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0. Introduction

Let X be a geometrically irreducible smooth projective algebraic curve of genus g > 2 over either the field C of complex
numbers or the algebraic closure Fq of the field F, with ¢ = p® elements for a prime p. Using Geometric Invariant theory,
Mumford [1] constructed a coarse moduli space My (n, d) for the moduli problem of stable vector bundles of rank n and degree
d over X and showed that this moduli space is in fact a non-singular quasi-projective scheme of dimension n?(g — 1) + 1.
If in addition the rank n and the degree d are actually coprime, this moduli space is in fact a projective scheme and a fine
moduli space. More generally, considering the notion of S-equivalence classes of vector bundles, Seshadri [2] constructed a
coarse moduli space Mg’(n, d) for semistable vector bundles of rank n and degree d, which gives a natural compactification
of the moduli space Mg (n, d) of stable bundles over X.

Later, Narasimhan and Ramanan [3,4] introduced a more general concept of (k, [)-stability for vector bundles over an
algebraic curve X defined for any pair (k, I) of integers, which refines the classical notion of stability. A vector bundle E
is hereby (k, I)-stable if for any proper subbundle F of E we have for the generalised slopes uy(F) < ur_i(E), where for
a given pair (k, [) the generalised slope is defined as uy_(E) = (deg(E) + k — I)/rk(E). Narasimhan and Ramanan [4]
derived conditions for some special values of integers k and [ for which (k, [)-stable bundles over X exist and proved some
fundamental properties of (k, I)-stability, among them openness. In particular, they used (k, I)-stability for the special pairs
(0, 1),(1, 0)and (1, 1) to define an open set inside the moduli space Mj(n, L) of stable bundles over X with fixed determinant
L that allows for the construction of a Hecke correspondence and an associated space of Hecke cycles inside a certain
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Hilbert scheme associated to Mj(n, L), which under certain conditions gives a non-singular model for M;(n, L). This Hecke
correspondence has also been used recently in many other ways to study the geometry of the moduli space My(n, d) of stable
bundles over X (see [5,6]).

In this article we embark to study the general moduli problem for (k, I)-stable vector bundles of rank n and degree d over
an algebraic curve X for any pair (k, I) of integers. In the first section we will derive some general theorems (Theorem 1.8
and Proposition 1.9) establishing conditions for the existence of (k, I)-stable vector bundles over X for general pairs (k, I)
of integers and hereby extending the particular existence results of Narasimhan and Ramanan in [4]. In section two we
address the general moduli problem for (k, I)-stable vector bundles and analyse under which conditions with respect to the
choice of integers k, I, n, d the associated moduli functor is representable or corepresentable. It turns out that if the pair
(k, I) of integers meets the conditions that0 < k(n — 1)+l < (n—1) g —1)and0 < k+In—-1) < (n—1)g—-1)
then the coarse moduli space M)';"(n, d) for (k, I)-stable vector bundles over X exists as an open subscheme of the moduli
space M;(n, d) of stable vector bundles. The third section exhibits a general discussion of the set of isomorphism classes of
(k, I)-stable vector bundles over X for any pair (k, I) of integers, where among other things filtrations between the different
sets of isomorphism classes are derived and how they relate to the coarse moduli spaces constructed before. This allows
for further characterisations of (k, I)-stable vector bundles. In the fourth section we introduce the moduli stack ,%unf("(n, d)
of (k, I)-stable vector bundles of rank n and degree d over the algebraic curve X for any pair (k, I) of integers and study its
basic geometric properties. It turns out that it is an Artin stack, which is locally of finite type and has an open embedding in
the moduli stack Zuny(n, d) of all vector bundles of rank n and degree d over X (Theorem 4.1). We also establish particular
filtrations of the moduli stack #uny(n, d) by means of open substacks of (k, I)-stable bundles:

- C &?unf{a”(n, d) C %unf{z"(n, d)C %unf{“(n, d)C %unf{l(n, dc---

e C %unf{’l—B(n, d) C ,@unf(’l_z(n, d) C ,%unf("_l(n, d) C ,%un;‘("(n, ac---.

In section five we then carefully analyse the relations between the moduli stacks and the coarse moduli spaces of (k, [)-stable
vector bundles with respect to the conditions under which these coarse moduli spaces do exist. Finally, in the last section
we derive some cohomological properties of the moduli stacks Zuny(n, d) and in particular discuss the rank 2 case. We end
by discussing a general Hecke correspondence involving the moduli stacks %uny(n, d) by using appropriate Grassmannian
bundles of the universal bundles over the moduli stacks involved. In this way we extend the approach of Narasimhan and
Ramanan in [4] to the general case.

Notation and conventions. All schemes will be considered over the base Spec(F), where F is either the field C of complex
numbers or the algebraic closure F = F, of the finite field F, of characteristic p with ¢ = p® elements for a prime number p.
The category of schemes Sch/Spec(F) over Spec(IF) will be endowed with the étale topology whenever we need to emphasise
a site.

1. Vector bundles over algebraic curves, Segre invariants and (k, I)-stability

Let X be an irreducible smooth projective algebraic curve of genus g > 2 over Spec(F), where F is either the field of
complex numbers C or the algebraic closure F = F; of the field F,.

Narasimhan and Ramanan in [4] introduced the notion of (k, I)-stability and (k, [)-semistability for vector bundles over X
and showed that (k, I)-stability is an open property for vector bundles over X (see [4, Proposition 5.3]). Following Narasimhan
and Ramanan we define (see [4, Definition 5.1]):

Definition 1.1. Let (k, [) be a pair of integers and E a vector bundle over X. We define the generalised slope as the rational
number

deg(E k—1
sid(E) = %

and say that the vector bundle E over X is (k, I)-stable (resp. (k, I)-semistable) if for any subbundle F of E, we have

uk(F) < pi—i(E) (resp. wi(F) < pg—i(E)). (1.1)

Criteria for the existence of (k, I)-stable vector bundles for the pairs (0, 1),(1, 0)and (1, 1) were given by Narasimhan and
Ramanan in [4, Proposition 5.4]. In Theorem 1.8, we will extend this result for any pair (k, [) of integers.

Obviously, (0, 0)-stability (resp. (0, 0)-semistability) just gives the classical notion of stability (resp. semistability) for
vector bundles over algebraic curves. It is also an easy consequence from the definition, thatif E is a (k, [)-stable vector bundle
and Laline bundle, then EQLis (k, I)-stable and the dual vector bundle E* is (1, k)-stable. A vector bundle of degree 0 is stable if
and only if it is (0, 1)-stable and a vector bundle of degree 1 is stable if and only if it is (0, 1)-semistable (see [4, Remark 5.2].

We also have the following fundamental properties for (k, [)-stability of vector bundles:

3

Proposition 1.2 (Narasimhan-Ramanan). Let (k, l) be a pair of integers. Then we have the following:

(1) (k, I)-stability is an open property.
(2) If E is (k, I)-stable, then E is also (k, | — 1)-stable and (k — 1, I)-stable.
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(3) Given an exact sequence of locally free sheaves
0—>E —>E—> 0y —0,

it follows that if E is (k, I)-stable, then E’ is (k, | — r)-stable.

Proof. The first property (1) is basically [4, Proposition 5.3]. Property (2) is a direct consequence of the definition. Finally,
the last property (3) is a consequence of [4, Lemma 5.5] and the argument goes as follows: Let F be a proper subbundle of E’
and F the saturation of F in E. Then F is a proper subbundle of E and therefore u(F) < ux—i(E). Moreover, uy(F) < ui(F) <
wi—1(E) = wr_1or(E"). This is our assertion. 0

Now we will recollect some general properties of Segre invariants (see [7-10]), which we will need to use later.

Definition 1.3. Let E be vector bundle over X of rank n and degree d. Let m € Z such that 1 < m < n — 1. The m-Segre
invariant for E, is denoted by s,,(E) and defined as the integer s,(E) = md — n - deg(F)max, Where Fn,x C E is a proper
subbundle of rank m and maximal degree.

Hirschowitz proved in [11] the following fundamental inequality

sm(E) <m(n —m)(g — 1)+ (n—1). (1.2)

Specifically, he proved that there is a unique integer §,;, with0 < 8, < n — 1and m(n — m)(g — 1) + § = md mod n, such
that

sm(E) < m(n —m)(g — 1) + om. (1.3)

Equality holds if E is general.

Let M;(n, d) be the set of all stable vector bundles of rank n and degree d over X. Furthermore, the set of all stable vector
bundles of rank n and degree d with m-Segre invariant equal to s will be denoted by M;(n, d, m, s), thatis My(n, d, m, s) :=
{E € Mg(n,d)| sm(E) = s}. Ifsissuchthat0 < s < m(n —m)(g — 1),s = md mod nand g > 2, then M3(n, d, m,s) is
non-empty and irreducible of dimension n?(g — 1) + 1 +s — m(n — m)(g — 1) (see [9,10]).

Remark 1.4. From the definition of the Segre invariant and the definition of (k, I)-stability we can see that E is (k, I)-stable
ifand only if s,,(E) > k(n — m) + mlforallmwith1 <m <n—1.

Remark 1.5. Suppose that E is a stable vector bundle of rank n and degree d. Also suppose that E is not (k, [)-stable. Then
there exists a proper subbundle F C E such that

m(F) > pr—i(E)
and an exact sequence

0—-F—E—E/F—0. (1.4)
Let now rk(F) = m and deg(F) = 8. Then we have (§ + k)/m > (d + k — l)/nand d/n > §/m.

Now, applying [3, Proposition 2.6] to F and (m, §) we get a family F of vector bundles on X of rank m and degree §
parametrised by a scheme R with the following properties:

(1) Risirreducible,
(2) the family F contains F and all stable vector bundles of rank m and degree § on X.

Furthermore, let G be the family of vector bundles on X of rank n — m and degree d — § parametrised by a scheme S
obtained by applying [3, Proposition 2.6] to E/F and (n — m, d — §).

Now let H ¢ RxS be the open subscheme given such that (r,s) € H if H%(X, Hom(G;, 7)) = 0. Then Rxla
Hom(p3,G, p3,F)) is locally free on H.

Note that H is non-empty, because Hom(E /F, E) = 0. Indeed, if such an homomorphism f € Hom(E/F, F) would exist,
it would give, by composition a non-zero homomorphism E — E/F — F < E , which is not an isomorphism. But this is
impossible, since E is stable.

WesetP := P(Rz]mxs(x xRxS, Hom(p3;G, p},F)))ly andletr : P — H be the projection. Then by [3] (see also [ 12, Lemma
2.4]) we have the exact sequence

XXRxS,

RXS(

0 — 7*py. rF ®pptp > & = T PxysG — 0

on X xP, where £ is a family of vector bundles parametrised by P and 1 the tautological hyperplane bundle. Now let P$ be
the open subscheme given by the stability condition, i.e., ¢ € P* if and only if £y, {q) 1S stable. Moreover, PSt is non-empty
since we have the extension (1.4) in Remark 1.5 defining a point on P*'. Therefore, we obtain a map 6 : P — M;(n, d), the
classifying map. Note that 0 (P*") is the set of stable vector bundles of rank n and degree d with a subbundle F of rank m and
degree § as considered above.
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Corollary 1.6. Let 7, G, Rand S be as above. Let H' C RxS be the open subscheme defined as
H' = {(r,s) € RxS | Fs, G- are stable}.
Then 0¢(P*|,;,) is dense in O (P).

Proof. Because there are no non-zero homomorphisms between two stable bundles if the first bundle has higher slope
than the second it follows that H' C H. Therefore, we can restrict the projective bundle P* on H to H'. Furthermore, H’ is
non-empty by construction of R and S. In addition, as H’ is non-empty and S, R are irreducible, H’ is also irreducible and
dense in RxS. Therefore, P*|,;, is dense in P** and the Corollary follows (see also [3, Proposition 6.7]). O

Remark 1.7. Note that if E is a stable vector bundles of rk(E) = n and deg(E) = d and if we suppose that F is a subbundle of
E of rk(F) = m and deg(F) = &, then Corollary 1.6 implies that the exact sequence

0—-F—E—E/F—>0
determines a point g € 6¢(P) and such a point is in the closure 8¢ (P*|,/).

The following theorem gives conditions on the general existence of (k, [)-stable vector bundles and under which
conditions (k, I)-stability implies stability (see also [5]).

Theorem 1.8. Let X be a non-singular projective curve of genus g > 2 and let k, I, n be integers. Then:

(I
kkn—1)+I<(n—-1)g—-1), (1.5)
and
k+Iln—1)<(n—-1)g—-1), (1.6)
then there exist (k, I)-stable vector bundles of rank n and degree d over X.
) If
kkn—1)+1>(n—1)g, (1.7)
or
k+Iin—1)>(n—1)g, (1.8)

then there do not exist (k, l)-stable vector bundles of rank n and degree d over X.

Proof. (1) Assuming the inequalities for k and [, we will prove that there exist stable vector bundles that are (k, [)-stable.
Let E be a stable vector bundle of rank n and degree d, which is not (k, [)-stable. Thus, by Remark 1.5 there exists a proper
subbundle F C E of rank m and degree §, such that

pk—1(E) < pi(F). (1.9)

Considering the extension 0 —- F — E — E/F — 0, we can assume by Corollary 1.6 that F and E/F are stable (see
also [3, Proposition 2.6] and [4, Proposition 5.4]). Using [3, Proposition 2.4], as dim Mg(n, d) = n’(g — 1) + 1, it follows
that the number of such extensions is bounded by m*(g — 1) + 1+ (n — m)* (g — 1) + 1 + h' (E/F)* ®F) — 1 =
(n? —mn+m?)(g — 1)+ 14+dm—ns. We will show now that this number is actually less than n?(g — 1)+ 1. First, by (1.5) and
(1.6) we have that k(n—m)+ml < m(n—m)(g — 1)and by (1.9)dm —né < k(n—m)+ml. Thus,dm —né < m(n—m)(g — 1),
which implies (n2 —mn+m?)(g — 1)+ 14+dm —né < n*(g — 1)+ 1, i.e., the dimension of the locus of stable vector bundles
satisfying (1.9) is less than dim My (n, d). Allowing m to vary with values 1 < m < n — 1, we conclude that the dimension of
the locus of non-(k, I)-stable vector bundles is also less than dim Mg (n, d).

(2) Assuming that a pair of integers (kg, ly) satisfies condition (1.7), we will prove that there is no vector bundle which is
(ko, lp)-stable. Let E be a vector bundle of rank n and degree d and let Ly C E be a line subbundle of maximal degree. By (1.2)
and (1.7) we obtain that d — n - deg(Ly) = s1(E) < (n — 1)g < ko(n — 1) + lp. This implies that g, (Lo) > pk,—1,(E), and
therefore E is a non-(ko, lp)-stable vector bundle. Now suppose that the pair of integers (ko, ly) satisfies condition (1.8), then
we consider a subbundle F C E of rank n — 1 and maximal degree and the rest of the proof goes just as before. O

Finally, we give a necessary and sufficient general condition for the existence of (k, [)-stable vector bundles over an
algebraic curve X.
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Proposition 1.9. Let X be a non-singular projective curve of genus g > 2, n be a positive integer and (k, 1) be any pair of integers.
Then there exist (k, I)-stable vector bundles of rank n and degree d if and only if the pair (k, I) satisfies the inequality

k(n—m)4+ml <mn—m)g — 1)+ 8, (1.10)

forallintegersmwith1 <m <n— 1.

Proof. Suppose that E is a (k, I)-stable vector bundle of rank n and degree d. Combining (1.1) and (1.3), we obtain that
k(n—m)+ml < su(E) <m(n—m)(g — 1)+ 8p,

for all m and this implies (1.10).

Conversely, let the pair (k, ) satisfy the inequality (1.10), for all m with 1 < m < n — 1. Then by (1.3) the general vector
bundle E has an m-Segre invariant given by s,,(E) = m(n — m)(g — 1) + §,, for all m (see [11]). It follows therefore that E is
(k, I)-stable by using (1.10) and (1.1). This completes the proof. O

Let X be a non-singular projective curve of genus g > 2, n be a positive integer and (k, [) be any pair of integers.
Furthermore, let

0<kin—1)+l<mn—1)g—1), (1.11)
0<k+ln—1)<n—1)g—1). (1.12)

Under these conditions, if E is (k, [)-stable, then the left parts 0 < k(n—1)+1land 0 < k+I(n— 1) of the above inequalities
imply that E is in fact stable.

Hence there always exist (k, [)-stable vector bundles over X, which are also stable. Thus, if the pair of integers (k, I)
satisfies the above inequalities, then (k, I)-stability determines an open subscheme M§‘l(n, d) parameterising the (k, [)-stable
vector bundles inside the moduli space Mg (n, d) of stable vector bundles over X as (k, I)-stability is an open property. The
codimension of this locus can be determined as follows.

Theorem 1.10. Let k, [ be integers suchthat 0 < k(n—1)+1<(n—1)(g—1)and0 < k+1I(n—1) <(n— 1)(g — 1). Then,

im0\ .0 i 1, 15 0

Proof. Let E € Mg(n,d)\ M)’z’l(n, d) be a vector bundle such that there exists a subbundle F C E of rank m and degree §
which satisfies u,_(E) < ux(F). We have, as in the proof of Theorem 1.8, that the dimension of such stable vector bundles is
(n?> —nm+m?)(g — 1)+ 14 dm — né. Moreover, this number is bounded above by (n?> —nm+m?)(g — 1)+ 14 (n—m)k+ml.
Thus, dim M(n, d) — dim(Mg(n, d) \ M)’é"(n, d)) > (nm —m?)(g — 1) — (n — m)k — ml. Considering m as a parameter variable,
we can see that the maximum of (nm —m?)(g — 1) — (n — m)k +ml is obtained whenever m = 1 orm = n— 1. Consequently,
the codimension of My (n, d)\M)’E”(n, d)is bounded below by min{(n—1)(g—1)—k(n—1)—1, (n—1)(g—1)—k—I(n—1)}.
This gives the desired conclusion. O

2. Moduli spaces of (k, I)-stable vector bundles over an algebraic curve

In this section we will study the moduli problem and the associated moduli functor for (k, I)-stable vector bundles over an
algebraic curve. Though this moduli problem is similar to the moduli problem of stable vector bundles we get a refinement
and filtration as we can vary the pair (k, I) of integers.

First, we will need to introduce the notion of families of (k, I)-stable vector bundles over an algebraic curve and an
adequate equivalence relation among them.

Definition 2.1. Let X be a smooth projective algebraic curve and let T be a scheme over Spec(F). A family of (k, I)-stable
vector bundles of rank n and degree d over X parametrised by T is a vector bundle E over X x T such that for each point t of T,
the restriction E; is a (k, [)-stable vector bundle of rank n and degree d over X.

We define an equivalence relation for families of (k, [)-stable vector bundle over X as follows: Two families E and E’ of
(k, I)-stable vector bundles parametrised by the scheme T are equivalent, denoted by E ~ E', if there exists a line bundle over
T such that E ® p3L and E’ are isomorphic, where p;L is the pullback of L along the projection morphism p, : XxT — T.

Observe that, when (k, I) = (0, 0) this is precisely the equivalence relation normally considered for stable vector bundles
over algebraic curves.

Let us now consider the moduli functor for (k, I)-stable vector bundles over X

M;‘(’l(n, d) : (Sch/Spec(FF))®? — Sets,

which associates to any scheme T the set Mf("(n, d)(T) of equivalence classes of families of (k, I)-stable vector bundles and to
any morphism of schemes f : T" — T the map of sets f* : Mg‘(”(n, d)T) — /vlf(”(n, d)(T’) induced via the pullback operation.
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We will study the representability and corepresentability of the moduli functor Mfg’(n, d), or in other words the existence
of a fine or coarse moduli space for (k, I)-stable vector bundles over X. This will depend on the rank n and degree d as in the
case of stable vector bundles, but in addition also on the particular pair (k, [) of integers. We have to consider two general
cases. In the first case we will assume that the pair (k, I) of integers satisfies the inequalities (1.11) and (1.12). In the second
case we consider a more general situation, namely when for the pair (k, [) of integers we have that k(n — 1) +1 < O or
k+In—-1)<0.

In the first case, the representability or corepresentability of the moduli functor is basically a consequence of the
representability or corepresentability of the moduli functor for stable vector bundles over the algebraic curve X. For this,
remember that the moduli functor for stable vector bundles over X

Mi(n, d) : (Sch/Spec(F))® — Sets

is representable if and only if n and d are coprime (see [12,13]). So if M5 (n, d) is representable, then there exists a scheme

M;(n, d), which represents the moduli functor M3 (n, d) and therefore we get also a universal family ¢/ of stable vector

bundles parametrised by the scheme Mj(n, d). Now, if the pair of integers (k, I) satisfies (1.11) and (1.12), then as we

saw before (k, IP stability implies stablllty Moreover, as (k, [)-stability is an open condition, there exists a non-empty open

subscheme M (n, d) C Mg(n, d) which represents the moduli functor MX (n d) and the restriction of the universal family

for stable bundles Uly, kl(n to this subscheme is a universal family for (k, [)-stable bundles. On the other hand, if n and d are
My (n.d

not coprime, then M§<(n, d) is universally corepresentable by a scheme Mg (n, d) (see [ 14, Definition 2.2.1] and [ 14, Theorem
4.3.4]). Therefore the open subscheme M)’z’l(n, d) corepresents the moduli functor M;‘("(n, d).

In contrast, considering now the second case, where for the pair (k, I) of integers we have k(n—1)+! < Oork+I(n—1) < 0,
then there exist semistable vector bundles which are (k, [)-stable. Moreover, if k and | happen to be negative enough, then
there are in fact unstable vector bundles which are (k, [)-stable. This follows because for any vector bundle E the slopes of
its subbundles are always bounded above [ 15, Lemma 2]. Let us give two concrete examples to illustrate this.

Example 2.2. Let E be an unstable vector bundle over X of rank rk(E) = 2 and degree deg(E) = d. Let L C E be a line
subbundle of maximal degree. As deg(L) is bounded above, it follows that deg(E) — 2deg(L) is bounded below. Hence if the
pair (k, I) is such that deg(E) — 2deg(L) > k + I, then E is (k, [)-stable.

Example 2.3. Consider an unstable vector bundle E over X of rank rk(E) = 3. Let F C E be a subbundle of rank
rk(F) = 2 and maximal degree and let L C E be a line subbundle of maximal degree. Suppose that the pair (k, [) satisfies
2deg(E) — 3deg(F) > k + 2l and deg(E) + 3 deg(L) > 2k + L. Then E is an unstable and (k, [)-stable vector bundle.

These last two examples can be extended to any rank, because if E is a vector bundle of rank n then if k and [ are
negative enough, there exist unstable vector bundles of rank n and degree d, which are (k, [)-stable. For this just take an
unstable vector bundle E of rank rk(E) = n, a line subbundle L C E and a subbundle F C E of rank rk(F) = n — 1 with
(n — 1)deg(E) — ndeg(F) > k + (n — 1)l and deg(E) + ndeg(L) > (n — 1)k + L Therefore it follows that there are unstable
vector bundles of rank n and degree d over an algebraic curve X, which are (k, I)-stable as soon as the integers k and I are
negative enough.

Moreover, if k(n — 1)+ 1 < 0or k + I(n — 1) < 0 and the integers n and d are not coprime, then the functor M;‘('l(n, d)is
not corepresentable. The reason for this is that under these conditions there do exist semistable vector bundle of rank n and
degree d which are also (k, [)-stable.

Proposition 2.4. If (k, 1) is a pair kfmtegers such that kin — 1) +1 < 0or k+ I(n — 1) < 0 and the integers n and d are not
coprime then the moduli functor My (n, d) : (Sch/Spec(F))’® — Sets is not corepresentable.

Proof. Suppose that the pair of integers (k, [) is such that k(n — 1) +1 < 0. Let E be a strictly semistable and indecomposable
vector bundle. Furthermore, assume E is such that the Jordan-Hoélder filtration of E is 0 C L C E. Then the associated graded
Gr(E)ofEisgivenasGr(E) =L@ F andE 22 L& F,with F = E/L. ThenE is (k, I)-stable. Moreover, we can construct a family
& — X xA! such that Elxxjoy = LOF and &|y, ) = E witht # 0(see [16, Lemma 16]). This gives rise to a jump phenomenon
and determines the non-corepresentability of the moduli functor. In the case that k + I(n — 1) < O, consider a strictly
semistable and indecomposable vector bundle E’, such that its Jordan-Hélder filtration is equal to 0 C F/ C E/, where F' isa
rank n — 1 subbundle of E. Hence E’ is a (k, [)-stable vector bundle such that Gr(E") = F' @ L', where L' = E /F is a line bundle.
Moreover as before there exists a family &’ — X xA' such that £'[x, o) = L' ® F and &'|x,(, = E' witht #0. O

We can now also give a description of the moduli spaces M)';”(n, d) of (k, I)-stable vector bundles of rank n and degree
d over X in terms of Geometric Invariant Theory, always under the condition that the pair (k, I) satisfies both inequalities
(1.11) and (1.12). This description will be needed later for comparison with the respective moduli stacks. Recall that if the
inequalities (1.11) and (1.12) hold for a pair of integers (k, ), then (k, I)-stability implies stability and hence the moduli
functor for (k, I)-stable vector bundles and its representability by schemes follows i m a natural way from the construction of
the moduli space of stable bundles over X. The construction of the moduli spaces M (n d) of (k, I)-stable vector bundles of
rank n and degree d over X is then a standard procedure using methods from Geometrlc Invariant Theory (see [13,14]). We
will reproduce the construction here for the convenience of the reader as we will later need this explicit description of the
moduli spaces to compare them with the respective moduli stacks of (k, I)-stable vector bundles.
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Theorem 2.5. Assume that the pair (k, 1) of integers satzsfes the conditions that 0 < k(n — 1)+ 1 < (n — 1)(g — 1) and
0<k+1In—1) < (n—1)g — 1). Then the moduli space M n d) of (k, I)-stable vector bundles of rank n and degree d over
X exists and is an open subscheme of the moduli space My (n, d ) of stable vector bundles of rank n and degree d.

Proof. Let Ox(1) be an ample line bundle over X. There exist integers t and N such that for any sheaf E over X of rank n and
degree d, E(t) := E ® Ox(t) is generated by sections and h°(X, E(t)) = N. We define V := Of‘l and H :=V ® Ox(—t). Thus,
the surjection H# — E — 0 determines a closed point m the respective Quot-scheme Quoty;”.

We now consider the open subscheme R¢! ¢ QuotH given as follows: The quotient sheaves 4 — F — 0 parametrised
by R*! are locally free, (k, )-stable and such that V = H°(#(t)) = HO(F(t)). The scheme R*' therefore parametrises all
(k, I)-stable vector bundles together with a choice of a base for the vector space H(X, E(t)).

Hence R! parametrises all (k, I)-stable vector bundles of rank n and degree d over X. The general linear group GL(N) acts
on QuotH and R*! is invariant under this action. Moreover, this action factors through PGL(N ). Therefore, the moduli scheme
of (k, I)-stable vector bundles exists and is given by the GIT quotient M (n d) = R*!//PGL(N). O

3. Geometry of the moduli spaces A" ’(n, d)

In the last section we studied the moduli problem for (k, I)-stable vector bundles over an algebraic curve X in the particular
case when the pair (k, ) meets the conditions (1.11) and (1.12). Now we will analyse what happens in the more general case
when (k, I) is any pair of integers. As we mentioned in Example 2.2 there exist (k I)-stable vector bundles which are not
necessarily stable. Moreover, as we saw in the last section the moduli functor MX (n, d) is not always even corepresentable.
For this reason we will later consider a more general approach to the classification problem using the language of algebraic
stacks. But before let us make the following general observations concerning (k, I)-stable vector bundles over an algebraic
curve X for any pair (k, I) of integers.

Let Af(’l(n, d) denote the set of isomorphism classes of (k, [)-stable vector bundles of rank n and degree d over X for any
given pair (k, I) of integers. By the definition of (k, I)-stable vector bundles we readily get the following filtrations of sets:

- C A, d) c A (n, d) € AP (n, d) € AT (n, d) c AR (n, d) €
- AYTHn, d) c AYP(n, d) € AYA(n, d) € AXT N (n, d) C A¥'(n, d) ©
Furthermore, if (k, [) = (0, 0) then there is a bijection between A0 0(n d) and the rational points of the scheme Mg(n, d).
More generally, if (k I) meets the conditions (1.11) and (1.12), then A" ’(n d) is in bijection with the rational points of the
moduli scheme M (n d) as defined in the last section. This induces a geometrical structure on A" ’(n d) making it into a
scheme and in thlS case the geometry of the moduli space is given as discussed in the last section.
Now we will in contrast discuss how to induce a geometric structure on the sets A‘ l(n d), in the complementary cases,
when the inequalities (1.11) and (1.12) do not hold for the pair (k, [) of integers.
By definition of (k, I)-stability, if the pair of integers (k, [) does not satisfy 0 < k(n—1)+Ilor0 < k+I(n—1)(see conditions
(1.11)and (1.12)), then any stable vector bundle over the algebraic curve X is also (k, I)-stable i.e., as sets we have an inclusion

M;(n,d) C Af('l(n, d). However, if k and [ are both negative enough, then there are semistable and unstable vector bundles
which are also (k, I)-stable. The following results present some of the structure that appears in these complementary cases.

Lemma 3.1. If E is an element of A;]’l(n, nt), then E is semistable.

Proof. Suppose that there exists a subbundle F C E, such that u(F) > u(E). By the (—1, 1)-stability of E we have that
U_2(E) > pu_1(F) and therefore

2 1
0>t—uF)>—-———.
n m

But this would imply 0 > tm — d(F) > —1+ 27”1 which is impossible. O
By Lemma 3.1 we therefore have a map

A;l’l(n, nt) — Mg(n,nt),
where M;’(n, nt) is the moduli space of semistable vector bundles over X, and this map sends the isomorphism class of E at
its S-equivalence class.
Example 3.2. Lett € Zbe any integer andletE € Ay 1(3, 3t) be a strictly semistable vector bundle. Hence for any subbundle
F of rank 2, we have that

M(E) — u(F) > 0.

Furthermore, the Harder-Narasimhan filtration of E is simply given as 0 C L C E and the associated graded is Gr(E) =
(E/L) & L, which determines the S-equivalence class.
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We will now discuss in detail how to induce a geometric structure on the sets Af{’(n, d), when (k, I) satisfies the
inequalities

kin—1)+1<0, (3.1)

k+1n-1)<0. (3.2)

Again by the definition of (k, [)-stability, if the pair of integers (k, I) satisfies the conditions (3.1) and (3.2), then any stable
vector bundle over X is also (k, I)-stable i.e., as sets we have an inclusion My (n, d) C Afgl(n, d). And if k and [ are both negative
enough, then there exists again semistable and unstable vector bundles which are also (k, [)-stable as we have seen before.

Recall also that any morphism of vector bundles can be factorised by a morphism of maximal rank (see [17, §4]), i.e., if
f : E — F is a morphism of vector bundles, then we have the following diagram

E——E —0
f i lg
F<——F<—0,
where g is of maximal rank. The subbundle F; of F is called the subbundle determined by the image of f and rk(f) is defined

as the rank rk(F).

Lemma 3.3. Let E, F be two (k, I)-stable vector bundles over X. If f : E — F is a morphism of vector bundles, then we have:

k+1
pk—1(E) < pg—i(F) — %

Proof. With the notations introduced above we readily see that
pi—i(E) < p—i(Er) < p—i(Fr) = p(Fr) — (k + D)/rk(Fy) < pre—i(F) — (k + 1)/k(Fy),
which proves our assertion. [J
From this it follows immediately:

Corollary 3.4. Let E, F be two (k, I)-stable vector bundles over X, which both have the same rank and degree. If k + | > 0 and
Hom(E, F) # 0, then E = F. In particular, if E is (k, [)-stable then E is simple.

Lemma 3.5. If E is an element of Af('l(n, d)such that d > 2n(g — 1 — 1)+ 11—k, then H'(E) = 0.

Proof. Suppose that H!(E) # 0, then by Serre duality H*(E* ® wy ) # 0.Hence h : E — wy gives uy_(E) < pr_i(wx)—k—1=
2g —2 —2Lie, ux(E)<2(g—1—-10andd < 2n(g — 1 — ) + | — k, which is a contradiction. O

Lemma 36. If E € Af(’l(n, d), such that d > (2g — 21 — 1)n + | — k, then E is generated by sections.

Proof. Consider the exact sequence
0 — E(—x) > E — Ex — 0,
and the associated long exact sequence in cohomology
0 — H°(E(—x)) — H°(E) — H°(E,) — H'(E(—x)) — - -

and observe that deg(E(—x)) = d — n.
Now, if H'(E(—x)) # 0 then Lemma 3.5 impliesd —n < 2n(g — 1 —D)+1—k,i.e., d < (2g — 2l — 1)n 4+ [ — k, whichis a
contradiction. Therefore, H!(E(—x)) = 0 and hence E is generated by sections. O

Lemma 3.7. Let k < land let E be a (k, I)-stable vector bundle of X of slope w. Suppose that F C E is a subbundle of slope .

Then E/F is (k, I)-stable and u(E/F) = p.

Proof. Suppose that E/F is not a (k, [)-stable vector bundle. Then there exists a subbundle G C E/F such that
0—-G—->E/F>H—0

and uk(G) > ur—(E/F) > w—_i(H). This implies

| k—1 k—1
> pu—(H) > pp—(E) = W(E) + —— = w(E/F) + —,
m n n

W(E/F) + <=
n —_—

where m is the rank of F. But this holds if and only if k — [ > 0, which gives a contradiction. O
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4. Moduli stacks of (k, I)-stable vector bundles over an algebraic curve

We will now consider the moduli stack &?unf("(n, d) of (k, I)-stable vector bundles of rank n and degree d over the algebraic
curve X for any pair (k, I) of integers. We will show that this moduli stack is an Artin algebraic stack, which is locally of finite
type, reduced and irreducible. As (k, [)-stability is an open condition, the moduli stack %unf{’(n, d) will in fact be an open
substack of the moduli stack #uny(n, d) of all vector bundles of rank n and degree d over X and will govern a good part of
its geometry.

For any pair of integers (k, [), and any scheme T, we define the groupoid of sections f;?unfg’(n, d)(T) as follows: An object
E of %unf("(n, d)(T) is a flat family of (k, I)-stable vector bundles of rank n and degree d over X parametrised by T. The
morphisms of ,%unf("(n, d)(T) are the isomorphisms of these families. Equivalently, E is an object of,%unf('l(n, d)(T),ifE is a
vector bundle over X x T such that for each point t € T the restriction E; is a (k, [)-stable vector bundle of rank n and degree
d over X.

Observe that (k, I)-stability is a property, which is stable under arbitrary base change, i.e., if f : T" — T is a morphism of
schemes and E is an object of the groupoid L@unﬁ'l(n, d)(T), then f*E is an object of the groupoid %unf{l(n, d)(T’). Hence we
get a lax 2-functor or pseudo-functor, i.e. a prestack of the form

z@unf("(n, d) : (Sch/Spec(F))®? — Gpds

from the category of schemes over Spec(F) to the 2-category of groupoids, which associates to each scheme T the groupoid
%unf{'l(n, d)(T) and to each morphism of schemes f : T" — T the functor f* : %unfgl(n, d)(T') — %unfgl(n, d)(T) induced by
the pullback operation on vector bundles. In addition, we have a natural isomorphism between the pullback functors, i.e., for
each two composable morphisms T” A EN T we have a natural isomorphism between the functors ;g : g%of * = (fog)*.
It follows that the necessary descent conditions hold with respect to the étale topology on Sch/Spec(F) and therefore
%unﬁ‘l(n, d) is a stack (see [18, Exposé VIII, Thm 1.1, Prop. 1.10]). In fact it is an Artin algebraic stack, which is an open
substack of the moduli stack #uny(n, d) of all rank n and degree d vector bundles over X as our main theorem shows:

Theorem 4.1. The moduli stack %unﬁ'l(n, d) of (k, I)-stable vector bundles of rank n and degree d over an algebraic curve X is a

smooth Artin algebraic stack, which is locally of finite type. Moreover, the forgetful morphism 6% : ,%”‘unf("(n, d) — Buny(n,d)is
a representable open embedding.

This theorem will be a consequence of a more general result stated below. For this we will need the following definition:
Definition 4.2. A property 93 of vector bundles over X is an open property, if for any family of vector bundles over X
parametrised by a scheme T the set T¥ := {t € T| Ex ) has property B} is a Zariski open subset of T.

Given an open property 3 of vector bundles over X we can define again a prestack of the form

%unf(n, d) : (Sch/Spec(F))? — Gpds

from the category of schemes over Spec(F) to the 2-category of groupoids, which associates to each scheme T the groupoid
%un;f(n, d)(T) of families of vector bundles of rank n and degree d over X having property 93 and to each morphism of
schemes f : T" — T the functor f* : %unf(n, d)(T') — %un;“f(n, d)(T) induced via pullbacks.

The following fundamental theorem shows that this prestack %unf(n, d) is in fact an algebraic stack, the moduli stack of
vector bundles of rank n and degree d over X having property ‘3.

Theorem 4.3. Let B be an open property of vector bundles of rank n and degree d over an algebraic curve X. Then the following
holds:

(1) The prestack %un}?(n, d) defined by 33 is a substack of the moduli stack %unx(n, d).
(2) The forgetful morphism f: %‘un?f(n, d) — Buny(n, d) is representable by schemes.
(3) The moduli stack @un}f(n, d) is an open algebraic substack of the moduli stack %unx(n, d).

Proof. (1) This follows again from the descent properties [ 18, Exposé VIII, Théoréme 1.1, Proposition 1.10].
(2) Consider a scheme Y and a morphism of stacks g : Y — Zuny(n, d). By the 2-Yoneda lemma, g corresponds to a
family E — X xY and we have the following 2-cartesian diagram

Y X uny(n,d) %un;f(n, d)p]%'Y (4-1)
P2 g
2uny (n, d)—————>7un(n. d).
We denote by Y¥ the Zariski open subset in Y defined as
Y¥ := {y € Y| Exxyy) has property 3}
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Now for any scheme T over Spec(F), the groupoid (/ﬂunf(n, d)X uny(n,a)Y )(T) is defined as follows:

(i) Elements of Obj(%un;f(n, d)X sguny(n,a)Y XT), are triples (B8, F, ¥) such that 8 : T — Y is a morphism of schemes,
F — XxT is a family of vector bundles of rank n and degree d over X having property 8 and  : F — (idx xB)*E
is an isomorphism of vector bundles. Observe that the existence of y implies that 8 factorises through Y%, i.e.,
B:T—=Y¥y.

(ii) Elements of Mor(%un;f(n, d)X gguny(n,a)Y )(T) are by definition given as pairs (o, a’) : (8,F, ¥) — (B8, F, ¢’) such
thato : B — B’ and o’ : F — F’ are morphisms in Y(T) and Buny(n, d)(T) respectively and such that the following
diagram commutes:

FE-LDp ) (42)
Wl v’
g(ﬂ)wg(ﬂ,l

However, « is the identity map, hence 8 = p’, g(a) = idgs) and g(B’) = g(B) = (idx x B)*E. Moreover, f(o') = o’ =
(')~ ! o . Therefore, the morphisms are (idg, (W'Y Vo) (B,F,¥) — (B, F, ') and this implies that the objects in the
groupoid (%‘un?f(n, d)X uny(n,a)Y )(T) do not have non-trivial automorphisms.

(3) The stack Y¥ is isomorphic to the fibre product of stacks Y x @unx(n,d)t%un??(n, d). Hence by (2) the claim follows. O

Now similar as in the proof of the algebraicity for the moduli stack Buny(n, d) of vector bundles of rank n and degree d
over X (see for example [ 19, Theorem 2.67], [20, Proposition]), we get the following:

Lemma 4.4. The diagonal A of %un‘f(n, d) is representable by a scheme, quasi-compact and separated.

Proof. Let T and T’ be two schemes and let E — X xT, E’ — XxT’ be two families of vector bundles. Then we have the
following 2-cartesian diagram:

Isom(T x T’, prlE,przE’)—»%unf(n, d) (4.3)
h A

T x T’T,@un?(n, d) X :@un;}(n, d)

And it follows that the sheaf Isom(T xT’, priE, proE’) is a subscheme of the fibre bundle Hom(pr{E, proE’) on TxT'.
Moreover, the morphism

h : Hom(priE, pryE’) — TxT’
is affine and therefore the result follows. O

Finally from this we now get the desired result:
Theorem 4.5. The moduli stack g%‘un;f(n, d) is a smooth Artin algebraic stack, which is locally of finite type.

Proof.

Consider an atlas U of Buny(n, d) and a smooth surjective morphism U — %uny(n, d). By (3) of Theorem 4.3, the 2-fibre
product Ux@unx(n,d),@unf(n, d) is representable by a scheme. Now we will prove that U¥ := nggunx(n,d)%un;f(n, d)is an
atlasand U¥ — !Zun?f(n, d) is representable, smooth and locally of finite type. For this, we consider a scheme T, a morphism
h:T— %‘un)q?(n, d) and the following diagram:

u® U

/

B
T x un} (n,d) u

%’unﬁf(n, d) Puny(n, d)
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Hence T x )U‘I‘ — T is smooth and locally of finite type because the atlas U — %uny(n, d) is. This implies that

@un?(}(n.d
U¥ —» %unf(n, d)isrepresentable, smooth and locally of finite type. The quasi-separateness of the diagonal A of%’un?f(n, d)
is a consequence of Lemma 4.4. O

Proof of Theorem 4.1. Observe that the proof is simply a direct consequence of Theorem 4.5 and (2) in Theorem 4.3 as
(k, I)-stability is an open property. O

The above considerations also imply immediately the following:
Corollary 4.6. For any pair (k, 1) of integers, the moduli stacks %unf{“(n, d)and ,%’unf("_l(n, d) are open substacks of the moduli
stack @unﬁ?'(n, d).

Thus, we get a filtration of the moduli stack %uny(n, d) of all vector bundles over X of rank n and degree d by open
substacks in the following way:

- C u@unff‘l(n, d)C %unf{z”(n, d) C @unf{”(n, d) C %‘unf(”(n, dc---

- C %’unf("%(n, d)C %unf(”_z(n, d)C %unfgl_l(n, d) C %unf{’(n, dc---.
We will now give also an explicit construction of an atlas for the moduli stack @unﬁ”(n, d), which will be used later and is of
interest in its own right.

The diagonal A of u@unf("(n, d) is quasi-compact by Lemma 4.4. Hence it is enough to prove that %‘unf(”(n, d) has a smooth
atlas in order to prove the smoothness of %ung‘(’l(n, d). For this, consider the following explicit construction of an atlas. For
vector bundles of rank n and degree d consider the Hilbert polynomial P, 4(x) := nx 4+ d 4+ n(1 — g) and denote by P(m) the
number P(m) = P, 4(m) for a given integer m.

Now let us consider the Quot scheme Quot((’))'z(m), P(x + m)).

For every integer m we have an open subscheme R given by the following conditions:

(1) Every point in R! determines a quotient (k, [)-stable vector bundle of O™,
(2) IfE is a family of quotients of O;(m) parametrised by a scheme T, then R;rz*
P(m) ~

0
o™ = RYE.

E = 0 and we have an isomorphism

With these conditions we see that the universal family E“" of the Quot scheme determines a family parametrised by Rﬁ;l
and therefore a morphism

ril: R — Quot(0f™, P(x + m)).
Take a point of Rk:! represented by the exact sequence

0— H — oM

s —~E—0

with E a quotient (k, I)-stable vector bundle and H the kernel. Then we have that H!(E ® H*) = 0, where H* is the dual

vector bundle of H and this implies that r%! is smooth. So we get that r*! := [ [ r&! is a smooth morphism.

Finally it follows from the previous constructions that g%‘unf(’l(n, d) is a smooth algebraic stack via a similar line of

arguments as in [19,21].
5. Gerbes and coarse moduli spaces of (k, I)-stable vector bundles

We can relate the moduli stacks of (k, [)-stable vector bundles %?un;‘(‘l(n, d) and the moduli spaces M;ﬁ"(n, d), whenever
the last ones exist. It turns out that they are actually coarse moduli spaces for the moduli stacks. This is very similar to the
relation between moduli stacks and moduli spaces of stable bundles, which we will recall now in some details. Let un3(n, d)
be the moduli stack of stable vector bundles of rank n and degree d over X and M;(n, d) be the moduli space of stable vector
bundles of rank n and degree d over X as we discussed before. By construction we have Zun;(n, d) = [R°/GLy] as a quotient
stack and M3 (n, d) = R°//PGLy as a GIT-quotient, where R® is an open subscheme as defined in [ 14] (see also [20,21]). There
is also an associated morphism of stacks #uny(n, d) — Mg(n, d), such that all the fibres are isomorphic to the classifying
stack G, of all line bundles. Here G, is the multiplicative group over Spec(FF), which in case we work over Spec(C) is just
C*. In fact more is true, the associated morphism is actually a gerbe (see [21, Example 3.9] and also [22,23] for the general
definition of a gerbe).

Lemma 5.1. The morphism @ : uny(n, d) — M3(n, d) is a Gp-gerbe.

In addition, we have that My(n, d) is a coarse moduli space for the algebraic stack Bun3(n, d) (see [20,21]) and for the
convenience of the reader we will present a proof here in order to obtain a similar result for the moduli stack of (k, [)-stable
vector bundles.
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Proposition 5.2. Let @ : 2unj(n,d) — My(n, d) be as before. Then Mj(n, d) is a coarse moduli space for the moduli stack
Buny(n, d).

Proof. To simplify the notation for this proof, we will write Zun® n.¢ instead of Buny(n, d). We will now prove that M(n, d)
is a coarse moduli space for the algebraic stack Aunn o- First, observe that for any algebraically closed field FF, the morphlsm
(pSpec(]F) %‘un,1 J(Spec(F)) — Mg(n, d)(Spec(F))is a bijection using the definitions and following the same line of arguments
as in [21, Example 3.7] (see also [19]). Let now Y be any scheme and ¥ : %un® nd — Y be a morphism of stacks. We will
construct a morphism of stacks @ : My(n, d) — Y, such that the following dlagram commutes:

Bum

.
[
Y5<—M5(n, d).

So for any scheme T we denote by &7 : %unflyd(T) — Mg (n, d)(T) the corresponding morphism of groupoids.

Hence if T = M;x(n, d), there exists an object 8 € Obj(un; ,(Mg(n, d))), such that ‘pr((n,d)(ﬂ) = IdM)s((n’d). We let
©® : Mg(n,d) — Y be the morphism obtained as the image of 8 under ¥, i.e,, we set ® := ¥(B). We will prove that ®
does not depend of the choice of 8. Suppose that 8 and 8’ are such that (DM)S((n,d)(,B) = diM)s((n,d)(ﬂ/) = IdM)s((,,,d). By Lemma 5.1,
B and g’ are locally isomorphic, i.e., there exist a line bundle L over My(n, d) such that 8 = g’ ® p;z;( L. Thus, there is a

cover {Uj};c; of My(n, d) with the following property for alli e I: "
Bl = B'ly;-

Hence for all i € I we get now:
Pyt . Blu, = Pusn.ay(Bluy) = Pugn.ay(B'lu) = Puagn.ay(B )Ny

Therefore, lI/Ms nalB)= lI/Ms(n #(B’) and this proves independence of the choice of 8.
Now for any scheme T, we need to prove commutativity of the diagram

uny, ((T)
Yt
or
Y(T)<TTM§((n, d)(T).
To do this, we consider o € 2un; ,(T) and ®&r(a) € Mz(n, d)(T) which determines a morphism @r(a) : T — Mg(n, d).
Hence we have the diagram

Zum, 4(Pr(a))
uny, ((Mx(n, d)) uny, ((T)

M$, (n,d) o1
Y (n.) wr
Mg (n,d)(@1(a))
Mg (n, d)(Mg(n, d)) Mg (n, d)(T)
% / Or
X Y(&r(a
Y(M;(n, ) o) Y(T)

where every square commutes.
Furthermore, there is a 8 € %un;, ,(My(n, d)) such that q).M.(/S). = ic.lM)s((n’d) and #un;, ,(®r(a))(B) = a.
Now, as lI/M)s((n,d)(ﬂ) = (@M)s((n,d) o ¢M)S<(n,d))(/3)v commutativity implies that Yr(8) = (Or o @1)(B).
Finally, suppose that there exists a morphism I" : Mg(n, d) — Y such that the following diagram commutes:

PBuny(n, d)
S
Y<—FM)5((n, d).

Then, I' = FM)s((n,d)(IdM)s((n,d)) =Tlo IdM)s((n,d) = lI/M)s((niyd)(ﬁ) =0o IdM)s((n,d) = O, which finishes the proof. O

Now we get as consequences of the constructions of moduli spaces of (k, I)-stable vector bundles the following:
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Corollary 5.3. Let (k,I) be a pair of integers satisfying the conditions (1.11) and (1.12). Then the morphism %’unfg’(n, d) —

M)’?l(n, d) is a G,,-gerbe and M)lz‘l(n, d) is a coarse moduli space for the moduli stack L%‘unf(’l(n, d).

Proof. This follows because R*! as constructed before is a subscheme of R® and then by using Lemma 5.1 and Proposi-
tion5.2. O

Following [21, Cor. 3.12] or [12,24] we can now reason as follows: Suppose that we are in the special case that
gcd(n, d) = 1, then there exists a universal family, a Poincaré family ¢/ over X x My (n, d). Moreover, if the pair (k, ) satisfies

the conditions (1.11) and (1.12), then M;*'(n, d) is an open subscheme of M;(n, d) and the restriction Z/{|XXMk,l(n 4 is the
e (n,

universal family over X XM)’z‘l(n, d). Thus, the splitting of the gerbe %un;(n, d) — Mg(n, d) implies the splitting of the gerbe
,%”‘unf("(n, d) — M)’é'l(n, d). On the other hand, for gcd(n, d) # 1 it is well known that there is no open subset A C Mg(n, d),
such that there exists a Poincaré family over X xA. Hence we have in this case that the gerbe %unf{’(n, d) — M§"(n, d) does

not split. So summarising we have shown:

Corollary 5.4. Let (k, ) be a pair of integers satisfying the conditions (1.11) and (1.12). Then the G,-gerbe %unfgl(n, d) —
M)’E’l(n, d) splits if and only if #unj(n, d) — My(n, d) splits.

Let us finally also recall the following relations between moduli stacks and coarse moduli spaces of stable bundles over
X (see [25, Prop. 3.3]):

Proposition 5.5. Let 2unj(n, d) be the moduli stack of stable vector bundles of rank n and degree d over X. There is a commutative
diagram of stacks

[R®/GL(N)]——=[R* /PGLy]
g | =|n
Bun(n, d)T>M§((n, d)
where g and h are isomorphisms of stacks.

This now implies together with the above considerations readily the following relation between the moduli stacks and
moduli spaces of (k, I)-stable vector bundles over X.

Corollary 5.6. Let (k, ) be a pair of integers satisfying the conditions (1.11) and (1.12). Let %?unf(’l(n, d) be the moduli stack of
(k, I)-stable vector bundles of rank n and degree d over X. There is a commutative diagram of stacks

[R%!/GL(N)]——>[R*! /PGLy]
g|= =1|h
aun'(n, d)——=My'(n, d)

where g and h are isomorphisms of stacks.

6. Cohomological properties of L%‘un;‘("(n, d)and M,'(‘"(n, d)

We will now derive some cohomological properties for the moduli stacks and moduli spaces of (k, I)-stable vector bundles
over an algebraic curve. Let us start with some general remarks on the cohomology of algebraic stacks. Let 2" be an algebraic
stack, which is smooth and locally of finite type over Spec(F) where F is either the algebraic closure Fq of the field F, or the
field C of complex numbers.

IfF = Fq, we use [-adic cohomology of the stack 27, where [ is a prime different from p. The I-adic cohomology of 2" is
defined over the lisse-étale site 2j;s.¢; of 2 and is given as the limit of the cohomologies of all the open substacks % of finite
type of the given algebraic stack 2" (see [26]), i.e. we set

H'(2, Q)= JlimH'(%,Q).
x C X,
open, finite type
If F = C, then we use rational cohomology H*(.2", Q) of the stack 2" instead and all statements below hold if we replace
l-adic cohomology everywhere with rational cohomology.

As a general reference for cohomology of algebraic stacks we refer to [22] and especially for I-adic cohomology and its
main properties to the general formalism of cohomology functors as developed by Behrend [27,28], and in subsequent work
by Laszlo and Olsson [29,30]. Concerning in particular the cohomology of the moduli stack %uny(n, d) of all vector bundles
of rank n and degree d over an algebraic curve X we will also refer to [19,26,31].
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Let us assume throughout the rest of this section that the rank n and degree d of all of our vector bundles over the algebraic
curve X are coprime. Then the moduli space of stable vector bundles M;(n, d) admits a universal family Emiv of vector bundles
of rank n and degree d. The existence of such a universal family means that the gerbe @ : un(n, d) — Mj(n, d) is neutral,
(see [21, Lemma 3.10]) i.e., we have a splitting

Buny(n, d) = Mg(n, d)x BGn,

where %G, is again the classifying stack of line bundles or principal G,,-bundles. Now using Corollary 5.6, the restriction to
(k, I)-stable vector bundles under the condition that for the pair (k, I) of integers the inequalities (1.11) and (1.12) hold gives
a gerbe

ok gunk!(n, d) — MY(n, d).
Moreover, we have that it splits, i.e.
gunt!(n, d) = MY (n, d)x BGp,.
Hence, in this particular situation the cohomology of the moduli stack of (k, I)-stable vector bundles can be calculated directly
as follows:
Proposition 6.1. [f the pair (k, ) of integers satisfies the conditions (1.11) and (1.12), then
H*(uny'(n, d), Q) = H* (M '(n, d), Q) ® H* (G, Q).

However, in the rank two case, it is possible to compute the cohomology of the moduli stack of (k, I)-stable vector bundles
over X using the Semi-Purity Lemma (see [26, Lemma 2.2.2]). For this it is necessary to compute the codimension with respect
to the moduli stack of stable vector bundles.

Lemma 6.2. Let (k, I) be a pair of integers such that 0 < k 4+ | < g — 1, then we have the following statements:
(1) We have
codim(#uns (2, d) \ Buns'(2,d)) =g —k—1—1.
(2) If k=1 and0 < 3k < 2g — 2, then
codim(#uns (3, d) \ Bunk'(3, d)) = 2g — 3k — 3.
Proof. This Lemma is a direct consequence of Corollary 5.6 and the computation of the codimension of the moduli space of
(k, I)-stable vector bundles with respect to the moduli space of stable bundles as given in Theorem 1.10. O

Using the Semi-Purity Lemma we then get:

Corollary 6.3. Let (k, 1) be a pair of integers such that 0 < k + | < g — 1, then we have
H*(zuny'(2, d), Q) = H*(#uns(2, d), Q)
forx < 2(g —k—1—1)ifdis odd.

Itis well known thatif 3 — X is an embedding of algebraic stacks of codimension c, then by the associated Gysin sequence
in cohomology we have the following isomorphism:

H(3, Q) = H'(3\ X, Q),

wheneveri < 2c — 1 (see [26, Lemma 2.2.2]).
Now for rank two vector bundles of even degree over X, the filtration given by (k, [)-stability can be rewritten as:

- D #un(2,d) 2 #ung (2, d) 2 Buny(2,d) 2 Buny(2,d)D - .
The moduli stack Zun, 1(2, d) corresponds to the moduli stack of semistable vector bundles and «%un?((Z, d) corresponds to
the moduli stack of stable vector bundles. Hence ,@un;f“(z, d):= té'gun)?1 (2,d)\ ,%ung(Z, d) is given by the strictly semistable
vector bundles and determines a closed substack of %un;l(z, d) and we get as a consequence:
Corollary 6.4. There is an isomorphism

H'(2uny*(2, d), Q) = H'(#un}(2, d), Q)
foralli < 2 codim(Bun$(2, d)) — 1.

We now describe some cohomological properties of the moduli stack %unj(2, d) using the Shatz polygon associated to
vector bundles [14,15] and the Harder-Narasimhan filtration.
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Consider a family E — X xT of vector bundles of rank 2 and degree d and denote by E; = E|x,, the corresponding
restriction. Then, if P = {(0, 0), (1, d1), (2, d)} denotes a Shatz polygon (see [ 15,32]), we define the following sets

Fp(T) = {t € T|P(E;) > P},
2p(T) = T\ Fo(T),
Sp(T) = {t € T|P(E;) = P}.

We have the following general description:

Lemma 6.5. Let (k, I) a pair of integers and E be an unstable vector bundle of rank 2 and degree d. Then the following statements
are equivalent:

(1) Eis(k,I)-stable.
(2) If P(E) = {(0,0),(1,dy), (2, d)} is the Shatz polygon of E and 0 C Ly C E is the Harder-Narasimhan filtration HN(E) of
E, then2d; = 2d(Ly) <d — k — L

Proof. E is (k, I)-stable if and only if u(E) — u(L) > (k 4 1)/2 for any subbundle L C E, which is equivalent to having
W(E) — w(L) > n(E) — u(Ly) > (k + 1)/2 where Ly is the maximal subbundle of E. O

With E and (k, I) as in Lemma 6.5, we see that k 4+ | < 0. Now we consider the Shatz polygon
P :={(0,0), (1,d}"), (2, d)},

with d’;” defined as the biggest integer such that 2d’§"l <d—k—1L
Then we have the following consequence:

Proposition 6.6. Let E — X xT be a family of vector bundles parametrised by a scheme T, then E; is (k, I)-stable if and only if
te ‘ka.I(T)'

Proof. If E; is (k, I)-stable and the Harder-Narasimhan filtration HN(E;) is 0 C Ly C E, then by Lemma 6.5 we have:
2d(Ly) < d — k — I, which implies that for the Shatz polygon we have: P(E) < Py . The converse follows in a similar way. O

As a nice direct consequence we also get:
Corollary 6.7. If E is a complete family of vector bundles and T is a smooth scheme, then codim(T \ T*!) = 2(2d’§’l —d+g—-1)

Proof. As a first step we observe that T\ T%! = Sp.,(T). Hence we can apply 33, Corollary 15.4.3] and the result follows. O

From the above considerations we get a kind of approximation of the cohomology of the moduli stack of all rank two
vector bundles over the algebraic curve by the cohomologies of the different moduli stacks of (k, [)-stable bundles of rank
two, namely we have:

Theorem 6.8. lim. H/(#unk'(2, d), Q) = H{(#unx(2, d), Q)).

Proof. We will prove that ,%unf("(n, d) - #unyx(n, d) is an isomorphism in cohomology of degree i ifi < —2(k + 1 — 3) and
k+!=dmod 2ori < —2(k+I—2)and k+1 # d mod 2. However if E — X xT is a complete family, then by Corollary 6.7 the
inclusion T*! — T is an isomorphism in cohomology of degree i as above. Then the results follow again by a Gysin sequence
argument. 0O

With the results described above we can now also define a general Hecke correspondence for the moduli stacks
,%un;‘(’l(n, d) of (k, I)-stable vector bundles. Hecke correspondence have been defined and used in many contexts (see,
[5,25,34,35]). In particular, Hoffmann in [6] described a Hecke correspondence for the moduli stack of all vector bundles
over an algebraic curve using the evaluation map transformation and he constructed a vector bundle over any given open
substack.

Consider the universal family E“" of vector bundles over X x %unx(n, d) and denote by E,L(‘,';"v the restriction of the
universal bundle to the substack of (k, I)-stable vector bundles .@unf(”(n, d). Observe that E,z’,'}i” has weight 1. Hence if

1 <r <n-—1,we can associate to E}j"}"” the Grassmannian bundle Grr(E,t’i'}i” ), which also has weight 1. Using Proposition 3.9
of [6] we therefore get the following: '

Proposition 6.9. For any two pairs of integers (kq, l;) and (k,, ) satisfying conditions (1.11) and (1.12), there exists a birational
linear map

Grj(Euniu ) _r > Grj(Euniv )

k1,14 kol

over the moduli stack #unx(n, d). If in addition j is divisible by gcd(n, d), then the Grassmannian bundle p : Grj(E,ﬁ‘y’}"”) —
Puny(n, d) is birational linear.
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Thus by Proposition 6.9 and Proposition A.6 in [6], we therefore obtain the following:

Proposition 6.10. Let m be an integer with 1 < m < n — 1, (ky, I,) be a pair of integers, such that (k,, l, — m) satisfies the
conditions (1.11) and (1.12) and (ky, l;) be a pair of integers, such that (kq, l)-stability implies (k,, I, )-stability. Then we have
the following diagram of moduli spaces:

kq.ly £31 kq.ly—m

M, (n,d) - — = My (n,d —m)

M2 "2(n, d) - e M2, d — m)

where Y; is a birational linear map of schemes for eachi = 1, 2.

Proposition 6.10 therefore determines the following diagram of algebraic stacks:

Grm EUHIU
Pun k‘“nd 777777777777 >-V49’unk"1 (n,d —m)
Mk1,11 ¥ kq,l{—m
S, d)— — — — — — — — — — > My (n,d —m)
ka,l ky.lp—m
puny?(n,d)— — — — — —|— — = — — > Juny (n,d —m)
M2 d)— — — — — — — — — — > M2 " (n, d — m)

This diagram shows that the Hecke correspondence as constructed above determines a birational linear map between
the moduli stacks of (k, [)-stable vector bundles as indicated by the uppermost dashed arrow.
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