In the case c; = 0 we get the family of filiform Leibniz algebras F;.
If c; # 0, then taking the following transformation:

Cn , 1 . , 1

X, =%+ ———xp, X =—xi+ Ai_izoXi, 2<i<n-—2, X = —x, 1, X = —x,,

1 1 C1(3_n)n i Cll j;zjl+2} n—1 Clnl n ) n
with

by bs

Ap= - A= A=-— ( +Y Abuay), 6=isn,

4 22 > 3¢ ' (1—2)c1 Z o
we obtain the algebraR. O

Below we establish that the family A is in X.

Proposition 3.7. A(aq, az, ..., a,) € X for any values of the parameters a;.

Proof. If in the family A the parameter a; # 0, then by taking the change of basic elements as follows: x; = x;, x| =
ax;, 2 < i < n,we can assume a; = 1 and the family A(1, ay, ..., a,) is the same family as the one of [i(ay, a3, ..., o).
Thus, (1, aa, ..., a,) € X.

If a; = 0, then in the case a; # 0 by changing of basis in the following way:

1 u .
Xp=x1+— % — E aXe—1 | » Xi=x, 2<i<n,
a2 =3

we have A(0, ay, ..., a,) == (o, o3, ..., o). Thus, A(0, ay, ..., a,;) € X.
Let us suppose a; = a; = 0, then by choosing the transformations g; as follows g;(x1) = x1, g () = tx;, 2 <i < n,we
derive

llrrtl)gt * ﬁ(oa a3, ..., an) = )“(07 07 as, ..., an)’
t—
which implies A(0, 0, a3, ...,a,) € X. O

The interesting properties of the algebra R are given in the following assertions, proofs of which can be given by direct
computations.

Proposition 3.8. Any derivation of the algebra R has the matrix form:

« 00 0 -- 0 0
008 O 0 0
00 a B 0 0
0 0 0 2« 0 0
000 O (n—3)a B
00 0 .- 0 (n—2)a

Taking into account that the operators of right multiplications Ry, and Ry, of the algebra R are linear independent inner
derivations, we conclude that any derivation of the algebra R is inner.
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Proposition 3.9. Any infinitesimal deformation of the algebra R has the following form:

©(X1,X1) = A1,1X1 + a1,1X3 + E ar kX,

k=4
n
PXi, 1) = Zai,kxkv 2<i<n-—1,
k=1
n—1 k—2 n—1
(n— 1)(“ - 2)
Q(Xn, X1) = — Zan —jk—jXk + < 1,1 — Zak k)XTh
k=3 j=1 k=
n—1
@ (X1, X2) = by 1% — ay1x2 + Z(n — 3)a1,k+1Xks
k=4

n
(X2, X2) = by 1X1 + by 13 + sz,kxk,
k=4

n
(X3, X3) = Gz2X% + by 1x3 + Z(bz,kfl — (k — 3)az ),
=4

2)i—3
©(Xi, X2) = (i — 3)Gj_1,1%1 + (i — 2)by 1X; — <(l )i=3) ap1 — Zak k)Xz 1

+ Z(z - k)Zal_, R T —k)Za, 141 X a<isn,

k=i+1
O (X1, X3) = —a2X1 — A1,1X3 — Zal.kxkv
k=4
n
@ (X2, X3) = —0z1X1 — Az 2% — (b1 + az1)x3 — Zaz,kxk,
=4
n

©(xi, x3) = (i — 2)(ar,1 — az2)X; + (az3 — a1 — by, 1)Xi41 — Zai,kxk, 3<i<n-—1,

=1

—1 k2 (n—2)(n—3) 3 =l

@ (xn, X3) = ; ; nej k= Xk — (fam +(n—3)a; — ;ak,k)xn,
O (X1, X)) = —aj_12X1, 4<j=<n,
¢(X2, %)) = (Gj2.2 = Gj-1.1 + 0j-1,3)X3, d<j=n, .
O, X)) = — (1 — 2)aj_12% + (Gj_2,2 — Qj_1,1 + Gj_1,3)Xi11, 3<isn-1,4<j=n,
©Xn, X)) = —(n — 2)j_1,2Xn, 4<j=n

Corollary 3.10. The algebra R is rigid.

Proof. Due to Proposition 3.8 we have dim Der R = 2. Therefore, dim BL?(R, R) = n? — 2. From Proposition 3.9 we conclude
that dim ZL?(R, R) = n® — 2, hence HL?(R, R) = 0. Applying the result of the paper [9] on rigidity of Leibniz algebras which
satisfy the condition HL?(R, R) = 0 we complete the proof. O

3.2. Infinitesimal deformations of the algebra F?

Further we shall use the result in [14] which describes the derivations of the filiform Leibniz algebra F,f. Namely, any
derivation of F? has the following matrix form:

o ay o3 e Op—q Un
0 20{1 (6% s [0 7] 0
0 0 30[1 s [0 773) 0
S . . (3.6)
0 0 0 -+ m—MDa; O
o o0 o0 - B B2

This matrix implies that dim Der (F2) = n + 2 and dim BL?(F2, F2) = n> —n — 2.

n’'n
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Proposition 3.11. An arbitrary infinitesimal deformation ¢ of Fn2 has the following form:
n
o(xj, x1) = Zaj,kxks 1<j<n-2,
k=1

n n
(P(Xn_], X]) = Zan—kakv (P(xna X1) = Zan,kxk,
k=2 k=1
©(Xi, Xj41) = —j 1Xit1, 1<i<n—-2,1<j<n-2,

n
P01, Xn) = —an1X1 + Y i,
=2
n—i
(X, Xy) = —ian 1X; + Zﬁkxk+i—1, 2<i<n-—1,
k=2

©(Xn, Xn) = Y1Xn—1 + VnXn.

Proof. The proof of this proposition is carrying out by applying similar arguments as in the proof of Proposition 3.1. O

Using Proposition 3.11 we indicate a basis of the space ZL*(F?, F2).

Theorem 3.12. The following cochains:

. ) ei(xj, x1) = xq,
1(1<j<n-2): .
pa(1<j= ) {(pjiyl(xi’xjﬂ):—xm, 1<i<n-—2,
k(1 <j<n 2<k=<n:{gix x)=x,

U {1//1(?(11,7(1) = X1,

Y1, xp) = —ix;, 1<i<n-—1,
Y2=j=n-1: {llfj(xi’xn) =Xjti-1, 1 <i<n—j
1//11 : {II/H(X], Xn) = Xn,
1//TH»1 : {er»](xn,Xn) = Xn—1,
¢n+2 : {wn+2(xn, Xn) = X

form a basis of ZL*(F?, F?).

n>'n

Corollary 3.13. dim(ZL?(F?, F?)) = n? +n.

n’'n

Next, we describe a basis of the subspace BL*(FZ, F?) by means of g x, ;.

Proposition 3.14. The cocycles

N1 = Yi-1.1 — ¥j.2, 2<j=<n-—1,

Nk = Pj—1.ks 2<j<k=<n-1,
, Nk = Pi-1k — Pik+1, 2<k<j<n-—1,
ik Njn = @j-1,n, 2<j<n-—1,
M1 = @n2 + V2,
N,k = $Pnk+1, 2 < kf n_za

form a basis of BL?(F?, F?).

n’'n

Corollary 3.15. The adjoint classes @nn, @n_1x (2 < k < n)and ¥; (1 <j < n+2) form a basis of HL?(F2, F2). Consequently,
dim HL?(F%, F?) = 2n + 2.

n’'n

In the next proposition we clarify that basic elements of ZL? (Frf, F,f) satisfy the condition (2.3).

Proposition 3.16. The infinitesimal deformations ¢jx (1 < j < n,2 <k < n), ¥; (1 <j < n— 1) and Y, satisfy the
condition (2.3), however Y, Yt and @1 (1 < j < n — 2) do not satisfy the condition (2.3).

Proof. The proof of this proposition is straightforward. O
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Since every non-trivial equivalence class of deformations defines uniquely an element of HL?(L, L), due to Corollary 3.15
it is sufficient to consider the linear deformation

Ve =Fn2 + to,

where @ =C1¢nn + ZZ:Z AkPn—-1,k + Z;;H:? bk‘//k-
Without loss of generality, we can assume t = 1.
Then we have the following table of multiplications

[xi, X1] = xi11, 1<i<n-2,

n
[Xn—1,%1] = Zakxka
=2

[Xn, 1] = b1x1 + c1Xy,

n
[x1, xa] = —bix1 + Y b,
k=2
n—i
[xi, X,] = —ib1x; + Zbkxk+i—17 2<i<n-—1,
k=2
[xn; Xn] = bn-HXn—l + bn+2xn'

From the equalities
0 = [xn, [Xn, X011 = [Xn, bnyaXn—1 + bny2Xn] = bpio(bny1Xn—1 + bui2Xn)

we get b, = 0.

Proposition 3.17. Any linear integrable deformation of the algebra F,f admits a basis {x1, X, . . ., X} such that its table of mul-
tiplication has the form of the families Fy, F,, ji(aa, ..., ay), m(az, ..., a,—1) ® Cand
[xi, x1] = Xip1, 1<i<n-2,
n—1 n—1
v1(az, a3, ..., Gp_1) : [xn,l,x]]:Zakxk, Zak: 1,
k=2 k=2
[Xn, X1] = X,
X, x1] =x11, 1<i<n-2,
vy i g [Xn, X1] = x4,
[xi, %] = —ix;, 1<i<n-—1,
[Xi, x1] = Xip1, 1<i<n-2,
[Xn—1, x1] = —xn_1,
[Xn, X1] = —xn,
n—1
v3(by, b3, ... bn1) 0 [xq, x] = xp + Zbkxk,
k=2
n—i
(X X] =Y biXiio1, 2<i<n-—2,
k=2
where we can assume that the first non-zero element of the vector (by, b, ..., b,_1) isequal to 1,
[xi, 1] = Xit1, 1<i<n-2,
(X1, X1] = —2x;_1,
vg i g [Xn, X1] = —Xp,
[X1, Xn] = Xn,
[xn, xn] = Xp—1,
[xi, x1] = Xit1, 1<i<n-2,
n—1
Xn_1,X1] = rXr,
vs5(dy, A3, ..., Qq_1) : (X1, 311 k; Kk
[Xn, X1] = —xn,

[X1, Xn] = Xy.
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Proof. Note that {x,, X3, ..., Xx,_1} € Ann,(v).Ifx,, € Ann,(v),thenwe haveb, = 0,1 <k <n+ 1.

If a, # 0 then we have the class of single generated algebras i(a,, .. ., a,).

If a, = 0 and ¢; = 0, then we have the split algebra i(a,, ..., a,_1) & C.

If a, = 0and c; # 0, then by scaling the element x, we can suppose c; = 1. In fact, in the case of ZZ;; a, # 1 this
algebra is also single-generated (we can choose the element x; +x; as the generator). It is easy to see that when Z;};; a, =1

we obtain the two-generated family of algebras v{(ay, as, . .., a,_1).
Now we consider x,, & Ann,(v). It implies a, = 0, ¢; = —b, and the table of multiplication of v has the form:
[xi, x1] = xi11, 1<i<n-2,

n—1
o1 1] = Y @i,
k=2

[Xn, x1] = b1X1 — byxy,

n
[x1, %] = —bix1 + Y bixi
k=2

n—i
[Xi, Xn] = —ib1x; + Zbkxkﬂ'q, 2<i=n-—-1,
k=2

[xnv Xn] = bn+1xn71-

Consider the Leibniz identity

k=2

(X1, [%n, X111 = [[X1, Xa], X1] = [[x1, X1], Xa] = [—bm + Zbkx,ﬁx]} — [x2, xa]

n—2 n—1 n—2
= —bix, + Z biXi+1 + b1 Z Xk + bn(b1x1 — bnXy) — <—2b1Xz + Z kak+1>

k=2 k=2 k=2
n—1
= biXo + by1 ) @i + bu(bixy — byxy).
k=2
On the other hand
n—1
[x1, [xa, X111 = [x1, b1x1 — byXy] = biXo — by Y bixic + ba(bixy — bxy).

k=2

Comparing the coefficients at the basic elements, we deduce
bp_qay = —bpby, 2<k=<n-—1.
Consider the Leibniz identity [x;, [x,, x{]] with2 <i<n — 2,

n—i

(i, [xn, X111 = [[x0 Xnl, X1] = [[Xi, X1], Xn] = [—ibm + Zbkxw],x]} — [Xig1, Xl

k=2
n—i—1 n—1 n—i—1
= —ibiXi11 + Z biXiyi + by Zakxk — | =G+ Dbixip1 + Z Xy
k=2 k=2 k=2
n—1
= biXiy1 + bui Z Xy
k=2

On the other hand, we have

[Xi, (X, X111 = [x;, b1X1 — bpXy] = biXip1 — by <—ib1xi + Z kak+i—1) .

k=2
Comparing the coefficients at the basic elements, we derive

b,_ia, =0, 2<i<n-—-2,2<k<i-1,
bn_ia; = ibyby, 2<i<n-2,
bp-iax = —bpby—it1, 2<i<n-—-2,i+1<k=<n-—-1
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Similarly, from the following equalities

n—1

-1, s 111 = [t Xl 1] = (o111 3] = =0 = Dbalxocs, 311 = [ Y @i v

k=2

n—1 n—1 n—k
—(n=Db Y ax— Y _a (—kl:nxk +y bsXerk])
k=2 k=2

s=2

n—-2 n—2
b1 Y (—n+ 1+ k)agbix, — (Z akbn—k)xn—1
k=2 k=2

n—2 n—2
=b1 Y (—n+1+kabixc— Y ibibyxy 1
k=2 k=2

n—2
n(n — 3)b1b
=b1 Y (—n+1+kabix — nn = Db,
k=2 2
and
n—1
[Xn—1, [Xn, X111 = [Xa—1, b1X1 — bpX,] = by Zakxk + (n — 1)bpbixy_1,
k=2
we obtain
(n—k)axyb; =0, 2<k<n-2,
n+ 1)(n—2)b
(an_1 L (it D@ -2) n>b] _
2
Consider

[Xn, (X, X111 = [[Xn, Xa1, X11 — [[Xn, X1], Xn] = bpg1[xn—1, X1] — [b1X1 — buXn, X1

n—1 n
= bnq Zakxk — by <—b1X1 + Zbkxk> + bubny1Xn—1
=2

k=2
n—2
= bix1 + Y (bn10k — b1b)Xe + (bn18n-1 — biby_1 + bpba1)Xn—1 — bibpxs.
k=2

On the other hand, we have
[Xn, [Xn, X111 = [Xn, b1X1 — buXa] = b1x1 — bybni1Xn_1 — b1bnXn.
Comparing the appropriate coefficients, we conclude

biby = bny1ay, 2<k<n-2,
biby—1 = byy1(an—1 + 2by).

Let us summarize the above restrictions:

bn_1ax = —byby, 2<k<n-—1,
bn_iax = 0, 2<i<n-—-2,2<k<i-—1,
bn_ia; = ibyb4, 2<i<n-—2,
bn_iax = —bnby_iy1, 2<i<n-2,i+1<k<n-1,
(n—k)axb; =0, 2<k<n-2,
(an_1 n (”“)(”—Z)b) by =0,
2
biby = bpyay, 2<k<n-2,
bibp_1 = bn+1(an—l + an)
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We need to consider the following cases.
Case 1.Let by # 0.Thena, =0, 2 <k <n—1land b, = 0, 2 < k < n. In this case we have the following table of
multiplication

[Xi, x1] = Xi11, 1<i<n-2,
[XTH Xl] = b]X],
[Xia xn] = —ib1x,-, 1<i<n-—1,
[Xn, Xn] = bpy1Xp—1, 1<i<n-—1.
Taking the change x;, = 5-X, + lhb”ni‘_ll)an we obtain the algebra v,.

Case 2. Let b; = 0. Then the above restrictions are reduced to the following one:

b,_1ax = —byby, 2<k<n-1,

bn_iax = 0, 2<i<n-—-2,2<k<i,

by_iax = —bpbyg_it1, 2<i<n—-2,i+1<k<n-1, (3.7)
byi1a, =0, 2<k<n-2,

bn+1 (a1 + 2bn) =0.

e If there exists some b; # 0, where 2 < i < n — 1, then from (3.7) we obtain
=0 2<i<n-—1, an_1 = —by, bybpi1 = 0.
- Let us suppose b, = 0. Then we have the multiplication
[xi, x1] = Xi11, 1<i<n-2,

n—i
[xi, xn] = Zbl<xk+i—la 1<i<n-—2,
k=2
[th Xn] = bn+1xn—1-
This family of algebras represents the families F; and F,. Namely, if b, # 0, then we obtain the family F; and if b, = 0,
then we get the family F,.
- Let us assume now that b, # 0. Then b,; = 0 and by scaling the basic elements, one can assume b, = 1. Thus, we

obtain the algebra vs3(b,, bs, ..., by_1).
o Ifb=0forall2 <i<n-—1.
- Letbpy1 # 0.Thena; =0, 2 <i<n-—1anda,_1; = —2b,. In the case of b, = 0, we have a filiform Leibniz algebra

of the family F, and if b,, # 0, by scaling of appropriate basic elements, we can suppose b, = b,1 = 1. Thus, we get
the algebra vy.

- Let b,y1 = 0. Since x,, € Ann,(v) one can conclude b, # 0. By scaling the basic elements, we can assume b, = 1 and
the algebra vs(ay, as, ..., a,_q) is obtained. O

Below we give some remarks concerning the algebras v — vs.

Remark 3.18. (1) Since the following single-generated Leibniz algebra

[xi, x1] = X1, 1<i<n-2,
n—1
o1, X1] =X + Y @i,
k=2
[Xn, x1] = Xy
degenerates to the algebra v;(ay, as, ..., a,_1) via the family of transformations g;, where

& (xn) = txy, g&x)=x, 1<i<n-—1,

we conclude vy(ay, ..., a,_1) € X.
(2) Note that the algebra v, is the unique (up to isomorphism) solvable Leibniz algebra with null-filiform nilradical [15].
Due to the work [16] the algebra v, is rigid.
(3) The algebra v is a solvable Leibniz algebra with nilradical N = (x5, X3, . .., X;,), which has the table of multiplication:
n—i
[xi, xn] = Zbkxkﬂ—], 2<i<n-—-2
k=2
In particular, if b, # 0, then N is a filiform algebra.

(4) The algebra v, is a solvable Leibniz algebra with nilradical N = (x,, x3, ..., X,,), which is isomorphic to the direct sum
of two-dimensional Leibniz algebra [x,, X,] = X,_1 and C"~3. It should be noted that the algebra N is the algebra of level
one [17].

(5) The algebra vs is a solvable Leibniz algebra with an abelian nilradical (x5, X3, ..., X;).



162 A.Kh. Khudoyberdiyev, B.A. Omirov / Journal of Geometry and Physics 86 (2014) 149-163

3.3. Infinitesimal deformations of the algebra Fn3

In this subsection we give some additional information on Leibniz infinitesimal deformations of F,? (0).

Recall, a Lie infinitesimal deformation ¢ is defined as a bilinear map which satisfies the equality (2.2) and the skew-
symmetric condition ¢ (x,y) = —¢(y, x) [18].

Thanks to[12,5], where the infinitesimal deformations of the algebra F,f (0) in the varieties of nilpotent and all Lie algebras
are described, respectively, it is sufficient to study infinitesimal Leibniz deformations which do not satisfy skew-symmetric
condition.

Denote by ZL(F2(0), F7(0)) and Z2 (F3(0), F3(0)) the spaces of Leibniz and Lie infinitesimal deformations, respectively.

Theorem 3.19 ([5]). If Z2(F3(0), F3(0)) is a vector space of the infinitesimal deformations of F2(0) on the variety of n-
dimensional Lie algebra Lie,, then

8, ifn=3,
15, if n=4,
dim Z2(F3(0), F3(0)) = ("‘”éﬂﬂz_nq, if nisoddandn > 5,

n(3n— 10 n
%—i—nz—n%—[ﬂ, if nisevenandn > 5.

In the next proposition we present a general form of non-Lie Leibniz infinitesimal deformations of the algebra F,;” (0).
Proposition 3.20. If ¢ € ZL*(F2(0), F>(0)), then
Px1,x1) = axy, @1, %) + @(x2, X1) = Bxn,  @(X2, X2) = YXn,
©(xi, %) = —@(x;, x;) forotheriandj.

Proof. The proof is carried out by checking the infinitesimal deformation property on algebra F>(0). O

Theorem 3.21. The cochains V1, ¥, Y3 defined as

Y1(X1, X1) = X, Y2 (X1, X2) = Xp, Y3(X2, X2) = Xy

complement the subspace Z*(F2(0), F2(0)) to the space ZL?(F7(0), F2(0)).

Corollary 3.22.
11, if n=3,
18, if n=4,
. n—1)@3Bn-5
dim ZL*(F}(0), F.(0)) = ()é—) +n?—n+2, if nisodd andn > 5,
n(3n— 10 n
(T)—i—nz—n—i-B—i—[Z], if nisevenandn > 5.

It is known that any derivation of algebra F,f (0) withn = 3 and n > 4 has the following matrix form [18]:

a1 o a3 271 st Op— Qp

0 ,82 ,83 ﬂ4 e ﬂnfl ﬂn
a;  a as 0 0 o1+p8 B3 o B2 Bn-1
bi b bs N 0 0 0 2001 + ﬂ e ﬂ _ ﬁ _
0 0 a I b2 1 2 n—3 n—2

0 0 0 0 e 0 (n=2)ar + B

Therefore,
6, n= 3, 37 n= 35

mmmmﬁm»={m_1 n> 4.

203 3 _
dim BL*(F;; (0), F; (0)) = {(n ~ 1% n>4

Consequence of Theorem 3.19 is the following result.
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Corollary 3.23.
9, ifn=3,
10, ifn=4,

. n—1)@3Bn-5
dim HL*(F} (0), F2(0)) = ();—) +n+2, if nisoddandn > 5,

n(3n — 10) n o
T+n+3+[i]’ if nisevenandn > 5.
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